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Jacobi groups, although without this name, arose in the theory of generalized root systems
of the affine type studied by Looijenga [Lo80]. The latter belong to the wider class of marked
extended affine root systems which were introduced by Saito [Sa85, Sa90]. They are generalized
root systems of affine type which preserve a semidefinite positive bilinear pairing with two—
dimensional kernel: the “marked” refers to a choice of a sublattice of rank one in the kernel,
in order to extend the metric to a preserved hyperbolic metric, namely nondegenerate and
indefinite.

Already Looijenga noticed that those Weyl groups carry a natural SL(2, Z)-action and hence
one can define a semidirect product which we denote by J(g) in correspondence with a simple
lie algebra g: later Wirthmiiller [Wi92] began the study of a suitable algebra of invariants under
J(g), which he named “Jacobi forms” because in the case g = A; they reduce to the Jacobi
forms in the sense of Eichler and Zagier [EZ]. He proved a Chevalley’s type theorem (except
for the case Eg) which states that the invariants constitute a polynomial, freely generated,
bigraded algebra over the graded ring of modular forms M,: this algebra, which we denote
with Jf?.), plays the same role as the algebra of polynomial invariants of finite Coxeter groups
or the exponential invariants for the affine Weyl groups [Bo).

Now it is known from [Du92] that the spectrum of these algebras (i.e. the underlying mani-
fold structure of the quotient space) can be endowed with a very rich geometric structure called
“Frobenius manifold” [Du93]; Frobenius manifolds arise in a different, —physical-, context as
intrinsic formulation of the Witten-Dijkgraaf-Verlinde-Verlinde (WDV'V) equations of associa-
tivity for a two dimensional topological field theory.

Since there are many points of contact between the polynomial case (i.e. Coxeter groups) and
the elliptic one (i.e. Jacobi groups), it is natural to work out an analog structure in the context
of these Jacobi invariants.

A generalization to the case of “extended” affine Weyl groups was already made in [DZ98];
the authors considered a particular extension of the affine Weyl groups of simple Lie algebras
which endows the algebra of invariants with a grading operator analogous to the usual grading
of Coxeter—invariant polynomials.

In this work we go in the same direction by constructing a Frobenius structure on (a suitable
covering of) the orbit space of the Jacobi group of type A;, ¥l = 1... and G,.
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We have worked out explicit analytic expressions for the generators of the Jacobi algebras of
type 4; and Bi; they are given in terms of a generating function which can be regarded as
elliptic deformations of the analog generating functions for the Coxeter invariant polynomials.
This techique also allows us to generalize the work done by Saito, Yano and Sekiguchi in
[SYS80], where they computed the matrix elements of the intersection form in the basis of
invariant polynomials.

The explicit computations enable us to carry out the corresponding formulas for the gen-
erators and the intersection form in the case of G;. This latter ~in some respect— is more
interesting than the series A; because lies in the category of “codimension one cases” studied
by Saito in [Sa90]; this means that there exists a unique generator of the algebra of theta invari-
ants of maximal indez. This implies that there exists a natural flat structure on the spectrum
of the invariant algebra as described in [Sa90]. On the other hand, however, the study of the A4,
case will show that there exists a different and independent flat structure, which is described
in example 2.2 and section 2.7: this structure comes from the fact that the algebra J.(,G.z) is
embedded into Jfﬁz) as a consequence of the fact that the respective Jacobi groups are in the
reversed inclusion. '

Since the results are of two different types, we have divided the work into two parts.
The first part deals with the general definition of Jacobi group, of Jacobi forms and related
objects, giving the suitable geometric interpretation of their algebra. Later we specify to the
series A; and B; and construct the corresponding Jacobi forms usign a technique of generating
function which is essential for the second part and for the computation of the intersection
elements 90, ; (see later); as we said, this is an elliptic deformation of the formulae in [SYS80]
for the case of polynomial invariants, and we show how to recover them under suitable limits.

In the second part we explain the basic definitions and objects of Frobenius manifolds and
Hurwitz spaces (following essentially [Du93]) and finally come to the construction of a natural
(twisted) Frobenius structure over a suitable covering of the orbit space of J(A,); this provides
a series of solution of WDVV which are polynomials in %4, ..., ¢, t;&l, ti+1 and depend on %, via
modular functions. Having a singularity at t = 0 (due to the presence of the modular functions
of ty and a pole in ¢;.1), these solutions to the associativity equations do not saytisfy the “good
analyticity properties” in the sense of [Du93], Appendix A, but do provide interesting examples
of twisted structure.

Notice moreover that the flat coordinates tg, 1?1, ...,%41 are flat theta invariants on a suitable
covering of the orbit space of the complex crystallographic affine Weyl group (though not
precisely in the sense of [Sa90]).

1 Jacobi groups and Jacobi Forms

Jacobi groups are particular extensions of complex crystallographic groups [BS86]; they are
discrete groups acting on a vector space in such a way that the quotient is compact.

They can be considered in much generality in the setting of generalized root systems but for
our purposes these groups are rather easily described and each of them is associated to one
of the finite dimensional simple Lie algebras. It will be most effective to consider an explicit
description of the group and an explicit faithful representation as an action on a cone.



1.1 The group J(g)

In this section all the objects we will refer to (Weyl groups, root lattices,...) are the objects
corresponding to a complex finite dimensional simple Lie algebra g of rank [.

Let W be the Weyl group, A the root lattice (as an abelian group).

Let Hg be the Heisenberg group obtained as a central extension of A x A by Z using the cocycle
defined by the invariant Killing form <, > normalized to 2 for the short roots, (this implies
that VA € A, < A\, A >€ 2Z).

This group is obtained by definition of the product in A x A X Z as

V(A u,k), (N, 1 k) EAXAXZ
T '(’\)/'1‘1 k) ) (’\’3l""7k') = (')‘ + /\',[1, + u,7k + kl+ < i, /\I >) :

Since the Killing form <, > is Weyl invariant and the Weyl group W of g acts on A, we can
take the semidirect product W x Hp: this way we obtain an (infinite) discrete group which we
denote by W where the semidirect product is specified by the multiplication rule

W :=W x Hp, st Yw,w' € Wt = (\, i, k),t' = (XN, k') € Hg
(w, t) - (W', t") = (ww,w- N+ \w-p' +p,k+k+<p,A>).

This group is rather well known and its invariants are theta functions, as we will explain in due
course.
We now can give the definition of Jacobi group

Definition 1.1 The Jacobi group J (= I(g)) is the semidirect product W x SL(2,Z). The
action of SL(2,Z) on the group W x Hpg is defined by

Ad,(w) :=w
bd
Ad,(t) == (a)\—bu,—c)\—%du,k%—% <MA> —be< A\ pu> +—2— < Ly W >-) , (D)
forw e W, t = (\ p,k) € Hg, v = g 2 ,€ SL(2,Z). Then the multiplication rule is

defined by (¥(w,t,7), (w',t',y) € W x Hg x SL(2,Z))

(w,t,7) - (W', t',7) i= (w-w, t - Ady (wt)), v+ 7).

1.1.1 Faithful representation of J

Let us consider the cone Q :=C@® b H 3 (u,x,7), where § is the complex Cartan subalgebra
of g and H denotes the Poincaré upper half plane.

In the literature it is often called the Tits cone [Lo80] and it is the union of all the images
under W of the closure of a fundamental chamber C; therefore it is an invariant cone for the
action of the group W (and of J as well).

Let us consider 7 € ‘H; we have an embedding of A x A in § as the complex crystallographic
lattice A + 7A and we can define the action as in the following
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Proposition 1.1 The Jacobi group J can be represented on Q by definition of the action of
weW,t € Hgand v€ SL(2,Z) as

w(u,x,7) = (u, wx, 7)
.
t(u,x,7) = (u+k—— <X, p> —3 < iy >,x+/\_+7',u,7')

(1, %,7) = u+c<x,x> x ar+b
T = 2(ecr+d) er+d er+d

The proof is straightforward although rather long, and it is left to the reader.

Remark 1.1 The action of the Jacobi group is non linear, but it could be made such by realizing it
as a discrete subgroup of the conformal group: in fact, as we will see, its action is a conformal action
for the metric du ® dr + d1 ® du+ < dx © dx >.

1.2 Jacobi forms

Since we want to consider the orbit space £2/J(g), it is necessary to study the algebra of invariant
functions; this is the analog of the study of polynomials over a vector space which are invariant
under the action of a Coxeter group ( which gives the orbit space a structure of weighted
projective space!). In this case one studies better the SL(2,Z)-equivariant functions for the
Jacobi group; it means that they are invariant under the action of the normal subgroup W, and
transform under some representation of the metaplectic group (as in Definition 1.4); in more
geometrical terms one studies the invariant sections of a suitable line-bundle over the orbit
space.

We will come back to this picture later, but for now we give the definitions and the results of
the theory.

Following [Wi92] we will consider holomorphic functions on £ with the further property
that they are locally bounded (in u,x) as S(r) — +o0; this is natural since 7 is interpreted
as modular parameter of an elliptic curve and the Jacobi forms will realize the holomorphic
sections of a certain line bundle over it, which one wants to extend at the cusps of SL(2,Z).
To be more definite, we will study the invariant modular forms, Jacobi forms, of weight k,
F(u,x,7)(dT)¥?, which have the following definition

Definition 1.2 ([Wi92]) The Jacobi forms of weight k and index m are holomorphic func-
tions on the Tits cone Q=C d b d H > (u,x,7) which satisfy

Ep(u,x,7) = % wp(u, X, 7) = mo(u,x,7)
o(u,x,7) = oy, w - x,7) ;
go(u,x,7‘)=<p(u-<t,x>—g—<t,t >,x+7‘t+/\,7-) :
c<X,X > x ar+b
2(c7‘+d)’c7*+d’c7‘+d)

(2)

o(u,x,7) = (e + d)"“ga (u +

!Recall that a weighted projective space Ppng n,...n, With weights ng,...,n; € N is the quotient space of
Ci+1/{0} with respect to the C*-action determined by the formula p(t)(zg, ..., z;) = (t™2, ..., t™ z;).
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and are locally bounded functions of x as (1) — +00.
The space of Jacobi forms of weight k and index m is denoted by Jx m.

This means that the Jacobi forms are the invariants of the group W =W x Hp and transform
as d7*/2 under the modular group SL(2,Z), being also eigenfunctions of the Euler vector
E = §;.‘—WB,L with eigenvalue m. ‘

Remark 1.2 Instead of thinking in terms of line-bundles, we could define equivalently a truly in-
variant algebra by adjoining to Q a coordinate of the line-bundle as follows; consider the trivial line
bundle Y := C x § with coordinates (v, u,x,7). Then define the action of the Jacobi group on Y as

y(v,u,x,7) = (

v u+c<x,x> x ar+b
er+d’ 2(ct +d) et +d et +d

and in the obvious way (leaving v unchanged) for the elements of W.
It follows that we can associate to any Jacobi form ¢ € Jj ,, an invariant function on Y as

O(v,u,x,7) := vkcp(u,x,'r)

and hence define a second grading vector K := '”a% which could be called the weighting operator.

Digression 1 The action of the group W is the well known action in the theory of theta functions,
namely, the invariance under W = W x Hpy can be rephrased by saying that the Jacobi forms of index
m are in particular theta functions of “level m” for the affine Weyl group in consideration. We recall
briefly some basic facts (but for a complete reference, see [KP84]). Adapting the notion to our setting
and notations, if P is the lattice of weights (i.e. < P,A >=7Z),

Definition 1.3 (Section III in [KP84]) Let m € N be fized. The space of theta functions Thom 18

defined as the set of holomorphic functions of (u,x,7) which are invariant under Hr and of degree m
for the Euler field E.

The theta functions of characteristic p € P and degree m € N for p in Pmodm AV (here AV is the
lattice of coroots) are defined by

o . 2o
@p,m(u; x,,’,) = e 2irmu § : ezm*rr'r(f}\u Amr<AX>

XeAv+Lip
The C linear span of them inside ﬁm 18 denotéd by Thm,.
It can be shown that
Proposition 1.2 [Lemma 3.12 and Prop. 3.13 in [KP84]] For m € Z we have

(a) Tho = O(H) (where O(#) denotes the holomorphic functions of 7);
(b) Thpy = {0} for m < 0;

(c) the space Thm is a O(H) module over 'Thm and hence the (graded) ring The == D ren Thu is
a free module over O(H) with basis {@pm, m €N, m >0, p € PmodmA'} U {1}.



—~W
Let us denote by Th, the Weyl-invariant part of this ring (which is clearly also an algebra); regarding
its structure we have '

. ~W ’
Theorem 1.1 [Thm 2.7 in [Lo76]] The algebra Th, is a (graded) polynomial O(#)-algebra freely
generated by [ + 1 W-invariant theta functions 6y, ..., 6;. These generators are given by

9] = W . @pj!m] 3
here W - © denotes the symmetrization w.r.t. the action of the (finite) Weyl group, p; are the

fundamental weights (we have set pg := 0) and m; are the integers appearing in the decomposition

—_—\ —
of the dual of the highest coroot &V in the basis of roots, namely v’ = Z;-___l mjoy, (setting for
brevity mg := 1). ‘

We now go back to the Jacobi forms.

The set of Jacobi forms of any weight and index has a natural structure of bi—graded algebra
where the two gradings are the weight and the indez; the following theorem is the the analog
of Chevalley’s theorem for invariant polynomials of a Coxeter group

Theorem 1.2 [Thm. (3.6) in [Wi92]] Given the Jacobi group associated to any finite dimen-
sional simple lie algebra g (possibly except Ej)

1. the bigraded algebra of Jacobi forms J,. := €, m Jim is freely generated by [+ 1 funda-
mental Jacobi forms {y, .., p;} over the graded ring of modular forms €, M

Jo. = Mn {9007 o0y ‘Pl} ;o (3)

2. The generator ¢, has weight —&; < 0 and index m; > 0 (for j = 0...1); the indices m; are
the integers appearing in

v’ being the dual of the highest coroot a.

3. the weights are k; = 0, and k; are the Coxeter exponents plus one namely, if c is the

product of the fundamental reflections of the Weyl group, then {"2”(:‘“1), ey 'Zi”;k‘_l)}

are its eigenvalues: notice that k;, 7 = 1./, equal the degrees of the invariant polynomials
that generate the invariant algebra C[V;]"

Remark 1.3 The second statement of Thm. 1.2 about the indices of the generators is not surprising
if we recall that the bigraded algebra J, . is a subalgebra of the Weyl-invariant part of the (graded)
O(H) algebra of theta functions The.

This means that the generators are graded-linear (w.r.t. the grading induced by the index) combi-
nations of the generators 8y, ..., 6;, with coefficients which depend holomorphically on 7 only. This
dependence is forced because the generators 6; transform as a multiplet of modular forms under
SL(2,Z). There is only one case in which a theta function is also a Jacobi form: it happens for the
theta function of characteristic zero in the simply-laced cases for which the lattice of (co)roots is self
dual, namely A = AY = P. This occurs only for Eg, for which the theorem has not been proved.
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The index zero subspace Jog C J. . is the graded algebra of modular forms M,. To show this
we observe that J, o is spanned —by definition— by Jacobi forms independent of v and hence
they cannot depend on x either; indeed they are (for 7 fixed) bounded functions on h/(A+TA),
which is compact, and hence they are constant w.r.t. x.

Before going on, it is useful to remind some definitions and facts on the modular group and
forms.

Definition 1.4 (see [KP84]) The metaplectic group Mp(2,R) is defined as the set
Mp(2,R) :={(A,ja) € SL(2,R) x {f : H — C} s.t. ja(r)? = cr +d}
endowed with the multiplication rule

(A7jA) ' (Ber) = (A ) B»jA(BT)jB(T))

Clearly we can consider the discrete subgroup Mp(2,Z) and give the following

Definition 1.5 Let I' be a finite index subgroup of Mp(2,Z) and a group homomorphism x :
I' - S'; a function f : H — C is called a modular form of weight k and multiplier

system x for T if it is holomorphic and for any A= (Ccf Z) € I" we have

FIAT) = x(A, ja)(er + d)* f(7) .

An important example of modular form with multiplier system is the Dedekind’s n function
(which we will use in the following)

n(r) :=eT H (1—e*mm) . (4)
1 .

It has the following transformations properties under the metaplectic group;

n(r +1) = efin(r) ;
n(=1) = V).

T

where the determination of the square-root is in the right half plane [Baj: notice that the 5

function is a modular form of weight 1/2 with multiplier system such that x (1 1) = eim/12

0 1
and x ((1) _01) = e7im/4,

We finally recall a fundamental theorem for modular forms which can be found in [Se].



Theorem 1.3 [Corollary 2, Ch. VII in [Se]] The algebra of holomorphic modular forms M, is
a free graded algebra over C generated by the two Eisenstein series

Ga(7) == Z —1—€M4; Gs(r) == Z 1 € Mg ,

4
m2+n2¢0 (m + nT) m2+n2?,:0 (m -+ nT)G

of weights, respectively, 4 and 6.
Consequently the subspace of modular forms of weight k is spanned by the monomials G2G
with 4a + 6b = k, namely

M; := C[G3GS, Va,b,€ N s.t. da+6b=k| .

It will be useful to introduce the following special notations

g2(7) := 60G,(7)
g3(7) := 140G;(1)

n'(7)
qi(r) = .
n(7)
The last function is not a modular function as it has the transformation rules

a(m+1)=gql(r), g1 (——i) =712g,(1) + —; )

There is a natural connection V., on modular forms given in the following theorem—definition.

Theorem 1.4 Given a modular function F of weight &, (F' € M), the modular connection
V., is defined by the formula

d

(V. F)(r) = (1)

("r%(T)F(T)) € Mgy,
and maps My in My .

Example 1.1 For example, one can compute the following covariant derivatives of the fundamental

Eisenstein series
2
77” 77’ 5 92
[ n ( n ) } 872 % 96m2

_ n _3
Vig2 =0-92 — 8 7?92 =93

Vogs = 8,95 — 127 g5 = - (gs)?
793 = 093 n g3 = Bin g2
where, as above, g2(7) := 60G2(7) and g3(r) := 140G3(7).

Remark 1.4 While the holomorphic modular forms are of positive weight and are generated by
modular forms of degrees 4, 6, the Jacobi forms can be of negative weight and are generated by Jacobi
forms of negative weight.



Geometric interpretation

Jacobi forms are holomorphic sections of a certain line bundle over the quotient space Q/J;
care should be taken in considering the orbifold points and cusps for the action of SL(2,Z),
but here we shall be slightly cavalier over these (important) details.

We now describe the line-bundle by displaying the transition functions.

Let b be the Cartan subalgebra of the lie algebra g and consider the fibration (over H) of
complex crystallographic lattices A +7A C b.
Consider the quotient E! := b/ (A + 7A): it is isomorphic to a product of ! copies of elliptic
curves of modular parameter 7 (consider the coordinates of f induced by the fundamental
roots). We regard E. naturally as a fibration of elliptic curves over H.
Now a linear fractional transformation of 7 with integer coeflicients induces an isomorphism on

the fibres of this fibration: namely if 7/ = 222 with (a b) € SL(2,Z) then the fibres E.

cr+d c d
and E!, are isomorphic. The explicit isomorphism is given by

@, :h/(A+7TA) = b/ (A -f—x'r’A)

= Q. (x) = :

x () ct+d
El

The group SL(2,Z) acts as a discrete group on the fiber bundle £ := | . Over this space we
H

consider the family of line bundles Ly ,, indexed by (k,m) € Z x N, whose transition functions
are described hereafter.

This line bundle is defined over the fibration £ previously introduced. The open cover on which
the transition functions are defined is constructed as follows; let C, be the usual fundamental
domain of the action of PSL(2,Z) on H, namely C. := {r € H :|7| > 1, -1 < R(r) < 1},
~and let i, := 4, p, := /3 and p, := €¥"/° the orbifold points at the boundary of C,: let us
denote, for any v € SL(2,Z) the transformed fundamental region by C, (where the point ioco
is mapped either in itself or on some rational), and accordingly the boundary orbifold points
by 14, oy, £5-

Let Ago(7) be the fundamental polymesh of h/(A + 7A) namely

Aoo(T) :=={x€b :Vj=1.l <x,p; >¢ fundamental mesh of C/(Z + 7Z)} ,
where the fundamental mesh is defined as containing the segments [0,1) and [0, 7). We con-
sequently define the translated fundamental polymeshes as A, ,(7) := A + 7u + Ao o(r). The

trivializing charts of the line bundle Ly ,, are the sets

Uppp =718 (x,7) € U Ay (1) p

TECY

where 7 : h@®@H — (h @ H) /J(g) is the canonical projection. We define the transition functions
for the line bundle Ly ,, between the two charts of the orbit space corresponding to (1) :=
(€,0,0) and (2) := (7, A, ) by

g™ (x,7) := (cm +d) Fexp mtXC__ o w3 > —meluf?)
1)42) 2(cr +d) ’ 2
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Notice that they are tensor products of an appropriate power of the pull-back of the canonical
bundle of # and of the line-bundle of classical theta functions over the fibre bundle £ previously
introduced.

Now one realizes that there is a one-to—one correspondence between the W—invariant sec-
tions of this bi-graded family of line bundles and the Jacobi forms of the corresponding index
and weight: the correspondence is given simply taking a Jacobi form ¢ € Ji,, and setting
u = 0. Indeed it follows from the definitions of Jacobi forms and of the above line bundles that
if ¢ € Jim, then ©(0,x,7) € I'( Lk m)-

1.3 The generators of the algebra of Jacobi forms for J(4;) and J(B;)

We are going to build some explicit analytic form of the generators of the algebra of Jacobi
forms for the series A; and B, but some preliminary formulae do apply also in the general case.
Contrarily to what happens in the study of polynomial invariants for Coxeter groups, the
generators we are to build will be essentially unique up to weighted linear transformations; this
is a feature only of the Jacobi forms of type A; and B;.

During the construction in the A; case it will appear a natural extension of the representation
cone to a larger one, Q' O 2, and a natural vector field 2 which will realize a recursive
construction of the remaining generators starting from the lightest: this has to do with the
weighting operator of Rem. 1.2. In both cases A;, B;, the Jacobi forms will be given by a
generating function which has some notably resemblances with the generating function of the
invariant polynomials.

First of all, in the algebra of Jacobi forms there can be defined two natural operators, one
linear ® : J,. — J,. and the other bilinear MM : J,, ® J,» — J,.. Before we need some
definitions

Definition 1.6 The intersection form is the covariant second-rank tensor J obtained by
inversion of the contravariant tensor J* given by

T i==-0,00, -0, 00, +<0xQ0 > =T := —du@d’r'—d7'®du+<dx®dx>;

its associated Laplace—Beltrami operator is denoted by
A= =20, 0, + Ax ,

where Ay is the Laplacian associated to the positive definite metric <,> (proportional to the
Killing form of ).

The intersection form J is conformally invariant under the Jacobi group J, namely
7.3 = (cr + d)*T* .

The laplacian A is not conformally invariant (contrary to what stated in [KP84] on page 190)
but enjoys the property shown in next lemma.
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Lemma 1.1 Let ¢(u,x,7) be any (holomorphic) function: we have

A [—r%&p ('u,-— M,E,_lﬂ 25 (Ag) (U_ ”_iﬁ’i’”i) |

2r 1T T T

Proof. It is a straightforward computation. [

This lemma can be used to define an operator on sections of the line bundles Li n,; we do
this hereafter.

Definition 1.7 Let ¢ € J_in and 3 € J_pn; then we define

D(p) =" A% ) € J_kiom ; v
M(p, ) :=n~*7227* (d (n*¢) ,d (™)) € J_i—ht2mtn -

We will call the matriz elements MM (s, ¢;), for two arbitrary generators (whose existence and
properties are stated in Thm. 1.2), the intersection elements.

In this way we have defined two C-linear maps ©, 9 of bi-graded modules which are both of
bi-grading (2, 0), i.e. :

D Jgm = Jrt2m
M : Jem ¢ Jhn — Jeth+2,mn -

We have still to check that the definition is well posed, namely that we have not added any.
singularity;

Proposition 1.3 For any ¢ € Jgm, ¥ € Jpn, we have D(p) € Jyiom and M(p,9) €
Jhsk+2,mn-

Proof. We must check that the results of the application of the two operators are still invariant
Jacobi forms; invariance is obvious and follows from invariance of the intersection form an of
the laplacian. Also the bigradings of the resulting functions are obvious and follow from Lemma,
1.1.

We must check that D(¢) and 9(p, 9) are still locally bounded functions of x as §(7) — +o0;
now the Dedekind’s 1 has neither zeroes nor poles in H and vanishes as ¢'/?* at ¢ = 0 (where
g = e*™). Hence, A (n*¢) is holomorphic and goes like g as T — 400, so that finally
n~2*A (n®*¢) is well defined and holomorphic also as 7 — icc: this proves that D(y) is still
locally bounded. A similar reasoning also holds for 1.

In passing we notice that D(¢) € M.,[¢], namely it is never proportional to itself for the reason
that My = {0}; for the same reason M (p,¥) &€ M,[py]. O

The function 7 and the generators of the algebra J, , being algebraically independent, form
a set of coordinates {¢_1 := T, ¢1, ..., p141} in a neighbourhood of the generic point of the Tits
cone {2; they play a similar role to that of invariant polynomials of Coxeter groups. In the
case of Coxeter invariants, the contravariant intersection form can be expressed in the local
coordinates given by the invariant polynomials and we want to perform a similar computation

11



in the context of Jacobi groups. To this end, the operator 9t and the intersection elements
will be very important; we stress that the intersection elements are not the entries of the
contravariant intersection form in the coordinates {gou}u;_,l,l,__,lﬂ nonetheless they are useful
to compute them as we show now. It follows from the definition that -

T (d(n™), d(n™ ¢;)) = ™t (g, ;) .

This formula shows that the intersection elements can be used to compute the intersection
form.

It appears convenient to introduce a special notation which will shorten formulae; indeed,
from the above formula we see that it is of advantage to consider the functions n?*p;, i = 1..1+1
as coordinates (indeed, they are still algebraically independent). Therefore we introduce a hat
operator which transforms a Jacobi form of weight &k into a Jacobi form of weight zero but
with some multiplier system under the metaplectic group; it will be defined by

Definition 1.8 For any Jacobi form ¢ € Ji m, its hat—form is defined by ¢ := n~%*.

It is clear that the hatted-forms still are section of a line-bundle (since 7 never vanishes on )
which now has constant transition functions. . R
Moreover the hat-operator preserves the index, and it satisfies the identity, oy = @1, for any

'ﬂb: 2 € ']',-- '
With this notation we can write

n*M(p,¥) = ' (d(@), d(@)) -

This means that when we have computed the intersection elements for a set of generators, by
putting hats over every Jacobi forms (including the modular forms), we obtain the tensor J*
‘expressed in the coordinates @, which are locally well-defined on the orbit space; this will
shorten much of the computations we are dealing with.

Remark 1.5 The explicit form of the operator D is rather simple: for any ¢ € J_g , we find
Do = —dirm(2k +1)g1p — dirmbrp + Axyp .

We observe that if the lowest—degree homogeneus polynomial in the Taylor expansion (w.r.t. x) of ¢
is P(x) (possibly depending on 7), then the Taylor expansion of ®(y) begins with A (P).

Analogously we find for ¢ € J_g ,, and ¥ € J_;, that
M0, ) = —2immep ,1p — 2w f1p Drp — dim(km + f n)gro v+ < dip, dxp >* .

Again, the leading term in the Taylor expansion w.r.t. x is simply < dxP,dx@Q >, if P,Q are the
leading terms for ¢, ¢.

Now suppose that we have the generator of J, , of the minimal weight (the lightest), v, € J_g,m
whose existence is stated in Thm. 1.2: it follows from the above that Dy, € J_g 1om if not
zero; in this latter case one can prove

12



Proposition 1.4 [Prop. 13.3 in [Ka]] The kernel of the laplacian A on the space Tho, for
m > 0 is spanned over C by the theta functions ©p ,,, where p € AmodmP.

Therefore if Dp; = 0 then n**i*yp; is a linear combination with constant coefficients of the
theta functions; this could occur because the function n%i+!y, transforms under the inversion
T+ —% as a weight I/2 form (with some multiplier system x which doesn’t matter in this
context), and all also the C-linear combinations of theta functions transform as a (multiplet)
of weight 1/2) Jacobi forms (for details see [KP84]).

Since the leading order in the Taylor expansion w.r.t. x of a generator {(actually, of any
Jacobi form) is an invariant polynomial, then a sufficient condition for D¢; not to vanish is
that its leading term Py, (x) is not a harmonic polynomial. In the analogous context of Coxeter
groups, as one can check directly, for the classical root systems (namely the series A, By, Cy, D),
all polynomials obtained by recursive application of the invariant Laplacian Ay are algebraically
independent as these examples show (we will use this information later).

Example 1.2 For A; (see [Bo] planche I), we realize the Cartan subalgebra in C"+! with coordinates
z1,.., 21 such that Zl“ z; = 0. The coordinates x are chosen as z; = 71, 22 = T2 — T -..2[41 = — Ty,
or the coefficients of the vector in the root basis. The W-invariant polynomial of maximal degree [ + 1

can be choosen as
I+1

Piyi(x H Zj

] L xz zj-=0

Applying Ay iteratively we obtain all the polynomials whose degree has the same parity

Pryi—ok(x) = (Ax)* Py (x)

To obtain the remaining we notice that, applying the operator Zg’“l 3z; Ve get the invariant polyno-

mial
+1

I !

=1k [Er—o
5=

from which we recover all the remaining applying Ax. We remark that an alternative definition of
these polynomials which is completely equivalent (up to multiplicative constants) is the following,
using a generating polynomial in an auxiliary indeterminate A, as in

I+1

PV = [T+ 25) = X+ pa) At + L+ pi() N + pra (%) -
J=1 ,

It is useful for what is coming to rewrite the same polynomial in an equivalent form which better
generalizes to the case of Jacobi forms.

To do this let us remark that the Weyl group of A, is represented as the permutamon group of [ + 1
elements acting on C'*+! with coordinates z1, .., z;41, restricted to & := {3 zj = 0}. Now there exist
a unique (up to scalar) holomorphic vector field in C+! which is orthogonal to ¥ and Weyl invariant,

namely
Z := Z T
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This means that it is a derivation on the algebra of W invariant extended polynomials (namely all
symmetric polynomials in the indeterminates z;..2;41). We can recover the invariant polynomials for
Aj as
I+1
P()) := | sz

J=1 Iz z;=0
Notice that

32

A
which follows from the fact that A, = A, + (I +1)8%: this will hold true, mutatis mutandis, also for
the Jacobi forms.
As for By, C; ([Bo], planches ILIII), they are realized in ¢! and the highest degree invariant polynomial
can be chosen as

Px(A) =—(+ 1)AxPx(/\) s (5)

L
Pu(x) = [[ (=),
Jj=1

and the Laplacian is just the usual one in C'. Then it is an easy computation to show that the
invariant polynomials
Pyi_ak(x) = 27%(Ag)* Py (x)

are non—zero and algebraically independent. Notice that B;, C; have the same invariant polynomials
because their Weyl groups are isomorphic and their action actually coincides in this realization; in
fact [Bo] both Weyl groups act by permutation of the z; and independent change of signs and are of
order 241!, :

Again we introduce the generating polynomial in two forms as we did for 4;

l
Px(/\) = H()\ + .’L‘f) = )\l + .PQ(X))\!“1 + . sz_g(x)}\ + Pzz(x)

k=1 P
!
) -(H(%‘)z) : (6)
j=1

As for D; we have exactly the same construction as before but starting with the highest polynomial

!
Py_a(x) =Y [[(z¢)?

J=1 k+#j

{
Px(A) = e20x . (1—_[(501)2 = ()\ - Z B

=1 i=1

ad

and adding the middle degree P = ngl z;, which is invariant because the Weyl group of D; acts by

permutations of the z; and by change of an even number of signs (and hence has order 2!11!). Notice
that AxP, = 0, namely it is a harmonic polynomial.

In a completely similar manner we can build the Jacobi forms starting from the lightest gener-
ator (> highest degree polynomial) as we see hereafter.

14



1.4 The root system of type A;: fundamental Jacobi forms.

In the case of A,, it follows from Thm. 1.2 that the fundamental Jacobi forms ¥g, @2, .., Yi+1
belong to the spaces (we labelled the forms according to minus their weight) J_j_14k,1 for
k=1+1,1-1,.0.

If we realize the Cartan subalgebra b of sl;;; as in [Bo], planche I, then Wirthmiiller [Wi92]
found that the lightest generator (which corresponds to a maximal degree generating polynomial
in the setting of the corresponding Coxeter group) is given

+1

ore1(u, x, 7) 1= ez“'”Ha(zj,'r)gDi:O € Jo,
i=1

where the function « is defined by

buw,) _ 1 6(v,7)
9.0,7) 2 ()

a(v, ) = =v+0(?),

g, being the Jacobi theta function. It enjoys the following property (from the properties of 6,
see e.g. [Bal)

Oya(z, ) = 4—1,7;8301(:0, T) — 3g1a(z, 7)

i
o(-v,7) = ~a(n,7);  al+1,7)=—a(v,7);  a(v,T+1)=alv,7)
a(v+7,7) = —e ATy 1) = (v +nr,T) = (=1)te ETUIT R g () 1

v 1 1 . .2

e — ‘LTT? 7
a(T,‘ 7') ~e a(v,7) (7)

We can obtain the Jacobi forms of weights [ +1 — 2k by recursive application of D. To obtain
the remaining we define the function

I+1

(u, %, 7) Eazk, Hazk,

J#k

It is a straightforward exercise to show that this is a Jacobi form of weight —I.

Therefore we can now build the remaining Jacobi forms for A; of weight —{ + 2k by application
of ©* as in

Proposition 1.5 A 'system of generators for the algebra J, , of the Jacobi group J(A4,) is given
by

Ply1-2k = ?k((ﬁl-{—l)
Yok =D (1) ,

where ¢4 and ¢; have been defined above.
Any other set of generators is a weighted linear combination of these with coefficients in M,.
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Proof. Since we already saw that these are Jacobi forms belonging to the spaces J_;_1 0k
and J_; 4ok 1 we only have to show that they are algebraically independent: but this is promptly
seen by looking at the lowest term in the Taylor expansion w.r.t. x for

D12k = eziwu (Ak (Pl+1 (x)) - O(Hx”l—zk))
Qg = €™ (A* (P(x)) + O(||x||-2*1))

and this suffices to show their algebraic independence.

As for the second assertion, since any other set of generators must have index m = 1 then it
must be at most linear in these generators, and if we want that they have definite weights, the
combination must be actually a weighted one. O

Remark 1.6 In the setting of Coxeter groups, the set of generators of the algebra of invariant
polynomials is uniquely specified up to weighted polynomial transformations; on the other hand, here
we can only perform linear transformations with coefficients in the modular forms.

We can describe these forms much more concisely with the aid of a generating function. In order
to show how to build it, first of all we consider the enlarged space (u,2,7) = (u, 21, ...2141, T) €
Q := Ce C*! @ H and the following vector field

+1
Z =17 dir (Z zj) 9.(T)E
j=1

I+1
where, as before, Z := Zjil a%'

Lemma 1.2 The generators of the algebra J, . are given by

+1
Orp1—k(u, x,7) == | ZF (e%’”‘Ha(zj)

l)'_: z;=0

Followingly, they are the coefficients of the generating function

‘ 1+1
Dy x,r(v) = [e”Z (ezm‘ H a(zj,f))} .
=1 [Z z;=0

Proof. We extend the action of the Jacobi group I to the enlarged space in such a way that the
complex crystallographic Weyl group acts —exactly as before— by permutation of the coordinates
and translation by the root lattice, while the metaplectic group acts by

c||z||? z ar -%-b)
2(ct+d) (ct+d) et +d) ’

(u,z,7) — (u +

where the Killing form has been extended to the obvious ds® = Z'H'l dz;®. We realize that
the vector Z is conformally invariant of weight +1 (namely it increases by one the weight of
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an extended Jacobi form); this means that if ¢(u, 2, 7) is an invariant function of the extended
Jacobi group, then (setting p := (I + 1) 4 z; = p(2))

P el = 1Y) _
(Z—4ml+1gl(?)E) [(p (u b e

2T p 1 . op [7(-1/7)1 1 _
- - 2L o) + 1B~ ir 2 | T - ] o)

-2[{o e ) 122) ] o
I+1

One may ask why we put a term proportional to p = (I 4+ 1)Y_;" 2; since in the end we want
to restrict to p = 0: the reason is that when we apply more than once the operator Z and do
not include the term we get a non J—covariant result as we see in this

Counterexample. Consider the push—forward under the map & of the second iterate of Z:

z (Z (“’ (’“ -, —E))) =2 (—%v(l +1)(Bup) () + %(zw)(*)) -

) ,02 2
L gt + T a2y - 22 D 20 + L220)(e)

2
2’ = -l), and we see that even restricting on p = 0 we get

where * stands for the point (u - | — %, -

2.2 (p(+))) = +o5(Z20)(+) — 2 B(s)

We see that the vector Z commutes with E, hence preserves the index; we have a natural
Jacobi form on the enlarged space which is simply e?™* H?;ll a(z;). Since the conformal weight

of Z is +1 we can write alternatively the fundamental Jacobi forms by means of the simpler

formula
o
Orr1—k(u, %, 7) = [Zk (ez"”‘Ha(zj))}
v P

We should check that with this definition they are not algebraically dependent, but again this
is obtained by looking at the lowest order in the Taylor expansion w.r.t. x. This proves that
the functions defined in the Lemma are a set of generators. :

[Z z;=0

Next, in analogy with the case of the Weyl-invariant polynomials, it is useful to introduce
the generating function, which obviously has the form

1+1
Dy (v) 1= [evz Ha(zj, 7')} = @41 + v+ V201 + o+ 0T g +
jzl IZ z;=0 ' )

by €' we mean the flow generated by Z on the extended cone Q. O

We remark that the series does not stop, but, by virtue of the structure of the algebra
of Jacobi forms, the higher terms are polynomial combinations of these with coefficients in
M,. We will resum the series afterwards, whilé now it is useful to write down explicitly the
generating function; to do this we must integrate the flow of Z on 2. We could perform this
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straightforward computation in a direct way, but it is interesting to point out that Z is a
covariantly flat vector for a suitable flat metric on T'(€2) (the tangent bundle). This metric
extends the intersection form of 7(f2) under the natural embedding Q2 — Q' and it is worked
out in the following section. After finding the flat coordinates of this extended intersection
form, we will have also the integration of the flow of Z by shifting the coordinate along Z.
The extended intersection form will be used later to compute the intersection elements.

Extension of the intersection form
We are to build a metric on T'(2') which extends the intersection form on T'Q2; we ask the
following conditions on the extended intersection form:

i) the extended metric must be flat;

ii) it must coincide with the previous one when restricted on the hypersurface 3111 z; = 0.

To this end we introduce the coordinates on C'*! as

21 =21+p
Zy =Ty —I1+PpP

Zip1 = —T;+D

In a concise form we have z = 23':1 ;) + p[1,1...,1]: in the following we will often write
2i(x,p) or z;(x) := z(x,0). "
In these coordinates the flat metric 37" dz? becomes

di? =< dx,dx > +(1 + 1)dp* .
The most easy form for the extended metric suitable for our purposes is
5 = —du® dr — dr ® du + dI* + pB(r)(dp ® dr + dr ® dp) + p* B'(r)dr?

One can check directly that the curvature vanishes for any choice of the function B(r) (whose
explicit form will be fixed to our convenience later), but it is sufficient to introduce the new
coordinate 1

si=u-— §p23(7‘)

and the metric becomes _
J=—-ds®dr —dr®@ds+dl* .

If we choose 5

I+1
we obtain that the previously introduced vector field Z in the coordinates (s, x, p, 7) now reads

B(t) = —

gi(7)

z-fi—-—z (r)pda = 8
=t EE
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The vector field 7 := 8, of these coordinates reads, in the old ones u,z, 7 as

2

— u T 9 8
T= (o) 0+ | ®
and the extended intersection form 5* reads
I+1
0 0
- — —. 9
T®Z— Z®T+J§-1a 5, (9)

Now we can integrate easily the flow generated by Z simply shifting p with constant s; after
these computation we can rewrite the generating function of the Jacobi forms as in

Proposition 1.6 The generating function can be written as

+1 +1
u,X, 'r('U { vz H (e Zj, :l ) = e?iw(u-(l+1)v2g1(7)) H o (ZJ (X, 'U), T) .

|Ezi=0 3=1

It follows from the transformation rules of o that the generating function enjows the following
properties under the Jacobi group:

2
® (u __Hx[[ , 0, --71j> =771 P (u, x, TV, 7)

2r ' T
®(u,x,v, 7+ 1) = &(u,x,v,7)
@ (ut < x> +§llull"',x + 0, 7) = O(u,X,v,7)
®(u,x,v+1,7) = (1) ®(u,x,v,7)

O(u,x,v+1,7) = (-—8'”’”’“””)1+1 ®(u,x,v,7) .

Remark 1.7 The function v=/"1®, 4 . (v) is an invariant function of index 1 on the total space of
the line-bundle as in remark (1.2); notice that it has a pole of order [ + 1 in v as a consequence of
the fact that the spectrum of the weighting operator K on the subspace J,; is —{~1,—1[,...,~2,0,1,....

It will be useful later to consider the function A(v) := 07" (v) @y x - (v) = a"l 1 (v)egm‘ Hl+11 a(z;(x,v)),
which has the same singular tail (in v) but is also invariant under the complex lattice Z + 7Z.

1.4.1 The generating function for A;: resummation of the series.

As we saw, the first [ + 1 coefficients in the taylor expansion w.r.t. v of the extended Jacobi
form

+1 ) i+1
(I)(’LL, X,’U,’T) = (pu,x,r('u) _ [ vZ ( 2imu H o Zj, )] 211ru 2z1rv2(l+1)!L HQ’ 2:, ) 4 ’U,T)

Ixz;=0 k=1
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provide us with the desired fundamental Jacobi forms. Unlikely to the case of Coxeter invari-
ants, this generating function is not just a polynomial in the auxiliary variable (in this case
v) but a full series. It is therefore useful to resummate this series in order also to analyze its
coeflicients.

We realize that the generating function is a classical theta function belonging to ThY for-
the lattice of A; depending on the parameters v, 7. Since we know from Thm. 1.2 and 1.1, that
the Jacobi forms span T'h}Y we can write the following equality

1+1

O(s,x,v,7) = g~ 2+ ai(7) Z Cre(v, T)prs1-k(s, %, T)

k=0
and we must find the coefficients Cx(v, 7). If we analyze the modular properties of ®, we
promptly find that the coefficients Ci(v,7) are Jacobi forms of weight —k for the lattice
Cmod 2(Z + 7Z), namely '

Ci(v+1,7) = (=1)!*1Cx(v, 7);
‘ Ck (’U 4, 7_) — (__1)l+1e—2iwv—'i1r(l+l)7'ck(,U, 7_);

1 . W2
Ck (E,—~) = 7R DT O (v, ) L -

T T

The formula which describes concisely the generating function is contained in the

Theorem 1.5 Up to normalization, the generators of the algebra of Jacobi forms of type A,
already defined recursively in Prop. 1.5, are given by the generating function

+1 l+1 ]
CI)u,x,‘r('U) o e?ivru~2i7r(l+1)v2g1 ];[a(zi(x) _ ’U) — O,H—l(v) ZD (_zll_)—lT)!ip(k-Z) ('v)gak(u,x, ,’_) -
(1 p) @) .. so““”(v)\
1 p(a) @) ... eV (z1)
det : : : :
-1 \1 p(z) o'(z) ... p(l—l)(z)/ 1 s 5
=TT ) Eieymmar T NGO | CICT U
et | p(z) ©(2) 0 (2)
et : : : :
\1 o) @) ... p0D(z)/

Proof. We recall a classical formula which can be found in [Du93] pag. 199. If le+1 2z =10

then

/1 oe@) ) . eI
q 1 p(z) @'(z) ... pV(20)
“l: : s
HMa-v) _ [LMom-v _-1 \1 p@) @) ... so(:*;)(zz)}
N e A O s N I R )
det . : :
k 1 pla) @) ... o)
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Expanding the determinant w.r.t. the first row of the determinant in the numerator and
rearranging terms we promptly get

ha (560 -0)= [ a2 0] s+ [ et 062 )+
+.+ [P ) e )] pa(x) + o (v)po(x) =

= Co(v)@r1(x) + C1(v)@u(x) + ... + Cr1(v)pa(x) + Cii1(v)wo(x).

6t = T )t (1)

In this formula the coefficients of the fundamental Jacobi forms are chosen in such a way that
the leading term in the v expansion in front of the Jacobi form ;41 is v¥.

In order to be sure that these ¢, are really the Jacobi forms we are looking for, we first notice
that they have no singularities because the LHS in (11) is regular and the coefficients Cy are
linearly independent.

Moreover since the coefficients C} do satisfy the transformation rule

Ck (P—, —-1~) = T_ka(U,T)

T T

and the LHS is of weight —/ — 1 under the map x — %, v = 2, 7 — —%, it follows by
counting the weight that ¢y is of weight —k as well. We now have to check that we exactly
resummed the series in Prop. 1.6: first of all notice that g(v) = v—% + regular and hence for
k=0,1,2,....,1 = 1,1 +1 we find

¥ (v) = (=1)Fklv™*"2 + regular |

e"Qi”(l“Ll)”zgle(v,'r) — {,U—l~1+}c + 0(1)} (,UH—I + O(U1+3)) = F + O(UZ—H)

and therefore

[ag’e—%‘rr(Hl)p?gle(v’T)}l =0, k,j=12,..,1-1,1+1.

v==0

This proves that we actually gave the resummation of the previous series and that the above
~functions ¢y are indeed the searched Jacobi forms. O

Remark 1.8 As in the case of the generating function for the invariant polynomials (eq. 5) we have
for the “gauge transformed” function P(v) := e2"(+1)*91$(y) (see next section)

d? )
’Pu %7 (V) = =1+ 1)Dy x,7Pux,r(v) + 4im (I + 1)g1 Pux.r(v) (12)

where we have put a subscript to the operator © to stress on which variables it acts. This formula
follows from the fact that (recall z = z(x, v))

_ _ 41 49 AR
B(P(u,2,7) 1=K (P (v) ) = —dir (a + (B3l +3)g + Y 33 2) e ] e(zr) =0,
k=1

i=1
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which is a consequence of the properties of oz, 7). But now, expressing the Laplacian in the coordi-
nates x, v we get

2

0 =f)(73(u z,7)) = ( 4imgy + 150

) P (u,2(x,v),7) + Dy x,r (P (v, 2(x,v),7)) ,

which proves eq. 12. The comparison with the formula 5 has to be made considering the limit (genus
0 limit)

S S |

2%6 + (Eq.12), o -(€v) = (Eq. 5) .

The formula 12 can be written in a very concise form; recalling that P(v) = ;‘_L_j) Cre1—k(v, 7)ok (u, %, 7),

we have
I+1

DP = Z (Cry1-k) ox + Cry1-k D (k)] »

where we have defined

D(Cy) = —dinn~ 210, (n%“ck) + maZCk .

1.4.2 Computation of the intersection form with the generating function

In this paragraph we compute the generating function of the matrix elements of the intersection
form in terms of our fundamental Jacobi forms. This computation is the translation in the
present setting of the analog formula by Saito, Yano and Sekiguchi for the polynomial invariants
in [SYS80].

To simplify the computational steps we will consider the functions

I+1

’P(’U,, .. zl-t—-l e2imu Ha — e2i7r(l+l)’vzgl(‘r)¢(,v)
1 (=D oy —I-1
Av) = o + p(v)p2 — s 'Wps + o+ T (W) =7 (v)P(v), (13)

- with no particular relation between the z;'s. The first one is clearly related to the previous
generating function ® by a gauge transformation

1+1
P (u,z(x,v),7T) = 2+ <I>{u X,V,T) = ez"’“Ha zi(x,v)) .

i=1

We now prove the

Theorem 1.6 The intersection elements 9(py, ;) are recovered from the generating function

S DY ) D), ) =
2= =11 - D) A
= 2ir (D*AW)AW) + A@)DAW)) — —— N ()N () +

[+1
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1p'(v) + p'(v') 45— )L
3 o) — () (/\(v)dv,)\( ) = AW) )) : (14)

where DI A(v) := }:lﬂ, %—lﬁl)—,lD(go(j'z))(v)cpj (see appendix for the definition of D).
In practice, to find the coefficients 90(¢y, ¢;) we have to multiply both sides by p(v) — p(v')
and compare the Laurent expansions w.r.t. v,v’' (see example for A, later).

The proof of this short formula involves many steps and lemmata.

Lemma 1.3 For the extended intersection operator M we have

e2iw(l+1)(v2+v’2)g1(f)’m"z( ( ) @('U')) —
Vya(v—v') o (v—2')

=2in(l +1) a(v—v) P)P(v )+av—

Proof. The extended intersection form is given by (see formula (9))

_ 41 g 5
F=-TRZ-ZT + 7 ® 7,
32:623 0z’

and the extended intersection operator M is defined accordingly as

—

T(B(v), @(v') = 1~V (d (720 ())  d (120 ())) -
Since the “gauge-transformed” vectors Z and 7 (the latter being defined in (8)) are

I+1
0

8+2i7r(l+1)uzg; ze—2i1r(l+l)'u2g1 — 2: =9,
. 1 8zi

0y 2 —24 21

e+2z7r(l+1)v NTe Zir(l+1)v - 87

we have that for the function P(v) := P (u,z(x,p + v),7) := Py (v) (where we consider the z;
unconstrained, and v a parameter of deformation) the gauge transformed intersection element
reads

I+1 '
FHDIROT (B (0), 8(v) = ~0,P()V,PW) - PV, Pw) + 3 LI
i=1

821_7' 623'
We now compute
» I+1
lhs of (15) = ~2imn ™ [P()3: (n"*P (1)) +P()0r (7" **Plo +§+Ia 831 (v)=
l+l o (w: o' (2:) o (w:
T2 Z ( &23) 2 Qi?i&”f) P)PW) +in(l +1)g1P(v)P(V)
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where z; 1= z;(x, p+v) and w; = z;(x, p+v’). We now must analyze the terms in round brackets:
using the formulae in Prop. A.2, the intersection form becomes (recall that zi—w; =v—1v,
Vi=1.0+1)

o 80( ) / a’(v—v’) / d d N __
lhs of (15) —2’1/7'('(1 + 1) W 291:|’P( )P('U )—a(v——v’) {P(’U )%’P(U)—P(’U)%P(’U )}— .

= 2w Vral—v) V)P (v o w=v) v 4 V') = P L3 v

= 2+ )T P wpw) + S P LP0) - P 2P0}

This ends the proof of lemma. O

Although very concise, this formula gives the intersection elements of the extended intersec-
tion operator 90t: this is insufficient to our purposes since we want to analyze the intersection
operator 9. '

In order to find the intersection elements MM (y;, k), we have the further lemma.

Lemma 1.4 For the intersection elements of 99T we have the formula

ch (V)M (Pr41-ks PL41-7) =

= %% VTO‘( ) a/(v_'ul) i N~ Py __d_

= 2in(t + ) 2= piyp) + 2= P R0 - PO 1P +

=) MCk(v), C5 (V') pr41-kP141-5 » » (16)
k,j

where Cj(v) are defined in (11) and we have set for short

MCe(v), G5 (v')) 1= ~2im (CulwIn ™6, (FIC50)) + G0y, (™ Culw)) ) + 7 ChOICH W)

Proof. From the definitions, by a straightforward rearrangement of terms, we have
62i7r(l+1)(v2+1;12)gl{th(q)(v),q)(,ul)) — ch ) / ((pl+1—ka¢l+1—j)+

+Zsm (Ck(v), C; (V")) 141k Pi+1-5 » (17)

where we have set for short (as in the statement of lemma)

M(Cr(v),C;(v")) = —2im (Cx(v)n~ 78, (nVC;(v")) + Ci(v"\n™%8, (n**Ck(v))) +
Cr(v)C5(v') -

l+1

We can now recast eq. (17) using eq. (15) into the formula in the statement of the lemma,
which is now proved. O

Proof of Theorem 1.6 We use the function A(v) defined here below
(-1

1 - —i-
A(w) == wo + p(v)p2 — 5@'(”)% +.+ l—!P(l D)1 = a7 Hv)P(v)
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P'(v) = ot (v) [x(v) +(l+ 1)(;'(”) )\(v)] .

Rewriting the formula in Lemma 1.3 for this A(v), we have

2D+ B (v), D(v'))

L (v) o+ (1)
Bl ) =) [0 SO
- ey {an (v V) 56 - St e
o' (v —v') d . ., ;zd o
+w (A(v)&-ﬁ/\(v) _A(U)Ezj/\(v)) . (18)

On the other hand we can compute?, recalling the definition of the modular connection V? and
the elliptic connection D°® defined in Appendix, Prop. 33,

) M(Ci (v), C;(v1))

O{Z_*‘]‘('U)at_*-l(?],) 901+1—k<:0£+1—j =

k,j

= =21 (VIA()A(V) + A(v) VIA(V)) — 2im(l + 1) {491(7) +

P [A’(’u) +(+ 1)0‘("’),\(0)] [A’(v') +(+ 1)3(”:5(2/)} -

I+1 a(v)

= =21 (VIA()A (W) + M) VIAR)) +
=-Q by means of eq. (34)

3 T o (r o ora(v)  Orav) _a’(v’)a'(vr DA (o
@+ [sima o) 20 (T + S ) ey | e
1 ’ 1eo1 al(v) 1o a’(vl) Y, _
Y WX0) + ZERN) + TN ) =
= —2im (VAW)AW) + AW)VAW)) + (0 + 1)QA0)A( )+l—i—?\’( IV (0)+
o' (v) A NNV
+ () AN (W) + (o) AW (v) =
= —2ir \O)D*AW) + AW)D AW + ({ + 1)QAWAW) + l—i—l)\’(v))\’(v')+

?We shall use the notation V2 A(v) and D*A(v) understanding them as

. o (=1 ~2j, (j-2) .
VI =3 1),71 8- (092 ()) ; ;

H'l

DIAw) = Z( ) -) D(pU2)(w)e; ,

]““0

namely the modular and elliptic connections are supposed to operate only on the functions depending on v.
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+ |50 - 2] (M)A 6) X)) ) (19)

a(v)
Therefore we finally find (for compactness we define (=2 (v) := 1 and =Y (v) := 0)

I+1 + .
g;o(k—(m)(j 1).@(’“ 2 (0) Y2 ()M ok, ;) = (18) — (19) =

= 2im (D*A(v)A (V) + A(v)D*A(v')

L) o) /\(v /\(v')%/\(v)) — L NN (20)

v -1 a(v a(v’) I+1

=((v— v’)+€ v')—((v)

From the classical pseudo—addition formula [Ba]

(=) + ()~ ) = 5

we can finally prove the theorem. O
Notice the resemblance of eq. 15 with the formula worked out in [SYS80] by Saito, Yano and

Sekiguchi in the case of the finite Weyl group 4;: in that case they had P(v) = lfl (z; —v)
and the formula was
I+1
0 0 , 1 N d d ,
> ZP) 4 PW) = o { PP - P) P00 (21

We can realize that eq. 15 is an elliptic deformation of eq. 21.
Indeed, under a suitable limit the former formula goes into the latter

lime™% { Ar () +)o 97 (H(v), B (v ))] = RHS of eq. 21 .

e—0 (u,2,v,v' )+ (eu,ez,ev,6v')

Example 1.3 The case of A, In this example we compute explicitly the intersection form in the
coordinates p_; = T, Po = o, P3 = N2, P3 = n5ps; this result will be useful in the computations
for Gg. B

Using the generating function in Thm. 1.5 one can compute explicitly the Jacobi forms to be (recall
that we have z; = z1; 20 = 29 — z1; 23 = —z3)

¢3(u,x) = =2 a(21)alz2)a(23);

2(1%) = ¥™aa)aleatea) SETZEED — _petinia(a jalar)a(en) (ar) + Clez) + ()]

P(zl)g;:zz% - :’:’(Zl))so(zz) = ¥ a(z1)o(22)a(z3)-

: {% [0'(21) + ©'(22) + 9/ (23)] + § [€(z1) + ((22) + ((23)] (go(21) + go(22) + P(%))} ,

2imu

wolu,x) = e“™a(z1)a(zp)a(23)
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where we have used some classical formulae in dealing with the g functions [WW].
We now compute the elements 9 ; := 9M(y;, ¢;) since we are going to use them for G, later. Using
formula (14) and setting ¢, := 7 we find

0 —2impg —2impg —2imp3

—2mpy 9203t —Ltgavopa—1g3pa?  203pa? — 302007 — 592203 o2
Mlipir3) = — 2imp 293032 — Lg0i02? 392(p3)2 =202 —3p390
— 2imps3 — 29200302 —3p3p0 $(p2)?

1.5 Jacobi forms of type G,. Saito’s flat invariants.

The Cartan subalgebra for G is realized in [Bo], planche IX as the subspace of C? such that
21+ 23 + 23 = 0; the root lattice is the same as the one of A; and the Weyl group is the dihedral
group of order 12. It can be seen that W (G,)/W (As) =~ Z, and it is generated by the involution

S : (21,22, 23) > (—23, —29, —21) .
The Jacobi forms we have to build are
o € Jo; w2 € J_g3; s € J_g2 .
They can be built directly as follows:

1. As for g we can take

2
06(u, X, ,r 4uru]:[a ZJ,T) ( (Az)) € J g2

namely te square of the lightest Jacobi form for A,, which is clearly invariant under the
involution & defined above.

2. As for ¢,, g one can check that the same Jacobi forms which work for A, do work for
this case (we only have to check invariance under the extra involution &) in fact we have
for z; + 2o + 23 = 0,

= 2™ (2 Va2 (2 ©'(21) — ' (22)
ol x) = T alma(m)al) SO = 2
= —2%™ oy (21)ae(22) x(23) [C((zl)) 4;( (§2)+<((Za)ﬂ( )
oo(u, x) = e ™a(z)a(z)a( 23) o(z) — p(z) -

= ezi’"‘a( a(z2)0x(2s) {% (1) + 9/ (22) + 9 (23)] +
)

#3000 + (o) + CCan)] (9lar) + (e0) + () |
and since both are product of two antiinvariant functions, they are invariant under &.
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This identification allows us to compute the Jacobi invariant intersection form 9 since it is the
same as for A, being the Weyl invariant inner product the same [(dz1)® + (dz2)* + (d23)?),, ., .. _,
in both cases. Therefore we can easily compute the intersection elements 90t(¢p;, ¢x) out of those
computed for A, in eq. (22) and find the following expression for the intersection form in the
coordinates T =: p_1,pg, P2, Pg (where the hat on the Jacobi forms are given in Def. 1.8)

(%), d(;)) =

0 —2imipgn ™4 —2impam~t  —dimpgn?
| e swEenn-aE ww-law —ea |
T cwmmnt wm-ew amowme oawm |

— dingn ™ ) —696%0 P

Notice that the matrix is linear in the generator @g: this is obvious when one counts the indices
of the matrix elements and it is connected with the fact that G, is a “codimension one” case
in the sense of [Sa90].

The matrix 5%6-3* (which is the tensor J* in Saito’s notation) reads

0 0 0 —dirn~*

9 S 0 55’ 30 2502
o 0 203 2 ~6%0
—dirn™t ;e 6% 2%

It follows from Saito’s paper [Sa90] that this tensor defines a contravariant metric whose co-
variant form is flat; one could now try and look for the flat coordinates of this metric (the “flat
theta invariants”).

We are in a position to give the flat coordinates associated to this second flat metric.

In order to find them we must integrate the geodesic equations; it is a rather muscolar though
non completely straightforward exercise for which it is very helpful the paper [Sat93]|. Hereafter
we report only the result.

Proposition 1.7 The flat coordinates of Saito’s metric are 7, t,, s, ts, given in the following
system

— o3 AT ,

% = (2m)27 " (Fi(r)t + Fy(r)ta)

s = @n) 2 n?(Fi(r)t + Fa(r)t)
2

—— . o~ 1 s
Ye = tg — 4imgiti ta + 511—7;13939002 ~ ol 292 P02 o 3920302

where the two functions Fj, F» are given, in terms of the modular invariant

ATVE g Tane © o dr 20mseint
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by,
F(r) = Fi(a() = 2(r)F ;  Fa(r) = Fy(a(r)) = (2(r) = 1) .

In these coordinates Saito’s metric becomes,

0 0 0 —d4ir
) 0 0 -2 0
Fltudt) = | o 5 5 o (24)
—4ir 0 0 0

The flat coordinates show up a nontrivial monodromy around z(7) = 0,1; these points both
correspond to the elliptic curves where go = 0, namely the symmetric tori.

1.6 The root system of type B;: Jacobi forms

The Jacobi forms for J(B;) can be constructed in a similar but easier way as those for J(A4;).

Similar computations leading to the generating function for A;, took us to the following

Theorem 1.7 The generating function

!
2"’“Ha v—z;)e(v+ ;) =

=1
P 2)(U) o2 P9 (v) o2

= @-n® (v)par(x )+m (V) pa-2(X) + ... + & (v)py(x) =

1 ... p(z“” (v)
det - . .
1 ... p&-2 2
= 1 ... & 4) Ha z;)
det : :
1 ... 9(22‘4) (z))
= pa(x) + v’pu_2(X) + ... + v*po(x) + O(v**?) (25)

gives a basis of generators for the algebra of Jacobi forms of type B;.

Any other set of generators is a weighted linear combination of these with coefficients in
M,.

Proof. We must show first of all, that the functions defined by the formula have all the prop-
erties of smoothness. This follows from the fact that the ratio of determinants is a holomorphic
function of all its variables without poles.

In order to show the properties of invariance, consider now the elliptic function

1op) ) . el
SR (G JCC G
1 p@) (@) ... @3 (n)
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Since only even derivatives of the g functions are involved, this is clearly invariant under the
change of sign of any between v, z,..z;. As a function of v it has a pole at v = 0 of order 2!
and hence it has as many zeroes; it is clear that these are situated at +z;,...,+z,. The same
holds clearly for the variables z; therefore if we express it by means of the functlon o [WW],
considering the antisymmetry we must have :

[T o(v = 2o + 2:) [Tie; 0 (i — 25)0(z; + ;)
0% (v) TTie, 0%(z:) '

Fv)

Therefore we can compute

1 p) ") ... % ()
et | 1 89(501) P'(z1) ... ()
L ) e () _ - yllimolv =)o+ 2)
(1 p(z) "(z1) ... 6’3(2[_4)(501)\ C o2(v) T, o2(z)
det p(z2) ©"(z2) ... P V(z)
\ 1 p(a:l) p”ix;) . p(m‘;) (z1) )

Expanding the LHS w.r.t. the first row of the determinant in the numerator and multiplying
both sides by

g2imut2im T (IxlP+210) 21 (v) T, o2 (z;) we obtain exactly the formula (25).
As for the second statement, the proof is exactly as in the case 4;. O

Notice that, up to a normalization, all the Jacobi forms can be recovered by applying the
operator ® to the lightest one

I
o (u,x,7) H ;)% + O(|Ix||**)
Jj=1

and hence for any b = 1..I the Jacobi forms ¢;_, := D° ;) do not vanish identically because
their leading term is A% (Hf,':l(fcj)2> # 0. This gives the whole basis of fundamental invariant

Jacobi forms; moreover (as in the A; case) any other basis is obtained from this one by a
weighted linear transformation with coefficients in M,.

Proposition 1.8 The formula

P(v) = 2™ (v) Lﬁ (p(fu) - p(xj))

l

!
Haz(azk) = a?(v) Z ¢23 1
k=1

J=0

=1

defines a basis of Jacobi forms which is equivalent to that in formula (25).

Proof. It is clear that, as a function of v, this is the same generating function because it has the
same poles and zeroes, but the fundamental Jacobi forms y¥5; are weighted linear combination
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of those defined previously; indeed, expanding the product we obtain the Jacobi forms as the
coefficients in front of powers of g(v) while in the former formula they were the coefficients in
front of even derivatives of g (recall that even derivatives of g can be expressed as polynomials
in ). O

Although this is a more compact formula, the previous one is more effective in actual compu-
tations of the intersection elements; indeed in the next paragraph the intersection elements will
be computed only for the first basis of Jacobi forms. However this formula for the generating
function is the closest to the classical one (6) as one can compute that

P(v) = exp (v*D) H [e¥™a?(z;)] |

i=l1

which follows from the formula (coming from the case A;)

(—~4i7rVT + %%) o?(z) = p(z)a?(z) .

Remark 1.9 Although the Weyl group of C; is the same as the one of By, the affine Weyl groups
(namely the complex crystallographic lattices) are different: indeed the root lattice of B; is simply
Z! while the one of C is (21,..,2) € Z! such that Y z; € 2Z. There follows in particular that the
normalization of the invariant Killing form to 2 for the shortest roots, is different: in this realization

of the Cartan subalgebra (which follows the corresponding planches in [Bo]) the Killing metrics are
ds? :=2Y" dz;® for B, and 1ds? = 2 dz;? for C.

A consequence of this fact is that if ¢(u, x, T) € J,gf:z) then ¢(2u,x,7) belongs to Jl,(cg’g1 This
(cn)

amounts to saying that the algebra J.(E') of Jacobi form for B; is isomorphic to a subalgebra of Jg ¢
and the isomorphism doubles the index.

Now, from [Wi92], we know that the generators belong to the spaces
wo € Jo1; w2 € J_o1; pa € J_41; pok € Jo2k2, k=3..1L

The isomorphism which injects JSEL) — JEEL) allows us to identify the [ — 2 generators of index 2 for
the Jacobi algebra of type C; as the images of the corresponding generators of B.

1.6.1 Computation of the intersection form with the generating function: B,

As we did in the A, case, we can now exploit the generating function to compute the intersection
elements My; o := M (25, por); again the computational details are quite cumbersome but the
result is a remarkably simple formula which —again- is in deep analogy with the corresponding
formula for the invariant polynomials in [SYS80]. The result will be a generating function in
two variables for the elements 9%y; 2, and is contained in Thm. 1.8.

The intersection form for the Jacobi group of type B, reads

!
J:= —du®d’r-—d7‘®du+22dﬂ:j2,

=1
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where (following [Bo] planche II), we have realized the CSA of B, as the vectors x := (zy, ..., ;) €
C'; notice the normalization of the Weyl invariant inner product.

Theorem 1.8 The intersection elements 9ﬁ(<pzz, (po;) are recovered from the generating func-
tion

(26— 1)1 (27 — 1))

() (1) @)
Z 2 ( @ ( )m((PZy;(ﬂZk) —21,71’[ (’U)D. ( I)+)\(UI)D./\(U)]+

dv

N ey d |
ICOEr )Lt (m—jnvy-p@n@qaﬁ@”. @@

Proof. We compute

M(P(w),P()) :=n 87" (d (n‘”’P(v)) d(n 4p (v )

!
= 2" [P(v)d, (1*P()) + P()3, (n“P()) +%§: &zzaz
1< o'"v—z;) "v+z) "W -—z) O+ xi) o' (v —z;)d (v — ;)
) ; ( olv-z)  alv+z) o —z) oW +z) ov-z)al — ;)
odw+z)d (W +xz) dv—z)d (W +z) dv+z)d (V- ) ,
B a(v+ z;)a(v' + ;) B a(v —z;)a(v' + ;) B a(v+z;)a(v — z;) ) P)P)+
z +8inlgi P(v)P (V) =
. Ora(v—1' . Oralv d
=;[2m (( U)+2m a(1(1++vjj))+

a(v — ') |
2 (o= * S () + o)
+3 (o=~ se) ( '(Zfiff” EZJS)}%)P( )+ 8inig PP =
ZQMZPtgizs) VCZZZU]P

o3 (ZEms) - 20 P P - 1 (al(v o ) PP

2 a(v-«v’) a(v +v') 2\alv-7) alv+v)

Remark 1.10 Notice again the resemblance of eq. 27 with Saito’s formula [SYS80] in the case of

the finite Weyl group B; (here P(v) = Hl ((z: v2))
I+1
§:&h mz ”=@wémm{p@>ii(W—Pwmﬂﬁémuﬁ. (28)

We can actually obtain Saito’s formula with the limit

l‘g% E-4l+2 [SUI (Px(v)’PX(QI))}u,x,v,u'weu,ex,ev,ev’ = RHS of €q. 28 .
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Again, we can recast equation (27) into a more useful form using the function

2] 2) l,

Aw) == o (v Z ; B = a () Y Gy

=0 =0

First of all, since a2 (v)Via?(v) = V2 + 21 V;g)()”), then a straightforward computation gives

om(P Z Ci(v M(pa1-25, Pat-2k) =
= —2iT Z (VTCk(U’)Cj(U) + V.C;(v)Cr(v")) 0ar-2kp21-25 =
= —2ira® (v')a®(v) {[A(v')V;A(U) + A(v)VIA(W)] + 21 (V;?v(f)}') + V;?v(;))) )\(v')/\(v)} .

Using now formula (27) for (P (v), P(v')), we can finally compute

(29) (2k) (4
%c: gj _(;})) gk v )) M2k, 025) =

= 7 [/\(13\7;(/\ I’SJ’) + é( )(V) *A(v %] : ) Vil )
. 0V ro(v a(v—v a(v+v p
+2iml EZ e +2 ) + a(?)—'u + ’U+’U') A(W)A(v)+
o'(v=2) [d(v) d(v)]  (v+2) o (v) DA
.H{a(vzv’) [a(v’ ( a(v) } U+U [a v)]})\ JM)+
1fa/(v=2) o(v+2)] W) — 1 a’(v—-v’) o' (v+v) N _
+2 la(v—-v")  alv+v)] Alw )dv AW) 2 | a(v—1") * a(v+v') /\(v)dv'\(v)_
= % [,\ UEV;/\(U') + AW )VIAW)] +
1[a/(v—v) o(v+0)] d o _1[dw=1v)  dv+7) y a ) =
+2 afv-v) alv+) Al )d'v’ () 2 la(v—1")  alv+) Al )dv)‘( )=
= 2in [A(0)D*AW) + A(v )D°,\(v)]+% [Z((;’::,)) Z((;’:_’;’)) 22((:)) A )E%—,A(u')-g.
od(v—1") o(v+) o' (v) d

1 ) , N4
”.2..[4‘(@_ V) +C(v+') - 2((@)]/\(1;)%,\('0) .

To write this in the final form we use the classical formula (see [WW] pag.458, example 18)

| _ 1) +p'w) ')+ W)
—C(w —u) + ((w —v) + () — ((v) = 2 { p(u) — p(w) - w(v) — p(w) } ’

which allows us to complete the proof by substition. O
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2 Relation between Jacobi groups and Frobenius struc-
tures on Hurwitz spaces

In this second part we will identify the Jacobi group of type A; with the monodromy of a
suitable Frobenius structure; the identification will be based on the explicit formula for the
generating function of the Jacobi forms.

In order to be self-contained as far as it is possible, we recall the due definitions of the
objects we are going to use, namely Frobenius manifolds on one hand, Hurwitz spaces on the
other and explain how it is possible to give Hurwitz space a structure of Frobenius manifold,
following [Du93]. The main result of this part can be expressed as follows:
the quotient space §2/J(.4,) is naturally isomorphic to the moduli space of elliptic functions of
degree [ + 1 with only one pole.

This identification will appear explicitly and allows us to build a structure of Frobenius
manifold over a suitable covering of this space; this covering branches around a divisor in /]
defined by the zero locus of the lightest Jacobi form.

Before entering the detail we give an account of the necessary mathematical objects.

2.1 Frobenius manifolds

We recall the basic definitions and properties of a Frobenius manifold.

Definition 2.1 A Frobenius algebra A is a unital, commutative, associative (C) algebra
endowed with a invariant nondegenerate bilinear pairing n(o,0) : A® A — C, in the sense that

n(A-B,C)=n(A,B-C) VAB,CcA.

It follows that n(,) is symmetric, for n(4, B) =n(1,A- B) =n(1,B - A) = n(B, A).
The notion of Frobenius manifold is now the following

Definition 2.2 A Frobenius manifold M is a smooth manifold which ts endowed with a
structure of Frobenius algebra in the tangent space at each point (and henceforth a nondegenerate
symmetric tensor 1(,) of type (0,2) and a (0,3) (symmetric) tensor of the structure constants
9(X,Y,Z) :=n(X,Y - Z)) and the following properties hold:

1. the Levi-Civita connection defined by the metric n(o, o) is flat;
the unit vector field 1 is parallel, namely Vx1 = 0;

the (0,4) tensor of its (covariant) derivatives (Vxg)(Y, Z, W) is completely symmetric;

S

there ezist a vector field E (the Euler vector) which is covariantly linear (VV)xyE = 0,
VX, Y e T(TM), and

2

(o) [E, 1] = -1;
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(b) (L:En)(X’ Y) = ET](Xa Y) - n([EaXL Y) - 77(X> [E9Y]) = (2 - d)’?(X, Y) ’

(C) (‘CEQ)(X’KZ) = E(g(X:Y7 Z))—g([E>X17Yv Z)_g(Xa [E,Y},Z)—Q(X,Y, [E, Z]) =
(3-d)g(X,Y, 2);

namely the E generates conformal rescalings of the metric and of the Frobenius structure.

5. The (4,0)-tensor (Vg) is totally symmetrz'c, or equivalently

Observe that since E is a conformal Killing vector field it must satisfy also div(E) = —%}1@;
moreover it follows from the above axioms that

EX - Y]-[EX]-'Y-X-[EY]|=X-Y. (29)
On the spectrum of E we have

Lemma 2.1 If the grading operator @ := VE is diagonalizable, then the Euler vector can be repre-
sented by

n
E=) (1-g)ti+r)d (30)
1
for suitable constants g;,7; and suitable flat coordinates ¢;.

Notice that, up to a translation in the flat coordinates, we can then recast the Euler vector in
the form .
E = Z(l - Qi)tiai -+ Z 7:0; .
1 ilgi=1

Remark 2.1 The flat coordinates ;’s which diagonalize the grading operator VE are unique up to
linear transformations which do not mix coordinates with different scaling dimension.

Moreover notice that 1 is an isotropic vector for 7 except in the case d = 0; indeed (2 — d)n(1,1) =
(['En) (17 1) = EU(L 1) - 27)(£E13 1) = 277(11 1)' ’

We now define the scaling expon'ents as

Definition 2.3 A function ¢ : M — C is said to be quasi-homogeneous of scaling exponent
d, if it is an eigenfunction of the Euler vector,

E(p) = dyp .
This means that the coordinate functions ¢; defined before are quasihomogeneous with scaling

dimensions d; = (1 — ¢).
We now give the
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Proposition 2.1 The structure constants tensor ¢g(X,Y, Z) is the third covariant derivative of
a locally well defined function F' (called Free energy),

9(X,Y,2) = (VVVF)xyz . , (31)

Moreover this function is almost-quasihomogeneous of degree dr = 3 — d, namely quasihomo-
geneous up to a function in the kernel of VVV (i.e. a function which is at most quadratic in
local flat coordinates)

Proof. Since Vg is completely symmetric, the proof of existence of the local function F follows

easily in flat coordinates.
From (Lgg) = (3 — d)g it follows (using Lg o V = V o L) that

VVV ((3—d)F —E(F))=0.

The proof is thus complete. O

2.1.1 Intersection form

Since the invariant metric 7 gives a isomorphism between the tangent and cotangent bundle,
we can define a Frobenius structure on the cotangent bundle as well, which we will indicate
again as w - o, for w,a € I'(T*M).

Definition 2.4 The intersection form is the bilinear pairing in T*M defined by

(w,0)" = (w-a) (E).
N——
EN(T* M)

One can prove that it is almost everywhere nondegenerate, hence it defines a new “metric”
(denoted by J(,) as its associated (2,0) tensor) on the tangent bundle: one can show that
[Du93] : :

Proposition 2.2 The metric J(,) is flat and moreover VA € C, the contravariant metric
G*(A\) = n*(,) + AJ*(,) is flat as well and the contravariant connection V() on forms is given

o~

by Vi := VD + AV where VM and VO denote the contravariant connections (acting on
one—forms) of the metrics 7 and J respectively® The family of metrics G*()) as A varies, is
called a flat pencil of metrics.

3By contravariant connection on one—forms of a metric g over a manifold M we mean the map

V: T'MeTT"M)—I{T"M)
6@ o —r v€ﬂa )

where V is the Levi-Civita connection and & is the vector associated to £ by means of the isomorphism given
by the metric.
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Properties and relations. There are some differential relation between the two metrics, as
it is shown hereafter; these relation allow to reconstruct the invariant metric n and the free
energy from the knowledge of the intersection form and the unit vector field as we will see.

Lemma 2.2 We have £19 = V39 = 0.
Proof. For any X,Y,Z € I'(TM) and from the definitions (recalling that V1 = 0) we find

(L19)(X,Y, Z2) = 1(9(X,Y, 2)) — g([1, X], Y, Z) - 9(X,[1,Y], Z) - 9(X, Y, [1,2]) =
= (vlg)(X: Yn Z) = (Vzg)(X, Ysl) = (Vzﬁ)(X> Y) =0. )

Hence we find
Lemma 2.3 We have, for any z,y € I'(T*M),
n(z,y) = (£L19%)(z,y) .

Proof. Let X,Y denote the dual vectors to z,y (which are covectors) (explicitly z(e) =:
n(X,e)), we find (recall 3*(z,y) := g(X,Y, E))
=V X viY
. e —
(‘Clj )(1"73/) =1 (g(Xa KE)) _'g([]"?XL Y, E) - g(X)

(Vig)(X, Y, E) + g(X, Y,@ =n(X,Y) =:1"(z,y) .

=0 =1

I
=
i
S
[

O
Lemma 2.4 The functions G¥ := J*(dt;, dt;) are homogeneous of degree d;; = (1 +d) — ¢; — g;.
Proof. Recalling that [E, 2] = (¢; — 1) 2 we find

E ((dt;, dt;)*) = E (g ((dt:)*, (dt;)*, E)) = (Lrg) ((dt:)¥, (dt;)*, E) +
+g ([E, (dt:)*], (dt;)*, E) + g ((dt;)*, [E, (dt;)*], E) = (x) .

We now recall that (from Lg(n™!) = (d — 2)n~!) we have, for an arbitrary w € D(T*M),
[E,w#] = (d - 2)0* + (La(w))* ,

and hence [E, (dt;)#] = (d — 2+ 1 — ¢;)(dt;)*. Therefore we can complete the chain of equation
(*x) as follows

(**) = [3 —d+ (d -1 Qz) + (d -1 q_,)] 3*((1@;, dtj) = (1 +d - q; — qJ)J*(dtz,dtJ) .
O

Lemma 2.5 We have

I (dti, dt;) = (1+d — ¢i = ¢;)Vae)# Viae,)# F -
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Proof. Recalling that
J*(dti, dtj) = (VVVE) ae)# @, *E

and that [Lg, V] = 0 we find (for brevity we denote (dt;)#, (dt;)* by I, J respectively)

(VVVF)grs = VeViVJF = B(V,V,F) = Lg(V1V,F) + Vig. Vs F + Vi Vg0 F =
=Le(VIV/F)+(d-1-¢+d—1-¢)VIViF = (1+d~ ¢ — ;) Vi) Via,)#F -
=(3-d)V; V, F

2.1.2 Reconstruction

Let us suppose we are given a Frobenius manifold M and we know only the scaling dimensions
d,q1, ..., Gn, the Euler vector field E, the unit vector field 1 and the intersection form J(, ); then,
from the previous lemmas we have as a corollary that we can uniquely reconstruct the full
Frobenius structure by setting

N7t = L4(3)

and finding the flat coordinates of 1 as homogeneous functions and then find the structure
constants by imposing that

(1 + d— q; — qJ)HF((dt,)#, (dt])#) = 3* (dti, dt]) . (32)

Of course this procedure goes through if ¢; + ¢; # d + 1, Vi, j = 1..n, otherwise there may be
some obstruction or ambiguity in the construction of the free energy F; this is the only effective
way to find the free energy in many actual examples as we shall do for G, later.

2.1.3 Monodromy group of a Frobenius manifold

Both metrics 7(X,Y) and J(X,Y) are flat and it is natural to study their mutual relations.
Since J comes from the inversion of almost everywhere nondegenerate bilinear pairing of the
cotangent bundle, it is defined almost everywhere, namely outside the locus A where the
determinant of J* : T*M — T M vanishes.

Now the flat complex manifold, (M /A, J) is not simply connected and hence we have a nontrivial
holonomy group at any point, which is a discrete subgroup of O(n, C).

To be more specific let y1, ..., ¥» be the flat normal coordinates at py € M (fixed and outside
A) of the intersection form J, and express them as functions of the flat coordinates ¢y, ..., ¢, of
the invariant metric 77; since J degenerates on A, its Christoffel symbols (which enter in the
equation defining the flat coordinates y;) have singularities on A. As a result, the germs of
functions y;(ty, ..., t,) will be in general multivalued for loops around the discriminant. This
implies that the result of a non-contractible loop v around the discriminant will be a linear affine
transformation of the y;’s whose linear part is clearly an J-orthogonal transformation: it is also
clear that the correspondence which associates to each noncontractible loop v € m(po; M/A)
this linear affine transformation of the coordinates y; is a group homomorphism. This map

M :m(po; M/A) — Aff(3,n)
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¥ = M, ,

is a group homomorphism from the fundamental group of M/A onto a (discrete) subgroup of
the affine transformations of the functions y;’s: the image under M of the fundamental group
71(po; M/A) is called the monodromy group of the Frobenius manifold.

Viceversa one could ask to solve the inverse problem, namely that of ﬁnding a Frobenius
manifold whose monodromy group is a given discrete group of affine transformations preserving
a (nondegenerate) bilinear form J: this is actually the problem that motivated this study.

2.2 Hurwitz spaces and Frobenius structures

In this section we rephrase the contents of [Du93], Lecture 5, and adapt the notation to the
present purposes.

Hurwitz spaces are moduli spaces of certain meromorphic functions on algebraic smooth
curves of fixed genus. Hereafter we give a short account of their structure and definitions and
later we explain how there can be defined Frobenius structures.

Let C be a compact Riemann surface of genus g and let A : C — CP! of degree N;
we moreover fix the type of ramification over the point at infinity co € CP! assuming that
A} oo0) = {00g,001,...,00,m € C} and that the respective degrees at these points be ng +
1,n+1,...,n, + 1.

These data (namely the genus g, the number of sheets and the ramification at infinity) fix
uniquely the total number of ramification points in C, say { P, .., Py, o0, .., 00m }; by means of
the Riemann-Roch theorem we find (notice that we must have N =m + 1+ ng + ... + ny,)

=2g—-2 =2 =n+4+ng+..+nNm
rm—N— e e N,
deg(Kc) = Ndeg(Kcpr)+ deg(B) =>n=29g+ny+..+ny,+2m.

Therefore the smooth (i.e. non-orbifold) part of the moduli space M m(n,;} of these data has
dimension n.

As parameters for the point in this space we can take (uj,...,un) = (A(P),...,A(P,)) €
(CPY)*™; Summarizing

Definition 2.5 The Hurwitz space Mg .0, n.. 5 the moduli space of curves C of genus g
endowed with a N branched covering A of CP!, A\ : C — CP! with m + 1 branching points over
oo € CP! of branching degree n, + 1, v = 0..m.

In this kind of spaces the usual notion of equivalence involves also the quotient by the diffeo-
morphism group of the target space (here CP') [Na84], but for the present purposes we will
consider the (trivial) principal bundle with structure group the diffeomorphisms of CP! which
fix one point (the infinity); this simply means that in the kind of spaces we are considering
the notion of equivalence involves only the diffeomorphism group of C' and moreover the affine
group C* x C acts on the functions A as aA + b, for a € C* and b € C. For the sake of clarity
we specify the relevant notion of equivalence:

Definition 2.6 Two pairs (C,\) and (5’, 2) are Hurwitz—equivalent if there ezists an ana-
lytic isomorphisms 9 : C — C such that Ao ¥ = A.
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In the following we will use a covering of the Hurwitz spaces which we now describe.

First of all notice that, since we are actually considering curves of genus g with m + 1 marked
points, for 29 +m+1 > 3 the curve C is stable, that is the group of automorphisms is discrete;
for g > 1 the covering of their moduli space is accomplished considering a symplectic basis of
cycles in the homology of the curve?.

We have also to consider the points oco,, ¥ = 0..m: therefore, for each of them, oo, we fix a
local uniformizing function, namely a function w, such that w,™*! = X in a neighbourhood of
00,. Summarizing

Definition 2.7 The covering space A’/_E,,m;no___nm s defined as the sets of genus g curves with
m+1 marked points endowed with a symplectic basis in the homology and a N-sheeted covering
A of CP! with a fization of local uniformizing coordinates {w,},

A//I\g,m;no.,.nm = {(Cx /\7 Woy -y Wins {al--a‘g: bl": bg})} .

2.2.1 Frobenius structures on Mg mino..nm

Over the space My m:n,...n., We consider the coordinates uy, ..., u, as spanning a semisimple com-
mutative, associative, graded and unital algebra in the tangent space, with {u; = A(B;) | dA(F;)}
as local coordinates. Explicitly the algebra structure is as follows (setting 8; := 311“) ‘

1. Multiplication: 32' . aj = 5@'8,';
2. Unity: 1:=>"70;
3. Euler field E := Y7 u;0;.

In order to obtain a Frobenius structure we must define an invariant inner product such that
the resulting metric is flat and satisfies all the axioms of Frobenius manifold.
For any one form 2 € I'(T*M) we can define an invariant inner product as

<X,)Y >q=0Q(XY)

which is nondegenerate provided that Q2 nowhere vanishes. There is a natural way to build one
forms on the Hurwitz space starting from a representative as follows. Let () be a quadratic
differential on C (i.e. @ € [(T*C ® T*C)) and set

Qg = Z du; res oy

Notice that this definition of the one form g is independent of the representative and also
invariant under the structure group (here simply the affine transformations of the plane): in

fact, if 9 : C'—)C’a,nd,x—a/\+b then u; ._a)\oﬂ-{—b-auz-%b Q 9*Q, therefore

Z du; res — Z du; re.s ,

4We recall that this amounts to choosing 2g cycles {a, .., aq, b1, .., by } Which have intersection number a;-a; =
bi‘bj =0 andai-bj =6ij.
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and hence the definition is well posed.

It is clear that if the differential @ is d\—divisible, namely if it has the form ¢ ® dA and ¢ is
holomorphic on the zeroes of dA, then the corresponding differential on the Hurwitz space is
zero; this allows for an enlargement of the class of quadratic differential that we can use. In
fact we can consider the larger class of quadratic differentials on the universal covering of the
curve C' which have the property that their continuation along a closed curve v C C is changed
by a dA-divisible differential, namely

Q?Q—Fqg@d/\.

One can consider quadratic forms @ which are squares of a differential ¢ of certain type, namely
Q = ¢ ® ¢: these differentials ¢ are called primary differentials. The types that lead to
Frobenius structures are listed below

1. An Abelian differential of the second kind® with poles only at the poles of ), oog, ..., 0Om
with orders less than n, (in such a way that 3‘%‘9 has no residues there) and such that

fq’b:O, t1=1.9.
o

(Such differentials are said normalized)

2. An Abelian differential of the second kind of the form

m
¢ = Z D6y
k=1
where ; are normalized Abelian differentials of the second kind with only one pole at
OCk
0, = —d\ + regular terms near ooy .

3. An Abelian differential of the third kind

¢ = Z Dy pr
k=1
where p, are normalized Abelian differentials of the third kind and simple poles at ooy

and oog of residues +1 and —1 respectively.

4. A multivalued normalized differential (namely a differential on the universal cover of C)
with increment along one of the b—cycle, say the j-th, of the form

¢r;>¢+6,;jd)\ .

%0On a curve C the Abelian differentials (namely the analytic one forms) are said to be of the first kind if
it is holomorphic everywhere, of the second kind if it has only poles without residues and of the third kind
of there are poles with residues.
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5. Any differential of the first kind, which can be written for convenience as

9
6=> Cpwj
=1
where the holomorphic differentials w; are the Poincare’ duals to the b—cycles, namely

fak Wj = Ojk-

In [Du93] it was showed that any quadratic form Q = ¢® ¢ where ¢ is one of the above primary
differentials gives rise to a Frobenius structure, namely to a flat invariant metric 7 along the
lines we drew before, namely

8 8\ —_ _¢®¢, (8 I\ ~_ ¢®¢
n(%’auj)_grﬁs o (%-8—%)—;@3 ax

1

In order to build the sﬁperpotentiqvl of this Frobenius structure we take A\ considered as
a function on the universal covering C' (namely a multivalued function) by considering it as
depending on the multivalued coordinate

v(P):=/P¢,

oog
where the principal value prescription (if necessary) is understood in this integral. The necessity
to consider A as a function of v is that we need to make differentiations of A along the moduli

space and it must be clear which is the (local) coordinate w.r.t. make the differentiation. We
cite the Theorem to be found in [Du93| and which we will use later.

Theorem 2.1 For any primary differential ¢ the corresponding invariant metric n, along with
the canonical multiplication rules in the coordinates u;, endows the Hurwitz space My m.ng..nm
with a structure of Frobenius manifold.

The flat coordinates of the invariant Frobenius metric 77 are the n = 2g+2m +ng+... + np
coordinates

tva = res(w,)vdA; v=0.m, a=1.n,;
[o=}7
Ty oGy
v, = dv = | ¢; V, = —resAdv=—res\o; v=1.m;
000 00 Oy Xy
B; = jtgiv ; Cj:= jg/\d'u; j=1.g,
. ' b; aj

and the nonzero entries of 77 in these coordinates read

1
Meviats = 77 O Oatbmy 41
1
=5,
'f}y,,,Vu ny+1 H

1
1B;,C, = %51‘& -
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In order to identify the remaining objects in the framework of Frobenius manifolds, we notice
that

Proposition 2.3 [Remark 5.3 in [Du93]] The intersection form associated to the Frobenius
structure specified in Theorem 2.1 is given by

dv ® dv
— )2
J= E (du;) rgs( TN ) .

dA(P;)=0

The flat coordinates of this metric are the described by the same formulae as above with the
substitution A +— log()) and with the t,., changed into the

2 =v(Q:) , s.t. AM(Qy) =0 .

Remark 2.2 If we have any other set of Hurwitz moduli and we consider derivations w.r.t. these
ones, we find

N OAdv® I Adv 0 (log(A)) dv ® &' (log(N)) dv
39,9) = Z o AdA B Zd&‘iso d (log()\))

Proposition 2.4 Scaling dimensions The scaling dimensions of the flat invariants of n are
given by

Proof. The proof is immediate considering the expressions of the invariant and noticing that
the Euler vector field is a rescaling in the variable A, leaving unchanged the primary differential
dv. O

In the following section we apply this general theorems to the case of genus 1.

2.3 The space Mg as orbit space of J(4))

In this section we build a Frobenius structure over the Hurwitz space Mjg; (or better its

covering ﬁl,o;z); now C' is a torus and the superpotential A has only one pole coq of degree [ +1.
Applying the general theory we shall identify the flat coordinates of the intersection form and
find the monodromy group of the resulting Frobenius manifold: it will turn out that this is the
Jacobi group of type A;, J(A;) and that the moduli of the superpotential -when expressed as
functions of the flat coordinates of the intersection form-, are the generators of the algebra of
Jacobi forms J, . (see formula 11).
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We call 7 the modular parameter of the torus C' and we think of it as C/(Z + 7Z). It is
useful to use the Weierstrass uniformization, realizing the torus C(7) as the affine curve®

Y2 =4X? — go(1) X — g5(7)
X=pk); Y=¢().

The point ooy can be chosen (modulo the diffeomorphisms of the torus) as the point v = 0 of

C/(Z + 7Z). Since A must be a meromorphic elliptic function with a pole of order [ + 1 at

v = 0modZ + 7Z, it follows that the most generic form is (using a convenient normalization
of the moduli)

(=D 1 1 1 1
A(v) —“—‘“”_(l z b)) ! J)('U)@zﬂ-j = P + m + 1P + .+ 5272 +0(1)
. j=0 ‘
oA (-1)
o = X (k-2)
¢ Opr (K mgo )

where we numbered the coefficients ¢y according to the order of the pole and we have set, for
notational brevity, (=Y (v) = 0, -2 (v) = 1.

From the modular properties of g it follows that the parameters ¢, transform as modu-
lar forms of weight —k under SL(2,Z): indeed by assumption the superpotential has to be
independent of the isomorphism class of the torus namely,

v |aT+b
)\(v}'r) = A (CT T4 CT:CZ) , Y (z z) € SL(Q,Z) = C,OkT::,(C’T +d)"k<,0k
We observe that the moduli ¢;’s are equivariant and we anticipate here that they will be
identified with the fundamental Jacobi forms. At this stage they are simply some parameters
which play the same role as the Jacobi forms in formula (13), but the identification will be
complete in Thm. 2.2. In view of this identification we shall occasionally call them “Jacobi
forms” by an abuse of language.

The primary differential we will use is simply the holomorphic differential ¢ = dv and
hence A will be the superpotential of our Frobenius manifold as a function of the multivalued
coordinate v on the torus (hence as a function on the Jacobian of the torus).

Let us analyze the structure:

1. The parameters g, @2, ..., Y141 and the modular parameter 7 =: ¢_,; are local coordinates

Tn this section we use a slightly different definition for the Weierstrass functions, namely

o(v|r) = e~ 2im e (") _Zz E’g 3 = e ¥ (Do (y|r)
Clolr) = —"-mg a(vm)

1 1
p(vlr) = —*C (vl7) = Z ((v+m+m')2 - (m+n'r)2)

m24n2x0
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of the Frobenius manifold M := M o, and the invariant metric n(,) is given by ’

0 Oun aun dv 9i\(v)B;A(v) dv
B S ,
(3% 3%) NZ Bip: Dip; v=um N (v) Zf'io N (v)

i,j=-1,0,2,.,0+1.

For 4,7 = 0.1 + 1 the functions P“—z)(f\’,)g;rg)(”) are elliptic functions (recall that we have
set (2 =1 ;") = 0) and hence the sum of all residues in a fundamental mesh is
zero: therefore we can compute the residues at the points defined by X' = 0 by computing

the residue at v = 0 with opposite sign, (we suppress the v dependence to shorten the

formulae) 518,
A0;Adv
?’)(81’;3;‘) = —uzo —-————X .
A different problem is to compute the matrix elements where ¢ = —1 ( ¢p_; := 7) for in

this case the function 0, A is not an elliptic function, but we can compute the residues for

D*A(v) = VA(v) — —Lal(v) N(v) = -7 ZQJ 0D (v)p; — 2;%/\'(0) =

=: 0:A(v) + Z(v) + y(v)N (v)

(which s elliptic: notice that X is elliptic). Hence if F'(v) is any elliptic function with a
pole only at the origin, we find

(ID)'/\ - 2) Fdv

O L S ek L

o (D‘A—E)qu_- oAFdv o
= Tres = Tes _—_—/\'(’l)) v vy

v=0 ,\’ =0

The computational advantage is that we have converted a sum over residues which we do

not know where are situated, into a single evaluation at a fixed pole. Along these lines
we can compute

n(B-l,ak) = —res [(W) +76k/\dv} =

v=0

"The formula follows from the Jacobian of the parameters u; in terms of the moduli @) as follows: the
defining equation of the u’s are
{ ui(p) = A(Fi;9)

N(Pi;0) =0

and upon differentiation w.r.t. ¢ we get

Gu,«
{ aé:’) _ aA (P“SO) + A (P,,zp)am = %(B;g) '
dX( P,,_(e)
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=res {;l((})akk( ) d } :

where, in the last equality, the term with (8,/\(v)6k>\(v)> /N () < (8 A(v)p*~2(v)) /N (v)
- has disappeared because it is regular at v = 0 for k = 2..0 + 1.

In order to compute n(a_l, 6_1) we use a similar trick

8,\)? D'A—-3) (DX —-X|)dv
e S = g ( )E, ) }=
o x+ 7N ) (8.2 + v )d
:“ZE‘S’{( + )g, +y ) v}=—553{W+27‘97’\d”+72’\/d”}:

—res{(Qa A+7A)7dv} .

2. The multiplication is defined as

77(8,', Bj . ak) — Z;e:% 0;)\ Bji’ak)\ dv .

Again, if all indices are nonnegative we can evaluate the residue at zero changing sign; as
for the remaining cases we get, after computations similar to those of before,

n(8:.8;-8x) = —res <8m aki,a,gx dv) |
77(8—1,&'3]-):_523{8/\ }

n(a_l,a_l . Bi) = —res{(?c’) A-i-fy)\')f) /\dv}
n(a_l, a_,- 8_,1) = —res {Sfy (B;0)2dv 4+ 3V O, A N dv + 4 (V)2 dv} .

Applying Theorem 2.1 we find

Proposition 2.5 The flat coordinates of the invariant Frobenius metric n are (the principal
values prescriptions are understood in the integrations)

tg = jl{dv-——/dvzr
1+€

(-1 z+1 k

t = 5[ Mw)dv = / v)dv = @ + {Z DYook =

=0 O+e€

= g + 4img1p2;
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te = TES (UA = v)dA(v )) a=2.0+1;

v=0
0 521—% 0 0---0 O
&= 0 0 0.0 O
n(8,8)=0 0 0 00 o1
: : : . 0
o - 14+1 0---0 0

While the ﬁat (local) coordinates of the intersection form are the zeroes of A(v), 7 and u =
log(
2z1r § g

Notice that the second Jacobi form ¢, is always a quadratic polynomial in the flat coordinates
t2, ..., 141 and the lightest Jacobi form ¢4, is a power of the coordinate ¢;.; as we now prove.

Corollary 2.1 The second Jacobi form ¢, satisfies

i+1

1
=5 Z Tt t; tits = l+1 Zt tie3—j

1,7#1,0

while for the lightest one ;.1 we find
Ol = ( [ — 1) (l+1)(t.l+1)l+1

Proof. The second statement is easily proven by computing the residue
!
Pi+1 T Pi+1
tip1 = res ( AT 1+1d)\) res (v (Wi—l + ) ((~1)’+1(Z +1) Jz -+ . )) =
A
=res (( DY+ I)WHWU + O(l)) :

As for the first statement, we introduce the local coordinate z = (/\)”HLI (choosing one branch
of the root), and hence find (A = Ziy)

t; = "63 (UA%iTIdA) =—(+1) re.g (v Zi—i-3 dz) , j=2,..,1+1,
U= z=

where we implicitly solve the equation A(v) = ;—i—l for v as a function of z; in other words the
flat coordinates ts, .., #;41 are the coefficients in the expansion of v

-1

U(?) = T+1

— (tipr 2 + 122+ o+ 2! + O

in which the term in z!*! vanishes because reg(vd)\) = 0. We now compute
V=

-

fay

(1 +1)v%(2)dz

pUES

1

[+1
j

tjtips—j =res = —resvid\ = 2y, ,
z=0 v=0

I
%)
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and this ends the proof. O

From this corollary it follows that

=/
tl = @ + 29— Z nti,tjti tj .
1,j#0,1

In order to complete the description of the Frobenius structure it is important to express the
two vector fields 1 and E in these coordinates.

Recall that the unity vector field 1 in the coordinates u; = A(P;) where R are the critical
points, read 1 = Ziﬁ aa while the Euler vector field is given by ZHZ{ Us 5 a . We now prove
that

Proposition 2.6 The unity vector field 1 and the Euler vector field E in the coordinates

to, ..., t1y1 read,
{41
0

l+2—k
ot, Z I+1 %51, tk

Proof. The effect of these two vectors on A are of shifting or dllatlng it, hence they read 1 = E‘X
and E= )2 3y, now, from Corollary 2.1 it follows that the vector - at exactly shifts A, while the
expression for the Euler vector field comes from the degrees of the flat coordinates as stated in
Proposition 2.4. O

Since the superpotential is invariant under the group SL(2,Z), it follows easily that

b
i) € SL(2,Z),

the flat coordinates transform as follows : they are invariant under the map corresponding to

Proposition 2.7 Under a transformation of the modular group with

7 +— 7+ 1 and under the inversion ((l) (1)) we find

, 1
to
I+1
t e tl--t1+z7r~—2t trya;
] =2
, 1
tj > tj=——tj, ]:2l+1
to

namely, the flat coordinates t,, ..., t;;1 behave like modular forms of weight —1.

Proof. The transformation rule for ty = 7 is obvious since it is the modular parameter of the
torus; the one for ¢; follows immediately once expressing it in terms of the Jacobi form ¢4 and
@2 and from the modular properties of the Dedekind n—function. As for the transformation
rule for the remaining, this is a consequence of their definition as residues w.r.t. a weight —1
form which is v A* dA (recall that under the inversion the coordinate v on the universal covering
of the torus is mapped to 2). O
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Twisted Frobenius structure

The Frobenius structure which has been constructed is well defined on M; g, only locally,
because the diffeomorphism group of the curve C (SL(2,2) in this case, full modular group)
acts in a nontrivial way by means of a symmetry (see [Du93] for details on symmetries of
Frobenius structures). This picture can be interpreted in two ways; we can consider that the
invariant metric 7 takes values in a suitable line bundle L over M = M o,; namely we consider
the Frobenius structure to be well-defined on L ® TM rather that on TM itself.
Equivalently we can consider the covering space M = Mo, and then we get a bona fide

equivariant Frobenius structure on T'M.

Notice that the coordinates ¢;’s have to be thought of as coordinates on M in view of the

branching around the surface ¢;.; = 0: in fact in the definition of M , the fixation of the
branching of the root around the infinities makes ¢;;; a one valued function.

2.4 Free energy

To complete this study we must give the structure constants of the bundle of Frobenius algebras
on the tangent bundle of the manifold; in principle this could be done by changing coordinates
from the ¢;’s to the t;’s, since the structure constants form a tensor, but it is more useful and
satisfactory to express the free energy in terms of the flat coordinates.

To achieve this goal we compute free energy F' by means of the particular bilinear pairing of
forms which is described in Appendix A.5; it is proven it [Du93] that the free energy for the
Frobenius structure we have build is given by

1
F .= —3 <vdAvdl > .

where we use, in the notation of the cited appendix, ® = ¥ = vd\. In order to find all the due
constants we first notice that no logarithmic polydromy is present in this differential; hence we
are to find the coefficients cx (= ce in the notation of the appendix): we already know the
first [, which are (up to a constant) the flat coordinates ¢, ..., ;. In order to find the remaining
we have to write the expansion of the differential around the infinity point cog in terms of the
local coordinate z := (/\)“1717 and therefore we must expand v as a function of z by means of
the inversion formula

1
=v=1(z) = Tr1 (L‘qu + 122+ ot g+ 122 O (Z21+2)) }

where we have numbered the coefficients in a convenient way for the following application.
Plugging into the formula we find

/\(’U) = F*_-l-

vdd = v(2)d (7)) = —(l+ 1)%(& =

= [z T Atz Lz b za 2T 4O (Zl)] dz

where we notice that c..; = 0 because the differential v dA has no residue. As for the polydromy
we compute

vdA — vdA—d\ = A()) = A

v>v-t-a
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vdA — vd\ —7d\ = B(\)=71)\.

urru+b

Finally we can write the pairing

< vdA,vd) >= — ch Cok- 2+——f1/d)\j£vd)\——— /\vd)\—’rg—l—f)\vd/\.

k+1 i

To compute the periods in the formula we recall that we have to realize the cycles a, b as paths
with base~point a zero of A; in the specific we can think of them as the segments a = [z, z + 1]
and b = [z,z + 7] in the complex v plane (which realizes the universal covering of the torus;
here z is a zero of X in a fundamental mesh) and hence compute

f vdA = -j{/\dv = —t, %Advz wo + dimgrpe =1 t
a(z) a a

f vdA = ~f/\dv = —tgt; — 2imps ,
b(z) b

j[)\ dv = TQg + 41T g1 + 2iTpe = Tt + 2t =: toty + 21w,
b

(f v d)\) (% v dA) = tg(t1)2 -+ 2i71't1(;92 .
a(z) b(z)

The other periods give

f B(A)vdX = 7'7[ VAdA = -——}{)\de
a(c) © 2 J,

AN vdr = f vADA = -2 fxﬁ dv
b(c) b(c) 2 Jp

A(/\)vd)\ B( )vd,x_"fvdv-lj&?dw
a(c) 2 a 2 b

1 (]{ }{) N (v)dv = i res (v A*(v) dv)

where we notice that the differential A2 dv has only one pole at v = 0 and no residue®: we have
then used formula (35) so that finally (recall that 7 = t,)

Proposition 2.8 The Free energy of the Frobenius structure associated to the primary dif-
ferential dv is

F:= —-% <vdAvdA >=

-1
1 o a |, [ prars [ o]

= - C_o_ —— vdA vdA—T v AdA + v AdA| =
2 g R+ 1% din [ b(z) a(z) a(z) b(z)

8This follows from the fact that A? is an elliptic function with only one pole, and from the general fact that
the sum of residues in a fundamental mesh of an elliptic function is zero
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—1
1 1 , 1 1 \
— ke — —1glt — =t 4+~ M(v)dv) =
2 1?:0 1 C k—2 din o(t1) 5 192 47523 (U (v) )
-1
124 1, 1 1 .
=3 2 S 1tk+2 - mtg(tl) — §t1¢2 +res (v 2(v) dv) .

We will give an explicit example in the case of A, later.

2.5 Flat coordinates of the intersection form

We now analyze the structure of the flat coordinates of the intersection form. This enables to
identify this Frobenius manifold as a suitable covering of the orbit space of the Jacobi group of
type A;.

In particular it will become clear in which sense the moduli ;4 are Jacobi forms; the point is
that as functions of the flat coordinates of the 1ntersect10n form, they are exactly the previously
studied generators of the algebra J, ..

From Thm. 2.1 we know that the flat coordinates of the 1ntersectlon form are the functions
v(Q;) with @Q; a zero of the superpotential A, and fb dv=r71and u = 39 log(A)dv.

To begin with, the number of zeroes of A(v) is [ + 1 because A is an elliptic function with
a pole of order [ + 1 at the origin; they are linearly related since the divisor of zeroes must be
congruent to the divisor of poles. Therefore we have 35" 2; = 0mod (Z + 7Z).
We already know how to express the parameters ¢y, s, ..., @141 in terms of the zeroes of A(v);
this follows from the explicit construction of the Jacobi forms for A;, which is accomplished in
eq. (11). This clearly leaves an arbitrariness, since the knowledge of the divisor of zeroes fixes
a function modulo multiplication by a nonzero number; this multiplicative coefficient will be
denoted by e,
The explicit formula which expresses the superpotential as a function of its zeroes z;...z;41 (s.t.
Hl z; =0), of 7 and s is thus |

2m

z\(’l)) 2z7rs+21,7r_91 |z{]? Hl (Zz - U) —

o1 (v)

(1 o) o) ... e V()Y
d plz1) ©'(z21) .. @(l"l)(zl)

et N : . .
- \1 p(z) @z) ... 9V()/
) ( Ha) [T B e
\ .y & 1 p(z) '(22) ... "I (2)

=141 et . : : :
\1 o) @) ... 90D())

In order to identify completely the flat coordinates of the intersection form with the coordinates
we used in constructing the Jacobi forms of 4; in formula (11) we have to compute explicitly
the flat coordinate u; to this end we give the

Lemma 2.6 The flat coordinate u = 2m $, dv log(}) equals exactly s.
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Proof. We have

1 o)
_———%dv log(A / dv log(A )-8+91HZ||2+2_—/ dv 10%( J;;H(U) =

Considering this function depending on z; we have

5 1 +1 v — 2
— [ d 1 : dv (v —
2] {Z( )} [ avco-

= log (%ﬁl) = ( 4z7r7:;zk) = —2z7rgla (l=l%) -

Since for z = 0 the integral is obviously zero we have finally

/ dv E_l:log ("(“ )ﬂ = ;Qi%%l|z||2,

and therefore s=vu. O

From this explicit formula we recognize that the Hurwitz moduli ¢_1, v, @2, ..., w141 —as
functions of the flat coordinates of the intersection form, 7, u, z,, ..., £;— are exactly the invariant
Jacobi forms constructed in 11 for the Jacobi group J(A;); we have thus proven

Theorem 2.2 The Hurwitz moduli ¢_; = 7, ©q, ©2, ..., 141 as functions of the flat coordinates
of the intersection form wu, 21, ..., 2111, 7 (where ) 2; = 0), are the Jacobi forms for the Jacobi
group of type A;. :

Moreover the intersection form in Proposition 2.3 coincides with the intersection form in Defi-
nition 1.6.

2.6 Monodromy

By means of the identification in Thm. 2.2 between the moduli (0, P2, -y P14+1,T) ON the
space sz and the Jacobi forms for the Jacobi group associated to Al, we have therefore
constructed a Frobenius structure on a suitable covering of the orbit space T «3@«:]; 2% From
the above formulae expressing the flat coordinates in terms of the Jacobi forms it is clear that
the multivaluedness of this covering comes uniquely from the ¢, = —({ + 1)(p;+1) &1 coordinate;
looking at the explicit form (defining z;4; := 0 =: )

141
Pi+1(z1, - T1) = Ha(xi = Ti-1)

we realize that the zeroes are situated at the walls (recall that o) are the coroots spanning over
Z the lattice A of A; in C'*1)

o (x) =0modZ +7Z .
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namely at the walls of the alcove for the complex crystallographic group
A:={xebh|of(x)e A}

where Ay is the fundamental mesh of C/(Z + 7Z).

In other words for fixed 7 the quotient of h ~ C' by the complex crystallographic group is a
torus T' which is simply the product of identical tori of modular parameter 7; our Frobenius
structure lives on a [+ 1 sheeted covering of this torus with branching divisor Y := {¢;4; = 0}.

Example 2.1 The case A; This example was worked out explicitly also in [Du93] but it is useful
to use the present formalism. The superpotential is

A(v) := p(v)p2 + vo ,
and the Jacobi forms read
p2(u,z,7) = =¥ (z) 5 o(u,z,7) = —€ P (z)p() -
The flat coordinates of the invariant metric 7 are

tg =171 t1 1= g + 4img1 9 ; to 1= —2/p2 = —2a(z)

0 g 0
’l’]:z‘,’—rg .
0 0

The free energy is found to be

Nl O

1 1 e
F{Al) = Hto(tl)g -+ Ztl(tQ)Z e '8—91 (tO)(t2)4

Notice that these flat coordinates live on a double covering of the quotient space C&C&H/J, inasmuch
the coordinate t; changes sign under the action of the Weyl group (in this case the Weyl group is
simply Z acting as z + —z); this comes from the fact that ¢5 is a square-root of the truly invariant
lightest Jacobi form 9, and this is what happens in the general case.

Example 2.2 The case Ay We have the superpotential

A(v) = —‘;‘KJ’(’U)% + g(v)w2 + @o

where the numbers <p3‘, 2, o in terms of the zeroes of the superpotential read (we set z; = z1,29 =
To —T1,23 = ’_‘3’.2) ’

w3(u,x) = *262i”"a(21)a(22)a(z3’)'

2iru

w2(u,x) = e ™alz1)a(z2)a(23)

p(z1) — p(z2 — 71)
p(z1)p' (2 — 1) — p'(z1)p(z2 — 21)
p(z2 — 21) — p(1) '

2inu

wo(u,x) = e“™a(z1)af{z2)a(z3)

The flat coordinates of 7 and its entries are

P2

, o
; t3 = —3(p3)3;
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http:CffiCffi1-l./.JJ

. dim 227r
th = ]{/\d'v = g + 4img1pe = o + —3—g1tzt3 = g + Zimn’ Zt] tie1-j
a

4.
o =11 — §%7T91t2t3

1 1
= —{ot3; =——t3;
p2 = Stats ©3 57 (t3)

0 5= 0 0

1
= 0 0 0
Moty = |G 0 0 1
0 0 % 0

To compute the free energy we have to find the coefficients c_3,c_5,c_1,¢p, ¢1 in the expansion
M) =20 2 0(z) =cozz+ cp2® +c12° + ozt + c12° + O(25)

and then plug into the general formula; the result of this rather long but strighforward computation
is

C-3=~§t3; C—2=—§t2; c.1=0
S . X irgy t3°t
0 g3t gtg a7 git3 iz
2 1t . s 1 s
= ——15 t3t t
1 gzt~ 9t3+27m91 312 +14580392(T)
and the free energy reads
1 1 1t 2ur 1
FlA2) .= g5 4)2 4 “totat) — —= —% — —t3%ta2g: (¢ t3% ga(to) -
Lottt Fgtatati— 5 Rl 291 (o) — 34365 i3 5 g2(to)

These computations can be handled algorithmically by a computer; just for fun we list the next free
energies of the series A4;.

litgt;?2 1 1 183 13282 1 1
(Ag) .. 22071 - Sy a2 2B 2 C 2 (ta) to2 + =
F = +4t4t1t2+83 1+6?§4 2 12 8%4 7 g1(to) t2 +4 13
1 ) 1 165 1. )
- = t3“t t tg)ty — — — — — tg)t
8”471’91(150) 3t et g2(to) t2 24 3,8 321?r91(0) 3
) .
2,4 8
— i e prrepa— ig) t
Sag7g 3 1 g2(to) + 205094 g3(to) 4
litgt? 1 1 1t2t3  1t282 2°
(Ag) . _-t%% - Lt%t3 1 t71y
F : 1 +5t5t1t2+5t4t3t1+2 t 2 ts 25’&t5 ng(to)
tatots®  tytotyd 4 1 tgt4® 1 4 1 t3*
- - = to) t3tot ts galto) tots — = ==
PR 55 tts mgi(to) tatats — ¢ ot t 37500 0 g2(to)tatsa — 5 =
2t42t33 3t32t4 . 2,9 1 4 2 3 t3t46
— -2 - = to) ta2 ta® — tsd ga(to) a2 + —
3t 45 25”91( 0) 3" ts 25000 &5 ga(to) t3 10 &°
ts3 ga(to) tats? ts’ ga(to) t Lt L (to) ts2ty?
75000 0 20/ T8MT T aaenng 0 93V0/R T 54 3,8 T soogo J2 0/t

1 1
+ 33273 g3(t0) ts°ta® — 275113 92(t0)? 510
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2.7 The Frobenius structures of the orbit space of J(G3)

The exceptional root system G, displays an interesting and unexpected double Frobenius struc-
ture in the sense we are going to explain. We have seen in section 1.5 that the Jacobi algebra
J$$ is naturally embedded as a subalgebra of Jf ; hence, the flat structure on Spec( <A2))
can be interpreted as a flat structure also on the (smtable covering of the) orbit space of the
Jacobi group J(G>). Indeed, recall that the J acobi forms of G, are given by

1
G A G A G A
A = o W =l el = (g "”)
and therefore the flat coordinates associated to the invariant metric n*(,) = L 2 J*(,) are
¥o
exactly the same as those computed in example 2.2, namely
¢ 4 Gy 1 G 1 6.

o) =t~ gimgu (Tt oy = gty o8 = oo (t)

therefore we have a Frobenius structure inherited from the one of A, where the free energy is
. 4 .

given by F(G2) = F(A2) = —t() tl + 3 tz t3t; — 13 {f{ 2;—ﬂt32t2291(t0) - -27%-6—3 t36 gg(t{)).

On the other hand G falls also into the category of “codimension one cases” [Sa90], and
hence it has another natural flat structure which we have computed in Prop. 1.7. An easy

computation of indices shows that Saito’s tensor J* := L 2 J* form a linear pencil of flat
¥6

metric with the intersection form, J* 4+ AJ*. As a consequence there exists a unique associated
Frobenius structure whose free energy can be recovered by application of the formulae described
in section 2.1.2. In order to find it, we only have to find the scaling dimensions ¢; and the Euler

vector. Now, since the unit vector must have scaling dimension —1, and is given by 1 := 5%,
then we must take as Euler vector
1 1 0 t, O ty O 0 d 0
E::—E"—'-‘—.—au=t5—+~£——— —g*~=g05——“+(po £
2 4im 3t5 2 atl 2 8752 3 2 3(,00 2 8(102
from this expression we read off the the scaling degrees, ¢, = 1, ¢; = ¢2 = 5, ¢ = 0 (namely,

d, =0,di =dy = 2,d5 = 1) and the scaling of the metric of equation (24) namely L,J = J.
The free energy of this Frobenius-Saito structure is found to be

Gy ._ 1 9, 1 in2/3
(Sazito) T %Tts +§t5t1t2+ 36

im2/3
% 2(z = 1) (8 — 2t2t,%) *

(2 )1/3 (t 4 thgtl)'f] +

—z'vrgl (tg)t22t12 +

where we recall the definition z(7) := 3 [@g},( )+ 1]. Again this expression follows from
a straightforward but quite long computatmn which we spare. Notice that this free energy is
well-behaved in ¢, t3, t¢ and has singularities only in 7 coming from the Dedekind’s eta function
and from the branching around the divisor z(7) = 0 and z(7) = 1, which both correspond to
the Zs-symmetric torus with go(7) = 0. C

Summarizing, we have two Frobenius structures in which the Euler and unit vectors are
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L. E = 9o0y, + ©020,, + 200, and 1 = d,, for the Frobenius structure inherited from the
one of Ay;

2. E = 3908,, + 2020,, + ¢s8,, and 1 = 8, for the Frobenius structure associated with
Saito’s flat structure.

The situation is that we have a two-dimensional linear pencil of flat metrics; by this we mean
that the (contravariant) metric

G =T 4an"+bJ",

is flat for any choice of the constants a,b € C and the (contravariant) Levi-Civita connection
is the same linear combination of the corresponding connections.

The fact that J* is linear in g is not predictable from the countmg of bi-grades; in fact
one could expect a priori the occurrence of a term proportional to g2 in MM (g, v2) € JOGZ) ,
which is not the case —as a matter of fact— as we saw in the explicit computation.

In the picture of [Sa90] the flat structure we have constructed in the case of 4;, and -as a
by-product — in the case of G5 is unexpected; it essentially comes from the additional structure
provided by the modular properties of the Jacobi forms, which are “unseen” in the framework

of the theta invariants studied in loc. cit.
There are hints at the possibility that a similar double Frobenius structure could be found
also in the other exceptional cases Fy, Es, E; (the latter two corresponding, in Saito’s notation,

to the “simple—elliptic cases” Fg, E7), but this goes far beyond the scope of the present paper;
we will study these structures in further publications.
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A Formulae

In these appendix we list and derive all formulae involving the elliptic functions that are used
in the previous sections, and we explain the pairing of forms used in the context of Hurwitz
spaces.

A.1 Normalized elliptic functions

In the text we have always used the normalized elliptic functions.
In order to match with the more common formulae we give here the table of conversion.

Here normalized means that the periods are 1 and 7 while usually the half periods are wy, wo,
where 7 = 2. We define the Weierstrass eta functions by means of the quasi—periodicity of the
unnormahzed Weierstrass zeta function

C(z+ 2wy) =((z) +2m
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((z + 2w2) = ((2) + 2my
m = ((w1) ; o = ((wa)

T
mws — Thw = "2— .

If n(7) is the Dedekind’s eta function we have the following relation

2w = —2imgy(7)
2wy = —2im T g1 (1) — T,

and hence the quasi-—periodicity of the normalized zeta function (here —and only here— we put
a subscript y to mean the normalized function)

CN('U) = 2(.1.)1{(2)
(v(v+1) = (n(v) — dimgy ()
Cv(v+7) =) — dim T g1 () — 2im .

In the previous sections we have always used normalized elliptic functions.

A.2 The elliptic connection D*

Proposition A.1 Let F(v|7) be an elliptic function of weight &, namely

F (g] - ;1:) =75 F(vl7) (33)
then the function
(DWF)(v|r) := V. F(v]r) - ——_——Q;S’(U T?r) F'(v]7) := 0?8, (1" F(v|7)) — —-Q;S}(L T)T)F'(vlr)

is an elliptic function of weight &k + 2.

Proof. Differentiating both members of eq. (33) w.r.t. 7 we get
(8, F) (;’ ~ 1) = 7520, F(v|7) + k" F(v|7) + 7530 F' (v]7);
-

(0. F)(v +7|1) = 8, F(v|1) — F'(v|7); (0:F)(v+1|1) =8, F(v|T)

and in particular we find

(V.F) (;t - —i—) = 7PV F(v|r) + 753 v F (v)7) |
(VoF)(v+7|1) = V. F(uv|T) — F'(v|T) .

Recall now that

o (v]7)

Y(olr) = 5 ) — 2 r) + )

2

T al\v|T
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y(Y 1) =rw +ors Aen =0l 15 o 2in) =0l

Therefore we finally have

o8 (‘3 |- %) = DOF@lr);  (DYF)(vlr +1) = DWF(v]7)
DY F)(v + 7|7) = DO F(y|7) ; (D®E) (v + 1}7) = DR F(v|7) .

This ends the proof. O

In order to interpret this operator we consider the universal torus, namely the fibration
over (C?)4 := {(w,w') s.t. ¥ € H} whose fiber is the unnormalized torus C/(2wZ + 2w'Z), or
better

Ex

4

M:= L |
where L is the set of all lattices A := 2wZ + 2W'Z.
Cursorily speaking we can take (z;w,w’) as local coordinates over M (which can be seen also
as a smooth principal fiber bundle with structure group S! x S?).
The analytic sections of this bundle are the (unnormalized) elliptic functions with periods
2w, 2w’
Over this fiber bundle we have three natural vector fields [Du93]
0 0

Dmwl w49
L= Y TYer T %o

a
Da=5,

0 0 0

Ds:=maotmas+¢q;

where the ( function is the unnormalized one.
Consider now the projection over the universal elliptic curve £ defined as

IT: M —
)

(zyw,w") = (v|7):= (5"5
and the push—forward of the above three vectors. It appears that D, is the vertical vector field
and II realizes the universal torus M as a trivial C*—principal fibre-bundle over the universal
elliptic curve; the other two vectors are horizontal and hence they induce a natural connection
over this fibration IT: M — &.
The sections of the associated line bundle is the sheaf & of homogeneous elliptic functions

fleziew,cw’) = c* f(z;w,w') € S®F
flz + 2mw + 2nw';w, W) = flz;w,w')

and the horizontal connection D induced by the vectors Ds, Ds is

0

Dz:%
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o/ (v[r)

. (k) sza —2k 3‘
D= D or 2ima(v|T) Ov

It follows that the elliptic connection D™ is just the horizontal vector D, acting on section of
the sheaf S®*. Since we also have a natural structure of graded algebra, we see that we can
define the connection on the whole algebra by

D= émm .

A.3 Pseudo addition formulae

Proposition A.2 The following formula holds

(a”(m) . o) 2@’(:1:)0/(11)) _ __42‘7[(870(:17 — ) N 2a'(x ) {o/(x) o/(y)} .

a(z)  oly) alz)aly) az—y)  a@-y) la@) @)

Proof. Recall first that a(z) = El;n“gezi"%’Z?o(:z:) where o is the Weierstrass sigma function.

Recall also the standard notation
C . ! 10 ( ). : C 1 ( )
: g{o); o og .

Thus we can compute® (putting A := 2i7r{111)

o'(z)  a'(y) d(z)(y)\
(am*a(y) ‘Qa@:)a(y))‘

— 444 4872 = )+ 44l — ) G(a) — ) + T T W) 2 20 )

and the long fraction involving the sigma functions can be rewritten as

a(y)o"(z) + o(x)o"(y) — 20" (z)0’'(y)
o(z)o(y)

= —p(z) - p(y) + (@) — (W) -
We now need the following pseudo—addition theorem for the ¢ function
Theorem A.1 [see [WW], pag 446] If z + y + z = 0 then

[C(z) + () + ¢(2)] = p(z) + p(y) + p(2)

9We use the straightforward formulae

o (z) = e*” (2zAo(z) + 0'(2)) ; o (z) = e (422 A%0 () + 4z Ao’ (z) + 240 (2) + 0" (2)) ,

with A := 2z'7r!3,i.
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Applying this formula with the substitution y — —y we can write
(@) = CWII° = o) — () = p(2) ~ P(2) - 2(2) [{(z) - CW)]
and hence, expanding and rearranging terms we obtain ‘

(@) o'y L o@)ew))
(a(z) T 2a(x>a(y>>"

=ummh%—ww_yy+2%x_){d@)‘ﬂw}z

az—y) Calz_y) lal@ oW
o dele—y) | oz-y) fls) o)
R~ r— +2a<x—y){ a(z) a(m} (39

This ends the proof. O

Corollary A.1 From the previous it follows

sin [V2002) | Vea)] @) . Veale—y) o-y) {af@, £0))

a(z) o(y) a(r)a(y) oz - y) oz —y)

Proof. It follows from the proposition recalling the definition V,a(z) := d,a(z) + 2g1a(z) ,
and the equation

Ora(r) = —a(z) — 3g1(T)a(z) .

.

A.4 Periods of elliptic functions

Let ®(v) be a meromorphic elliptic differential of the second kind (1 e. without residues), namely
®(v) = f(v) dv, with f(v) meromorphic elliptic function.

For the sake of simplicity assume that ¢ has only one pole at, say, v = 0; if the principal part
is

0
v) =Y Crv* +O(v) C_,=0,

then the periods of the differential ¢ are computed by expressing f(v) in terms of the ¢ function

X (=1 (k-1)
f(v)=co—z(k_ CxC*H(v) .

k=2 1)'
Then we promptly find
c+1 y
){ fw)dv = Cy + 4ing1C_y, = res {f(z;)dv + dirgyv f(v)dv]
C+T f(’l))d’U . )
f f)dv =71Co +din (1 g1 + 2im) C_y = res |T—— + (4irTgy + 2im) v f(v)dv
)g —T%@——QZWT@S (v f(v)dv) . (35)
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A.5 The pairing of forms.

Let M := M\g,mmo,”_,nm be the covering of the Hurwitz space My mmn,,..n. introduced in Def.
2.7: this means that its points are the set of data (C, , {ai, ..., ag; b1, ..., by}, ko, k1, ..., km) Where

i) C is a smooth curve of genus g with m + 1 marked points oo, ..., 00m;

ii) A is a map X : C — CP! with poles at the marked points and of branching degree
respectively ng, ..., Nipy;

iii) {ai,...,aq;b1,...,b,} is a symplectic basis in the homology of the curve C;

iv) ko, k1, ..., b are some fixed branches of the roots of A at the marked points (infinities),
namely

Let C be the universal covering of the punctured curve C /{0y, ..., 00, } With canonical projec-
tion II
II:C— C/{o0g,..., 00m}

and let ®, ¥ be two holomorphic differentials on this covering (namely with poles possibly
only at the poles of A\). We moreover assume that their polydromy is fixed and independent
of the moduli u,, ..., u, of the Hurwitz space. Explicitly we work in the following hypotheses:
let {a1,...,a4; b1, ..., by} be a symplectic basis of cycles on the curve C realized by paths which
avoid the infinities, with basepoint Py € C such that A(Fp) = 0; let sq, ..., S;, be pairwise
nonintersecting paths joining F, to the infinities and 7y, ..., ¥, small loops around the infinities
in counterclockwise orientation.

Let C be a simply connected domain in the universal covering C constructed as follows: we
lift the cycle a; to C and hence obtain a segment from Qg to @; such that II(Qy) = [1(@1) = F.
We then lift the cycles by, ag, by, ..., by, a7t o7t ., bg'1 in this order and consequently obtain 4g
points Qo, Q1, ..., @4, on the covering. Now we lift.the paths so, Y0, 85, 1,71, 871 -+, S Ym» Sy
and at the end, by definition of universal covering, we have come back to the initial point Qo

and hence have a boundary 9C.
We now make the following assumptions on the differentials @, ¥;

1. Polydromy we assume that the two differentials are d\-~multivalued, namely there
exist suitable analytic functions 4%, B}, A, B}, on the complex plane such that for any
cycles a;, b; we have the following properties

®(P + a;) = ®(P) + dA},()\) = ®(P) + %A;(,\)d/\
®(P +b;) = ®(P) +dBL()) = B(P) + %B@(A)dx :

and similar formulae for ¥; we stress that the cycles are to be meant such that their lift
to the universal covering lies inside the simply connected domain C C C defined above.
We further ask that the branching around the infinities is at most d\-logarithmic, namely
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there exist suitable analytic functions Fg(X), F§(A), p =0,1,...,m such that, near oo,
the polydromy is the same of the differential d (Fj4()\) log( )
All these polydromy data are assumed to be independent of the moduls.

2. Periods We assume that the a—periods are independent of the moduli.

3. Poles We assume that the singular part (up to the polydromy described above) does
not depend on the moduli, namely, near an infinity oo, in the fized local coordinate!®

1 __ 1
R A

o(P) = f:cfé,kzﬁdzu +d (Fg(A)log(})) ,

and the singular part, namely the numbers cg _y,....,C5 _, are all independent on the
moduli.

We remark that we have used the fixed branches k, of the roots of A at the infinities oo,, which
is a datum of the Hurwitz space. ‘ '

Definition A.1 The pairing is defined by means of

<<I>,\P>::—Z{Z 5 kzk + cg, 1'Up/‘£!+'up.f ;"’@(/\)\IJ}-%—

u=0 (k>0 Po
1 9 P0+a1 Pg+b]
+o - Bs (M)W + AW+ / /
227r =1 Py b

The expression is rather cumbersome, though it is important to notice that the dependence of
the moduli enters only through V.

Consider the tautological fiber bundle over the Hurwitz space such that the fiber is the

punctured curve C; onto this fiber bundle we define a lift of the vectors 5%;

Definition A.2 We define the connection on the locally trivial fiber-bundle

+C
M

defined implicitly by the formula
Vi)\ =0.

This means that all derivatives w.r.t. the moduli have to be done at A constant; this implies
that if we realize the curves C, as locally identical curves, the connection defines some vector
fields on this curve by means of the formula (in a local coordinate w on the curve)

ow 1 oNww)
ou;  N(w;u) Oup

10This is to stress that the coefficients are to be defined w.r.t. the Laurent expansion w.r.t. these variables

62



Notice that if w; is a local coordinate in the neighborhood of the point F; we have that

ow; 1 OMwj;u)

8Ui /\'(U)j; u) Bu,

is a function with a simple pole only if # = j and regular otherwise.

We have the following

Lemma A.1 [Lemma 5.1 in [Du93]] Let u; := A(F;), s.t. dA(P;) = 0 be the moduli of the Hurwitz

space, then we have Vi = 1..n

0 oV
a—uz'(‘( @,‘D >)——T}%S-dT .

Corollary A.2 The pairing is symmetric up to a constant independent of the moduli.
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