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“\/) Abstract
J ] The KdV equation with small dispersion is a model for the formation and prop-

agation of dispersive shock waves. Dispersive shock waves are characterized by
the appearance of modulated oscillations nearby the breaking point. The modu-
lation in time and space of the amplitude, the frequencies and the wave-numbers
of these oscillations is described by the g-phase Whitham equations. We study
the initial value problem of the g-phase Whitham equations for a one-parameter
family of monotone decreasing initial data. We use a variational principle for the
g-phase Whitham equations recently proposed by Dubrovin: the minimizer of a
functional on a certain infinite-dimensional space formally solves the initial value
problem for each point of the (z,t) plane. For each value of the parameter of the.

initial data, we study the number of phases involved in the solution of the initial - o

value problem and we classify the topological type of bifurcation diagram Qﬁ,t;he —

genus g(z,t).
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1 Introduction

The Korteweg de Vries (KdV) equation

Us + 6uug + €2Uugyy = 0
(1)

u(z,t =0,€) = up(x)

with a small parameter € is a model for the formation and propagation of dispersive
shock waves in one dimension.

As € — 0 equation (1) becomes the Burgers equation

Uy + 6uuz =0

u(z,0) = up(z)
whose solution u(z,t) is given in implicit form by the method of characteristics
z =6tug(€) +¢&

(here & is a parameter). Taking the z-derivative of both equations (3) we obtain
_ 1
6t + (up(€)) ™"

It can be seen that, if the initial data is decreasing somewhere, there always exists a

(4)

Uy

time to > 0,
o L
to=gmin |~ (up(€) ™ | up(€) < 0]

for which u; — oo. The solution u(z,t) of equation (2) is globally well defined up to
the point of gradient catastrophe (zy, to), where an infinite derivative develops.

The solution u(z, t,€) of equation (1) in the limit ¢ — 0 has first been investigated
by Lax and Levermore [LL] and Venakides [V]. Lax and Levermore used inverse scatter-

ing method to determine the weak limit @(z,t) of the solution u(z,t,€) of the Cauchy
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problem (1) as ¢ — 0. They considered only initial data with one positive hump which
tends to zero sufficiently fast as | z |— oco. Venakides later considered more general
types of boundary conditions at | | = co. The weak limit is characterized by a vari-
ational problem with constrains and they showed that the solution to this variational
problem is unique. The solution of the variational problem can be reduced to the solu-
tion of a Riemann-Hilbert problem. Function theoretic methods are then used to solve
the Riemann-Hilbert problem. They showed that the limit of the solution u(z,t.¢€) of
(1) as € — 0 exists strongly and satisfies the Burgers equation (zero-phase averaged
equation) until the breaking time ¢, for the Burgers equation.

At later times, only a weak limit of the solution u(z,t,€) of (1) exists as € — 0.
After the time of gradient catastrophe, the solution can be approximately described
by an oscillatory wave whose wavenumbers, frequencies and amplitude are slowly vary-
ing function of time and space. (The idea and first example of such an approximate
description were proposed by physicists Gurevich and Pitaevski [GP].)

The slow modulation of wavenumbers, frequencies and amplitude parameters can
be described by Whitham equations as follows. For almost all (z,t) there exists an
integer g such that the weak limit is determined by a (2¢ + 1)-dimensional real valued

function @ = (u1,us, ..., uge4+1) With the ordering condition
Uy > Uy > ... >UQ9+1

and satisfying the first order quasi-linear PDEs of the form:

Ou; ou;

T (D) = =1,... > 5
5 T Z(U)ax 0, i=1,..,2g+1, ¢g>0, (5)

where the A;’s given in the next section, are expressed via certain complete hyperelliptic

integrals on the Riemann surface of genus g

[y:= {p‘2 =(r—u)(r—ug)...(r— uzg+1)} )



The weak limit %(z, t) is given in term of the vector @ by the formula

29+1

Az, ) = Y i + 204 (i)

where the form of the function «;(%) will also be given in the next section.

The solution u(z,t,€) can be approximately described by the formula

u(z,t,e) =U (51(:6,75)7”_759(::, t); ui(z, t), ...,u29+1(3:,t)) ,

€

where the functions S;(z,t) satisfy the equations
aS; a5;
Di = k(Ezt), 2L = wi(d =1,...
52 = Fili(z.1)), 5 =w(dt), 7=1,....9,

and the formula

u(z,t) = U (kix +wit + 01, ..., ko +wyt + g U1, ..., Uzg+1)

for constant values of the parameters uy,. .., ugt1, k; = k;(%) and w; = w;(%) and
for arbitrary ¢;, 7 =1,...,g, gives the family of the so called g-gap exact solutions of
KdV. |

We recall that, in this formula, the wavenumbers k; = k;(@) and the frequencies
w; = w;(%) are certain hyperelliptic integrals of genus g; the 27-periodic w.r.t ¢y,. .., @,
function U(¢1,..., dg; U1, ..., uze+1) can be expressed via theta-functions (see, e.g..
[D3)).

For g = 0 equation (5) turns out to be the Burgers equation. When g = 1, equations
(5) are identical to the Whitham’s modulation equations for periodic cnoidal waves
[W], hence (5) are also referred to as Whitham equations. The algebraic geometric
description of these equations for ¢ > 1, was first derived by Flaschka Forest and
McLaughlin [FFM] abplying the Whitham averaging procedure to the family of g-gap
quasi-periodic solutions of KdV. Hence these equations are also referred to as g-phase

averaged equations. Observe that for g = 0 the initial data of equation (5) is the same
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Figure 1: The dashed line represents the formal solution of the Burger equation after
the time of gradient catastrophe ¢t = t;. The oscillations on the picture are close to a
modulated periodic wave.

as the KdV initial data, for ¢ > 0 instead, one has a free boundary problem (see
below). The global picture of the solution is as follows. For ¢ < t, where ¢4 is the time
of gradient catastrophe for the Burgers equation one finds g = 0. The solution u(z, t, €)
converges strongly to u(z,t) which is the solution of the Burgers equation (2). After
the time of gradient catastrophe the formal solution of the Burgers equation becomes
multivalued. Oscillations appear near the point of gradient catastrophe as shown in

Figure 1. In this oscillation zone the solution of the initial value problem is described

X, x7y) x

Figure 2: Bifurcation diagram in the (z,t) plane

by the g = 1 Whitham equations. The graph of the solution (u;{z,t), us(z,t), us(z,t))

for any ¢ can be plotted on the same (z, u) plane like branches of a multivalued function
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with the different levels of the fold given by u; > 19 > uj. This curve can evolve further
developing more folds that are governed in a similar way by the Whithan equations for
higher g. The genus g(z, t) is a piecewise constant (see Figure 2) that gives the number
of folds over the (z,t) plane, each new fold adding two new levels. The main problem is
to glue together the solutions u;(z, t) of the Whitham equations for different g in order
to produce a C'-smooth curve evolving smoothly with ¢ (see Figure 3). This problem
is referred to as initial value problem of the Whitham averaged equations.

! u(x?t Z) t=t i

g= g=0

g=1 u(x,t)

X (t) x(t,) x

Figure 3: On the picture, u(z,t) is the solution of (2), (ui(z,t), us(z,t), us(z,t)) is the
solution of the Whitham equations (5) for g = 1. This solution and the position of
the boundaries z7(t), z%(t) of the g = 1 oscillation zone are to be determined from
the conditions u(z™(t),t) = ui(z~(¢),t), uz(z7(t),%) = wi(z™(2),8), wu(zt(t),t) =
us(z* (), ), uale(2),8) = usala*(8), 1)

The investigation of the problem of dispersive shock waves using the Whitham aver-
aged system began with Gurevich and Pitaevskii [GP]. They studied concrete problems
of the physics of weakly dispersive media and in particular they studied the disper-
sive analogue of a shock wave of ordinary hydrodynamics. In ordinary hydrodynamics,
there arises after the breaking of the frout wave a second-order discontinuity, or the so

called shock-wave. In equation (1) dispersion becomes important in the vicinity of the
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breaking point and after the breaking there is formed an expanding region filled with
oscillations. GP described these oscillations as a modulated periodic wave. The modu-
lation in time and space of wave number, frequency and amplitude of these oscillations
is given by the one-phase Whitham equations.

Using invariance of KdV equation under the transformations

t—t
Tt z+6Ct C#0 (6)
u—u-+ C
and
z—=>x+Cy

where C, C; and C, are constants, GP showed that it is always possible to choose
the breaking point (xo,to,uo) of the Burgers equation such that zo = to = uy = 0.
Expanding the initial data with a cubic inflection point near this point one obtains
in a first approximation z = —pu®. It is always possible to choose p = 1 using the

invariance of KdV under the transformation

= Ciz C#0

t—>Ct (8)
u—C 3u.
For the initial data z = —u®, GP showed numerically that the (z,t) plane has just

a zero phase domain and a one phase domain. Whitham equations with cubic initial

data are invariant under the similarity transformation

| &

2=, ulz,t)=110(z).

[
(NI

Using the above transformation GP showed that the one phase domain grows propor-
tional to ¢2. Later Avilov and Novikov [AN] showed numerically that the one phase

solution is stable.
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Numerical investigations on the dovelopment of quasi-periodic modulated osciila-
tions nearby the point of gradient catastrophe have not yet been done. This problem
would require at least the study of the 2-phase Whitham equations whose solution is
non trivial.

The algebraic and geometric structure of equations (5) was elucidated only in the
last decade. Dubrovin and Novikov [DN] developed a geometric-Hamiltonian theory
for the Whitham equations. Based on this theory, Tsarev [T] was able to prove that,
for each g, equations (5) can be solved by a hodograph method. This method was
put into an algebro-geometric setting by Krichever [K]. Potemin [P] gave an analytical
solution of the initial value problem of the Whitham equations for cubic initial data
which confirmed the results obtained much earlier by Gurevich and Pitaevskii.

In order to study the initial value problem for generic monotone decreasing initial
data z = f(u) in the vicinity of a cubic inflection point & where f"(£) # 0, let us

consider the Taylor series
5
z==3 ¢u—€ +0((u=6°), cz#0. (9)
=0

Since the KdV equations are invariant under the groups of transformations (6) and (7)

we can reduce the generic initial data (9) to the form
T = —c3u’® — cqut — csu’ + O(u?). (10)

For this initial data the point of gradient catastrophe for the Burgers equation is
(zo =0, to = 0, up = 0). Gurevich and Pitaevskii approximate the initial data (10) in
the vicinity of the breaking point retaining only the cubic term. The parameter c; can
be reduced to c3 = 1 using invariance of KdV under the rescaling (8).

In this paper we study the behaviour of a generic one-parameter deformation of the
GP solution. At this end we approximate the initial data z = f(u) by the quintic
Taylor polynomial assuming that f¥ # 0 in the point of gradient catastrophe &:

z=—(cgu®+cqu' +csu’), 5 #0. (11)

7



HE:

The parameter space (c3, ¢4, c5) can be reduced exploiting the invariance of KdV equa-

tion under the following groups of transformations

r—=kz, k#0
t— k2t
u—ku,

and

t— ot

{z—)az, a#0

(these transformations change, however, the value of the small parameter €). Taking

k = \/c3/cs and o = c3, the initial data (11) can be reduced to the form
z=—-ud—cut -1, (12)

where the dimensionless parameter c is chosen in the form

c = & _ é_—fw_@__ < 1_5
Vet 2 Jere 4

We study the initial value problem of the Whitham equations for the one parameter
family of initial data (12). Monotonicity condition on (12) requires ¢* < 2.

Using Krichever algebro-geometric scheme, we prove that Whitham equations de-
velop at most a 2-phase solutions for the initial data (12) (in fact, we derived an upper
estimate for the number g of the phases for arbitrary polynomial initial data).

In this case the (z,t) plane has zero phase domain, a one phase domain and at
most a 2-phase domain. For the values of the parameter c? < —14§ we classify the various
topological types of bifurcation diagrams in the (z,t) plane.

From the above analysis it is natural to conjecture that solutions of Whitham equa-

tions with initial data f(u) that can be well approximated by a quintic polynomial

V()
VIO FE

nearby the point of gradient catastrophe and that have the same ratio
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7€) # 0, fY(€) # 0 exhibit. till a certain time, the same topological type of hi-
furcation diagram in the (z,t) plane. In a siubsequeni publication we are going to
further analyze this conjecture and the relationship between the bifurcation diagram
of solutions of Whitham equations and the development of quasi-periodic modulated
oscillations near a point of gradient catastrophe of a generic one-parameter family of
initial value problems for KdV.

The study of the initial value problem (12) has been investigated through a varia-
tional principle for the Whitham equations recently proposed by Dubrovin. In [D1] the
minimizer of a functional on a certain infinite-dimensional space formally solves the
initial value problem for each point of the (z,t) plane.

This paper is organized as follows:

In Sect.2 we described the initial value problem for the Whitham-type equations
(5) and the Tsarev hodograph method.

in Sect.3 we describe the Krichever’s algebro-geometric scheme;

in Sect. 4 we describe Dubrovin’s variational principle;

in Sect. 5 we study the initial value problem of Whitham averaged equations for
the one parameter family of initial data (12);

in Sect. 6 we draw the various topological type of bifurcation diagrams in the (z, )

plane obtained from the study of above initial value problem.

2 The initial value problem

In this section we describe ihe initial value problem of the Whitham averaged system
(5) for monotone decreasing iuitial data ug(z). The solution of the Burgers equation

(2) satisfies the characteristic equation:

T = 6tu + f(u) (13)
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where f(u) is the inverse function of the decreasing initial data ug(z). The curve u =
u(z,t) implicitly defined by (13) is single-valued until a certain time. For example,
for f(u) = —u?, u(z,t) for t > 0 is uniquely defined only for | z |> 4/4t5. At later
times, the evolving curve can formally be given by a multi-valued function with an odd
number of branches: u;y = ug(z,t), £ = 1,...,29 + 1 where the u,’s satisfy equations
(5). Solutions for different g’s are matched on the phase transition boundaries in order
to produce a C*-smooth curve evolving smoothly with time.

The g-phase Whitham equations (5) are built in the following way. On the Riemann

surface

[y:= {/.12 =(r—w)(r—us)...(r — u29+1)} ,UL D> U > LD Ugghn (14)

define the abelian differentials of the second kind

P,(r, @) Q,(r, )
dp = 21~ =27 1
D o dr, dg o dr (15)
where
Pyr,@) =r9+aqr9™ ' + ..+ ay, (16)
2g+1
Qﬂnmzlwﬁhﬁ(}:m)w+mﬂ4+”_+@. (17)
=1
The coefficients «; = ;(@), and G; = §;(%), ¢ =1,2,...,g are uniquely determined

by the normalization conditions:
U2k U2k
/ dp=0, f dg=0, k=12,...,9. (18)
U2k 41 U2k+1
In literature the differential dp is called quasi-momentum and the differential dg quasi-
energy.

The speeds A; of the g-phase Whitham equations (5) are given hy the ratio:

Qg (uia ﬁ")

)\'t(u) = Pg(uhﬁ) 3

i=1,2...29+1, (19)

10



In the case g = 0, (16) and (17) become Py(r) = 1 and Qc(r) = 127 — 6u respectively,
so that the zero-phase Whitham equatiou {3) turns out to be the Burgers equation (2).

The striking fact about the Whitham equations (5) is that they can be integrated
using a hodograph transform which is the generalization of the characteristic method

(13). More precisely we have the following result due to Tsarev [T].

Theorem 1 If w;(%) solves the linear over-determined system

6wi 1 8/\3 .. . .
Gu;  he—you, Tl BTSN 29 LA )

then the solution ui(x,t), us(z,t), ..., Usg1(x,t) of the hodograph equations
=Nt +w;(d),1=1,2,...,29g+1 (21)
satisfies the Whitham equations (5). Conversely, any solution (uy, Uz, . .., Uzg41) Of the

Whitham equations (5) can be obtained in this way in the neighborhood of (xo.ty) at

which the u;;’s are not vanishing.

The linear over-determined system (20) can be shown to satisfy compatibility con-
ditions and therefore it has local solutions. Since equation (20) is singular on the phase

transition boundaries, the solutions cannot be extended globally.

3 Krichever’s algebro-geometric scheme

In this section we analyze Krichever’s scheme (see [DN][K][FFM]) of finding solutions
to the Whitham equations.
Let dr and dg be the abelian differentials defined by equation (15) on the Riemann

surface I'y. Then the g-phase Whitham equations (5) are equivalent to the equation
(see [FFM)):

(dp): + (dg): = 0. (22)

11



Now let us consider the abelian differential ds, (n > g) on the Riemann surface I',:

Sp(r, @
ds, = ——néﬁ )dr , S ) = T (23)
The constants v; = v;(@), ¢ = 1,2,...,n are uniquely determined by the normalization
conditions:
U2k
/ ds, =0, k=1,2,...,¢g (24)
Uzk+1

and by imposing the asymptotic behaviour:

n—g-3%
ds, = {r 5 +O(r“g‘)} dr, forlarge |r] . (25)

We have the following theorem (see [FFM] and [DN]).
Theorem 2 The equation

(dp)y + (dsn)s =0 (26)
holds if and only if

Uiy + Wi(Due =0, i=1,2,...,29+1 (27)
where the characteristic velocities W;(%@) are given by

Wil@) = =2 |, i =1,2,...,29+1. (28)
The characteristic velocities W;(4), 1 = 1,...,2¢ + 1, satisfy equations (20).
Finally we combine Theorem 1 and Theorem 2, to construct the transform

dq dsy

T o= N(@)t+ Wi(@) = (—t+——)

. i=1,2,...,2g+1. 2
D i g+ (29)

u=t;

Now suppose that the initial data of the Whitham equations has the form
fw) = —(co +cru+... + conu® + copy N, (30)

12
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and construct on the Riemann surface I'y the differential

k=2N+1

k.1
ds — 2% k!

kad3k+g . (31)

k=0
Then, if it exists, the solution of the g-phase equations with initial data (30) is given
by the equations [FRT2]:

(xzdp — tdg + ds) |,=y,=0, 1=1,2...,29+1. (32)

The following Lemma will provide an upper estimate to the number g of phases of the

Whitham equations for arbitrary polynomial initial data.

Lemma 1 Let be

2N+1)

fu) = —(co+cru+...+conu® +conpu , N>1

the initial data of the Whitham equations (5). Then equations (5) admit at most a

N-phase solution.

Proof: Fori=1,2,...,2g9 + 1 we write the g-phase equations (32) in the form

- 2N+l k o
2%k! +
. Py(r, @) ; Qq(r, ¥) 4 k . Sktq(r, ) _o. (33)
2u 20 P (2k — )N 2u o
We call Z(r, @) the numerator of the above differential
2N+1 2kk'
Z(T, u) =z PQ(T, ’U,) — th(T, ’IL) -+ ; m@; S[H_g(T,’U,) . (3-—1)

Z(r, ) is a polynomial of degre~ 2N + 1 + g and because of (33) it has 2g + 1 zeros at
U1, Uz, . . ., Uzg+1. By the normalization conditions (18) and (24), Z(r, @) must have at
least one zero in each of the intervals (ugky1, u2k), £ =1,2,...,g. So the total number
of zeros of the polynomial (34) must be at least 3g + 1. This implies the inequality
g<N. .

13



4 Variational principle for Whitham equations

In the following we write Whitham equations as the minimizer of a functional defined
on a certain infinite-dimensional space. Let us first consider the zero-phase equation.
The characteristic equation z = 6tu+ f(u), where f(u) is given by (30), can be consider

as the minimum of the function
Gla(u) = zu — 3tu® — F(u) (35)

for F'(u) = f(u). The minimization problem is well defined up to the point of gradient
catastrophe (zg,%y) where the function (35) fails to have a unique minimum. We want
to extend the function of type (35) onto a certain infinite dimensional space in such a
way that it has a unique C'-smooth minimum in this space. This minimum will give
the solution of the initial value problem of the Whitham equations (5).

First we define this functional on a Riemann surface of genus g in such a way that
its minimizer solves the g-phase Whitham equations. Then we extend it to a smooth
functional on the moduli space of the hyperelliptic curves and their degeneration [D1].

Let us consider the asymptotic expansion of the quasi-momentum dp defined on the

Riemann surface I';:

1 2k + 1)1}
dp = NG 2\/‘2 92+ kA1 dr (36)
where the coefficient Iy = Ix(uy, ug, ..., ugg+1) are the so called KdV integrals and are

smooth functions on the Riemann surface I',.

Theorem 3 Let us consider the functional

2N+1 k!
G?ﬂi,t,co,nqcqu-ﬂ(ul’ U, ... ,u29+1) = —:L‘IO + 3t[1 - Z MCka s (37)
. k=0
where Ik = Ik(ul, U2y ooy ’U;gg_;_]).

14



Ther the equations

0

g

E’L—L_'-G{matrco,m,czw+1](ul’ Uz - u29+1) =0, =12
i

are equivalent to the equations

(xdp—tdg +ds)|,_, =0, i=12...,29+1,

o294+ 1, (28)

(39)

where dp, dq and ds have been defined by equations (15) and (81) respectively.

The proof is based on the following lemma [D2].

Lemma 2 Let ds' and ds® be normalized abelian differentials of the second kind on a

Riemann surface I’y with pole at infinity and with asymptotic behaviour

) 1 -
rMi—9-3 3

2 +O(7"—§) d’/", leg7

ds' =

3

+O(r72)|dr, Ny2>g.

ds® =

Let consider their asymptotic expansion

1
G

1
1 _
ds =3 Ek T for large | 7|,

1 a?
2 k
ds *2\/;% sl for large || .

Then

ds'ds?
dr

Resuj = auj Vdpldpz , 7=12...,29g+1,

where

- 1 b0
Vit =52 51
k>0

15
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Proof of Theorem 3.
From Lemma 2 it can be easily checked that for j =1,2,...,2g + 1:

al, dp dp
220 4 Res. -E7F
6Uj BSuJ dT
ol 4 dp dq
9h _ 4 pes, P9 44
du, = 3w (44)
0, _ —2(2n+2) peg, ap dsn >1
BUJ' 4 d‘)" ’ ’
and Theorem3 follows. g

To extend the functional (37) defined on the hyperelliptic surfaces of genus g to the
infinite dimensional space M of all hyperelliptic Riemann surfaces I'y g > 0 with real
branch points wy, us, . .., uge+1 and their degeneration, we refer to [D1].

Construct the space M inductively starting from
M() - IR,

We denote u the coordinate in M.

Define now
My = M2 US_, M (j) Ul M2, (5)
where
M;) = {(ul,u2, .. .,U,gg+1) € R2g+1| U >uy>...> r“'2_4)4-1}

and any of the spaces M 91_21 (7) is isomorphic to M,_; assumed to be already constructed.

The space M,_,(j) is attached to the component of the boundary of M, g where
u?j"“?j*i-l'—)O» ]:172}9)
the space M7_, is attached to the component of the boundary of M{ where

qu—l_UZj"")O: ]:1,2,,g

16
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Definition 1 A C*-smacth functions! f on A is a sequence fy{uy, ..., usg+1) of func
tions defined on every M, satisfying the following properties.

1) On the open part M;’ this is a C*-smooth function of the variables u; > ug >
C > Uggyt-

2) Near an inner point of M,_,(j) this function can be represented as

fg(ulr'-~:u2g+1) = fg—~l(u11 . -~,ﬁ2j,112j+,~~-7uzg+1)
+Ef;,j(u17 cee :ﬁ'2j: a'2j-f-1: <eey U2g415 U, E)
for a C*-smooth function fglyj of up > ... > Ugj_1 > U D> Ugjpe > ... > Uggyr and e > 0.
Here

v = U2j +2u2j+1 = (UZj “;2j+1)2_ (45)

Here and below the hat above a letter means that the correspondent coordinate is
omitted.

3) Near an inner point of M;_,(j) the function can be represented as

folur, .- uggq1) = fo—i1(u,. .., Ggjo1, doj, . - -, Ungt1)
+5f92,j(u17 v :ﬁ‘Qj-—ly ﬁ?j; seey u?g-i—l;vs 5)
for a C*-smooth function f2; of uy > ... > Ugj_g > v > Ugjyy > ... > Uggqr and
d > 0. Here
-1
Ugj—1 + Usgj 4
v = __2.-2.1_.__2_3, J = log (46)

2 (ugj—1 — ug;)?

Remark The inner part of M, parameterizes isospectral classes of g-gap potential u(z)

of the Sturm-Liouville operator

L= 322 + u(z) . (47)

Any such potential is a certair rjuasi-periodic analytic function of z. Generically it has

g independent periods. For a g-gap potential, the spectrum of the operator L consists

17



of the segments
spectrum = (00, Ugg+1] U [Uag, Ugg—1] U ... U [uz, uq]

which are called bands of the spectrum. The segments [ugg+1, Ugg] U ... U [us, uo] are
called gaps of the spectrum.

Py(r,a) . .

—————=dr is well defined. To

extend it on the whole space M we have the following proposition:

In the inner part of M, the quasi momentum dp =

Proposition 1 For any fized non-real r the function
Pg (Ts ﬂ)
2p

can be extended from A/[g to a C*®-smooth functional on M.
The proof is based on a result of section III of [F].

Corollary 1 The coefficients I = Ij,(u1, ug, . .., Uzg+1) 0f the ezpansion

1 (2k + 1)1
dp: 2\/’ 2\/"2 92k+1pk+1 dr,

are C'*°-smooth functionals on M.

From Proposition 1 and Corollary 1 we have

- Theorem 4 The functional

2N+1 k'
G[%t,co,-wcwﬂl =zl +3th - ; mck[k (49)

is C™ smooth functional on M. Its minimizer is a C'-smooth multi-valued function of

z depending C'-smoothly on the parameters t,ci,...,Con+1-

18



Figure 4: Trailing edge Figure 5: Leading edge

Example. We study the quasi-momentum dp on the boundaries of the space M.
The space M; has two boundary components M} and M. We call trailing edge the
boundary component M] (see Figure 4) that corresponds to the opening of a gap in
the spectrum of the Sturm-Liouville operator (47) and leading edge the boundary com-
ponent M¢ (see Figure 5) that corresponds to the opening of a band in the spectrum.

Near M} one has

dr dr r+v—2u

dp = dr + O(€?) , 50
P 2\/r~u+€8(v—u)(r—v)2\/r—-u r+0(€) (50)
where
Us + U3 (ug — uz)?
— — =L =7 1
Uy u, 2 ] € 4 (5 )
Near MZ
dr (v — u)dr 9 _
dp = ——— L——dr + O(6°) , 2
P 2\/7*—u+ (r—v)yr—u +0() (52)
where
Uy + Uz 4 -t
v 2 ) [Og (ul — u2)2] ) usz U ( )
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5 Example

We are going to study the initial value problem of the Whitham equations for the

monotone decreasing initial data

1 -
flu)= - +cut+4°), &< T (54)
The characteristic equation
z = 6ut — u® — cut —u®, (53)

solves the Burgers equation until the time ¢ = 0 of gradient catastrophe.

In principle the Burgers equation can have another point of gradient catastro-
phe at ¢ > 0, since the curve (55) can have another inflection point different from
(g = 0,t9 = 0,up = 0). For c = i%\/ﬁ there is another point of gradient catastrophe
of the Burgers at the time ¢ = 0in (z; = :}:g—g \/g, uy = :F\/g) After the breakdown, an
oscillation zone develops around both points (g, up) and (z;,u;). We describe qualita-
tively the evolving behaviour of both zones. In the reference frame (z +6tuy, u+uy, t)
the oscillation zone correspondent to the breakpoint (z,u,), in first approximation, be-
haves locally like the oscillation zone developing around the point (xg, up). This means
that the leading edges and the trailing edges of both zones expand locally with almost

V15

the same velocity. For ¢ = —¥32, (see Figure 6)

the reference frame (z + 6tuy,u + u;,t) moves Vs

with positive velocity with respect to the point

7_".
(x = 0,u = 0). This means that the leading edge
of the oscillation zone expanding around the point \

(1, u;) has a higher absolute velocity than the
leading edge of the zone expanding around the Figure 6: ¢ = —15/21/2
point (zo, uo). Instead, the trailing edge of the oscillation zone expanding around the

point (z1,u;) has a smaller absolute velocity than the the trailing edge expanding

around the point (zg, ug).
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There will be a time ¢ > 0 in which the trailing edge of one zone will meet the
leading edge of the other. From the above considerations we can conjecture that there
will be a time in which the two trailing edges will have the same z-coordinate (double
trailing edge) and there will be also a time in which the two leading edges will have
the same z-coordinate (double leading edge). For ¢ = %E we can make analogous
considerations taking care that in this case the reference frame (z + 6tui, u + uy,t)

moves with negative velocity. In the case c?

< 12 there is a range of values of the
parameter ¢ for which there exists a second breakpoint (z1,u;) of the Burgers equation
at the time ¢; > 0. The qualitative behaviour of the two expanding oscillation zones is

the same as the one described in the cases ¢ = :{:_\1;1_5 (see Figure 7, 8, 9). If there is a
u . u \ u
4D L d 9 A4

Figure 7: Leading trailing  Figure 8: Double trailing  Figure 9: Double leading
edge, c<0,t>0 edge edge

point of gradient catastrophe inside the first oscillation zone, apriori we can say very
little about the qualitative evolution of the oscillations. In the further analysis we are
going to study also this case.

We start the analysis of the initial vaiue problem (58) first giving an analytical
expression for the second breakpoint of the jiurgers equations, then we are going to
study the conditions of existence of a double leading edge, a double trailing edge and
a leading-trailing edge. Finally we write the equations which determine the point of

gradient catastrophe of the one-phase Whitham equations and we study their solutions.
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We tackle the analysis considering the functional

1 1 1 -
G[zz:,t,c] = —.’EIQ + 3t11 - 5613 - % CI4 - 55'515 . ({)6)

The restriction of the functional G|z ¢ on My has the form

u u o ub
Glana(u) = ou—3tu* + - eg o (57)
thus the minimizer given by
7= ut —u’ —eut (58)

solves the Burgers equation until the breaking time ¢ = 0.

At later times the minimizer of G| ;o may belong to My, M, or M,.

5.1 Second breakpoint for the Burgers equation

If a second breakpoint of the Burgers equation exists, it belongs to the component
M} N ME of the boundary of the space M;. In this case a band and a gap open in the

spectrum at the same time. We put
uy=u++p, ur=u, uz=u—+e, p>0. (59)

The expansion for small € and small p of the quasi-momentum dp, defined on the elliptic

curve I'y = {p? = (r — w1)(r — u2)(r — ua)}, reads

_ dr a, dr ag dr S Lot
= 2m+2(r-—u)m+ 2(r—u)2\/r_——u+§0(6 ) (60)
where
o = (Ve+/p) (%w%) : (61)
0 = ge = 5o+ VB~ = AT (62)



and k = ;7?_%—%/—?;’ K (k) and E(&) are the coiplete elliptic integrals of the first and
second kind respectively. Observe that for e >~ p, ¢ « p and p < € the quantity a; and
as remain finite.

From formula (60) one obtains the following expression of the functional G|, ;) near
Mg N ME:

Gizte(u) = zu — 3tu? — F(u) + a1 [z — 6tu — f(u)]
Fag [—6t — f'(u)] + 30, O(e2p™T),

where f(u) is the initial data (54) and F'(u) = f(u).

Near the minimizer (58) expression (63) becomes

(63)

3
Glona(u) = zu — 3tu® — F(u) + (ap — a?) [-6t — f'(w)] + > _ O(e? PE), (64)
=0
where a; — a2 >0 Ve, p > 0.

For given (z,t) a point u is on the boundary M} N MZ, if (z,t,u) minimize the
functional (56) and if t and u are zero and a local minima of the term (-6t — f'(u))
in expression (64), that is they satisfy the equations:

[ —6t + 3u® + 4cu® + 5ut =0
— f"(u) = 6u + 12cu? + 20u® = 0 (65)
\ __fm(u) >0

whose solutions are obviously ug = 0, t; = 0 and

N\

)
up = —3{c+4/2—2)forec>0,

< u1:~%(c—,/c2-%9)forc<0, (66)

[ 1= :(3ul +4cud +5u}) > 0.

The space coordinate z; relative to (¢;,u;) is recovered from equation (58).

Observation The second breakpoint is real if ¢ > 139. In the previous analysis we
have not checked if the breakpoint (z1, t;, u;) minimizes the functional Gz ;. It could
happen that for such (z,,t;,4;) the minimizer of G| belongs to the inner part of
M.
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5.2 Trailing edges

The trailing edge of the 1-phase oscillatory zone belongs to the the component M,
of the boundary of the space M. To study the functional G|, near M} we use the
expression of the quasi momentum (50), when small gap of width 2/e opens in the
spectrum near the point v for some v < u.

We obtain the following expression:

—6t(2v — u) + z + B.(u,v)

2w —u) + O(€%), (67)

G{x,t,c](u7 U) =G} }(u) +€

[z,t,c

where G?z,t,c] has been defined in (57), and B.(u,v) is a fifth degree polynomial in u

and v. Near the minimizer (58) the € correction of (67) can be written in the form
(—6t + P.(u,v)) + O(e), (68)

where

P.(u,v) = (189 u®+ 180 cu® + 175 u* + 252 uv + 216 cu?v + 200 w3 v

+504 v + 288 cuv? + 240 u? v? + 576 cvd + 320 uv® + 640 v*)/315.

Observe that the expression (68) in the limit v — u becomes (—6t — f'(u)) + O(e) and
this shows that the functional (67) is continuous on the intersection Mg N M.

For (u,t) in the set
Seg={(y,t) e RxR | (-6t+ P.(u,v)) >0VveR}, (69)

the minimizer belongs to Mj.

For (u,v,t) such that (=6t + P,(u,v)) < 0 the minimizer moves into the inner
part of M;. The points v(t,c) < u(t,c) on the boundary M, are recovered fiom the
equations:

—6t + P(u,v) =0

(70)
Oy P.(u,v) =0.
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here 9, = —.
where 5

Since F,(u,v) is a fourth degree polynomial, the real solutions v(u,t,c) of system

(70) for fixed ¢ and fixed u can not be more than two. To have two such solutions

v(u,t,c) and w(u,t,c) , v(u,t,c) # wly,t, c), we should require the existence of real

solutions of the system:

(6t + P,(u,v)=0
OyP.(u,v) =0

—6t + P(u,w) =0

OwPe(u,w) =0,

\

where the unknowns are t,u,v,w and c is a pa-
rameter. The solutions u(c), v(c) and w(c) of (71)
belong to the component M} (1) U M}(2) of the
boundary of the space M,, (see Figure 10). In this
case we have a double trailing edge. System (71)

is equivalent to the system

([ —6t + P.(u,v) =0
Oy Pe(u,v) + 0y Pe(u,w) =0

8,,Pc(u, U) - 6wpc(u»w)

w—v

=0

P.(u,v) — P.(u,w)
v—w

0y P.(u,v) —

(71)

D
S

Figure 10: M} (1) U M}(2)

(72)

0y Pe(u,v) — Oy Pe(u, w)

w—v

2(w —v) _0

25



where the last two equations reads

s

\

—6t + P.(u,v) =0

Oy Pe(u,v) + 0y P.(u,w) =0

- (73)
63 18 4
orseut 3u? + (6u + %c)(w +v) + 16(w?® + v?) + 16wy =0

9 U
1_0'C+§+2w+2v"0'

It is clear that the degree of the problem has been reduced. We will now study the

range of the parameter ¢ guaranteeing reality of the solutions v < w < u of the above

system for ¢ > 0.

Observation: The system (72) is well defined in the limits w — v and w — u,

so we first study system (73) in these limiting

cases. In the limiting case w — v, (see Figure 11) \

the two trailing edges coincide. In this case we are

considering the embedding of M, as the compo- V:( ' x
nent M} (1) N M}(2) N MZ(2) of the boundary of | \

M. System (73) becomes a system of four equa-

u

tions in the four unknowns u, v, t, ¢ and reads: Figure 1l: c=v3+ A, A >0

’

—6t + Pe(u,v) =0

20,P.(u,v) =0

74)
63 18 1 (
ﬁ+€cu+3u2+ gscv+12uv+48v2 = ()

9 U
EC+§+4’U~—«0,
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Eliminating « and v from the last threc equations of (74) we obtain
—42875 + 40200 ¢* — 14580 c* +1944° = 0.

The only real solution of the above equation compatible with the conditions ¢ > 0, v <

15
u,u>0and & < T is obtained for ¢ = v5 where

1
vy = +\/g + 15—8 (f—:-) i ((27 —7V21)3 + (27 + 7\/2—1)%:) ~ 1.78167. (73)
In the limiting case w — u (see Figure 12) the Burg- - E
ers equation has a point of gradient catastrophe ' \ g
in correspondence of the trailing edge. Technically 03
speaking we are just considering the embedding of v< : ! -
M, as the component M} (2) U (M} (1) N MZ(1)) of \ \
the boundary of M,. System (73) becomes ]

,

—6t + P.(u,v) =0
Figure 12: ¢ = 14

0
Oy P.(u,v) + EEPC(U’ W) |y=u=0
$
63 2 5
-+ Z~cu + 25u% + i):L-l-cv + 22uv + 16v° = 0
10 5 5
9 5u
\ '1—60 -+ '5“ + 20=10 y

Eliminating u and v from the above system we obtain the equation
875 + 27075 c* — 14580 c* +1944c® =0 .
The only real solution of the above equation compatible with the conditions ¢t > 0, v <

15
u, u>0and ¢ < — is given by ¢ = v; where

= — 556(13 +5v/7) =~ —1.90863 . (76)
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We infer that for —@ < ¢ < 1 the second breakpoint of the Burgers equation
given by (66) lies in My, for ¢ > v; we should make an analysis of the conditions of
breakdown in the inner part of M;.

In the general case, system (73) admits real solutions ¢ > 0, v < w < u,and u >0

for c in the intervals

15 15
"\/ZSC<V1, V3<CS\/'4—,

15 : . . s
where ¢? < T defines the region of monotonicity of the initial data.
For ¢ in the interval v, < ¢ < v3 there exists just one real solution v(¢,c) < u(t,c)
of system (70) for all £ > 0. This corresponds to the existence of just a single trailing

edge.

5.3 Leading edges

The leading edge of the 1-phase oscillatory zone corresponds to the embedding of M,

as the component M? of the boundary of the space M;. From the expression of the
1

quasi-momentum dp given in (52) when a small band of width % 26 opens in the
spectrum near the point v for some v > u, one obtains the expression of the functional

Gz, near Mg;.
Glota = G?m’t‘c} (u) + 46(v — u)[~2t(2v + u) + = + D,(u,v)] + O(6?), (77)

where D.(u,v) is a fifth degree polynomial in u and v. Near the minimizer (58) the

coefficient in front of § can be written in the form
8(v — u)* (=2t + Qc(u,v)) + O(9), (78)

where
3 4 5 12 4
Qcl(u,v) = ?u2+§cu3+%u4+§guv+%cu2v+9—guavx

43 32 e g LI BT D
35 105 231 315 231 693
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For (u,t) in the set
Sp={(u,?) | (=2t + Qc(u,v)) >0V veER}, (79)

the minimizer belongs to curves of genus zero.
For (u,v,t) such that (—2¢ + Q.(u,v)) < 0 the minimizer moves into the inner
part of M;. The points v(t,c) > u(t,c) on the boundary MZ are recovered from the

equations:

—2t + Qc(u,v) =0

0yQc(u,v) =0 .

First we consider the situation of a double lead- -
ing edge, that is we study multiple solutions N .
of the system (80). These solutions belong to °>
the boundary component M2(1) U M2(2) of the ?w\
space M, (see Figure 13). The analogous of sys- z
tem (72) turns out to be

Figure 13: Double leading edge

(

—2t + Qc(u,v) = 0

auQc(ua U) + 6111@0(“7 w) =0

X (81)
1lc+ 15u + 20(v +w) =0

99 6 6
10 + —;-cu + 15u® + (18u + -g6-c)(v + w) + 16(v? + w?) + 16vw = 0.
\

In the limiting case w — v the two leading edges coincide (see Figure 14).

In other words we are considering the embedding of M, as the component MZ(1) N
M2(2) N M}(1) of the boundary of M,. System (81) turns out to be a system of four
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equations in the four unknowns u, v, ¢, ¢ and the only real solution compatible with the

. 15, .
conditions t > 0, v > u, u < 0 and ¢? < ik obtained for ¢ = vy,

vy = —\/fr’- _5 (-‘1—9)% (e%‘ (—11 +5i\/§)% e T (=11 - 5i\/§)%) . (82)

2 22\ 2

- |
Do N

:
: :
L~ H X ! X
! H
\ H
‘ !
3 P
u u=w
: !

Figure 14: M{(1) 0 ME(2) N Figure 15: M2(1) U (M?(2) N
M{(1) ML(2))

In the limiting case w — u, there exists a point of gradient catastrophe of the
Burgers equation in correspondence (see Figure 15) of the leading edge. System (81)
turns out to be a system of four equations in the four unknowns u, v, ¢, ¢ and the only
real solution compatible with the conditions ¢t > 0, v > u and u < 0 is obtained for

C = Uy,

1
vy = \/ 2275 +21V15) = 1.88404 . (83)

Foruvy <e < _\/,2_1_’5 , the second breakpoint of the Burgers equation lies in My. For ¢ < vy
we should make an analysis of the conditions of breakdown in the inner part of M;.
In the general case, system (73) admits real solutions ¢ > 0, and u < w < v for the

following values of the parameter c:

/15 /15
<e< Z, - —Z$C<l/2.
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For the values v, < ¢ < v, there exists just one real solution v(t,¢) > u(t, ¢} of svitem
(70) for all ¢ > 0. In this case there exists just a singie leading edge for all ¢t > 0.
5.4 Leading-trailing edge

We call leading-trailing edge the situation in which a leading edge and a trailing edge

have the same (z,t) coordinates.

A leading-trailing edge corresponds to the embedding ,
of My as the component MZ(1) U M{(2) of M,. In -

this case a band and a gap open in the spectrum at <

the same time and in correspondence of the same z

coordinate. If the gap opens near the point v < u and

the band opens near the point w > u, the point u, v, w
on the boundary M2(1) U M}(2) are recovered from Figure 16: M2(1) U M1 (2)

the equations:

(6t + P.(u,v) =0

Oy Pe(u,v) =0
$ (84)
—2t + Qc(u,w) =0

| OwQc(u,w) =0.

The degenerate cases are w — u and v — u.

The first case, which corresponds to the boundary M} (2) U (M} (1) N M?(1)), has
already been considered, and a solution of system (84) exists just for the value ¢ = vy
defined in (83).

The second cas~ has also been already considered and corresponds to the boundary
M2(1) U (M}(2) N M2(2)). System (84) admits solution for the value of the parameter

¢ = v, defined in (76). In the general case v < u < w system (84) is not reducible to a
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simpler one in order to get analytical solutions. We have checked numerically that for

¢ in the intervals

\/15<r<1/ <c<\/15
4_, 1 Uy = 4)

compatible real solutions exist.

Remark. From the above analysis it is clear that, for the values of the parameter
¢ for which there exists an embedding of M, as some component of M, there should
also exist a solution of two 2-phase Whitham equations. The (z,t) plane should have
a zero-phase domain, a 1-phase domain, and a 2-phase domain.

It is not clear if, for the values of the parameter ¢ for which there is not an embedding
of My as some component of the boundary of Ms, there exists a solution of the 2-phase

Whitham equations.

5.5 Point of gradient catastrophe for the one-phase equations

In the following, we analyze the conditions for the existence of a point of gradient
catastrophe for the 1-phase Whitham equations. We are going to consider monotone

decreasing initial data
f(u) = -—(u3+ oo+ CQ‘VUQN -+ 62N+1’U,2N+1) . (85)

We call dp; the quasi-momentum dp restricted to M,

dp, = T+ ¢
2/ (r — w)(r — ug)(r — u3)

where o is determined by the normalization condition

dr, (86)

/u2 T+ ¢
u3 2\/(7‘ —ug)(r —ug)(r — u3)

The restriction on M, of the functional G s,,....c,n,] defined by (49) has the form

dr=0. (87)

Gl ](U1, Us, U3) = 2x(a0F0 -+ Fl) - 8t(agI‘1 -+ Fz)

[T:t,c0,0 aCaN +1 k+1g] (88)
2 !
X (g pyee(eoTe i),
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where the I't’s are the coefficients of the expansion for r — oo of
1 1 F]_ F 2 PS Fk

V(= uy)(r — up)(r — ua) r%(°+r+r2+r3+ Tt ) (89)

Proposition 2 The critical points of (88) on the space of elliptic curves are given by

the equations for u; > us > us

r=MNt+w;, i=1,2,3 (90)
where
s\ Ui Usj AU — U
Ai = 2(uy +ug + u3) + 4H]—¢’(-——]) . Wy = QI—IEA—-—J)&HO' +o (91)
O + U g + u;
and
2N+1
2k k!
= - e .
7 g (2k + 1)1 * (92)

Proof: Using the following formula obtained from Lemma 2

0 1 1 ((10 + ’Ui)Q

—y = —= + = 1=1,2,3 93
8%5 0 2 2 H#i(ui - ’u]‘) ( )
and the identity obtained from expression (89)
0 | 0
el = = i — 4
e | P 9 + U; ou, 'y =123 (9 )
equations (90) are recovered straightforward. (]

Equations (90) solve the 1-phase Whitham equations with initial data (85) (see
[KS],[FRT1]) and are well defined for ¢ > 0 and u; > up > us up to the time of
gradient catastrophe when one of the d,u;, 1 < i < 3 becomes infinite.

We want to study the functional (49) near this point of gradient catastrophe. For
the purpose we study the functional (49) when a small gap opens in the spectrum
in the 1-phase zone, technically this corresponds to study the functional (49) near
the embedding of M, as the component M} (1) or M{(2) of M, (see Figure 17 and
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Figure 18). First we let a gap open in the spectrum near a point v and we study the
functional (49) in this case, and then for a chosen i, 1 < i < 3, we let v — u; . Thus
we get the behaviour of the functional (49) near one of the boundaries M} (1) N MZ(1).
MI(1) N ME(2) or M}(2) N MZ(2). If the functional (49) has a minimum on one of
these boundaries, then the one-phase Whitham equations have a point of gradient

catastrophe.

T~

Figure 17: M1(1) Figure 18: M}(2)

If a gap of width 2,/¢ opens near a point v the quasi-momentum dp becomes

dp:dpl«%--e- (ar +8)(r —v)+7+ g
4(r = v)2/(r —w)(r — ug)(r - us)
where dp, has been defined in (86) and

+ O(€?), (95)

9 3
1
o= ((:0+v) , ﬁ:~2av—1+00+vz )
2[Tici (v — w) 2 Hu-uy

Near one of the boundaries M} (1) or M?2(1) the functional (49) reads:

€
G[x)tyc37'--;621\’+1](u13 u2) u37 U) = G[lt,t,C3,...,CzN+1] + 5 [a(a; - 4 ta - 20) (96)
1
+(av+ B+ =) (=8 — 20") — 2(ap + v)8,0”] + O(€?),

2
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where
2N +1 Qk k 1

o’ =— Iy, (97)
k:3(2k4-1ﬂ!

and the I'}’s are the coefficients of the expansion
1 1 ry T3 I'Y
=5+ +2+..+=24.). (98
(r —v)/(r — u)(r — ua)(r — u3) -r%( O 2 r¥ ). (98)

For fixed ¢ we can simplify the e correction of (96) near the minimizer z = At + w;

obtaining:

3
€ UV - Uy
; N — (71 — E : t v
G[z,t,Cf_’.,--.,CQ‘V.’_l} (u17 u2’ u37 L) - G[I,t,C{),...,CzN+1] 2 { v — Uj auio- +
i=1

s 1 1 ILwlwi—u) (99)
o —u; g+ [u(v —uj)

)| o

To get the behaviour of the functional (49) near one of the boundaries M} (1) N M2(1),
M}(1) N M2(2) or M}(2) N M2(2), we should let v — u;, 1 <¢ < 3 in the expression
(99). We have the following result.

Oyo? + 2 (t + %(’%0) (Z

Lemma 3 In the limit v — u;, 1 <1 < 3, the functional (99) becomes

— 1
G[m;t.cg ..... CoN+1]) (ulv Uz, ’LL3) - G[I,t’co,‘--,czz\u-l]

€ (awp+u)? 0 (100)

§Hj:,£i(ui - uy) 5:&—1

From the e-correction of the functional (100) it holds:

(Ait +w;) + O(€).



Lemma 4 If the equations T = Mt + w;, ¢ = 1,2,3, given in (90) minimize the
functional

Gla tica,..con1]s then on the minimizer the following inequalities holds:

0

—o*-au1 (,l\lt+w1) <0, (101)
0

—-—auz (Ag t+ ’wz) >0, (102)
0

From the above lemma it follows that on the solution of the one-phase equations it
holds 0,u; < 0 for i = 1,3 and J;uy > 0.

The point of gradient catastrophe of the one-phase equations should be a zero and
a local minima of the e correction of (100). If the point of gradient catastrophe in on

the branch u;, 1 <17 < 3, it is determined by the system of equations:

0 (Mt +w;) =0,

3u,~
(104)
5
a Ait i) = Y, ) = la 27 »
6UjUi( +w) =0, j 3
3 3
with the constrains (Nt+w;) <0, k,7=1,2,3,i=1,3 and (Aot +

Ougu,u; Ougujug

wy) >0, k,j=1,2,3.
All the above derivatives are identically zero for j # i, k # 7 # ¢ and k # j # 2,
(for a proof see [FRT1]) and system (104) becomes:

(Mt+w) =0, 1<i<3,

8’LL,;
(105)
82
W(/\,t'f‘wz)::o, 1<’l<3,
. fou &
with the constrain %g(,\,-bk w;) < 0 for i =1,3 and —6—@—(}\27& + wq) > 0.
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System (105) together with the cne phase equations (90), gives a system of five

equations in the five unknowns z, ¢, u; > uy > uz:

,

—r+Mt+w =0
“$+/\2t+’w2:0
~x+/\3t+w3=0

82

o 2(/\ t+w)=0, 1<i<3.

3

0
with the constrain —— (\;t+w;) <0 for¢=1,3 and

ous — (Nt +w;) >0 fori=2.

ou?
Lemma 5 System (106) is equivalent to the following system

4

-:c+,\,vt+w,':0

1
Qg + U;

1
[ i (us — wy) [(2 D i i ) (t+ 55,,‘0) +8&.0| =0

$ 3(t+ = Gu‘a Z(u, - u;)0 =0 (107)
J#1

Oy, (8y, 0 + 8y,0 + Oyy0) =0

T

L 02.(8y,0 + Buy0 + Oyy0) =0,
with the constrain 83 (8u,0+0,,0+0,,0) < 0 fori =1,2 and 93 (8,,0+04,0+0,,0) > U
for 1 =3.

For a proof see appendix A.
Observe that the last two equations of system (107) are algebraic in u;, ug, uz thus

we can give some algebraic constrain to the non existence of solutions of (107).
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Theorem 5 If the initial data (85) satisfies f"(u) < O, then the one phase equations

do not have any pownt of gradient catastrophe.
Proof: It is sufficient to prove that the equations
82 (8,0 + 04,0 + 0y,0) =0, 1=1,2,3, (108)

have no real solutions. For the purpose we write an expression [FRT1] of ¢ which relates

it to the initial data f(u):

1 prl 1+s 14t I—s 1+t 1—t
o= 2 // fOR G w3 5w+ F) (109)
2v/2m J_1J V=11 - s?)
Taking triple derivative with respect to u;, us, uz we obtain
8o wu [ (2)(z = ug) My — 2)F"7de
ouidupdut Juy (y—ua)i(u —y)FI(z —ug)d T
. 1
where i+ 7+ k=3 and C = Sl —w)
03 .
For f”(u) < 0it holds 7% < 0, hence equations (108) have no real solutions.
Out oud Ouk

O

Remark: In [FRT1] Tian has proved that for smooth monotone decreasing initial
data satisfying the condition f"”(u) < 0, the solution of the one phase Whitham equa-
tions exists for all ¢ > 0. Here we have proved that the one phase Whitham equations
have no points of gradient catastrophe. From the results of Sec. 5.1, also the Burgers
equation has no points of gradient catastrophe but (z = 0,¢ = 0,u = 0) for f"(u) < 0.

Hence the solution of the one-phase equations exists for all ¢ > 0.

5.5.1 Initial data f(u) = —u3 — cu* —

In this section we are going to study the solutions of system (107) for the one parameter

family of initial data (54). From Theorem 5 it follows that for c? < 2, there is no point
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of gradient catestrophe for the one-phase Whitham equations. We have already seen

that for ¢ in the intervals

/IS Vi
2

TSCSW, vy <c<

3

where 1, and v4 have been defined in (76) and (83) respectively, the Burgers equation
admits two points of gradient catastrophe and there also exists an embedding of W/, as
some component of M. From Lemma 1 it follows that the one-phase Whitham equa-
tions cannot have a point of gradient catastrophe. Hence a point of gradient catastrophe

of the one phase Whitham equations could exist only for ¢ in the intervals:

) )
u1<c§—\/%, \/;§c<u4.

In order to study the solutions of the system (107) for f(u) = —u3 — cu* — v®, we first

consider its last two equations:

63 27 36
r 5 - 120’00’1 + EO’Q + — CO’g - ~5—CG'1 + 90’0’(11 — 120’1'&,"{"
1 54
X —1%91;14— 5 “cogu; + 1500u? + 27cu? + 35u; = 0 (110)
6 18
302 — 40y + Tg + Ecao + 100qu; + 18cu; + 35u =0,

with the constrain —oo — 7Tu; — 2¢ < 0 for i = 1,2 and —0op — Tu; — 2¢ > 0 for i = 3,
where 09 = Y., u; and o1 = [, uy, 0% — 40, > 0. Eliminating oy in (110) and in
of — 40, >0 we obtain

252 216 , 1134 648 ,
1604 + ——0¢ + ——C0g + ——c+ ——c* oo+
5

5 o 25 25
12002u; + 288¢ ogu; + — 2 u; + 48000u? + 360c u? + 280uf = 0 (111)
s}
1
—208 — %— — -EB—CO’O — 100u; — 18cu; — 35u? > 0,

with the constrain —oo — 7u; — 2¢ < 0 for i = 1,2 and —gp — Tu; — 3¢ > 0 for i = 3.
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The plot of the equations (111) (a cubic and an ellipse respectively) and of the line

—0p — Tu; — 2¢ = 0 in the (u;, 00) plane for ¢ in the range 11 < ¢ < —/5/2 and

v/5/2 < ¢ < vg looks like Figure 19. Real solutions (u, up, u3) of the system (110) exist

only when the cubic lies inside the ellipse. From the picture
it can be seen that only the compact component of the
cubic lies inside the ellipse and it becomes a single point
for ¢ = Zv3, where v3 has been defined in (75). System

(110) has no real solutions for —v3 < ¢ < v3. Hence we can

restrict ourself to look for solutions of system (107) for ¢ in TTEE o w5 9T o
the intervals v3 < c < vgand v < c < —uj3. Figure 19: ¢ = 1.79
From numerical analysis it turns out that there exists a point of gradient catastrophe

on the u;-branch for ¢ in the interval
n<c<uy.

Even though for ¢ = v, system (107) admits a solution, there does not exist a point of
gradient catastrophe on u; because it also holds ag?(xl t+w) =0.

There exists a point of gradient catastrophe on the uz-branch for ¢ in the interval
ry<c<uy.

Even though for ¢ = v3 system (107) admits a solution, there does not exist a point of
gradient catastrophe on us because it also holds Bi’g(/\ﬁ + ws3) = 0.

From numerical analysis it turns out that there exists no point of gradient catas-
trophe on the us-branch for the 1-phase Whitham equations.

Observe that from numerical analysis, the interval in which the one-phase equations
do not have a point of gradient catastrophe is wider than the interval obtained applying
Theorem 4.
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6 Bifurcation diagrams in the z — ¢ plane

From the above analysis we can draw the various topological types of boundaries i,

Mg in the (z,t) plane. We draw with a dashed line the boundaries of M.

1)y <c< —1;?; there exists a second breakpoint for the Burgers equation in
zy > 0, t; > 0 there exist a double trailing edge, a leading-trailing edge and a double

leading edge hence the bifurcation diagram of the genus g(z,t) is

t

2) ¢ = uy; the Burgers equation has a second point of gradient catastrophe in

correspondence of the leading edge and there exists a double trailing edge.
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3) v3 < ¢ < vy there exist a point of gradient catastrophe for the one-phase
Whitham equations for ¢t > 0 and there exist a double trailing edge.

1t
g=2

g=1

5) 12 < ¢ < 1;; there exists just the point x = ¢t = u = 0 of gradient catastrophe
for the Burgers equation and the one-phase Whitham equations are stable.

i

g=0 &=0

0 X

6) 11 < ¢ < 1y; there exist a point of gradient catastrophe for the one-phase

Whitham equations for ¢ > 0 and there exist a double leading edge.

.
t

g=0
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7) ¢ = vp; the Burgers equation has a second point of gradient catastrophe in
correspondence of the trailing edge, there exists a double leading edge.

't

1

8) —/ %? < ¢ < vy; there exists a second breakpoint of the Burgers equation for
z; < 0 and ¢; > 0. There exist a double leading edge, a leading-trailing edge and a
double trailing edge.

ft

le
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A Proof of Lemma 5

For simplicity let us choose 7 = 3 in system (106). System (106) is equivalent to the

system

7

—z+ Mt+w3; =0
(M= A)t+w, —w3 =0
(A= A3)t+wy—w3 =0
Ous( A3t +ws3) =0
aig(/\gt + w3) =0
833(/\3t+w3) <0.

(112)

\

Using (91), (92) we have the following identities:

Qg + U

Foo o= 2077
’ 4(u; — uz)

(A=At +wj—ws) =0 j=1,2
(113)

Hj Hg HB 1 2
— - - t+ =8 Mo, o,
(uj —uz  uj—uz Qg+ us (t+ 2 ) + 115 00,0

Fy = 30u,(Ast+ws)(ap+us) =0
(114)

— H3 1 2
= (2 23 - oo+ 'u,3) (t + ‘éau3a) + HBBugoa

Fy = 30%(Xst+ws)(ap+us) =0

9 32 253 1 3
= |-—-4= + =0y,0) — 11 ,
(2 4H3 * Qg + U3 ( 26 ) 361‘30'

Fs = %ng()\gt—i- ’U)3)(O!0 +’U.3) >0
(116)

1253 263, 1 25 o2 1 .
- 2 = -1
( H§ Hg + Qg + Uz ( 4 Hg (t + 2‘9“30) 38“?50 !



where II; = [, ,(u; —v;) and I; = Z#i(."i —u;) fori,j=1,2,3.
From the equalities (113), (114), (115) and (116), system (112) is equivalent to the
system

s

—T+ At +ws =0
;=0
FQ—FIZO
FQ—FI_FQ—Fg

Uy — Uy Ug — U3

=0

\ FB-R _R-F  B-F _ (FlL+2F5) (117)
_gl2 — U Ug — U3 + Uy — Ug Il -0
Uy — uUg Ug — U3
b3 25
Fs+322F + -2 F
115 4TI >0
\ H3 )

Substituting the explicit formula of Fy, Fy, F3, Fy and Fy in the above system one

obtains system (107) for < = 3. For ¢ = 1, 2 analogous computations have to be done.
O
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