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HILBERT SCHEMES OF POINTS ON SOME
K3 SURFACES AND GIESEKER STABLE BUNDLES

UGO BRUZZOY AND ANTONY MACIOCIAS

ABSTRACT. By using a Fourier-Mukai transform for sheaves on K3 surfaces we
show that for a wide class of K3 surfaces X the Hilbert schemes Hilb"(X) can be
identified for all n > 1 with moduli spaces of Gieseker stable vector bundles on X.
We also introduce a new Fourier-Mukai type transform for such surfaces.

INTRODUCTION

Let (X, H) be a polarized K3 surface over C which also carries a divisor £ such
that

H*=2, #=-12, H-£=0. (0.1)

One must also include a technical condition which can be expressed in the form
H°(O(£ +2H)) = 0. This will hold generically. There is an 18-dimensional family
of such K3 surfaces which are called ‘reflexive’ in [3]; these include generic Kummer
surfaces. For any sheaf £ on X we denote its Mukai vector by v(£). Recall that
v(€) = (zk &, c1(€), s(€)), where

(&) =1k & + chy(€).

For such surfaces it can be shown that the moduli space X = M(2,£, —3) of Gieseker
stable sheaves £ on X with Mukai vector v(€) = (2,¢,—3) is isomorphic to X, and
is formed by locally-free u-stable sheaves. The natural polarization on Xis H which
one can show is given by 2£ + 5H if we identify X with X. There is a divisor £ on
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X which plays the role of £ and one can show that it is given by —5¢ — 12H if we
identify X with X.
In this paper we show the following result.

Theorem 0.1. For any n 2> 1, the Hilbert scheme Hilb"(X) of length-n zero-dimen-
sional subschemes of X is zsomorphzc, as an algebraic variety, to the moduli space
M, = M(1 + 2n, —nl 1 — 3n) of Gieseker stable bundles on X with respect to H.

Notice that the theorem implies that all Gieseker stable sheaves are locally-free.
It will also follow that they are never p-stable with respect to H. In particular, the
underlying smooth bundles do not carry anti-self-dual connections with respect to
the Kahler metric associated to H.

The isomorphism Hilb"(X) ~ M, will be established by using a Fourier-Mukai
(FM) transform of K3 surfaces (see [2]). This FM transform preserves the natural
complex symplectic structures of the moduli spaces [5] and so Hilb"(X) and M,, are
isomorphic as complex hyperkahler manifolds as well.

Our results should be compared with those given in [9], where for a general polar-
ized K3 surface (X, H) a birational map M(2,0,—1 — n?H?) — Hilb2"2H2+3(X) is
constructed. Further birational identifications can be found in [1]. A similar version
of Theorem 0.1 can be found in [6] for the case of an abelian surface. Our theorem
is consistent with the results of [4] which show that moduli spaces of semi-stable
torsion-free sheaves have the same Hodge numbers as Hilbert schemes of points of
the K3 surface.

The authors would like to thank Daniel Herndndez Ruipérez and Claudio Bartocci
for useful comments.

1. FOURIER-MUKAI TRANSFORMS FOR K3 SURFACES

Let us recall some definitions and properties related to the FM transform on X
introduced in (8 } Let Q denote the universal sheaf on X x X normalized by R#.(Q) =
O¢[—1]. This gives rise to a Fourier-Mukai transform

X
R3(E) = Rit.(r€ ® Q).

In [2] this is shown to give an equivalence of derived categories between the derived

category D(X) of complexes of coherent sheaves on X and D(f ). The inverse is
given by

R$(£) = Rr. ("€ @ Q7)

up to a shift of complexes.
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Definition 1.1. We say that a sheaf £ on X is ITy if H/(X,€ ® Q¢) = 0 for j # k,
where Q¢ = Q|xxi¢ for ¢ € X. We say that £ is WIT, if RI4.(7*£ ® Q) = 0 for

j # k, where = and # are the projections of X x X onto the two factors. Obviously,
any ITy sheaf is WIT}.

For any WIT sheaf £ on X we denote its FM transform as the sheaf on X
£ = R*3(€).
Note that £ is ITy if and only if it is WIT, and its FM transform is locally free.

The main properties of this FM transform are summarized as follows (compare
[2]).
Proposition 1.2. Let £ be a sheaf on X. Then the Chern character of the transform
of £ is gwen by
chg = —cho(&) + 1 (&) - £+ 2chy(€)
chy = —c1(€) + (c1(E) - H — cha(E))e + c1(E) - (£ + 2H)H
Ch2 = -5 Chg(g) hat 261 - L.
From this it follows that deg R®E = — deg & and x(RIE) = —x(F).

Proposition 1.3. (Invertibility) Let £ be a WITy sheaf on X. Then its FM trans-
form € = RF#. (7€ ® Q) is @ WIT,_; sheaf on X, whose inverse FM transform
R kx (#7€ ® Q) is isomorphic to F.

2. THE ISOMORPHISM BETWEEN THE HILBERT SCHEME AND THE MODULI SPACE

We give a definition that extends to K3 surfaces the notion of homogeneous bundle
on an abelian variety (cf. [7] [3]).

Definition 2.1. A coherent sheaf F on X is quasi-homogeneous if it has a filtration
by sheaves of the type Oy, where the Y’s are zero-dimensional subschemes of X, so
that the associated grading is of the form ®xQ,,, with pr € X.

Let W be a zero-dimensional subscheme of X; the structure sheaf Oy- is ITo, and
its FM transform Oy is a quasi-homogeneous locally free sheaf. Oy is y-semistable,
due to the following result.

Proposition 2.2. Let p € X. Any nontrivial extension
0 —Q,—F —Q,—0 (2.1)
s p-semistable. Any destabilizing p-semistable subsheaf of F is isomorphic to Q,.



Proof. The first part is standard. For the second part one observes that any torsion-
free destabilising sheaf Q' of F which is u-semistable must have Chern character
(2,4, —5) because both Q' and F/Q' must satisfy the Bogomolov inequality. Then it
must also be locally-free by the Bogomolov inequality applied to @™*. [

Lemma 2.3. The tdeal sheaf Ty is IT;.

Proof. Let ¢ € X. Then HY(X,Iw ® Q¢) — H%(X, Q¢) = 0 because Q; is u-stable,
and
Hz(X,IW %) Qf)* ~ ExtO(Iw R QE’ 01\;) ~ Hom(Iw, QE) =0
since Q¢ is locally free. [0
So by applying the FM transform to the sequence
0 — Ty — Oy — Ow — 0

we get

0 — @W — fw — O:\? — 0. (22)
Proposition 2.4. The FM transform Ty is Gieseker stable.

Proof. Since ch(Zyw) = (1,0, —n), by the formulas in Proposition 1.2 we obtain

~ =~ e X(Iw) 2—-mn 1
tk Ty 1+ 2n, cho Iy 5n, p(Iw) kaw 1+ 2n > 5"

Let A be a destabilizing subsheaf of Zy, that we may assume to be Gieseker stable
with a torsion-free quotient. Then we have 5(A) > 5(Tw) > —3i. Let f denote the
composite 4 — Ty — Os.

There are two cases:
Case (i) f = 0. Then there is a map A — Oyy. Let g¢: A — Q,, be the composition
of this map with the canonical projection onto Q,,. Since p(A) > —3 = p(Q,,) and
both sheaves are Gieseker stable, we obtain gy = 0 for all k, which is absurd.
Case (ii) f # 0. We divide this into two further cases: tk.A =1 and rk.A > 1.

If tk A =1 we have A" ~ Og; hence the sequence (2.2) splits, which contradicts

the inversion theorem Zyy ~ Zyr-. ;
If rk A > 1 we consider the exact sequences

0—Ki—AB-—50 and 0—B— Op — K; — 0,
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where tk X, = 0,1. If tkK; = 1 then B = 0, i.e. f = 0 which is absurd, so that

tk K2 = 0, and B has rank one. We have an exact commuting diagram

0 0 0

0 — Kj K4 Ko —— 0

0 — @nl > i-ﬂ,’ e 05\’ > O (2-3)
g.. ~ \h'

0 — K, A 2. B 0
0 0 0

with p(K,) = 0,0 <1tk K; < 2n and f = h'ch.

If n = 1 then Oy is p-stable, but this is a contradiction. For n > 1, we may assume
that Ky is u-semistable so that it is a direct summand of @yv. Then K; is locally
free and rkK; > 2. Moreover, p(B) < 0 because B injects into O¢, and p(B) = 0
because p(K;) < 0. Then p(B) = u(K:) = 0. Since Kj is locally free the support of
K, is not zero-dimensional. So u(B) =0 implies X; = 0 and K3 ~ K.

Finally, we consider the middle column in (2.3). The sheaf A has rank greater
than 2, andAis Gieseker stable, so that it is IT;. But .'fW is WIT; while K4 is WIT,.
Then A ~ Iy, but this is a contradiction. [

Note that Zyy is never y-stable because (2.2) destabilizes it.

Let M, be the moduli space M(1 + 2n, —né,l — 3n) of Gieseker stable sheaves
on X. The previous construction yields a map Hilb"(X) — M,. This map is
algebraic because the Fourier-Mukai transform is functorial and so preserves the
Zariski tangent spaces (see [5]). Another way to see this is to observe that the
Fourier-Mukai transforms give a natural isomorphism of moduli functors and so give
rise to an isomorphism of (coarse or fine) moduli schemes.! We shall now show that
the Fourier-Mukai transform is a surjection up to isomorphism.

Lemma 2.5. Any element F € M,, is WIT).

!We would like to thank Daniel Hernandez Ruipérez for this observation.
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Proof. Since p(F) > —1 and p(Q,) = —3 there is no map F — Q,. This means that
HYX,F® Q) =0.

We consider now nonzero morphisms Q, — F. Any such map is injective; oth-
erwise it would factorize through a rank-one torsion-free sheaf B with u(B) > 0
(because Q, is p-stable) and p(B) < 0 (because F is p-semistable), which is impos-
sible. Then @, is a locally free element of a Jordan-Holder filtration of F. Since any
such filtration has only a finite number of terms, and the associated grading gr(F)™
is unique, there is only a finite number of p’s giving rise to nontrivial morphisms, i.e.

Hom(Q,, F) ~ H°(X,F ® Q;) does not vanish only for a finite set of points p. This
suffices to prove that F is WIT; due to Proposition 2.26 of [8]. [

Proposition 2.6. The FM transform F of F is torsion-free.

Proof. Let T be the torsion subsheaf of F, so that one has an exact sequence

0—>T—+f—>g——>0 (2.4)

Since T is supported at most by a divisor, and F is WIT;, the sheaf 7 is WIT; as
well. Moreover deg(7) > 0. If deg7 = 0 then 7 is ITy, i.e. T = 0.

Hence, we assume deg(7) > 0. The rank-one sheaf G is torsion-free and, by

imbedding it into its double dual, we see that it is IT;. Then, applying R to (2.4),
we get ’

0—>’?—>.7-'—>§—>0.

Since F is p-semistable we see that
degT = deg7 <0,
which is a contradiction. [

Now the Chern character of F is (1,0,—mn), so that it is the ideal sheaf of a zero-
dimensional subscheme of X of length n. We have therefore shown that the Fourier-
Mukai transform surjects as a map Hilb” X — M,,. The inversion theorem for R®
therefore implies that the transform gives an isomorphism of smooth varieties. This
establishes Theorem 0.1.



3. ANOTHER FOURIER-MUKAI TRANSFORM

We shall now show that M, gives rise to another FM transform.
Lemma 3.1. dim H*(Q) = 1.

Proof. This follows immediately from the degeneration of the Leray spectral sequence
applied to # and the fact that R#.(Q) = Og[-1]. O

This lemma shows that there is a unique extension

0 —Q—&—0, 5 —0. (3.1)

Both of the restrictions of £ to the factors of X x X give families of Gieseker stable
bundles. Then the general theory of FM transforms (see [6]) implies that £ gives rise
to an FM transform which we denote by RV,

Proposition 3.2. The FM transform RV and its inverse RV satisfy the following:
(1) R¥Oy = 04[-2],
(2) ch(RUF) = x(F)ch(Og) + ch(R®F), where F is any sheaf on X and
(3) R¥Z, = Q:[—1], forp € X.

Proof. Apply R#, to the short exact sequence 3.1 to obtain a long exact sequence.
Note that R#.0, ¢ is concentrated in the Oth and 2nd positions and R®Q =

Og[—1]. Then part (1) follows immediately.

For the second part just twist 3.1 by #*F and apply Ri#.. Then the formula follows
from the facts that the Chern character is additive with respect to triangles in D(X)
and

R7.(7"€) = RI(X,€) ® O
by the projection formula, where I' denotes the sections functor.

By (1) we have RV O £ = Ox. We also have R¥Y0O, = £ from the definition of
R¥. Then when we apply RY to the structure sequence of p we obtain the short
exact sequence

0— Oy — S; — RI‘I’IP — 0.
This is just the dual of (2.2). This completes the proof. [J

Note that Zy- does not satisfy WIT with respect to R¥ but Z; does satisfy WIT,

with respect to R¥ and the transform is just the dual of the corresponding quasi-
homogeneous bundle.



4. CONCLUDING REMARKS

Since both the moduli spaces and the punctual Hilbert schemes have complex
symplectic structures which are given by the cup product on Ext'(E, E) the FM
transforms will preserve the symplectic structures and so are complex symplectic
isomorphisms. It follows immediately that the spaces are hyperkahler isometric as
well.

Theorem 0.1 has several immediate consequences which we can state in the follow-
ing theorem.

Theorem 4.1. Let X be a reflezive K& surface.

(1) The moduli space M,, of Gieseker stable sheaves on X is connected and pro-
jective. All points of M,, are locally-free.
(2) M, contains no p-stable sheaves and so the moduli space of irreducible U(2n+

1)-instantons, with fized determinant 0(2)'" and second Chern character —5n,
s emply. ,

(3) The moduli space of all instantons with this type is isomorphic to the n'’
symmetric product S™X.

For the last part one uses the fact that any u-semistable sheaf of the given Chern
character admits a surjection to Ox and so fits into a sequence of the form (2.2).
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