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1 Introduction

In the last few years a lot of research has been devoted to matrix models. The idea behind
such effort is that they represent sums over discretized Riemann surfaces with some structure
on them, i.e. they are candidates to represent 2D gravity coupled to ¢ < 1 conformal
matter. In particular a one Hermitean matrix model with a quadratic and a cubic interaction
can be thought of as a sum over all possible triangulations of compact Riemann surfaces.
Consequently it is believed to be a discretized version of pure gravity in 2D. Analogously,
one Hermitean matrix models with higher interaction terms are thought to represent 2D
gravity coupled to ¢conformal matter [1]. These models are known to lead in the continuum
limit to the KdV hierarchy. Most of the recent research has concentrated on them as well
as on Hermitean matrix models depending on a continuous parameter, which are known to
provide a description of the so—called ¢ = 1 string theory. Matrix models a la Kontsevitch
(i.e. one-matrix models coupled to a suitable external matrix) have also been studied. As for
two-matrix models, it was shown by Kazakov, [2], that a two-matrix model with two quartic
interactions and a bilinear coupling represents the Ising model over discretized Riemann
surfaces. This opened the way to the analysis of two-matrix models (and of multi-matrix
models), as models relevant to the description of 2D gravity coupled to conformal matter.
However considerably less attention has been paid to them (see anyhow [3]). The reason is
understandable: although faith on solvability of these models is widespread, the technical
difficulties one is faced with when trying to actually solve them look at first formidable.

The message I want to convey in these lectures is that not only can two-matrix models
- here we will limit ourselves to them — be actually solved, but that they provide a unifying
description, in the sense that they supply solutions relating to one-matrix models (both
constant and depending on a continuous parameter), models a la Kontsevitch [4], etc., and
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possibly solutions not to be found anywhere else. The analysis of the content of two-matrix
models is still under way and we are not ready for a comprehensive report. However there is
already plenty of evidence of what we just said [5},(6],(7],(8],[9],{10], [11],[12],[13]. In particular
here we want to show two things: how two-matrix models can be used to describe the ¢ = 1
string theory and how from two-matrix models one can extract the n-KdV hierarchies and
the related topological field theory models. ‘

The idea at the basis of our treatment of two—matrix models is to transform the initial
functional integral problem into a discrete integrable linear system subject to some constraints
(the coupling conditions). We end up in this way with the discrete Toda lattice hierarchy.
The latter (either in its usual form or in the extended form) underlies all our calculations:
our aim is to compute the correlation functions (CF’s) of each model, which in turn may
be expressed in terms of the integrable flows of the Toda hierarchy, subject to the coupling
conditions. This is the general setting for unreduced two-matrix models. I will also consider
other models or subsystems of the initial system, in which the relevant hierarchy is not the
Toda lattice hierarchy, but a reduced differential hierarchy obtained from the latter. These
models will be referred to as reduced models. V .

An important part of these lectures concerns the connection with theories of interest in
physics. On the one hand it will be shown how a very simple unreduced two-matrix model
represents the so—called ¢ = 1 string theory compactified at the self~dual point: such model
reproduces not only the tachyonic but also all the discrete states and their correlators. On
the other hand we make contact with ¢ < 1 string theory via the reduced models, more
precisely the models whose underlying integrable hierarchy are generalized KdV hierarchies.
They represent well-known topological field theories coupled to topological gravity.

The paper is organized as follows. In section 2 we collect all the preliminary results
on ordinary and extended two-matrix models: associated linear systems and (Toda lattice)
hierarchies, coupling conditions and so on. In section 3 the W constraints are derived. Section
4 is devoted to the calculation of CF’s in unreduced models with two different methods: the
first is based on the direct resolution of the relevant W constraints, the second on explicitly
solving the coupling conditions; the latter method turns out to be by far the most powerful.
Section 5 describes the connection with ¢ = 1 string theory. Section 6 is devoted to deriving
integrable differential hierarchies together with their integrable reductions from the original
Toda lattice hierarchy of the model. Section 7 is mostly pedagogical: it shows how to derive
CF’s in unreduced models by means of the differentiable hierarchies of the previous section.
Section 8 does the same for completely reduced models, i.e. for models based on p-KdV
hierarchies: we show that it is possible in these models to derive very general formulas for
correlators. Finally in section 9 we discuss the physical connections of the results of section
8, i.e. the interpretations in terms of critical indices and topological field theories.

This review is mostly an elaboration based on the papers [5] through [12].



2 The extended two—matrix mbdel

The model of two Hermitean N x N matrices M; and M,, is introduced in terms of the
partition function " '

Zn(t,c) = /dMldMgeT'U, U=Vi+ Vs +gMM, (2.1)
with potentials
_ .
Vo= tarM, a=1,2 - (2.2)
r=1

where p, are finite numbers. These potentials define the model. We denote by M,, ,, the
corresponding two-matrix model. Models of this type will be referred to as ordinary two-
matriz models.

However we are interested in computing all the correlation functions (CF’s) of this model,
i.e. the correlation functions of the operators

ne=TeMF, o =TiM}, . Vk,  x=Tr(MM)
which are defined by |

an+m+l
atly"'l e atl,rnatZ,sl see at:-),smagl

K Tyy oo Ty Osy - s X D= In Zn(t,9) (2.3)

For this reason we complete the above model by replacing (2.2) with the more general po-
. tentials

Ve=Y ta,Ml, a=1,2 (2.4)

r=1
where to, = to, for r < p,.

In other words we have embedded the original couplings #, . into two infinite sets of cou-
plings. Therefore we have two types of couplings. The first type consists of those couplings
(the barred ones) that define the model: they represent the true dynamical parameters of the
theory; they are kept non-vanishing throughout the calculations. The second type encom-
passes the remaining couplings, which are introduced only for computational purposes and
are set to zero in formulas like (2.3), i.e. the partition function is but a generating function for
these couplings. In terms of ordinary field theory the former are analogous to the interaction
couplings, while the latter correspond to external sources (coupled to composite operators).
From now on we will not make any formal distinction between them. This will allow us to
obtain very general and powerful formulas — the W-constraints and the flow equations. Case
by case we will specify which are the interaction couplings and which are the external ones.



After integrating the anguler variables, [14], eq.(2.1) can be written as

ZN(t,C) = constf H Hd)\mA Al)A(/\g)epr (2.5)

a-l i=1

U = Ztll.Z/\l,-l'th,rZ/\ +gZ/\1,i{\2,i (2.6)

=1 =1 =1 =1
where A stands for the Vandermonde determinant.

It is however convenient for many purposes to enlarge the model b)} introducing new
interaction terms as follows

N
U—-U-= thz)\ +Zt2rz)\ V=3 gkry M5
=1 i=1 kr2>1 i=1

where g1 ;1 = ¢g. We notice that this corresponds, in general, to adding to the original model
(2.1) not terms like T'r(M¥ M3), but rather composite operators of the form T'r(D¥ D}), where
D; and D, are the diagonal eigenvalue matrices of M; and M,, respectively.

We will call this new model the eztended two-matriz model. It is evident that we can
recover the ordinary model from the extended one by setting to zero all the extra coupling.
We can generalize to the extended model everything that can be done with the original one

"(2.1). In particular the formula (2.3) is generalized in an obvious way to the extended model.

Henceforth all the couplings g, -, except g, will be referred to as extra Moreover for the
sake of compactness we will often use the convention

tl,r = gr,Oy t2,.9 = gO,s

The models introduced so far will be also referred to as unreduced models, in opposition
to the reduced ones, which will be introduced later on.

Before we proceed one remark is in order. The partition function Zy is evidently not
always well defined for generic values of the couplings. We will give later on a definition

of Zy which extends to regions of the parameter space where the integral (2.5) is not well
defined.

Next we introduce the orthogonal monic polynomials
&.(A1) = AT + lower powers, n.(A2) = A + lower powers

and the orthogonal functions

Ta(h) = VG (N), @A) = €40, (0).

The orthogonality relations are
] DndAaTn (M) D, () = ambalt,g). (2.7)
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In these equations

Va(Xa) =D tar Xy, @=1,2, V(A d) = 3 g AN

r=1 k;r>1

Using these relations and the properties of the Vandermonde determinants, one can easily
calculate the partition function

N-1
Zn(t,g) = const N! [ ki (2.8)

=0
Knowing the partition function means knowing the coefficients h, (2, g).

Before we proceed further we need to introduce more notations and conventions. For any
matrix M we define a new matrix M

M= H~1MH, H,'J' = h,-fS,-,-, M;j = Mj,‘, Mz(]) = Mj’j_.z.
As usual we introduce the natural gradation
deg[Eij] =.7 - iv (Eij)n,m = 6£n6jm

and, for any given matrix M, if all its non-zero elements have degrees in the interval [a, b],
then we will simply write: M € [a,b]. Moreover M will denote the upper triangular part of
M (including the main diagonal), while M_ = M — M. We will write Tr(M) = TSNS M.

Let us come now to the main point of this section: the information concerning the partition
functions of our matriz models can be encoded in three elements: 1) two integrable linear
systems, 2) the coupling conditions, and 3) the reconstruction formulas for Zy.

In order to see this let us introduce the following Q- and P-type matrices
/ Dad\, T, (Al)Aaev(’\"’\")@m()\g) = Qun(@)hm, a=1,2. (2.92)

] dads —xp )08, () = Pan(Dhm (2.9b)

0

/ Dadra T, (A )e Wl*ﬂ(a Br(ha))= Poon(2)h (2.9¢)

Both Q(1) and Q(2) are Jacobi matrices: their pure upper triangular part is I} = 32; Eiip1.

Here come now the three above-mentioned basic elements. The first is provided by the
following coupling constraints

P1)+ > rgsQ(1)7'Q(2)' =0,  P(2)+ 3 5¢,,Q(1)Q(2)* ' =0  (2.10)

r,s>1 r,s>1

These coupling conditions lead to the Wi4eo—constraints (see below). They are derived by
remarking that the integral of the derivative of the integrand in the LHS of (2.9a) w.r.t A,
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and A,, respectively, vanishes. In particular, in the ordinary two-matrix model, eq.(2.10)
becomes

P)+9Q(2)=0,  ¢Q)+P(2)=0, (2.11)

The coupling conditions are understood to be evaluated at vanishing external couplings.
Therefore from eq.(2.11) it follows at once that

Qa) € [-mayng), a=1,2
where
my = py — 1, mq = 1, n; =1, ng=p —1

We recall that p, is the polynomial order of V,, when only the dynamical couplings are taken
into account. Therefore. the finite order of V, entails a finite band structure for the @
matrices.

The second element are the discrete linear systems associated to the two-matrix model.
To write them down we will denote the semi-infinite column vectors with components
Uy, Uy, Ty,...,and Do, Py, ®,..., by ¥ and P, respectively. The first discrete linear system
1s
QLY (A1) = AT (M),

FY(M) = Q11T (M), r>1
< (2.12)
s V00 = - (@) _¥(), 720, 521

g%‘l'(/\l) = P(1)¥(A).

Y

The corresponding consistency conditions are

[Q(1), P()]=1, (2.13a)

aj Q) =[Q(), (M@ ®@) ], r=0,5>0,r+s>1  (213b)
aioP(l) = [Q%(1), P(1)], r>1 | (2.13¢)
aj )=[PQ), (QT(1Q*(2) 1, r=0,s>1 (2.13d)

Let us see, as an example, the derivation of egs.(2.12). One starts from the remark that, by
differentiating (2. 7) w.r.t. t;  one gets

@ﬁn 6nm % VitVatV :
b, m6t1 - /a)\la,\g S g §nA1nm)e (2.14)
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From this we extract in particular
Oh,
Oty x

where we have introduced a shortened notation for the integral. One the other hand, using the
spectral equation in the form

- f dA1ONabne VotV Ak =< g Nk, > (2.15)

n+k '

Men =3 Q(Unils -
=0
the very definition of the monic polynomial £, and eq.(2.14) with n > m, we find
357) 3 n—-1 .
s =2 @t (2.16)

Now, remembering the definition of the auxiliary orthogonal functions ¥,

O 06w
Otip  Otix

v v,
eV1 +EaAket =

n+k n+k

n—1 :
=S¥ Wnt + Y Q¥ Wt = Y Q¥ (V)nitn
I=0 I=n

1=0

which is exactly the second equation of the linear system. The other equations can be derived
in a similar way.

The second discrete linear system is
Q(2)®(X2) = A®(Xy),
(M) = Q1 (22(N),  s21

4

2=0(h) = — (222 (1) (), 21,520

Z0(X;) = P(2)¥(A,).
The corresponding consistency conditions are

[9(2), P(2)]=1 (2.182)

\

ai,sQ(‘l) =W @), Q@) r20,s20r+s>1 (218b)
°_P) = [P0, (°@0(W) ], r=1,5>0 (2.18¢)
afo,sp(z) =22, PO 521 (2.184)

The third ingredient we need is the link between the quantities that appear in the linear
systems and in the coupling conditions with the original partition function. We have

3213 In Zn(t, 9) = Tr(Q"(1)Q*(2)), (2.19)



http:eq.(2.14

It is evident that, by using the above flow equations, we can express all the derivatives of Zy
in terms of the elements of the () matrices. For example

32
T o) = Q@) a=12 (2.20)

Knowing all the derivatives with respect to the coupling parameters we can reconstruct the
partition function up to an overall integration constant (depending only on N).

The three elements just introduced provide a larger definition of our system. In fact we
notice that the initial path integral exists only in a very restricted region of the parameter
space. The above formulas provide the continuation of our system to regions of the parameter
space where the path-integral is ill-defined.

We will use the following coordinatization for Q(1) and Q(2)
Q(l) = I+ -+ Z Zal(i)Ei,i—-l; Q(?) =1, + Z Z bl(i)Ei’,'_l (2.21)
i I=0 1 =0
One can immediately see that, for example,
(Q+(1))ij="— 6ji+1 + ao(4)6i 5, (Q—(Q))ijz Ribji-1 - (222)
where R;11 = hiy1/h;. As a consequence of this coordinatization, eq.(2.20) gives in particular |

the important relation

2

g, m2v(tg) = a(N), | (2.23)

and

52
Otiata

InZn(t,9) = Rn (2.24)

In our model, the four matrices Q(1), @(2) and P(1), P(2) are not completely independent.
In fact the two P matrices can be expressed in terms of the two () matrices as follows

Pan(1) = 35 rta Qi (1) + Q5 (1)+§3“‘Z Q7 (1); (2.25)
Pun(2) = 3 71, Qi (2) + mQa2) + > Qi @ Tl (226)
r=1 r=1 2,7-

Let us see in some detail the derivation of the first equation. From the spectral equation in the
first discrete linear system, we see that polynomials £,(\;) satisfy the recursion relation

Aén(M) = Z Q(L)nmém (A1)
- m=0


http:eq.(2.20

Solving this recursion relation we get

€a(A1) = det (/\1 - Q(l))nxﬂ

The determinant on the RHS refers to the principal minor delimited by (and including) the
n—th row and n-th column. Equivalently

ee]

1 8lnZ
1 A)=nlnk; — —
nén(d1) =nlnd D] ot
This implies
oG
1 8lnZ
r—1 —— R
In¥, (,\1) = rgrtl AT 4 nln)g - Zl T (2.27)
Taking the derivative with respect to A1, and using the spectral relation, we have
0¥.(M) -1 _ 61nZn I
Pl (gm, + A +Z A7) ()
. dln2Z, -
= (Z rts Q5 (1) + nQEA(L) + Z 7HD) U (M)
From the last equality we read off formula (2.25). Similarly we obtain
[oo] <O
In®n(X2) =) rta A7  +nlndy ) 1 8InZ, (2.28)

—1 T‘Ag ot 2‘,,-

r=1

from which we can extract (2.26).

Finally we write down in explicit form the first ﬂows, i.e. the ;- and t21— ﬂows which
will play a very important role in what follows

atal.l“’(j ) = @i +1) = () + ail) (a0(i) — oG =) (229)
52‘1“‘(1') = Rj-ima1(5) — Rjaia( - 1) (2.29b)
821 b(§) = Ri-trabia(3) — Bibia (G — 1) (2.29¢)
af) B3) = bl + 1) = bia () + B(5) (bol) = bols = D) (2.294)

2.1 The Toda lattice hierarchy

Let us discuss now the properties of the lattice hierarchies we have obtained above. We start
from the first flow equations. In particular, from eq.(2.29a), we have ‘
7]
Otz

ao(j) = i1 — R; (2:30)



N

while, from(2.19), one can show that

ot = Biali) —ali=1) CEN
Combining these two equations we obtain the following 2-dimensional lattice equation
9? |
m InR; = Rjy1 —2R; + R; 4 (2.32)
In terms of the coordinates ¢; = In k;, the above equation takes the familiar form
a—zé- = ePit17% — i1 (2.33)
Ot110t21 "

Eq.(2.33) is nothing but the two—dimensional Toda lattice equation. The other flows relevant
to the ordinary two-matrix model, generate the complete (ordinary) two-dimensional Toda
lattice hierarchy [15].

The flows relevant to the extended two-matrix model form another hierarchy which will
be referred to as the extended two—dimensional Toda lattice hierarchy.

We have seen above that the linear systems corresponding to this hierarchies are restricted
by the coupling conditions (2.10); therefore we can say that 2-matrix models are nothing but
constrained 2-dimensional Toda lattices.

The discrete linear systems ensuing from the two-matrix models are integrable. In fact
all the flows commute with one another; for example

53;735,3 W=30 [Q()( (1) | =
ot (@0010) ] - 2ot

as can be easily proved with a simple application of the definition M = M, + M_, for any
matrix M.

3 Wii. constraints

There is a way to put together flow equations and coupling conditions that lead to an ele-
gant algebraic structure, the Wi, constraints (or simply W-constraints). These algebraic
constraints on the partition function for the extended two-matrix rnodel were obtamed in

[6]. They take the form
(80 - 7)) Zn(Be) =0, r21; a2-r (334)
(ﬁg‘}@) _ (—I)TT,E"](?)) Zn(t;9) =0, 7 >1, n>-—r (3.34b)
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The generators L£I1(1) are differential operators involving N and #, 4, while £I1(2) have
the same form with ¢, replaced by t,x. The TII(1) are differential operators involving
the couplings g, (except g,0) and commute with the L£IJ(1). The TI(2) are differential
operators involving the couplings g, , (except go,) and commute with the £I1(2).

The LU1(1) satisfy a W), algebra
51, L) = (sn = rm) LT + - (3.35)

for r,s > 1; n > —r,m > —s. Here dots denote lower than r + s — 1 rank operators. In
particular

[£8(1), L8] = (n — m)LE (1) ' (3.36a)

(51, £8)(1)] = (n - 2m)£n+m(1) +m(m + 1)L (1) (3.36b)

1£21), £B(1)] = 2(n = m)LB (1) = (n = m)(n+ m +3)LP . (1) (3.36¢)

We see that once we know these generators and £_2(1), the remaining ones are produced
by the algebra itself. For the explicit expression of the basic generators, see below.

The algebra of the £I1(2) is just a copy of the above one, and is isomorphic to the algebra
satisfied by the TI'(1) and by the TU'1(2) separately. :

The Witeo constraints for the ordinary two-matrix model are simpler. They take the
form

Wzx(t,g) =0, WIZn(t,g)=0 r>0; n>—r, (3.37)

where '
wil = (=Ll - £572) . (3.38)
Wil = (—ercll(2) — i) (3.38b)

Here we have used also £I%(1). These are given by

0
aln

These generators represent an abelian extension of the Wi, algebra, of which they form an
abelian subalgebra. The other generators behave tensorially with respect to LY.

5[0] =

+N6‘n,03 TLZO

3.1 Derivation of the W constraints

To prove the W constraints it is very convenient to use the extended two-matrix model. We
recall all the definitions of section 2 and we introduce the additional P-type matrices
0

.0
Po(1)¢ = 5/\_15’ P.(2)n = PTG
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where we appended the label o in order to distinguish these operators from the previously de-
fined P(1) and P(2), and £ and n are the infinite vectors ¢ = (éo,&1,...)" and n = (10,71, .. .)"

As in section 2 we can get the spectral equations
Mé = Q(U{: ?\277 = Q(2)n, (3.39)

and the equations of motion of the polynomials, in the form of two coupled linear systems,
which we will not write down here. One can easily see that the coupling conditions become

Po(1) + (1) + 3 agap@* 1 (1)Q"(2) = 0, (3.40a)
Bu() + V(@) + 3 bansQ@*(Q"(2) = 0.  (3.400)

where we have introduced the notation

7 = 3 ktar@ (),
k=1 , 7

% (1) = 3 bk = 1taxQ4(1),

etc.

3.1.1 The Virasoro constraints

The Wiy —algebraic constraints contain a particularly important sﬁbset, the Virasoro con-
straints. We begin with them. We simply write the coupling conditions (3.40a) as an infinite
series of equations

Tr(Q"“(l)(Po(l) +V(1)+) + ; aga,an_l(l)Qb(Q))) =0, n>—1 (3.41)

Now using the relation between partition function and @ matrix (2.19), these can be shown
to be equivalent to

(£ + TH(1)) Zn (85 9) = 0, n> -1 (3.42)
where
. oC 1 n—1 ‘2
ciy = kt N 3.43
~ () kz___:l l’katl,k+n * 2 2 Z 3151 kOt n—k (3.43)
+.N't1,15n,_1 -+ %N(N + 1)671,0, n _>_ —1.
and
Tm(l) = Z agap 9 n>—1 : (3.44)
a,b>1 aga"""' b '


http:N+--)-+-L---(3.43

These operators satisfy the Virasoro algebras

[eB), 8 = (n = m)Llh (1),  mym> -1, (3.45a)
8y, ) = o, n,m > —1, (3.45b)
[T, T = (n = m)TH,.(1),  nym> -1, (3.45¢)

In order to recover the result we are interested in for our original two-matrix model we -
should simply set, in the above equations, g, = 0 except for ¢;; = g¢.

3.1.2 Higher rank constraints

The Virasoro constraints we just obtained may be referred to as rank 2 tensorial constraints.
In the following we deal with higher rank constraints. In order to get the spin-3 operators,
we introduce the following notations

V= Y 0@ ()QY),

a,b>1
Vo= Y ag.,:Q° Y (1)Q4(2),
a,b>1
Vo= Z ga,bga',b'Q”“ (1)Qb+6 (2).
ab,a’ b >1
From the trivial relation
: 9? Vit VotV
/ d)\ldlng-/\_g (én()‘la t)e 172 nm(/\2;t)):“ 0’4

we get the following identity
—P2(1)+ V(1) + (V)2(1) + 2V’ ()V'+ : V7 49" =0, (3.46)
Then multiplying (3.46) by Q™*?(1) from the left and taking the trace, we obtain the rank-3
constraints
(£P) - T (1) Zn(t9) =0,  n>-2. (3.47)

with the definitions
oo l4n—1 62

££3](1) = Z l]lgtlzl +th11 Z W
1, 1,{4n—

t1
{1,02=1 28 1 di+la4n 1=1
n—2n—i-1 83
[+2)
2(” + 3) = Z ; (n = atl,latl,katl,n-l—k
a 1 n—1 62
o
Ot ien 2 (= Ot110t 0
0
Ot1n

+(2N?12 + Nt2 )6p -2 + N(N + 1)t118n,-1 + 5N(N +1)(N +2)én0

+(2N+n+2)(21t1, (3.48)

+(N? 4+ (n+2)N + -:,;(n +1)(n +2))
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for n > —1, and

1) = 3 aa’ga,bga',b'a__a—

a,ba’ b’ >1 Jata' +nb+b’
+ > ala— l)gab 9 n> -2. (3.49)

a,b>1 0gasnp’
They satisfy the following algebra

[£2(1), £B(1)] = (n — 2m)LP,. (1) + m(m + 1)LBL. (1) (3.50a)
[C2(1), LB(1)] = 2(n — m)LEL (1) — (n = m)(n + m + 3)Lig (1) (3.50b)
[T2(1), TH(1)] = (n — 2m)TE, (1) — m(m + DT, (1) (3.50c)
TP, TEW)] = 2n = m)TAA() + (2 = m)(n + m+ )T (3.50d)

where we have introduced the spin—4 operators T(1) and LBI(1).

It is evident that we must introduce higher and higher tensor operators in order to close
the algebra generated by {(LI(1)+TM(1)),n > —1; (CQ}(I)——T,,[?}(I)),'TL > —2}. For example,
from eqs.(3.50b) and (3.50d), we obtain the rank—4 operators £LI¥1(1) and TF)(1). In turn the
commutators of these operators with £(1) and T[J(1) generate the rank- 5 operators and
so on. In this way we will introduce the whole sequence of operators T.1(1) and £I1(1). All
these generators form a closed Wj,—algebra :

[T0(1), TE(1)] = (sn — rm)TEE (1) + .., | (3.51a)
L), L) = (sn = rm) LT W) + - (3.51b)
[TE(1), £E(1)] = o, - (3.51¢)

for r,s > 1; n > —r,m > —s. Here dots denote lower than r + s — 1 rank operators. Since
we have already shown that a combination of the rank-2 and rank-3 operators annihilate
the partition function, eqs.(3.42) and (3.47), then, due to the above Wy, algebra, the same
combination of higher rank generators will annihilate the partition function, that is to say

(@) - (1P Zw(t9) =0,  r2L  n2-r (3.52)

In the same way from the second linear system we can derive another copy of Witeo
algebra as well as another version of the Wi, constraints

(£D@) - (-1yTH©2)) Zn(t9) =0, r=1, n>-r, (3.53)

where LI1(2) can be obtained from LI1(1) by simply replacing the ¢ x parameters with the
to, ones. As for the TI)(2) generators, we have, for example .

0
T1[11] 2 = bga b ’ n 2 -1
@ = R0
’ 0
T,EZ](Q) = Z bb 9ab9y' p —————-—8
ab,a’ b’ >1 Jata' p+b'+n

(3.54a)

14


http:eqs.(3.42

with the following algebra, which is isomorphic to (3.51a-3.51c¢)

[TF(2), TE(2)] = (sn — rm)TETV@) + ..., (3.552)
[cl(2), £E(2)] = (sn — rm)CEFT @) + ..., (3.55b)
[TH(2), £E(2)] = o, (3.55¢)

forr,s>1; n>—r, m > —s.

In conclusion, we see that, in the case of the extended two~matrix model, there are two
isomorphic Wi algebra constraints .

From eq.(3.52), it is easy to see that if we return to the ordinary two—matrix model, i.e.
we set all the g, 4,a,b > 1 equal to zero, and only keep g1; = g # 0, we have

TI(1)Zn(t9) = CTe(Q+(1)Q7(2)) Zn (t; 9) -~ (3.56a)
TH@)Zn(t9) = T (Q(Q(2)) Zn(t: )-  (386b)

Substituting these into egs.(3.52) and (3.53), we obtain (3.37).

3.2 Bosonization formulae for £l and Tl

There is a compact way to write down the above generators. It consists of introducing the
current ‘

Jo(2) =) rta,z’ P+ — 4> z”_l—a—,  a=1,2 : (3.57)
r=1 z r=1 ataﬂ'
and defining the density
: 1 nt1
Pl = —— . (— ..
Ll (g)_nH.( 0+ Jo(2))" i 11

Here the : : refers to the usual normal oredering between ¢, and ;;k. Then EEC"](Q) can be
recovered as ’

£M(a) = Res,—o(L[M(2)2"+), k> -n (3.58)

As for the TI") operators we proceed as follows. We define the bilocal densities

H, (z'? w) = Z rgr sz twl, Hy(z,w) = Z sg,.'sz"“lw’”l,

) 520
: o1, —so1 O
K(z,w)= > 27" lw™" 5
7,520 ) Gr.s

where r and s are never simultaneously 0, and

Wil = K(w-laz +H) 1, W= K(a 0, + Hy) 1 | (3.59)
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Then

TE)(1) = Res;=oRes,—o (W2 w") (3.60a)
TF)(2) = Res,—oRésumo (Wzwr+7) (3.60b)

4 Correlation functions in unreduced models.

As we have already remarked, calculating the CF’s of a two—-matrix model means calculating
the partial derivatives of the free energy with respect to the couplings, i.e. is tantamount to
determining the free energy up to a constant depending only on NV. In this regard it will be
useful to consider NV itself as a coupling, NV = goy, and, in order to represent more pictorially
the dependence on it, we pretend that N, like any other coupling, couples to an operator Q.
We will see later on how to calculate correlators containing @ insertions.

We have (at least) three methods to calculate CF’s. The first consists of directly solving
the W constraints; the second consists of determining from the coupling conditions the ex-
plicit form of Q(l) and @(2) and then using the flows of the discrete Toda lattice hierarchy;
the third method is based on passing from the discrete hierarchy to a purely differential one
and integrating the flows of the latter. The correlators of () have to be calculated separately
(see next section).

In this section we solve some unreduced models w1th the above methods. The second
method is extremely powerful and allows us to obtain compact expression of CF’s for all
genera. However, for pedagogical reasons, we start with the first.

Before we start with explicit calculations it is necessary to make an important premise.

4.1 Homogeneity and genus expansion.

The CF’s we compute are genus expanded. The genus expansion is strictly connected with
the homogeneity properties of the CF’s. As we will see the contribution pertinent to aﬂy
genus is a homogeneous function of the couplings (and V) with respect to appropriate degrees
assigned to all the involved quantities. Precisely, we assign to the couplings the following
degrees

cdeg()=[], el =y —w1r —p2s, - (40)

where y,y1,y2, are arbitrary constants. In agreement with the convention just made, it
follows that, in particular, [N] = y.

If we rescale the couplings as follows
grs _’ )\[’q"’]gr,s
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on the basis of the analysis of Bessis, Itzykson and Zuber, [14], we expect the free energy to
scale like

F— S aAn0-bp, | )
h=0
where F} is the genus h contribution. In other words
[Fh] = 2y(1 — ) (4.3)

The CF’s will be expanded accordingly. Such expectation, based on a path integral analysis,
remains true in our setup due to the fact that the homogeneity properties carry over to the
Toda lattice hierarchy. To this end we have simply to consider a genus expansion for all the
coordinate fields that appear in @(1) and Q(2), see (2.21, 2.22). The Toda lattice hierarchy
splits accordingly. In genus 0 the following assignments

[a) = (1 + 1)y, [b]=0+1)y  [Rl=y1+y (4.4)

correspond exactly to the assignments (4.1) and [Fp] = 2y.

4.2 First method: solving the W—constraints

In this and the following subsections we limit ourselves to ordinary matrix models. Let us
~ simplify our notation by setting

by = t, tox = Sk

and rewrite the W constraints (3.37) in terms of CF’s. For example, wlZy = 0 and
1% £11] Zn = 0 become, respectively

Z ktp € o1 > +Nt + c & o1 >=0 (4.5a)
k=2 )

S ksk € ok1 > +Nsi+e<n >=0 (4.5b)
k=2 .

Instead ng}ZN =0 and W(El]ZN = 0 give rise to the same equation

Dkt < >= ) ks L op > (4.6)
k=1 k=1

The constraint Wlm Zn = 0 becomes

g(Yti<npg>+(N+1) <n> )+ Y hbsys, < onpn1 >
=1 .

l,lr=1

o0 -2 .
+ Z ls; Z ( L OpOf-1 2 + K 0 DL O1fy1 > )
=3 k=1
+@2N +1)> lsi < 0121 > +H(N?*+ N)s; =0 » - (4.7a)

1=2 :
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It should be clear by now that ﬁflmZJ = 0 gives an exactly'symmetrical equation where
and 7, are interchanged with sy and oy, respectively. In a similar way we can write all the
other W-constraints.

Let us consider now the problem at issue in a simplified situation, i.e. in genus 0. This
will be enough to shed light on the main features. In this case the W-constraints come out
simplified: to obtain their genus 0 expression we have simply to select the homogeneous part
of highest degree with respect to the degrees assigned in the previous section, see (4.1, 4.3).
In any -CF we henceforth append a label <« > to indicate this contribution. With this
convention the genus 0 version of (4.5a), (4.5b) and (4.6) remain (formally) the same, while
(4.7a) takes the form

o ~ ' oo
g(thl <K Ti+1 >>O +N < 1 >>’0) + Z 11125[1312 < Ol+l-1 >>0

=1 ' l1,d2=1
oo -2
+ 2131 Z L 0 0K Ol-k-1 >0 +2N§: ls; € 011 >0 +N251 =0 (4.8)
=3 k=1 =2 :

and so on.

Now we have to specify the two-matrix model we want to solve. Let us consider the
~model specified by the conditions

=0, k>2, se=0, k>2 (4.9)

As explained in the introduction, we refer to this model as the M;; model. The CF’s in
M 5 will be functions of N, g,1, s, 51, 52 only. This means that, apart from N the latter are
the internal or interacting couplings of the model. We recall that, once the model is specified
the CF’s are denoted with the symbol < - > instead of < - >. With these specifications the
genus 0 W—constraints (4.5a), (4.5b), (4.6) and (4.8) become, respectively

2t <1 > +Nty + g < 07 >= 0,
2s9 <01 >+Nsy+g < >=0,
<>+ <11 >=28,< 02> +8 < 01 >,
g2t < T3>+ < >+N <1 >)
+4s§ < 03> +4518; < 03 > +(S§ +4Ns;) < oy > +N?%s; =0
Writing down the appropriate formulas for the other constraints one quickly realizes that

these formulas form a recursive and overdetermined system of algebraxc equations for the
one-point correlation functions. For example we obtain

289t; — g31
= NZ22t 9%
<> g2 - 432t2 ’
259t — gs1\2 g 255
=N|l—F——T N¢——"— 4.11
<72 > ( g2 - 432t2 ) - 452t2 ( )

etc. The expression for < o, > are obtained from < 7, > with the exchange ¢, « ék.
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One can derive multi-point correlation functions by simply differentiating an appropriate
number of times the W-constraints with respect to the couplings and repeating the same
procedure.

The calculation of higher genus contributions can be done by writing the W-constraints
appropriate for genus 1, genus 2, etc. One realizes that CF’s at genus h can be computed if
we know the contributions at genus < A.

We can summarize the previous conclusions as follows:

The W-constraints of My, can be solved and the CF’s < Thy oo TkpOly - - - Ol > can be
calculated by using recursiveness both with respect to the number ky + ...+ ko + L1 +... 4+ 1,
and with respect to the genus.

This method is very effective in genus 0, but it may become very cumbersome in higher
genera, [11]. We do not insist with it here since we have a much more powerful one at hand.

4.3 The second method: solving the coupling conditions

This method is based on the remark that in ma,ny models we can explicitly solve the
coupling constraints (2.10). It is then elementary to compute correlators by means of eq.(2.19)

and the lattice Toda flow equations. In this subsection we discuss in detail the (ordinary)
model Mg ,.

We start with the following:

Lemma. The matrices Q(1) and Q(2) relevant to the model M2, are specified, in reference
to the coordinatization (2.21,2.22), by the following coordinates

g8 — 282t1 28271
= T e T e e 4'12
/ aO(n) do 452t2 — g2 ’ al(n) 482t2 - g2’ ( )
gty — 2895, 2t,n ng
b =hph=2— b T e e P A—
O(n) ,0 4Sgtg - g2 ’ ‘ 1(72) 459ty — g2 R(TL) 432t2 — g2

while the remaining coordinates vanish.
Proof. The coupling conditions (2.10) for the model M, are
Po(1) + t1 +262Q(1) + 9Q(2) = 0
Po(2) + 51+ 25,Q(2) + 9Q(1) = 0

Using the fact that (Po),n-1(¢) = n for ¢ = 1,2, they can be explicitly written in terms of
the coordinates as follows. g

2t2R(n) + gbi(n) =0 gai(n) +2s,R(n) =0
t1 + 2t2a0(n) + gbo(n) = 0 81 + gao(n) + 2s2b0(n) =0

n+2ta1(n) + gR(n) =0 gR(n) +2s2b1(n) +n =0
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These equations can be easily solved and give (4.12).

Using this lemma we can obtain the exact correlators of the model M ;. To start with
it is convenient to rewrite Q(1) and Q(2) as

Q(Z) = ajeq + ﬁiI + vie—, t= 112 . (413)
where
o co o
€ = I—i_— = E En,n+1’ I= ZEn,n, €E_ = Z nEn,n-—l
n=0 =0 n=1
and
232 2t2 g
= ]_’ = , = ——— = ——, = b , =
o h=tn m g% — 4saty 2 g =t m 459t — g*

By means of the formulas

N-1 1 r
_ kY n! _ N
[ex,e] =1, Tr(e_e+) = 6 nzz;c Cyi Sn i k! ( b ) (4.14)

we can now make explicit computations. For example

n

mQar) = 3 ( 5y ) Teles 4 e P

©o2=0

nl2=k N - o k
- > Z n — 201 — k)! ( I— k41 )_vi “pr (4.15)

21=0 k:O

From this formula using (2.19), we can immediately get the exact one—point CF’s:

nl2—k N 239 1,289t; — gS1\n-2I
<nx = X3 e (- ran ) o) )™

21=0 k=0

In a similar way we can derive < op >.

Finally using the genus expansion (4.2) we can extract the genus by genus correlators.
The genus h contributions to the one—point CF’s in the model My, are

—1)?h=k2=kp1 By (I — k) N!H1-2h 259 17289t — gsy\n—2
S T 2h= 3}0?0 R — R —k+ 1)! (92 Z 432252) (92 "o, 410

where

Br(n) = Z TIT2 .. . Tk, 1<k<n, Bo(n) =1, Br(n) = 0 otherwise

1<r1 L. L <

We have, for example,

()_(n%—l), 62(n)=3n:2(n§1j’

In genus 0 we recover the results of the previous subsection. In a similar way we can
derive exact expressions for multi-point functions, [12].
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5 Discrete states and ¢ =1 string theory

In this section we will refer to the extended two—matrix model, namely we will be interested
also in the extra couplings. However we will consider only one interacting coupling, g1, = ¢,
beside N. We refer to this model as the (extended) Mg o model. Despite its simplicity it
turns out to be very interesting. It in fact provides a description of the discrete states of
the ¢ = 1 string theory. The latter has been studied in a large number of papers, [16] — for
simplicity, we will constantly refer to the ¢ = 1 string theory compactified at the self-dual
radius. One of its remarkable aspects is the appearance of discrete states organized in sl
representations. The states corresponding to the highest weights, 7, and lowest weights,
7_., are known as purely tachyonic ones. They are pretty well studied and quite a few
correlation functions have been calculated. The extra discrete states are less well-known.

The purpose of this section is to show that the extended two—matrix model can accom-
modate discrete states organized in finite dimensional s/, representations, analogous to the
¢ = 1 string theory ones, and to calculate their correlation functions. Comparing our results
with existing CF’s of ¢ = 1 string theory, we conclude that the extended two-matrix model
does provide a description of the discrete states of ¢ = 1 string theory.

5.1 Definition and properties' of the discrete states

In reference to the extended two—matrix model, we call discrete states the operators xrs
coupled to the g, s. In this definition r = s = 0 is excluded. However, for later use we also set
Xo,0 = () - remember that @ is the operator coupled to goo = N. From the very definition it
is apparent that, classically, X, is represented by "X | ATu$, where, to simplify our notation
we set Ay = A and A, = pu. As a consequence these states carry a built-in sl; structure. For
let us define

N N N
H=—;—§(x\i%—#;a%i), E+=;Aia%, E-=;ufa%
Then
[H,Ei] = +E4, [E;,E_]=2H
and

1 i

HXr,s = E(T - S)Xr,sa E+Xr,s = SXr+1,5—-1y E-—-X‘r,s = TXr-1,s+1
Therefore the set {x,s = Y%, A\fuf, 7+ s = n} form an (unnormalized) representation of
this algebra of dimension n + 1.

These states x, , will be identified with the discrete states of the ¢ = 1 string theory. In
particular T, = x,0 and T_, = xo,s will be identified with the purely tachyonic states 7, and
7_,. ,
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5.2 Correlation functions of the discrete states. Generalities

The correlation functions of the extended two-matrix model are defined by
' 0 0
89’,’1 181 o agrk ’8k k

L Xr1,81 « o= Xrgysp 2= In Zn

As anticipated above, our purpose in this section is to calculate the correlation functions
in Mgy, 1.e. we set g; ; = 0 except for g1, = g, which is left undetermined. As a consequence
the CF’s will be functions of g and N. We denote by the symbol < - > the CF’s calculated
in M(),Q.

A remark is in order concerning N. The latter will eventually be identified with the
renormalized cosmological constant = of the ¢ = 1 string theory. As such we had better think
of it as a continuous rather than a discrete variable. There is a natural way to pass from N
to a continuous variable z: it consists of rescaling the lattice (0,1,..., N,...), on which all
the quantities are defined, by NY and simultaneously rescaling all the quantities according to
their degree (4.1), and then take N — oo. In this section it is perfectly adequate to set y = 1
~and y; = y2 = 0. We can follow two courses: either we do all the calculation in the discrete
formalism and then take the continuum limit, or we can shift to the continuum formalism
from the beginning and perform the calculations using the differential and integral calculus.
In the following we give examples of both.

To start with we use again the first method, i.e. we simply write down the W constraints
in terms of the CF’s. We obtain a set of (overdetermined) algebraic equations which in
general one can solve recursively. Let us see first of all two very general lemmas.

Lemma 1. The CF satisfy the symmetry property

< Xriwsy + o+ Xrngsn =< Xs1yr1 v+ Xsnyn = (5.1)

This is due to the symmetry of the W constraints (3.34a) and (3.34b) and of the Mg under
the exchange 1 « 2. ‘

Lemma 2. In Moo the CE’s satisfy
(ri4 . Frn—81— .= 8n) < Xrps1 -+ Xrnysn >=0 (5.2)

In order to prove this lemma one rewrites the W constraints (3.34a) and (3.34b) with
r =1 and n = 0 as follows

1
Z TGrs < Xrs > +§N(N +1)=0

r>1.520
1
D 5Grs < Xre > +5N(NV +1) =0
7>0,5>1
respectively. One differentiates these equations w.r.t. g s, --., grns, and sets g, = 0

except g11 = ¢g. One gets

(7‘1 +...+ Tn) < Xri,51 -+ Xrnysn = +g < X1,1Xry,51 + < * Xrnsn >=0
(S1+ .-+ 80) < Xrior ++ - Xraysn > 9 < X11Xr1,81 -+ + Xrnyon >= 0
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Subtracting the second equation from the first we obtain the result.

This lemma reflects the sly structure of the discrete states since it means nothing but the
conservation of the H eigenvalue (conservation of the third angular momentum component).

Next consider the W constraints
(8 - (~r W) Zu(t ) =0, r21 (5.3)

and evaluate it in Mgo. We get

) zy = --——N(N +1)...(N+1)Zy (‘5.4)‘
T2y =g < xew>Zn (5.5)

This allows us to calculate < X, > for any genus. Remember that the genus A and genus
h — 1 contributions differ by N2. Therefore the genus h contribution, < x,, >, is given by

A b (r) r>2h-1

< Xrp D=4 TN 5.6
Xrir Zh { 0 r<2h—1 (5.6)

The numbers br(n) have been introduced in the previoﬁs section.

The passage from N to z, discussed above, amounts to just substituting N with z in (5.6)
and < x,r > with the renormalized correlator. Other exact results will be obtained later on
with a different method.

5.3 Correlation functions. Genus 0 results.

In genus 0 (alias dispersionless limit) one can produce very general compact formulas for the
CF’s. We proceed again with the first method, i.e. we find the W constraints appropriate for
genus 0 and solve them. Henceforth we denote N directly by z (the cosmological constant)
— with this substitution the correlators will be understood to be the renormalized ones, see
above. As usual we will denote the genus zero part of every CF < - > by < >.

The simplest result and the first ingredient we need is < xpn >0, which has been calcu-
lated above, eq.(5.6). We have
L |
(g n+1

< Xnn 0=

(5.7)
For the remaining CF’s the relevant W constraints are

LWzt g,2) = (F1)yTHW 2t 9,2),  r>1 (5.8a)
LYWzt 9,2) = (-1 TV () Z(t 9,2), r=1, n2>1 (5.8b)

23



and the analogous ones with 1 — 2." But we will not have to consider the latter due to

Lemma 1. Performing the degree analysis one easily extracts the dispersionless limit. In
particular we have '

: 19}
, ) .
TT[L](I) e E 21.-.008i 5, ...g,ﬁ_,ra ) . : —.
i1 i+ Firtn, g1+t ir
jl :’--yjrzl

(5.9)

These generators satisfy the algebra
TP, THM] = (sn—rm)TETD),  rs2l n2-r, m2-s  (510)

which characterizes the area-preserving diffeomorphisms. The algebra of the TI(2) is just a
copy of the above one. Similar simplified (but not quite as simple) expressions can be gotten
for the L-type generators.

The first step consists of differentiating (5.8a) with respect to gnn-, with n > r and
evaluating the result for Mgo. One gets :

9" < XorXnn—r >0 +r1g" " < Xnorm-r >0=0

Inserting (5.7) we obtain

n

. x ‘
< X0 Xnn—r >0= (Tg)_r =< Xro0Xn-rn >0 (5-11)

The second equality follows from Lemma 1. Now differentiate (5. Sb) W.I.be Gnnip with p > 0,
and evaluate the result in Mggo. One gets

T < XpoXnntp >0 = (1) (”’nghl < Xn4ptr—1,ndptr=1 >0
+gr < Xp+rrXnmntp >0 ) (512)
Finally, using (5.11) and (5.7) one gets

xn+P+T (p + r)(n + P)
oo ntpr

< Xp+r,r Xnntp ~0= < Xrp+rXntpn =0 (513)

One can write down this result in a label-independent way as follows

iL‘E M(T],S])M(T’z,.ﬁg)
< Xr1,51Xr2.52 20= (_g)z ) (514)

where 2 :Vrl +ry = 81 + s2 and M(r,s) = maz(r,s). This formula also holds when the two
labels of x coincide.

The procedure just outlined for two—point functlons works in general For the generic
three point functions one gets

fL‘E_l
< Xrusl Xr2,52 Xr3,53 =0~ ( g) M(T‘l,Sl)M(Tz,Sg)M(Tg, 33) (515)
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where ¥ = r; + 79 + r3 = 81 + 83 + s3.

For the n—point functions with n > 3, there is more than one possibility. To explain this
point we will consider for a while only n—point functions < Xy, s; - - - Xrn,sn >0 With 75 # s for
k =1,...,n (the cases of coincident indices of x are obtained as limiting cases), and define
their signature to be (p,q), where p is the number of label ry > s; and g is the number of
labels 7y < sg. For n-point functions with signature (1,n — 1) we have the general formula

mE-n+2 )
< Xrysy s Xrnsn 0= WM(Tl,Sl)...M(rn,Sn)(E — 1)(2 — T +3)
}::r1+,__+rn281+...+5n:j1+---+jn (516)

if ¥ > n—2, and vanishes otherwise. Here we have expressed ¥ in terms of the more standard
sly 7 labels.

For other signatures, although there are in principle no obstacles, explicit formulas are
more elaborate to work out. ' '

We remark that the above formulas have been derived for states x,s with r and s not
simultaneously vanishing. To obtain CF’s involving p insertions of ) = xo,0, one has simply
to differentiate p times with respect to = the corresponding CF without @ insertions. For
CF’s containing only @ insertions, see below.

Now, particularizing eq.(5.16) to purely tachyonic states, we get
r—m+1
(=9’

Up to overall numerical factors, this formula coincides with the analogous formula for pure
tachyons 7, of the ¢ = 1 string theory, provided we identify z with the renormalized cosmo-
logical constant.

<TT., .. T, . >=FC-1)(r—-2)...(r—m+2) r=s4...+sn (5.17)

This and similar correspondences allow us to conclude:

Qur results either coincide or extend previous ones about discrete states. Therefore, our
conjecture that x,s are representatives of the discrete states of the ¢ = 1 string theory is
confirmed.

5.4 Correlation functions of discrete states. Higher genera.

To calculate correlators in higher genus we can use the W—constraints as we did above for
genus 0. However this method becomes more and more cumbersome as we pass to higher and
higher genera. Therefore we shift to the second method introduced in the previous section,
1.e. we explicitly solve the coupling conditions for Q(1) and Q(2) and use the flow equations
of the Toda lattice hierarchy to obtain compact formulas for correlators at all genera.

These remarkable results are a distinctive feature of the representation of the ¢ = 1 string
theory by means of the two-matrix model, compared to other approaches.
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The explicit solutions of the coupling conditions is already available since, from this point
of view, Mg is nothing but a particular case of M;,. We have simply to recall the formulas
of the last section and set t; =t =s8; =8, =0.

The Jacobi matrices Q(1) and Q(2) take a very simple form

Q=11 Q) =%~ B (5.15)

=1
and

[
R = — 5.19
l g ( )

Let us see, as an example, the 2-point correlators of pure tachyons. The calculation

proceeds in three steps.

1. Ewvaluating the correlator on the lattice: Using eq.(2.19) and eqgs.(2.13b, 2.18b), we imme-
diately get

57367 In Z;(9) = T (1Qm(1), @"(2))

Evidently it is non—vanishing only if m = n, and a simple calculation shows that

82 . ; i l4n-1
S anj(9)=Tr([Q (1),Q (2)1)% 2 IR
1 J | |
- (+1)...(I+n— 5.20
or 1:,§+1 (I+1)...(l4n—1) - (5.20)

2. Shifting to the continuum formalism: Let us see an example of calculation with the
continuum formalism. As we saw above we have to rescale the lattice by N and all the
quantities according to their degree. We then define

n 1

N TN

I

T

and renormalized quantities as follows

ren gTsS Te: F
gr,;n = N F n(xj‘:) = “]\-f%

We then take N — oo, treat = as a continuous variable and operate according to the rules
of the ordinary differential calculus. We stress that whenever both discrete and continuum
formalisms can be used, they lead to coincident results.

The renormalized correlation functions are the derivatives of F™"(z, €) with respect to the
renormalized coupling constants
52

BEEnotn

1,n

F*™(z,¢) =< ToTon >en
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For simplicity however, from now on, we drop the label ren wherever it should appear. From
the context it will be clear whether the quantities in question are unrenormalized (before the
continuum limit) or renormalized (after the continuum limit).

A straightforward calculation shows

<TT_.> = - 2)” 20: (z+le)(z+ U+ 1)e)...(z+ (I +n—1)e) (5.21)
= ! n_l(x+ le(z+(1—1)€)...(z+ (I —n+1)e) (5.22)

(_g)n 1=

Separating the contributions from different genera: In order to single out the contributions
from different genera, we recall the topological expansion for the free energy

F(z,¢) = h{; Fa(z)e (5.23)

Further we observe that eq.(5.22) can be re—expressed as

<TaTn> = n( Xoj e )a(z + 1€)...(z + (n — 1)e)
( g) I=1-n ;

-1

g)n (Z e’ ) —1le)...(z = (n —1)¢) (5.24)

Z <T.T ., > eh
k>0

The second equality exhibits the invariance under the exchange € — —e, which amounts to
the vanishing of the odd powers of € in the last expression. In other words, the CF’s have
the same kind of expansion as the free energy.

Now let us define another series of numbers
. n—1 .
= Z lt, t > 0;
=0

beside the §;(n) defined above. The first few a;(n) are

woim)=n, )= (3),  wm=271(3),

In terms of these numbers, we have the expansion

w(x+e)(m+26).;.(x+(n—1)6)=Zﬂ(n+l) ",

7:2_0 e—Ic81 — Z ( 11) (n)elal

=0
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Plugging these formulas into eq.(5.24), and remembering that terms with the odd powers of
€ vanish, we obtain the general two—point function (which include the contributions from all
the genera) o

<T.,T_,>= !

(—9)" 0<2h<n  I=0

> 62"2(-1)'(fhilz)azh-z(n)ﬂz(nﬂ)x"""" (5.25)

where g is the renormalized coupling constant. The h-genus correlator is

n—2h 2h —1
< T, T_, >p= (l:_g)n S (-1) ( 27;1 _ ) azn-1(n)Bi(n + 1), 2h < n; -(5.26)
=0 .

<ToT-n>1=0, 2h>n.

In particular we have

1
< T\ T_, >o= ——nz", 5.27a
°= o (5:272)
1 n+1 ) 2
< TWT-p >1= ——n ", 5.27b
= () (5:210)
1 (3n2—n—6)n(n+l) —4 '
< T, T_, >.= A 5.27c
SR 6 (521

It is clear that there are no obstacles to compute more complicated correlators (see more
examples in [11]), except the manageability of the formulas.

. 5.5 Connection with the Penner model

The model Mgy we studied in the previous sections has a topological nature. Remarkable
evidence of this is provided by its connection with the Penner model, [18]. Such connection
is to be found in the famous N-dependent integration constant (not determined by the W
constraints) which was mentioned after eq.(2.20).

From eq.(2.24) and eq.(2.32) we obtain

o2 o?

0t e = oo W1 T 2 -1)s 2
Oty 10t2, In R atl,latz,l(F 1= 2F0 + Fra) (5.28)

Where F,, = In Z,,. After integrating twice with respect to ¢;; and ¢; 1, we have
InR, = Fnyy — 2Fy 4 Fry (5.29)

Possible integration constants have been dropped since they are irrelevant for the present
problem (they provide analytic contributions to the free energy).
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At this point it is more convenient to shift, as we did above, to a continuum formalism
(from now on the quantities we mention are understood to be the renormalized ones). We
set

Fop1 = et F(z,€)

Thus the continuum version of the equation (5.29) is
1
In R(z) = = [exp(e@x) + exp(—ed;) — Q]F(x, €). (5.30)

Once we know R(z), we can solve this equation to obtain the free energy.

Now let us recall the genus expansion (5.23) for the free energy. We set for simplicity
g = —1, therefore R(z) = z, which corresponds to the genus 0 contribution, while higher
genus contributions of R vanish. Therefore we can easily obtain the recursion relations among
the free energy in different genera

02 Fy(z) = in R(z)

and

"1
> —2—— OXF, (z) =0, VYn>2. (5.31)

1= 1

Using these recursion relations we can obtain the free enefgy for any genus. For example,

1
Fi(z)=- lnx Fg(a:)—-—240x )
and so on. In general we have
B 2-2h ‘
Fu(z) = 57—z 7%, Vh > 2. (5.32)

2h(2h — 2)

- Eq.(5.32) is the free energy of the Penner model. We see that F,(z)(h > 2) indeed scales
according to the power 2(1 — h) while Fy and F; exhibit logarithmic scaling violation, which
1s a typical feature of the ¢ = 1 string theory coupled to gravity. The coefficients of the
powers of = are topological numbers. We recall that the (virtual) Euler characteristics of
moduli space of Riemann surfaces with n punctures in genus A was computed by Harer and
Zagier [17] and rederived by Penner,[18], with Feynman graph techniques

n —1D)*"2h -3+ n)I(2h -1
x2)=( )™ ( n!(%)!)( )B,,

Therefore

F, = xﬁo)wz_zh, < Q" >p= n!xin)x("—?h"" (5.33)
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In particular we see that @, the operator coupled to z, is to be interpreted as the puncture
operator in the present theory. ‘

It is a common belief that the ¢ = 1 string theory is a topological field theory with
primaries, puncture equation, recursion relations and a Landau-Ginzburg formulation. On
the basis of our calculations, [11], many features of TFT in genus 0 can actually be brought
to light in this model, but the nature of the underlying TFT looks quite different from the
TFT’s discussed in the last section.

6 Differential Hierarchies of Two—Matrix Models.

In the two previous sections we have given several examples of unreduced models and of the
powerful methods we have at our disposal to solve them. There is another method (the third
mentioned at the beginning of section 4) and other models (the reduced ones), which are
based on a different approach: extracting differential hierarchies of integrable equations from
the Toda lattice hierarchy.

Let us return to section 2 and let us concentrate from now on on ordinary two-matrix
models. We saw there that two-matrix models can be represented by means of coupled
discrete linear systems, whose consistency conditions give rise to the Toda lattice hierarchy.
Here we review the method, used in [5] and [6], to transform the discrete linear systems into
equivalent differential systems whose consistency conditions are purely differential hierarchies.
This is tantamount to separating the N dependence from the dependence on the couplings.

The clue to the construction are the first flows, i.e. the ¢;; and t2; flows. For the sake
of simplicity let us consider the system I and the flow (2.29a). Let us consider the generic
situation in which Q(1) has m; = p, — 1 lower diagonal lines (see the parametrization (2.21)).
To begin with let us notice that

0
Ot1

\I}n = q’n—i—l -+ ag(n)\lln (61)

and let us adopt for any function f(¢) the convention f’ = ;2L = 8f. We can rewrite

- 3t1,1

U, =B, 0, ,. (6.2)
where
R 1 b
= —— —1)! 6.3
B 9 — ao(n) lg‘;(ao(n)a ) ( )

Then it is an easy exercise to prove that the discrete spectral equation
QM)¥(A1) = M¥ (M)
is transformed into the pseudodifferential one V

La(1)®, = M0, (6.4)
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where

La(1) =0+ a(n)Bp-tBaiy1 ... Boa (6.5)
=1
Ui 1 1 1
=5+§a’(">a_ao(n_z) O —an—1+1)  9—aon—1)

Proceeding in the same way for the other equations of system I we obtain the new system
in differential form ‘

(( Lo(1)T, = M0,

2= = (L3(1)), o,

) (6.6)
52U, = —(L(2)) T,
| Ma(1)¥, = 520,

The subscript + appended to a pseudo-differential operator represents the purely differential
part of it. The subscript — represents the complementary part. In particular we have the
following consistency conditions

o nlD) = (B L)), | (6.7)
atith(1>=[Ln(1),(L;(2»_], | (6.8)

They are purely differential equations.

Let us come now to the n dependence of the above equations. The operator L,(1) in
(6.5) depends on the coordinates of different lattice points. To deal with this complication,
we introduce m; “fields” 5y, ..., Sm,, related to the “field” ao in the following way

Si(n) = ao(n — 1) (6.9)
Then we can rewrite L,(1) in the following way

1 . 1 oo 1
d—Si(n) 0—S5_1(n) 09— Si(n)

L) =043 a(n)

with the result that L, (1) is expressed in terms of fields evaluated at the same lattice point. Of
course the fields S; are not independent. However we will consider these fields as completely
independent from one another in all the intermediate steps of our calculations and only
eventually impose the condition (6.9).

To further simplify the notation we will consider henceforth the lattice label n on the
same footing as the couplings and write '

ai(n,...) = a,(n)(), Si(n,...) = Si(n)(...)



where the dots denote the dependence on #;,%2% and g. So the expression of Li(n) gets
further simplified to

| 1 1 1
-8 0-S.1 0-%5

L=0+) a (6.10)
I=1

where, for simplicity, we have dropped the label (1) too. A similar simplification has to be

understood also for the other equations of the system I above. This simplified form is the

one we constantly refer to throughout this and the following section.

A similar treatment can be applied to the second linear system as well. Therefore the
information concerning matriz models can be stored in two differential linear systems + the
first flow equations (2.29a, 2.295,2.29¢,2.29d). The former determine the dependence on the
couplings, while the latter fix the dependence on N. Therefore what we have accomplished
so far is the separation of the dependence on N from the dependence on the couplings.

From now on, we will concentrate on the system I. Therefore, from now on we will refer
to the pseudodifferential linear system

LU = \T (6.11)
3‘2 U= (L)0,  r=1,23,.. C(6.12)

whose consistency conditions are

0
ot,

L= (613)

where ¢, =t ,.

The problem we are faced with next is to recognize and classify all the hierarchies of the
type (6.13). This is easy. L is nothing but a particular realization of the KP operator

o0
Lgp =08+ Zw;@”l

=1 :
where, in general, w; are unrestricted coordinates, while in these realizations they are precise
functions of the fields a; and S;. (6.13) are integrable hierarchies (see below) which are
classified by the number 2m of fields. But this is not enough. For one can obtain new
integrable hierarchies via hamiltonian reduction. This is what we are going to see next. In
particular, each integrable hierarchy corresponds to a different model, i.e. to a different
kind of solution of the two matrix model. In the case of a reduced hierarchy, we call the
corresponding model a reduced model.

6.1 2m-field realization of the KP hierarchy and their hamilto-
nian reductions
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The main point of this subsection can be summarized as follows: 1) for each m in (6.10)
there are m distinct integrable hierarchies which are obtained by suppressing successively the
fields Si; 2) of each such hierarchy it is possible to write down a Drinfeld-Sokolov linear
system from which the Laz pair realization can be easily extracted; 3) at the end of this
cascade procedure we find the (m + 1)-th KdV hierarchy.

To start with let us give a few definitions and useful formulas. The general differential or
pseudo—differential operator we have to do with is of the form

A=0"+adF 2+ 5053+ ...

The corresponding flows then are given by

A = [AX Al (6.14)
We define
< A>=/d:z:a_1(:c), A=...4+a ()07 +...

and for any differential operator X we set fx(A) =< AX >. Two Poisson brackets are then
given by : '

{fx,frh(A) = <A[Y,X]r> ‘ (6.15)
{Ffx:fr}a(A) = <(XAUYA> - <(AX) AY >+ (6.16)

1 [ oi (o
+E/[A,Y]<-1)(3 "4, X))
In the first bracket

[X,Y]r = -;—([RX, Y]+ [X, RY]), RX=X,-X., X_=X-X,

and in the second bracket the label (—1) indicates the coefficient of 3~!. We can further
introduce the Hamiltonians via ,

H,=§<A5>‘, YE>1

Integrability of the system is guaranteed since these quantities are in involution and the
Poisson brackets are compatible, i.e.

{Hryr, fh = {H:r, f}2 for any function f

In particular the flow equations are given by

ol = ol = U ok (6.17)
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6.1.1 The NLS hierarchy and its reduction.

The simplest example of L,(6.10), corresponds to m = 1. It gives rise to the NLS hierarchy.
We set a; = @ and S; = S. Then .

1
0-5

Now, following the prescription of the previous section, we can calculate anything we need.
In particular the first Poisson brackets are

{a(z),a(y)}h =0  {S(z),S(y)}»=0
{a(z), S(y)}1 = 0:6(z — y)

L=0+a (6.18)

and the second ones are

{a(z),a(y)}2 = (200 + a)5(x — v) (6.19)
{S(2), 5(y)}2 = 206(z — y) | (6.20)
{a(z), S@)}2 = (50 + 8)6(z — y) (6.21)

For later reference we call this algebra W(1,1). Henceforth we will use for Poisson brackets
the simplified notation of (6.21) where the fields and derivatives (denoted also by a prime)
appearing in the RHS are understood to be evaluated at z.

The Hamiltonians are | ‘
H, = /da: a, H, = /da: as, H; = /d:z: (a® + a.5'24+ a'S), etc.

and the flow equations are easy to compute. For example the t, flow equations are:

08 Oa -
—_— 1} ! 2 ! _ " H .22
ETA S"+25'S +2d, o, a” +2(aS) (6.22)

which is a disguised form of the non-linear Schrédinger equation.

Let us study now the hamiltonian reduction

5=0

This constraint is second class and we have to follow Dirac’s procedure. For the second
Poisson brackets we introduce the corresponding Dirac bracket in the reduced system

, 1
{a(2), a(y)}ep = (200 + @ + 58°)6(z — y) (6.23)
If we use this and the constrained Hs Hamiltonian we obtain
. ia =da" + 6aa’ | (6.24)
Ots .
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which is the KdV equation.

The first Poisson bracket is not reducible. So we have to look for another Poisson bracket
for the reduced system. It is not difficult to find it as well as the series of Hamiltonians using
the fact that the two Poisson brackets must be compatible and the Hamiltonians in involution.
This is however a long procedure. There is a much quicker method, which consists of finding
a Lax pair representation. For this particular case the solution is universally known: the Lax
operator is (up to a rescaling of the flow parameters)

0 +a

With this and the formulas of the introduction we can calculate Poisson brackets, Hamilto-
nians and flows (i.e. the KdV hierarchy) of the reduced system. This goes as follows. Let us
_ introduce : ‘

0 Hyy,

ng(z) = m

(6.25)

Then, imposing the compatibility between the two Poisson brackets (6.17) we find the recur-
sion relation for the flows

0 . '

ot : 2k+2 = (0° + 4ad + 24’ )Far - (6.26)
2k+1 - ,

Wlth F2 = da.

The above suggests us a general method to study the reductions of the more complex
systems with m > 2. We will impose restriction constraints which will turn out to be second
class. We will compute the Dirac brackets corresponding to the second Poisson structure
and find the equations of motion of the reduced system. It will then be easy to identify the
appropriate Lax operator.

6.1.2 Four—field representation of the KP hierarchy and its reductions.

The simplest integrable system that appears in matrix models after the NLS system is the
four—field representation of the KP hierarchy. It naturally leads, via reduction, to the Boussi-
nesq hierarchy. Let us describe this system in some detail.

The Lax operator is

1 1 1
b=ty s Y 50—

The first and second (nonfvanishing) Poisson brackets are
{a(e), 5i(Wh =8z —y), {aiz),S2(1)h =6z —y),
{a2(2), a2(y) }r = (2420 +a3)8(z —y), (6.28)
{az(2), S2(¥)h1 = (07 + (52 — $1)8)8(z — y).

(6.27)
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and

=

{ai(z),a1(y)}e = (2010 + a1)é(z —y),  {a1(z), @2(y)}2 = (3020 + 2a3)é(z — y),
{ai(z), S1(y)}2 = (8% + $10)8(z — v), {al(ﬂ?) S2(y)}2 = (20" + 5:0)8(z — y),
{as(z), a2(y)}2 = [(2a} + 4a2S2 — 2a251)0 + ay + (2425, — a25:)')6(z — y), (6.29)
{aa(2), S2(y)}2 = (110 + (9 + 52)(8 + S2 — 51)0)6(z — ),

{S1(z), S1(y)}2 = 28'(z — y), {az(z), S1(y)}2 = 0,

{S1(2), S2(y)}2 = &'(z — y), {S2(2), S2(y)}2 = 26'(z — y),

respectively. For later reference we call the second Poisson structure aldebra W(1,2). The
hamiltonians in involutions are

b
H1 = /d:cal, H2 = /d:z:[alSl +02]
H3 = /dz[ale haud alSi + 0,2(81 + Sg) -+ af], etc.

The second flow equations are

0 " ’ \
a1 = a4 + 2&2 + 2(&151)'
Ots

f .
502 = ay +2a35, + 2a2(Sy + S2) (6.30)
2

0 , "
8_thl 2a1 + 2515 S

is2 = 2d, + 25,5, — S5 — 25,
8t2

First reduction.

Let us study now the possible reductions of this integrable system. We will first impose
the reduction A

S =0, (6.31)

With respect to the second Poisson structure (6.29) this is a second class constraint; moreover

{S1(z), S1(y)}2 has an inverse. We can therefore proceed according to Dirac and define
improved Poisson brackets. These are

{a(@) e = Qad + & + 5095z ~ v),
{a1(z), a2(y)}2p = (35025 + 2a3)6(z — y),
{@1(2). S:v)}ap = (50° + $:0)6(z — ),

{ax(z), az(y) }op = [(2a} + 4a252)0 + a5 + 2(a252)16(z — v),
{a2(2). $2(y)}ep = (@18 + (8 + 52)°0)8(z —y),

{52(2). S:(®)}en = 58'(x — ) (6.32)
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For later reference we call this algebra W (2,1). Now the reduced Hamiltonian is a restriction
of the original Hamiltonian H; to the constrained manifold, i.e.

Hg—)Hé:/dwag

Consequently the equations of motion of the constrained system are

a ,
B_tzal = 2(12
a n ’
o, a2 = Q4 + 2((1252) (633)
Jt, ,
6 7 Y] n
a—t?Sz =a, + 25252 - 52

The first Poisson bracket (6.28) is not reducible. One can then proceed to search for
another Poisson structure, as we did with the reduced NLS model. One finds that with the
following choice

{a1(2), a1(y)}r = 208(z — y), {as(2), S2(y) }rr = 9é(z — y). (6.34)

and with the Hamiltonian :
Hé = /d.’E (az(Sg— S;) + alag) (635)

one obtains the same equations of motion (6.33) and the two Hamiltonians commute. How-
ever, as we have repeatedly noticed, there is a much quicker and powerful way to see the
integrability of the reduced system. In fact we can write down a Lax pair for it. The latter
is based on the following pseudo-differential operator

L=03"+a,+a, (6.36)

9—-25;

By means of the formulas in the introduction we can compute the corresponding Poisson
brackets, Hamiltonians and flow equations. Among the latter we find all the above results.
We conclude that the reduced system is integrable.

Had we imposed, instead of S; = 0, the condition S; = 0, we would have found the same
result up to field redefinitions.

Second reduction.
Let us further reduce our hierarchy by suppressing the remaining S field
S2=0 (6.37)
With Dirac’s procedure we find from (6.32)
{a1(2), a1(y)}2pr = (2018 + a1+ 20°)6(z — y),
{a1(z),a2(y)}op = (3a23 + 2ay — 8%a; — 84)5(m -v),

{ax(2), a2(y)}2pr = (2050 + a; — %(al +0%)(0ar + 8°)}é(z — ), (6.38)
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This is nothing but the W3 algebra. The corresponding equations of motion calculated from
the doubly constrained Hamiltonian H, are

2, d "
——a; = 2a;, — a, —ay = a,

2 7 "
PTA o, — =(aya; + ay’) (6.39)

3

This is known as the Boussinesq equation and it is the first of an integrable hierarchy of
equations (the Boussinesq or 3-KdV hierarchy), which can be given a Lax pair representation
by means of the operator

L=8+a10+a | ' (6.40)

Like in the KdV case, we give the recursion relations that allow us to calculate all the
flows. Let us define

60H, 8H,

Fi(z) = m, G.(z) = ma

r # 3n

Then imposing the compatibility of the two relevant Poisson brackets, (6.17), we find the
following recursion relations

Jda
at: =3G,; = 2F"+2a,F' + d\F, + 3a;,G. + 2d,G, (6.41)
~a,GY — 24, G’ — &G, — G
and
%’3 =3F,; = F"+2aF+ a,F; + 3a,F] 4+ 2a3G| + a3 (6.42)

~§(ala§ G, + afG;, + 2a, GIT" + a”’G + 3(a1 Gf) + Gum)

with F1 = 1, G1 =0 and F2 = 0, Gg = 1.
Conclusion.

As a result of successively reducing the four—field KP hierarchy we find two more distinct
integrable hierarchies. The last one is the well-known Boussinesq hierarchy. This suggests
that if we start from the system defined by the general Lax operator (6.10), we obtain, via
reduction, m more Lax operators. This conjecture has been proven in [9]. In conclusion for
every p = m + 1 we identify p systems or hierarchies, denoted henceforth with the symbol S}l),
where | counts the number of nonvanishing S fields, 0 <1 < m. In particular the case l = m
corresponds to the 2m—field representation of the KP hierarchy, while | = 0 corresponds to
the p—-KdV hierarchy.

"Finally let us make a comment on the naturalness of the reduction procedure. Our
reduction procedure consists of restricting the second Hamiltonian according to the chosen
constraints and calculating the second Poisson brackets according to the Dirac recipe. The
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rest is automatic. In the framework of the Hamiltonian systems this reduction procedure is
completely natural and allows us to select consistent subsystems of a given integrable system,
or, in other words, to find solutions of the initial systems in which a part of the degrees of
freedom are disregarded. We stressed in section 2 that our unreduced systems are equivalent
to the initial path integral and that they even provide an enlarged definition of the latter.
However we do not know in general how to go back from a reduced system to the path
integral formulation. We know that in the simplest case (one-matrix model giving rise to
the NLS hierarchy, see [6]) the reduction is the KdV hierarchy and that the KdV hierarchy
corresponds to the even potential case via double scaling limit.

6.1.3 A DS representation of the previous systems.

The integrable models and reductions we have been considering so far can be synthesized
in a very compact and useful form via suitable Drinfeld—-Sokolov (DS) linear systems. From
them one can easily extract the corresponding Lax pair. Let us start with the linear system

(‘9;‘9 a——l)\) ('f/j)zo  (6.43)

From this it is elementarv to see

(0+az _1_ Y =2 (6.44)

from which we recognize the spectral equation for the NLS Lax operator, (6.18).

Similarly

(a?,x —81) (1)‘"‘0’ and (0" +a) =\ (6.45)

The last is nothing but the spectral equation for the KdV Lax operator.

Let us pass now to the systems with m = 2. We have
8-S -1 0 W |
0 -5 -1 Yo | =0 (6.46)
ag ay 0— A Y

1 11
(3+‘“6—51+“za——528-51)¢=”/’ (6.47)

so that

Next

J— 35, -1 0 (2 1 , |
0 o —1||lv|=0 " and (P+a+a Yo =X (6.48)
S 9-5

ag ay
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Finally

8 -1 0 ")
0 8 -1||¢n]|=0, and (P+ad+a)p=2r (6.49)
a—A aq g (2

We recognize the Lax operators L, L and L, introduced above.

On the basis of these examples it is easy to extend this to a generic m. The initial system
is

-8, -1 0 - 0 0 o
0 0—8mne -1 --- 0 0 P
o =0 (6.50)
0 0 0 - 9-5 -1 Um
Qm Qm-1 Am—2 a1 a—-2A (0

From this we obtain the equation Lt = Ay where L is the same Lax operator as in eq.(6.10).
The other systems can be obtained by: 1) moving —) by one place to the left in the last
row, 2) suppressing the surviving S field with lowest index, 3) moving % one place up in
the vector, and 4) extracting the equation for . We obtain in such a way m more Lax
operators. We proved in [12] that these represent the m distinct integrable reductions of the
system represented by the Lax operator (6.10), which we called S:,, 0<i<m.

6.2 W algebras.

One of the most fascinating aspects of matrix models is the emergence of structures charac-
teristic of continuous field theories. One example are the W algebras. Here we use the term
W algebras in a comprehensive sense, it includes also linear algebras, not only quadratic
ones.

Leaving aside, for the sake of brevity, the lattice W algebras, which would be worth a
discussion of their own, let us concentrate on the W algebras that accompany the Sfo models.
In such models we have first of all the W algebras of the generators connected with the
W constraints (section 3). These are quantum W algebras. Next we have the classical W
algebras originated by the Poisson structures. Each Poisson structure gives rise to one W,
algebra and one finite W algebra. This goes as follows.

The model S; is defined by the Lax operator

1 1 -1
0—Sk0—Sk1  0-57

n-1 I
Lan=0"+> ad '+ 3 anyi n>1, 1>0(6.51)
k=1 k=1

where n = p — I, which involves n + 20 — 1 independent fields. We have seen above a few
examples of such Lax operator. Each of them gives rise to an integrable hierarchy and
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via successive reductions we arrive at the (n + I)-KdV hierarchy. The operator L, is a
particular case of

n—1 oo ) )
Lgen = 0"+ Y axd™ 1+ > w8770, (6.52)
k=1

=0

The operator Lg., is also integrable and is endowed with two Hamiltonian structures. The
corresponding Poisson brackets form two W, algebras [9]. The coordinates u, can be ex-
pressed as functions of the coordinates ar and S of (6.51) — for this reason we say that
the integrable hierarchy corresponding to L,y is a (n + 21 — 1)-field representation of the
hierarchy corresponding to Lge,. If we calculate the Poisson brackets of ax and u, using their
expressions in terms of a; and S; and the Poisson brackets of Sz’,, we exactly find the two
W algebras just mentioned, [9].

By far the most important structure is the second Poisson structure. In the case of Ly
we call it W(n,[). We saw some examples above. A very remarkable theorem, [10], asserts
that W(n,!) is isomorphic to the direct sum of the algebra W, the algebra W,4; and a U(1)
factor, i.e. a current J with Poisson bracket: {J(z),J(y)} ~ 0:6(z,y). The isomorphism is
realized via a Miura transformation, i.e. via a non-local transformation which is well-known
in 2D field theories to lead to a vertex operator or free field representation.

It is remarkable that these algebras W (n,!) appear in classical 2D field theories. For
example, the W3 algebra is characteristic of the sl; Toda field theory; the W(1,1) algebra
appears in the conformal affine Liouville theory and in the SL(2,R) WZNW model; the
algebra W(2, 1) can be shown to be isomorphic (via the same kind of non-local transformation
mentioned above) to the so-called Berdshadsky—~Polyakov algebra; and so on. No doubt such
-link between two-matrix models and 2D conformal field theories is one of the most fascinating
and mysterious aspects of two-matrix models.

7 Third method: more unreduced models.

After the previous long introduction, we are ready to calculate correlation functions via the
third method, i.e. by making use of the differential flow equations (plus the W constraints).
Contrary to the previous examples, here we limit ourselves to one sector of the ordinary two-
matrix models, say sector 1. In other words we consider a model defined by an integrable
system S and disregard the dependence on the t;4’s. In practice we set all the couplings to
0 except a few among the %, , which define the model. As for the coupling g, we set it to
zero too, but in some cases this recipe is too simplistic and one must proceed differently. We
will make a comment on this point later on.

It is very convenient to simplify our notations. From now on let us denote ¢, x by t; and
N by to. We recall that we introduced above an operator 70 = @ coupled to to, namely we
attributed the dependence on N to the interaction of 7. Finally we use the symbol M;,
0<I<p—-1,to denote the model based on the the integrable hierarchy corresponding to S;,.
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One should always bear in mind, anyhow, that Mﬁ, is either a particular case or a reduced
subsystem of a suitable M, ,,.

7.1 The NLS hierarchy and the corresponding M3 model.

The first model we want to study is the one based on the NLS hierarchy, which was introduced
in section 4.1.1, and is therefore still an unreduced model. We recall that such model is
characterized not only by the NLS differential hierarchy, but also by the first flow equations,
which are

-éat—lsn = Gp41 — Gn, -ag;an = an(Sn — Sn-1) (7.1)
and that eq.(2.23) takes the form
o* .
P —InZn(t) = (7.2)
Let us set 2¢, = —1, ¢ = 0 for £ > 3. These conditions fix the so—called first critical

point. The meaning of the notion critical point will be explained later on: it is clear from
now however that specifying the critical point is tantamount to specifying the interacting
couplings, i.e. the model.

In this model, therefore, we have an explicif dependence only on N = {5 and on ¢. It
has become customary to call the set of variable left unspecified the small phase space of the
model. We denote by < - > the CF’s in this small phase space.

In order to study the dependence on N, for any function fy on the lattice we define the
derivative Jy by means of

(e - 1) I =y~ fn ‘ (7.3)

One can easily verify that dp can be identified with the derivative with respect to N = £, at
least as long as fi is a polynomial in N.

In particular, using the first flow equations, (7.1), we obtain
(e -1)a=9 (7.4)
(% —1) S =(inay | (7.5)
Next, a is conﬁected to the partition function through eq.(?.Q). Therefore we have
a=<7m > (7.6)
From this and (7.4) we find
S=<(e2=1)m > ' (7.7)
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and (7.5) becomes the compatibility condition
< (GQ — 1)2 >= ln(< 171 >) + f(to) (78)

where f(t) is an integration constant (independent of ¢;). The above equations are obtained
via formal integration. Formal integration is an operation we will often use in the following.
It is the formal inverse of 8 (no integration constant involved) and is a proper operation in
the context of integrable hierarchies whenever the pseudodifferential calculus applies.

The starting point to compute correlation functions is provided by the W-constraints.
Equation (4.5a), at g = 0, gives

<7 >= 1ol : (79)
Therefore
<*T1Q >= t, <7nm >= o, < T1T1Q >=1 (7.10)

while all the other correlation functions containing at least one 7y insertion vanish. Therefore,
in particular, we have

a = to, S=t (7.11)

Therefore a very simple use of the simplest W constraint and the first flow equations has
allowed us to calculate a and S at the first critical point. In the following we will make use
of the NLS integrable hierarchy to calculate the remaining one-point CF’s. For simplicity
here we limit ourselves to genus 0 CF’s. To extract the relevant part of the flows we do
a homogeneity analysis as in section 3. Since we have fixed 2t, = —1, we can preserve
homogeneity only if = 2y, in the assignments (4.1). We make an even simpler choice,
namely we assign the following degrees

[tk] =2 - k') [FO] = 49 [ao] = 21 [SO] =1

where Fy, ap and So. are the genus 0 part of ' =1n Z, a and S, respectively. We then extract
the leading part of the flow equations w.r.t. such degrees. The resulting flows form the
dispersionless hierarchy, i.e.

850 T 2k k or—2k\ o
ot % (Qk) ( k ) (akSs7) (7.12)
0<2k<r
da 2k —1 e '
o= 2 (al0) (0 ) etse™) (7.13)
252/!%3-1 ’
From (7.12) we obtain
: ! .
< 7,Q >o= Z —(T__——WGSSO 2k (714)
OS'ZALST
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while from (7.13) we get

- _ r! r—2k+1
< TpT1 0= Zk: (7‘ okt 1)'(k — 1)']»‘ OS (715)

2<2k<r+1

At the first critical point ag = a and So = S. If we insert (7.11) into (7.14) and (7.15),
integrate over ¢y and ?,, respectively, and compare the results in order to fix the integration
constants, we obtain in the small phase space

— — T! kyr—2k+2
D D DR ey ST/ L1 (7.16)

2<2k<r+2

This result is nothing but a particular case of eq.(4. 16) obtained by setting s; = 0,¢ = 0
and 2t2 = 282 = —1. '

We remark that, in order to obtain this result, we have made use mostly of the flows,
while we have made very little use of the W constraints. As we already pointed out, the
~ solution of our problems (the CF’s) are not only solutions of the Toda hierarchy, but also of
the coupling conditions. The W constraints contain, in general, both the information about
the hierarchy and the information about the coupling conditions. This is the reason why
they are needed to fix some indeterminacy left by the flow equations.

Higher genus contributions and multipoint correlation functions can be calculated along
the same lines, by taking into account non-dispersive terms and by considering higher order
derivatives, respectively. We find a confirmation of the results of section 3. However, in
this way, we cannot compute CF’s containing only @ insertions. Such information is not
contained in the W constraints. In order to compute < Q™ > one must proceed as in the
section 5.5. The results are the same for n > 2, but, for example, we find

< QQ >o=1Inty—1In(g~" — g) (7.17)

By the way, this result fixes the integration constant f(%o) introduced above.

We understood above that we should set ¢ = 0 at the end of our calculations, but of
course the RHS of (7.17) only makes sense if g # 0. It is true that higher genus and higher n
correlation functions of ) depend only on tp and not on g, but it would seem that our recipe
of setting ¢ = 0 may lead to unacceptable results in the case of eq.(7.17). In fact one could
proceed another way, keeping ¢ # 0 but setting s = 0 in the results of section 3. The CF’s
one obtains for 7 are the same as those obtained setting g = 0 modulo some rescalings of
to,t1 and F'. This procedure is certainly more laborious. From these considerations we can
conclude the following: setting ¢ = 0 is an expedient way to arrive at the results, however,
when pure () correlators are involved, this recipe has to be used with some care.
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7.2 The M2 model

The model M2 is specified by the Lax operator (6.27) which arises in the context of the
previous section when we consider a potential V, of highest order 3. We have therefore
altogether four fields a;,as,S1,52. The Poisson brackets, the hamiltonians and some of the
flow equations have been given in [9)].

The calculus of CF’s via the hierarchy is similar to the previous example, but a bit more
complicated. We subdivide it in several steps.

Step 1. Meaning of the fields. We specify the connection of the fields characterizing the
model with the correlation functions. Due to equation (2.23) we have

ay =K 171 > _ (7.18)

The interpretation for a, can be inferred from the second flow equation for a,, [9):

Oa; , '
——atz = (al + 2a9 + 2(1151) (719)
Therefore we have
1 1
g = 2 L ToT > —3 LT > —-<K<nn > 5 (7-20)

via formal integration of eq.(7.19).

Looking at eq.(7.20), we see that the meaning of a; in terms of correlation functions is
clear once the meaning of S; is clear. An interpretation for the latter and for S; can be
derived from the first flows. In M2 the first flows are

ag(N) = a1(N + 1) — a;(N)
a4 (N) = as(N + 1) — a5(N) + a1(N) (ao(N) — ao(N — 1))
a5(N) = az(N) (ao(N) — ao(N — 2))

Let us recall the operator Dy = €% — 1 defined above. Using the definition of the S fields,
the first flows can be rewritten as

Si + DQS{ = Dodl (722&)
a'l = Doaz + a1D0.5'1 ' (722b)
a; = Q3 (DQS] + D()Sz) (722C)

Once again we set N = 1y and recall the operator @ coupled to it. Keeping track of the
operator @ is tantamount to studying the N dependence in the CF’s. Then (7.22a) implies

Si=<(1-e9n>, S=<e?l-e9Yn> (7.23)
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Similarly, egs.(7.22c) and (7.22b) become

a=exp( < (2=1)(1-e) > )f ' (7.24a)

Doa; =< nimmy > — <11y > (2 = 1)1 —e 9 > (7.24b)
where f is an integration constant independent of ¢;. These two are compatibility conditions
which come from the request that d and dy commute.

Eqgs.(7.18, 7.20) and (7.23) provide the connection between fields and CF’s we were looking
for. ' '

Step 2. The genus 0 contribution. Here we are interested in the genus 0 part of the CF'’s,
which corresponds to considering the dispersionless limit of the hierarchy, i.e. the limit in
- which only the first derivative terms (in ¢; and tg) are retained, and keeping the leading order

terms in every equation. In this limit the two fields S; o and S, collapse to a single field So
for

51,0 =L 11Q >= 52,0

The t, dispersionless flow equations are

-aa% = (2(12 -+ 2&15) (725)

2

%‘t‘—% = 24,5 + 4a,S’ (7.26)
2

S ez o i

5 = (5% +2a1) (7.27)

Here and in the forthcoming formulas of this subsection, for simplicity, a;,a, and S denotes
the genus 0 part of the corresponding fields.

The compatibility equations (7.24a) and (7.24b) become

az = <990 £ (1) (7.28a)
K 11T o= Ootoat+ K 11711 oL 1REQ >0 (7.28b)
Moreover, from (7.20),
1 ‘
9 =3 K 7T Do — K 1111 oK Q) >0 (7.29)

Step 8. The first critical point. In the previous examples the first critical point was
characterized by the fact that the correlation functions contain only nonnegative integral
powers of the couplings. In this model this circumstance is implemented if

3ty=—1, =0 k>3 (7.30)
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We want to preserve homogeneity, therefore in the above degree assignment we set z = 3y;.
Here too it is enough to put

[tk] =3-k k Z O, [al] = 2, [(12] = 3, [S] = 1, [Fo] =6 (731)

For a1, az, S these are the genus 0 degrees. The CF’s will therefore be homogeneous functions
of N,t1,ts. These parameters form the small phase space.

This choice of the critical point corresponds, in the path integral language, to considering
the potential

1
‘/i = t1T1 + tzTg — '§T3 (732)

as the interacting potential, while the other 7; are regarded as external couplings.

Step 4. Integrating the flow equations. Now, instead of proceeding as in the NLS case, we
make a small detour just to show how tiny is the role of the W constraints in this method.
We make an ansatz for the fields a;,a; and S, based on homogeneity

S = at,, a; = bty + ct3, ay = dto + etqty + fto

where a, b, ¢, d, e, f are numerical constants to be determined. If we plug these expressions in
the t5 flow above, we find

a=2b, c=28, e=0, f=0

Then we can write

1
< T1T1 >o= §(at1 + a?t2)

< ToT1 >o= 2dt0 -+ a2t1t2 + astg
< 'T]Q >o= atg

where, as above, the symbol < - > denotes the correlation function evaluated in the small
phase space and < - >g its genus 0 part. The second equation is obtained from (7.25) via
formal integration. Integrating these equations with respect to ¢;,%, and tg respectively, and
comparing the results we find 2d = a and

1

1 2 1 2 2
< T >0= Zatl + atoly + -a t1t2 -+ 1

5 a’t; - (7.33)

After this example it should be clear how to proceed in order to calculate < 7 >,.

We need to know < 7271 >o, < 7o) >0 and < 7372 >¢. The first two are obtained by

formally integrating the ¢, flows of a; and S. The third is obtained in the following way. We

differentiate eq.(7.29) with respect to ¢, and get
8a2

L 05 _0a
ot 2

dty atzs

L ToToT1 o — a3
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Then we plug eqgs.(7.25) and (7.27) into this equation and obtain

1 | s v
5 < Tamam o= (4025 + 20, 5% + o) , (7.34)

This can be formally integrated. So altogether we get

& 7o o= 8a2S + 44, 5% + 26!%
<K ToT1 >>0= 2(12 + 20.15
< TgQ o= 52 + 2a1

Evaluating the RHS’s at the first critical point, integrating and comparing as before, we find

Lo (7.35)

1
< Ty >o= atoty + 2a’tot: + a®tits + -Q—aztft'? +5

We can continue in this way and calculate the other one-point CF’s, the pattern for the
derivation does not change. They all depend on the constant a. This constant cannot be
determined on the basis of the flow equations alone. Before we pass to the determination
of a, let us remark that while the RHS of eq.(7.26) is not a derivative w.r.t. t;, the RHS
of (7.34) is. This circumstance, crucial for us to be able to calculate the CF (otherwise we
would be left with an undetermined integration constant), is typical of all the flows and is
rooted in the integrability of the hierarchy.

Step 5. The W —constraints. The undetermined constant a is what is left for us to compute
‘and it is the only thing the flow equations cannot tell us. In order to compute its value we
have to use the W constraints. Precisely, we only need the wll 1Zn = 0 constraint at g = 0.
It takes the simple form :

— < T > 42 <11 > +iot; =0

Inserting the above expressions for < 7, > and < 7; > we find that the constant a must
be equal to 1. This is a general fact: provided a = 1, the correlation functions calculated by
integrating the flow equations satisfy all the W—constraints if g = 0.

In conclusion we find

* 1
S = tz, (tl +t ), Qo = §t0 (736)
Replacing these values into the flow equations and integrating we find all the one-point
correlators. Examples:

1 2 1 2 1 4
<71 >o= _tl + tota + —t1t2 + =15,

4 2 4
' 1 1
< T3 >o= toty + 2tot3 + t1t3 + §t§tg + 5tg,

3 9 3.
S + Tty + Tt + dtot] + 13,

< T3 >p= }'ts + 3ttt +
4 2 4
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and so on. One can in fact show that the expressions for aq, as, S and 71, 75 are valid to every
genus.

A remark is in order concerning the constant a determined in this section. The value
of this constant @ = 1 is directly connected with the chosen fixed point 33 = —1. The

correlation function with generic a are appropriate to the choice 3t3 = -1

We stop here with the analysis of the model M2. We could of course compute more
complicated correlators, but our purpose here was simply to show the third method at work
and to collect an important piece of information: the differential flow equations are almost
entirely what we need in order to calculate CF’s.

8 Correlators in reduced models

In this section we concentrate on reduced models of the type M3 which are based on the
p—KdV hierarchy. The calculation of CF’s is based on the flow equations, which in general we
know in the form of recursive relations. These allow us to calculate all the genus 0 correlators
up to a normalization constant. The examples of the previous section are clear enough from
this point of view. The point is that in any genus we have new indeterminate constants. The
W-constraints play the only role of determining such constants. However, in the case of the
reduced models, a new problem arises: the W—-constraints stem from the coupling conditions,
but we do not completely know the latter. Most of the information concerning the coupling
conditions is in fact stored in the differential system of the model: the Lax operator inherits
such information via the number of non-vanishing diagonal lines of the original Q(1) matrix.
Therefore it is not surprising that the flow equations are almost enough to determine the
CF’s. However not all the information concerning the coupling conditions is contained in the
differential hierarchy characterizing the model.

In order to retrieve all the information we have to use the W algebra structure. Let us
proceed heuristically. In the reduced models we are interested in the solutions that do not
depend on the second sector (i.e. on t5). If we look at eq.(3.34a), we see that such solutions
should therefore satisfy to W-constraints of the form

L) zy =0, r>1; n>-r (8.37)

However the form of the generators might change, since the generators LIl are appropriate
for the original Toda hierarchy, not necessarily for the reduced hierarchy. This is actually
what happens: we have to change the form of the generators in such a way that they be
compatible with the reduced flows. This will be done case by case below.

8.1 The KdV hierarchy and the associated Mg model

We showed that we are allowed to impose the constraint S = 0 on the NLS system while
preserving integrability. In other words there is a consistent subsystem of the NLS system, of
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which we can easily compute the flows. These are the KdV flows. We just explained that, in
addition, we have to determine W constraints that match the KdV flows. In the present case
we recall that only the odd flows survive the reduction. Therefore the ¢5, are disregarded. It
is therefore natural to forget ¢ as well.

The appropriate W constraints take the form

L.VZ =0, n> -1 (8.38)
where | |
L= g(k + %‘)tZk-i—l‘é%: + -;%
Lo= é(k + -flz-)tmm%I + _16 (8.39)
o 8 n—-1 82
Ln = kzg(k + )t2k+16t2k+2n+1 i Otors10ton okt "o

These generators satisfy the commutation relations of the Virasoro algebra.

Here we limit ourselves to proving that (8.38) are in agreement with the KdV flows. Let
us differentiate (8.38) with n > 0 with respect to ¢; = z. Using Fy; defined in subsection
6.1.1, we can write :

Z(Qk + Dtors1 Forsonsz + 07 Fango
k=0

+ Z (2 Fon-ak + Far420™ Fop_ak + 8—1F2k‘+2F2n—2k) =0
2k+1

Now we apply to it the recursion operator 8°+4ad-+2a’. What we obtain, by using eq.(6.26),
is nothing but the constraint L,4;v/Z = 0 differentiated twice with respect to z. To see this
we have to apply the remarkable formula

' - n—1
I 1 ? !
F‘2n+4 = F2n+2 + 3F2F2n+2 + 2 : (2F2k+2F2n—2k = L 2k424 2n-2k
: k=0

+4F5 FogyoFon_ok — F2k+2F2n~2k+2)

which can be obtained once again from the recursion relation (6.26). As for the cases n =0
and n = —1, which are excluded by the above argument, they can be verified straightfor-
wardly.

Let us come now to the correlators. We proceed as in the NLS case. The first critical
point is defined by 6¢3 = —1 and t2141 = 0 for £ > 1. From the n = —1 Virasoro constraint
we get immediately : '

V 2
<7 >= 'él—, a =< TT >= tl, < TITT >= 1

50


http:eq.(6.26

Knowing a we can now proceed as above using the KdV flows. In particular in genus 0 we
have the dispersionless flows (we do not have to use the symbol a¢ for the genus 0 part of a
since a = t; is the exact all genus expression)

) (2k + 1)t
7 .= Qk— k 1 4
‘at%“a i a"a (8.40)

We easily find

%2k + D) 4y,
k+2)0

In these formulae (2k + 1)1 = (2k + 1)(2k —1)...1.

< T2k41 >0= (8.41)

If we use, instead, the complete hierarchy, it is not very difficult to find the all genus
expression for the one-point function, see [12]. At genus h we find

28 (24! k=3h+2

12RA1 (k — 3k + 2)! 1 (8.42)

< Togk41 Ph=

8.2 The Boussinesq hierarchy and the associated M} model

The 3-KdV or Boussinesq hierarchy was obtained in 6.1.2 as a reduction of the M2 model.
It is described by two fields a; and a; and is specified by the Lax operator

L= 83 + ala + ag . (843)

In the Boussinesq hierarchy the t3; flows with £ = 1,2,3... do not appear. It is therefore
natural to ignore {o = N as well.

The first few flows of the Boussinesq hierarchy are

da Oa 2 2 |
at: = 2a; —aj, _ atj =d 3 —3uq (8.44)
aal 1 " 2 " 2 ’ 4 !
F (—ga+ g2~ gzuat §“1“2) (8.45)
da. 1 2 9 2 2 1 4
ajj = (3o — Zal"+ Zaay+ 203 - gma} — 5010 ~ =ad)’ (8.46)

The correlation function interpretation of the fields a; and a; is given by eq.(2.23) and
the first of (8.44):

a; =< 11131 >, 200 =< 7Ty > + < TITITy >, (8.47)
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As in the KdV case the difficulty with this model is the coupling conditions. In this case
too we get around it by finding effective W constraints, which are determined by imposing
consistency with the flow equations. One can prove that the effective W constraints are

Lt Zv/3 = g, r=1,2 n>-r | (8.48)

where

T AN VAP B
6 o 6 A TR gt

kpl=3n k4i=—3n

t 4 > >

I ~ i

2 6t11+12+3n 9 : Lk,j atkatj
—k—j=-3n

1 & 1 o
tor ,; Granan T A Rt Vn

k, Lk,
I4+k+3=3n I+k+j=-3n

In these expressions summations are limited to the terms such that no index involved is either
negative or multiple of 3. The above two sets of generators form a closed algebra, the W3
algebra, -

1
[LELLE) = (n—m)Liim + 5(n° = 1)uim o
LW LB = (2n—m)LB |
@ rey - 3 2, 2. [1)
(LB, L8] = —g1(n—m)((n® + m® + dnm) + 3(n + m) +2) Lo}m
1 1
+§(n - m)A,H_m + 8—1672(712 - 1)(7’&2 - 4)6n+m,0

where

An= Y LPL0 4+ 3 L8, o
k<—1

k>0
This corresponds to the quantum W3 algebra with central charge 2.

From now on it is very easy to proceed. First we define the first critical point by
4ty = —1, te=0 k>4

so that the small phase space is formed by t;,f;. From the L[_I]1 ZY3 = 0 constraint we find
immediately < 73 >= 6¢,¢,. This is an exact result, valid for all genera. It follows that

' ay = 6t2, A ag = 3t1 ’ » (84—9)

is also an exact result.
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In the following we limit ourselves to genus 0 results. We extract the genus 0 part of the
constraints by assigning the degree '

where Fy is the genus 0 part of F', and keep the leading order terms in the W constraints.
Similarly we can extract the genus 0 or dispersionless flow equations by simply dropping in
the RHS’s the terms containing more than one first order ¢; derivative.

Inserting these expressions into the dispersionless flows and integrating, we find immedi-
ately the results

<7 > = 6ty <Tg>= 32— 8t
<74>0 = 12t%, — 16t5, < Ts >0 = 5t5 — 40t,t3 (8.50)

These are actually particular cases of a compact formula which one can derive from the
recursion relations (6.41) and (6.42), [12]:

I-1—¢

2/(=1)75 (3n — 3+ 2e)!!! (3n — 2 + 2¢)!!!
< T3n—2+¢ 0= - .
Sndte 70 2,+3J.=23n+2+5 3n=i=2+¢  (3HNTIMN (1= DI (n — 1 + €)!!!

where ¢ = 0,1. n!!l is the 3 by 3 factorial, i.e.n!!! =n(n—-3)(n—6)...,and 0!l = (—1)!!! =1
by convention.

t]t,  (8.51)

For more results on this model, see [12].

8.3 Other models

Let us generalize what we have just done for the Boussinesq hierarchy to the Mg (or p-th
- KdV) models (see the W generators in Appendix). The general recipe is as follows. One
must first of all disregard all the ¢t; with & a multiple of p; the first critical point is

P+ Dtpn=-1, =0 k>p+1 (8.52)

and the degree assignment is
tl=p+1-k,  [Fo]=2p+2, l[ar0] = 2,...,[ap-1,0] = P (8.53)
where a;g is the genus 0 part of a;. The CF’s will be homogeneous functions of #y,...,%,_;.

In all the cases the method consists of fixing the form of the fields by means of effective
W—constraints, which in turn are determined imposing compatibility with the relevant flow
equations. Once this is done the CF’s are directly obtained from the flow equations.

To give one more example, in the model M$ we have

a; = 12t3, ag = 8t2, az = 4t1 + 18t§ (854)
and .

<7 >= 82 4 12t4t3, < T > = 16t1ty — T2t,t2 ,.

< 13 >= 6t — T2t3t; + 81t4 ‘ (8.55)
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8.4 Higher critical points

The origin of the term critical point will be discussed in the next subsection. In all the
previous examples the first critical point has been characterized by a dependence of the
basic fields on the couplings specified by homogeneous polynomials with non-negative integer
powers. Higher critical points are characterized still by a homogeneous dependence, but with
rational and/or negative powers of the couplings.

For the models of type M7 (p-th KdV hierarchy) characterized by a small phase space
with parameters ¢y, ...;t,;, higher critical points are specified by )

ktr = b, t#0  for I#1,...,p—1, k#np (8.56)
while all the other couplings vanish. Here b is a pure number whose actual value is a matter
of convention. For example, the choice b = 1 or b = —1 is made in such a way as to avoid

complex coefficients in the small phase space expressions of the CF’s of the basic fields. The
tx’s # 0 are the true self-interacting couplings of the model.

The degree assignment is
[t =k—1, [Fo] = 2k, [@a10] =2,...,[ap-10] =P (8.57)
Here are a few examples. For the model M3 the second critical point is fixed by
5t =1, t4=0, =0 [>5

As usual let us impose the constraint L{_l]1 ZY3 = 0. It implies

< T >= —6i1, . ‘ (8‘58)
This is an exact result and gives a; = —3t2. Using again the second flow equations we also
find (in genus 0) ' '
1
ai10= 3t12 (859)

Now it is easy to extract the CF’s from the flow equations. Here are the simplest ones which
we will need in a subsequent discussion.

< T >o= 2t§' — 3t2, < T > = —6tt,
<1y So= —8tity + 483, <75 >0 = —2tF + 154,82 (8.60)
Another example is the second critical point of the model M$:
bte = —1, ts=0, £ =0 [>6
The constraint LM 71/4 = 0 tells us that .
' <7y >= 82 + 1241, ~ (8.61)

From this and the second flow equations we can derive

4 4
aio = -—é‘tltgl, ag = 6t3, azop = §t¥tg2 + 4.t2 (862)

from which we can easily derive the CF’s.
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9 Critical points and topological field theories

In the last section we discuss the connection of the M9 models with 2D gravity and
topological field theories.

On the basis of the continuum approach of 2D gravity coupled to conformal matter we
would expect a series of critical points near which the ‘chemical potential’ behaves like

t7TaT | (9.63)

where t is the renormalized cosmological constant and p and ¢ are relatively prime positive
integers. Different values of the latter correspond to different models. For example, the case
p = 2 and g = 3 corresponds to pure gravity. The question is whether our models can account
for such behaviour. In our models the chemical potential is a;, and it is natural to identify ¢,
with t. The answer to the above question is completely clear in the case M3. At the critical

point defined by kty = b, we have a; = a ~ tl" therefore we have simply to put p = 2 and
g =k — 2 to reproduce (9.63).

An obvious generalization for p = 3 would be to consider M3, and set ¢ = k — 3 at the
critical point determined by kt; = b. However, out of the examples of the previous section,
there is a perfect matching only at the second critical point (k = 5), not at the first (k = 4).
In the latter case, nevertheless, the degrees match exactly: [a1] = 2, [t1] = 3. This means
that we can reproduce the desired critical behaviour (9.63) in a definite scaling region

C o2
t2 ~ tf
which is allowed by the degree analysis.

This is general. For generic p in (9.63), select the model Mg, and set ¢ = k — p at the
critical point defined by ktx = b. Then choose a suitable scaling region in the coupling space
— which always exists without violating homogeneity — and the behaviour (9. 63) of a; will
always be reproduced.

Let us come now to the topological field theory properties of the models Mg. The
topological field theory (TFT) properties of such models is well-known, [19], [20]. They are
the models corresponding to the A series, in the ADE classification, coupled to topological
gravity. What we want to discuss here is how this TFT properties reproduce themselves at
higher genus and at higher critical points.

We recall that a 'TFT is defined by the set of primary fields ¢;,7 = 1,...,n. Among them
one, say ¢, plays a special role. The n-th point CF’s are pure numbers and, in particular,
the 3—point CF’s (in genus 0) Cijx =< ¢i¢;jdx >0 are crucial in the definition of TFT. The
metric 7;; coincides by definition with Cy;; and is required to be invertible. The inverse

metric is denoted ¥, A deﬁmng property of the topological field theory is the assoc1a.t1v1ty
condition

Cijpn**Cott = Cap™ Coj (9.64)
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Here and in the following repeated upper and lower indices are understood to be summed
over. '

When we couple such models to topological gravity, primaries gets dressed by gravity and
give rise to a series of descendants ox(@), where k = 0,1,2,... and oo(¢) = ¢. Moreover ¢,
plays the role of the puncture operator P. The structure of the resulting theory is governed
by two sets of equations, the puncture equations

< Poy,(91) - -0k ($n) >0= iak",i < Ok (#1) -+ Ok1(9i) . . Ok, (D) >0 (9.65)

=1

and th‘e recursion relations
< 0k (6)XY >o= ar,i < ki-1($:)dp > 777 < XY > (9.66)

where ay, ; are numbers depending on k; and 7 (as well as on the normalizations we choose),
and X,Y are any two primaries or descendants. Notice that eq.(9.64) easily follows from
(9.66) as a particular case. For take k; = 1, X = ¢, and Y = ¢, then differentiate both sides
w.r.t. the coupling of ¢;. If the metric is constant, eq.(9.64) follows from symmetry under
the exchange ¢ « ¢;. '

Let us see this formalism at work in a simple but significant case, M3 (the case M9 is
too simple and many interesting aspects are obscured). In this case the primary fields are
71 and T2; moreover P has to be identified with ;. The metric 9;; , 4,7 = 1,2, is given
by m11 = 722 = 0 and m2 = 521 = 6. It is easy to verify many cases of egs.(9.65) and
(9.66) directly from the explicit formulas of the previous section. Our normalization requires
Ay, i = 3k; +1. ’

It is however important to realize that eqs.(9.65) and (9.66) are nothing but particular
cases of equations we know very well. For let us take the first Virasoro constraint for M3,
L[_lll Z3 = 0, differentiate it w.r.t. ty,,...tx,, with ky,...k, # 1,2,3l, and evaluate it at the
first critical point. We obtain ,

! n
< Pty ... .7k, >=Zki<"'k1-~-7k.-—3---7kn > (9.67)

i=1
This is exactly eq.(9.65). Similarly the recursion relations are nothing but the dispersionless
flow equations evaluated at the critical point. For example, the recursion relation

1
< 174PP >y=4 < PP >, 5 < 7 PP >

is nothing but the flow g—‘t‘f = %(alag)', and so on.

Therefore eqs.(9.65) and (9.66), which were tailored [19],[20] to couple a TFT model to
topological gravity, are nothing but particular cases of very general equations in two-matrix
models. Looking at eqs.(9.65) and (9.66) as they are, it is far from clear how to generalize
them to higher genus and higher critical points, while in the context of matrix models this
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generalization is given for free. In higher genus (9.65) is derived from the first Virasoro
constraint (which is valid at every genus), (9.66) are replaced by the full flows.

Let us see now what happens at the second critical point of M3. A simple repetition of
what we have just done for the first critical point, leads to disappointing results. The reason
is that, at the second critical point, the role of the puncture operator is not played by 7
anymore, but by the operator 7, i.e. P = 7,. Once we realize this, everything works. The
metric is the same as at the first critical point (up to a sign, this depends on our having
chosen b=+1) and the associative condition is satisfied. The puncture equation has the form
(9.67), which is derived from the first Virasoro constraint, provided of course P = 7,. The
recursion relation (9.66) holds too and, once again, can be replaced by the dispersionless
flows evaluated at the critical point.

The same can be said about the second critical point of MJ. In fact the above can be
generalized not only to the higher critical points of M3 and M$, but to all the critical points
of MJ. In general, if the critical point is determined by the condltlon (8.56), the puncture
operator P has to be identified with 74_,. The metric is constant and (up to normalization)
the same as at the first critical point. The entire theory is regulated by equations which can
be given the form of the W—constraints and the flow equations. This conclusion sounds like
a triviality in our two—matrix model framework, but it is not so if we start from a TFT and
couple it to topological gravity.’

Appendix
The W generators appropriate to the Mg model are given in terms of »»

= Z kty

1 Z 0? 1
8tk+zzm 2p k+l=p 6tk6tl 2 k+

> kit + 2 15,,,0
24p

l=—np

0 1 0? 1
VALY = };kltt += S et Y kjlttjt
= M Othrizp tevi-2p PP G Iatkati 3 T
I=j+k+2p ktiti=2p

From these we can 'generate all the W, algebra. In the above formulas » is any integer and
multiples of p are excluded among the summation indices.
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