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Abstract. We study the global analytic properties of the solutions of a particular family
of Painlevé VI equations with the parameters 8 = v =0, § = % and ¢ arbitrary. We
introduce a class of solutions having critical behaviour of algebraic type and completely
compute the structure of analytic continuation of these solutions in terms of an auxiliary
reflection group in the three dimensional space. The analytic continuation is given in terms
of an action of the braid group on the triples of generators of the reflection group. This

result is used to classify all the algebraic solutions of the Painlevé VI equation.
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INTRODUCTION

In this paper we will study the structure of analytic continuation of the solutions of the following

differential equation
_1/1 + 1 + 1 2 1 + 1 + 1
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1y(y—1)(y — =) z(z —1)
3 -1 [(2’“ D+ (y—x)Z] !

in the complex plane, u is an arbitrary compléx parameter satisfying the condition 2u ¢ Z.
This is a particular case of the general Painlevé VI equation (see [Ince]) PVI{a, 3,~,d), depending on
four parameters a, 8,v,4d. The equation PVIu is specified by the following choice of the parameters

PVIp
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The general solution y(z; ¢, c2) of PVI(e, 3,7, §) satisfies the following two important properties (see [Pain]):
1) The solution y(z;c1,c2) can be analytically continued to a meromorphic function on the universal
covering of €T\{0, 1, c0}.
2) For generic values of the integration constants cj,c, and of the parameters o, f,v,d, the solution
y(z;e1,¢2) can not be expressed via elementary or classical transcendental functions.

The first claim is the so-called Painlevé property (see below) of the equation PVI(«, 2,4, 8). The points
0,1,00 are called critical points of the equation. The solutions y(z; ¢y, c2) have complicated singularities
at the critical points. The position of these complicated singularities does not depend on the choice of the
particular solution (the so-called fized singularities). All the other singularities are poles, whose position
depends on the integration constants (the so-called movable singularities).

All the second order ordinary differential equations of the type:

Yoz = R(.’L’, Y, yx)y

where R is rational in y, and meromorphic in z and y and satisfies the Painlevé property of absence of
movable critical singularities, were classified by Painlevé and Gambier (see [Pain], and [Gamb]). Only six of
these equations, which are given in the Painlevé-Gambier list, satisfy the property 2), i.e. they can not be
reduced to known differential equations for elementary and classical special functions. The PVI(e, 8,7,4) is
the most general equation of these six: all the others can be obtained from PVI(a, 8,v,48) by a confluence
procedure (see [Ince] §14.4).

We do not discuss here the various physical applications of particular solutions of the Painlevé equations.
We mention only the paper [Tod] where our PVIu appears in the problem of the construction of self-dual
Bianchi-type IX Einstein metrics, and the paper [Dub] where the same equation was used to classify the
solutions of WDVV equation in 2D-topological field theories.

The solutions of the six Painlevé equations are called Painlevé transcendents. This name could be
misleading; indeed, for some particular values of (c1, ¢z, &, 3,7, §), the solution y(z;c1, c2) can be expressed
via classical functions. For example Picard (see in [Ok]) showed that the general solution of PVI(0,0,0,3)
can be expressed via elliptic functions, and, more recently, Hitchin [Hit] obtained the general solution of
PVI(%,%,%,%) in terms of the Jacobi theta-functions (see also [Man]). Particular examples of classical
solutions, that can be expressed via hypergeometric functions, of PVI were first constructed by Lukashevich
[Luka]. A general approach to study the classical solutions of PVI was proposed by Okamoto (see [Ok1][Ok2]).
One of the main tools of this approach is the symmetry group of PVI: the particular solutions are those being
invariant with respect to some symmetry of PVI. The symmetries act in a non trivial way on the space of
the parameters (a, 3,7, d). Okamoto described the fundamental region of the action of this symmetry group
and showed that all the classical solutions known at that moment, fit into the boundary of this fundamental
region.



The theory of the classical solutions of the Painlevé equations was developed by Umemura and Watanabe
([Um], [Um1], [Um2], [Um3], [Wat]); in particular, all the one-parameter families of classical solutions of
PVI were classified. Watanabe also proved that, loosely speaking, all the other classical solutions of PVI
(i.e. not belonging to the one-parameter families) could only be given by algebraic functions.

Examples of algebraic solutions were found in [Hitl], for PVI(},—3%, 55z, 3 — 55=), for an arbitrary
integer k. Other examples for PVIy were constructed in [Dub]. They turn out to be related to the group of
symmetries of the regular polyhedra in the three dimensional space.

The main aim of our work is to elaborate a tool to classify all the algebraic solutions of the Painlevé
VI equation (for the other five Painlevé equations, all algebraic solutions have already been classified (see
[Kit], [Wat1], [Mur] and [Murl]). Our idea is very close to the main idea of the classical paper of Schwartz
(see [Schw]) devoted to the classification of the algebraic solutions of the Gauss hypergeometric equation.
Let y(z; ¢1,c2) be a branch of a solution of PVI. The analytic continuation of this branch along any closed
path v avoiding the singularities, is a new branch y(z;¢],¢), with new integration constants ¢],cj. Since
all the singularities of the solution on €\{0, 1,00} are poles, the result of the analytic continuation depends
only on the homotopy class of the loop 4 on the Riemann sphere with three punctures. As a consequence
the structure of the analytic continuation is described by an action of the fundamental group:

~ € €\{0,1,00}, 7:(c1,ca) = (c],¢e}). (0.1)

To classify all the algebraic solutions of Painlevé VI, all the finite orbits of this action must be classified.

QOur problem is more involved than the Schwartz’s linear analogue of it, because (0.1) is not a linear
representation, but a non-linear action of the fundamental group. Moreover our problem is also more involved
than the problem of the classification of the algebraic solutions of the other five Painlevé equations; in fact,
the PVI is the only equation on the list having non-abelian fundamental group of complement of the critical
locus.

Although the main idea seems to work for the general PVI(«, 3, %, §), we managed to completely describe
the action (0.1), and to solve the problem of the classification of the algebraic solutions, only for the particular
one-parameter family PVIu. Nevertheless, we have decided to publish these results separately, postponing
the investigation of the general case to another paper (in an effort to keep the paper within a reasonable
size, we also postpone the study of the resonant case 2u € Z). One of the motivations for the present
publication is a nice geometrical interpretation of the structure of the analytic continuation (0.1), that seems
to disappear in the general PVI equation.

We now outline the main results and describe the structure of the paper. Let us introduce a class of
solutions of PVIy a-priori containing all the algebraic solutions. We say that a branch of a solution y(z;¢1, ¢2)
has critical behaviour of algebraic type, if there exist three real numbers lg, 1, and three non-zero complex
numbers ag, @1, Goo, Such that

agz' (14 O(z%)), as z—0,
y(z) = ¢ 1—a(t —2)" 1+0((1—2)%)), as z—1, (0.2)
aooxt Tl (1+ 0(3:“)) , as z — 00,

where ¢ > 0 is small enough. We show that there exists a three-parameter family of solutions of PVIy
with critical behaviour of algebraic type, where u itself is a function of ly,!1,ls. Of course, for an algebraic
solution, the indices lg, {1, e must be rational.

It turns out that the three-parameter family of solutions (0.2) is closed under the analytic continuation
(0.1), if and only if u is real. One of our main results is the parameterisation of the solutions (0.2) by ordered
triples of planes in the three dimensional Fuclidean space(see section 1.4). In particular, the indices {p, 1, leo
are related to the angles mrg, mry, mro between the planes:

2r; if 0<T‘,‘S}-
I = , 1=0,1,00

oo



The parameter p is determined within the ambiguity p— *p +n, n € Z, by the equation:
sin2 T = cos® 7rg + cos? mry + cos? oo + 2 COS TPg COS 7Py COS TPy .

This ambiguity and the one due to the reordering of the planes can be absorbed by the symmetries of PVIu
described in section 1.2.

We compute the analytic continuation (0.1) in terms of some elementary operations on the planes. This
computation leads to prove that, for an algebraic solution of PVIyu, the reflections in the planes must generate
the symmetry group of a regular polyhedron in R3. A main result of this paper in the classification theorem
of all algebraic solutions of PVIu. They are in one-to-one correspondence, modulo the symmetries of the
equations described in section 1.2, with the reciprocal pairs of the three-dimensional regular polyhedra and
star-polyhedra (the description of the star-polyhedra can be found in [Cox]). The solutions corresponding to
the regular tetrahedron, cube and icosahedron are the ones obtained in [Dub]. The solutions corresponding
to the regular great icosahedron, and regular great dodecahedron are new. Our method allows not ounly to
classify the solutions, but also to obtain the explicit formulae, as we have done in section 2.4.

The main tool to obtain these results is the isomonodromy deformation method (see [Fuchs], [Sch] and
[JMU], [ItN], [FIN]). The Painlevé VI is represented as the equation of isomonodromy deformation of the

auxiliary Fuchsian system
dY .AQ Al Az‘
— = — Y. .

dz <z+z—l+z—x) (03)

For PVIu the 2 x 2 matrices Ag, A1, Az are nilpotent and

—u 0
Ao+ A1+ Ay = ( ) #)‘

The entries of the matrices A; are complicated expressions of z,y, y and of some quadrature [ R(z,y)dz.
The monodromy of (0.3) remains constant if and only if y = y(z) satisfies PVI. Thus the solutions of PVIu
are parameterised by the monodromy data of the Fuchsian system (0.3) (see section 1.1). In section 1.2,
we compute the structure of the analytic continuation in terms of the monodromy data. On this basis, in
section 1.3, we classify all the monodromy data of the algebraic solutions of PVIu. To this end we classify
all the rational solutions of certain trigonometric equations using the method of an old paper by Gordan
(see [Gor]). In section 1.4, we parameterise the monodromy data of PVIy, by ordered triples of planes in the
three-dimensional space. The structure of the analytic continuation of the solutions of PVIy is reformulated
in terms of a certain action of the brald group Bj on the triples of planes. The group G generated by the
reflections with respect to the planes remains unchanged. For the algebraic solutions, the group G turns
out to coincide with the symmetry group of one of the regular polyhedra in the three-dimensional Euclidean
space. We give also another proof, suggested by E. Vinberg, of this result. Here, we also establish that the
class of solutions of PVIu parameterised by triples of planes in the three dimensional Euclidean space is
invariant with respect to the analytic continuation.

In the second part of the paper, we identify this class of solutions of PVIy with the class of solutions
having critical behaviour of algebraic type (0.2). In section 2.1, we prove that the solution y(z) of the form
(0.2), is uniquely determined by its asymptotic behaviour near one of the critical points, i.e. by any of the
pairs (ao, o), (a1,11),(@0,le) defining the critical behaviour. In particular, we prove that, for an algebraic
solution of PVIy, the indices lg,l;,loc must satisfy:

0<l; <1, i=0,1,c0.

To derive the connection formulae establishing the relations between these pairs, we use (see section 2.3) the
properly adapted method of Jimbo (see [Jim]). This method allows to express the monodromy data of the
auxiliary Fuchsian system (0.3), in terms of the parameters (ao,lg), (a1,l1) or (@, ). For convenience of
the reader, and also due to some differences between the assumptions of Jimbo’s work and ours, we give a
complete derivation of the connection formulae in section 2.2. Using the results of the sections 1.3 and 1.4,
we complete the computation of the critical behaviour (0.2) for all the branches of the analytic continuation
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of the solution. The result of this computation is used in section 2.4 to obtain the explicit formulae for the
algebraic solutions of PVIu.

Remark. The resulting classification of the algebraic solutions of PVIy is in striking similarity to the
Schwartz’s classification (see [Schw]) of the algebraic solutions of the hypergeometric equation. According to
Schwartz, the algebraic solutions of the hypergeometric equation, considered modulo contiguity transforma-
tions, are of fifteen types (the first type consists of an infinite sequence of solutions). The rows (2—15) of the
Schwartz’s list (see, for example, the table in section 2.7.2 of [Schw]) correspond to the triples of generating
reflections of the symmetry groups of regular polyhedra in the three-dimensional Euclidean space (we are
grateful to E. Vinberg for bringing our attention to this point). The parameter A, 4, v of the hypergeometric
equation shown in the table are just the angles between the mirrors of the reflections, divided by =.

According to our classification, the algebraic solutions of PVIyu, considered modulo symmetries, are in
one-to-one correspondence to the classes of equivalence of the triples of generating reflections in the symmetry
groups of regular polyhedra. the equivalence being defined by an action of the braid group Bj; on the triples.
We find that in the groups G = W{As) and G = W(Bs), respectively the symmetry groups of the regular
tetrahedron and of the cube or regular octahedron, there is only one equivalence class of triples of generating
reflections; these are given respectively by the rows (2, 3) and by (4, 5) of the Schwartz’s table. In the group
W (H3) of symmetries of regular icosahedron or regular dodecahedron, there are three equivalence classes
of triples of reflections which are given respectively by the rows (6,8,13), (11,14,15) and (7,9, 10,12) of
the Schwartz’s table and correspond to icosahedron, great icosahedron and great dodecahedron {or to their
reciprocal pairs, see [Cox]). To establish the correspondence, we associate to aregular polyhedron a standard
system of generating reflections in the following way: let H be the center of the polyhedron, O the center
of a face, P a vertex of this face and @ the center of an edge of the same face through the vertex P. Then
the reflections with respect to the planes HOP, HOQ and H PQ are the standard system of generators (see
figure 7).

Summarizing, we see that the list of all the algebraic solutions of PVIy is obtained by folding of the
list of Schwartz modulo the action of the braid group. This relation between the algebraic solutions of
PVIu and the algebraic hypergeometric functions looks to be surprising also from the point of view of the
results of Watanabe (see [Wat]) who classified all the one-parameter families of classical solutions of PVIu
(essentially, all of them are given by hypergeometric functions). Using these results, one can easily check
that our algebraic solutions do not belong to any of the one-parameter families of classical solutions of PVIpu.
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1. STRUCTURE OF ANALYTIC CONTINUATION AND ALGEBRAIC SOLUTIONS OF
PViy

1.1. Painlevé VI equation as iscmonodromy deformation equation.

In this section we show how the PVIu equation can be reduced to the isomonodromy deformation
equation of an auxiliary Fuchsian system (see [Sch], [JMU]); moreover we describe the parameterisation,
essentially due to Schlesinger, of the solutions of the PVIu equation by the monodromy data of such Fuchsian
system.

An auxiliary Fuchsian system and its monodromy data. Let us consider the following Fuchsian
system with four regular singularities at z = u;, uy, uz, co:

-(;j—z-Y = A(2)Y, z € Q\{u1,u2, us, o0} (1.1)
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where

.Al .Az .AS

+ )
z—U] z—Us Z-—U3

A; being 2 x 2 matrices, and uj, us, u3 being pairwise distinct complex numbers. We will see in the latter
part of this section that for the particular case PVIu of the Painlevé VI equation, the matrices A; must
satisfy the following conditions:

A7 =0 and Ay, i=-A;—A—Az= (‘g —0#) (1.2)
In this paper we consider the non-resonant case 2u ¢ Z.
The solution Y(z) of the system (1.1) is a multi-valued analytic function in €\{u;, us, us}, and its
multivaluedness is described by the so-called monodromy matrices.
Let us briefly recall the definition of the monodromy matrices of the Fuchsian system (1.1). We have to
fix a basis 1, ¥2, ¥3 of loops in the fundamental group, with base point at # — oo, of the punctured Riemann
sphere

71 (C\{u1, u2, u3, 0}, Z),

and to fix a fundamental matrix for the system (1.1). To fix the basis of the loops, we first perform some
cuts between the singularities, namely we cut three paralle]l segments #; between the point at infinity and
each u;; the segments 7; are ordered according to the order of the points ui, us, us, as in the figure 1. Take
¥ to be a simple closed curve starting and finishing at infinity, going around u; in positive direction (v; is
oriented counter-clockwise, u; lies inside, while the other singular points lie outside) and not crossing the
cuts m;. Near oo we take every loop ~; close to the cut m; as in the figure 1.

L8 Y, Y;

Fig.1. The cuts x; between the singularities u; and the oriented loops =;.

Now, we fix the fundamental matrix Yo, (z) of the system (1.1) in such a way that

Ym:(1+0(§)) (z;” ZOF), as z - 00, (1.3)

where z# := e#!°6%  with the choice of the principal branch of the logarithm, with the branch-cut along
the common direction of ny, 73, #3. Such a fundamental matrix Y (z) exists, due to the non-resonance
condition, and it is uniquely determined. It can be analytically continued to a multivalued analytic function
on the universal covering of T\ {u;. us. u3,00}. For any element v € m; ((f\{uh ug, U3, 0O}, :i:) we denote the
result of the analytic continuation of Y, (z) along the loop v by ¥[Yu(2)]. Then, v[Yoo(2)] and Yo (z) are
two fundamental matrices in the neighborhood of infinity, so they must be related by the following relation:

Moo (2)] = Yoo (2) M,

for some constant invertible 2 x 2 matrix M., depending only on the homotopy class of . Particularly, the
matrix My, := M, is given by:

_ {exp(2ix 0
Mo = ( g 0 g exp(—2i7ru)) ’ (14)



here 7o 1s a loop around infinity in the clock-wise direction.
The monodromy representation is an anti-homomorphism:

1 (E\{uhu%u&oo}ai) — SLQ({)
o M,

M. = M5M,. (1.5)

The matrices M; 1= M,,, where the v;, i = 1,2,3, are the generators of the fundamental group, are called
the monodromy matrices of the Fuchsian system (1.1), and generate the monodromy group of the system.
Moreover, due to the fact that, in our particular case, the .4; are nilpotent, they satisfy the following relations:

det(M;) =1, Tr(M;)=2, for i=1,23, (1.6)

with M; = 1 if and only if A; = 0. Since the loop (717273)~! is homo-topic to Yeo, the following relation
holds:
Mo MaMa M,y = 1. (1.7)

A simultaneous conjugation A; = D~14;D, i = 1,2,3 of the coefficients .A; of the Fuchsian system (1.1) by
a diagonal matrix D, implies the same conjugation of the monodromy matrices M, ~ D~'AL, D, for any
Y E (ﬁ:\{ul,uz,ug,oo},?z).

We now recall the definition of the connection matrices. Let us assume that M; # 1, or equivalently
A; #0, for every i = 1,2,3. We choose the fundamental matrices Y;(z) of the system (1.1), such that:

Yi=Gi(1+00z—w)(z—uw), as z-—u, (1.8)

3 é), the invertible matrix G; is defined by

A; = G;JG!, and the choice of the branch of log(z — u;) needed in the definition of
1 log(z — i
(: _ u;)" —_ (0 Oo(zl u ))

is similar to the one above. The fundamental matrix Y;(z) is uniquely determined up to the ambiguity:

where J is the Jordan normal form of A4;, namely J = (

Yi(z) = Yi(2) Ri,

where R; is any matrix commuting with J.
Continuing, along, say, the right-hand-side of the cut ;, the solution Y, to a neighborhood of u;, we
obtain another fundamental matrix around u;, that must be related to Y;(z) by:

Yoo (z) = Yi(2)C, (1.9

for some invertible matrix C;. The matrices Cy, C, C3 are called connection matrices, and are related to the
monodromy matrices as follows:

M; = Ctexp(27iJ)Ci, i=1,2,3. (1.10)

Lemma 1.1. Given three matrices My, My, M3, M; # 1 for every i = 1,2,3, satisfying the relation {1.6)
and (1.7), then
1) there exist three matrices Cy,C, Cs satisfying the (1.10). Moreover they are uniquely determined by
the matrices My, M2, M3, up to the ambiguity C; > R;lc;.
ii) If the matrices My, M2, Ms, are the monodromy matrices of a Fuchsian system of the form (1.1), then
any triple satisfying (1.10) can be realized as the connection matrices of the Fuchsian system itself.

Proof of the lemma 1.1. i) By the (1.6), the monodromy matrices have all the eigenvalues equal to one;
moreover they can be reduced to the Jordan normal form because M; # 1; namely there exists a matrix C;

such that:
M; = C”'i_1 (é i) C;;
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taking
1 2m=i\ =
C; = ( ) Ci
0 1

we obtain the needed matrix. Two such matrices C; and C! give the same matrix M; if and only if C;1C!

commutes with J, namely if and only if they are related by C; = R;'C/. ii) Let us now assume that

!,C%, C4 are the connection matrices of a Fuchsian system of the form (1.1), with monodromy matrices

My, Ms, M3; id est Yoo (2) = Y/ (2)C}, i = 1, 2,3, for some choice of the solutions Y7, Y3 and Y3 of the form
(1.8). We have
M; = (C))~texp(2miJ)C! = C texp(27iJ)C;, i=1,2,3.

So the matrices R; = C!C;' must commute with J and, with respect to the new solutions Y;(z) = Y/(z)R;,
the connection matrices are Cy, C» and Cs. QDE

Now we state the result about the correspondence between monodromy data and coefficients of the
Fuchsian system, for a given set of poles:

Lemma 1.2. Two Fuchsian systems (1.1) with the same poles u1, us and us, and the same value of p,
coincide if and only if they have the same monodromy matrices My, Mo, M3, with respect to the same basis
of the loops 741, 2 and ~3.

Proof of the Lemma 1.2. Let Yo(el)(z) and Yogz)(z) be the fundamental matrices of the form (1.3) of the two
Fuchsian systems. Let us consider the following matrix:

Y(z) =Y P (2)Y ()t

Y (z) is an analytic function around infinity:
- 1
Y()= 1+O(;) , asz - oo.

Since the monodromy matrices coincide. Y(z) is a single valued function on €\{u,u2,us}. Let us prove
that Y'(z) is analytic also at the points u;. Due to the lemma 1.1, we can choose the fundamental matrices
Y,.(l)(z) and Y,-(2)(z) in such a way that

Y- (z) = };(1):(2)(3)02_ i=1,2,3.
with the same connection matrices C;. Then near the point u;,
Y() = G (14 0(: - w)) [61V (1 + 0z —w))] .
This proves that Y (z) is an analytic function on all € and then, by the Liouville theorem
Y(z)=1,

and the two Fuchsian systems must coincide.

Corollary 1.1. Two Fuchsian systems (1.1} with the same poles u;, uz and ug, and the same value of p,
are conjugated

AV =ptA®p i=123,

with a diagonal matrix D, if and only if their monodromy matrices IVI,-(I) and Mi(2) , with respect to the same
basis of the loops ¥1, v2 and v3, are conjugated:

MM =D'MPD,  i=1,23.
The isomonodromy deformations of the Fuchsian system (1.1) and the Painlevéiequation PVIy.

We now want to deform the poles of the Fuchsian system keeping the monodromy fixed. The theory of these
deformations is described by the following two results:

8



Theorem 1.1. Let M, M, M3 be the monodromy matrices of the Fuchsian system:

d .0 A} A 45 Vo
ZIEY ’—<z-—u?+z—ug+:—u§ Yo (1.11)

of the above form (1.2), with pair-wise distinct poles, and with respect to some basis 1, va, va of the loops
in m (C\{u?,13,u3,00},%). Then there exists a neighborhood U C C° of the point u® = (u,u$,ul) such
that, for any u = (uy, ua, u3) € U, there exists a unique triple A, (u), A2(u), As(u) of analytic matrix valued
functions such that:

A0 =A% i=1,2,3,

and the monodromy matrices of the Fuchsian system

adzy = A(zu)Y = ('41(“) LA A“(“))Y, (1.12)

z—uy L-—U3 Z-—Uu3

with respect to the same basis' v, 72,73 of the loops, coincide with the given M;, Ms, M3. The matrices
A;(u) are the solutions of the Cauchy problem with the initial data A? for the following Schlesinger equations:

O 4= [’4"’“"], 9 = -3 M, 4] (1.13)

Ouy up — Uuj Ou; Ui — Uj

J#

The solution Y2(z) of (1.11), with the form (1.3), can be, uniquely continued, for z ¢ U, to an analytic
function

Yoo(z,u), u€l,

such that
Yoo (2,u%) = Y2 (2).

This continuation is the local solution of the Cauchy problem with the initial data Y2 for the following
svstem, that is compatible to the system (1.12):

6 Y = _A,-(u)

= Y.
au,’ - Uj

Moreover the functions A;(u) and Y {z,u) can be continued analytically to global meromorphic functions
on the universal coverings of

C3\{diags} := {(u1, us, us) € €| u; # uj fori # j},
and
{(z,u1,u2,u3) € C*|u; # ujfori # jandz # u;, i = 1,2,3},
respectively.

The proof of this theorem can be found, for example, in [Mal], [Miwa)], [Sib]. We recall the theorem of
solvability of the inverse problem of the monodromy (see [Dek]):

Theorem 1.2. Given three arbitrary matrices, satisfving (1.6) and (1.7), with M, of the form (1.4), and
given a point u® = (u?,ul, ul) € €3\{diags}, for any neighborhood U of u°, there exist (u1,u2,us) € U
and a Fuchsian system of the form (1.1), with the given monodromy matrices, the given p and with poles in
uy, Uz, uz.

Remark. Fuchsian systems of the form (1.1), with coefficients .4; satisfying (1.2), depend on four param-
eters, one of them being u. The triples of the monodromy matrices satisfying (1.6) and {1.7) depend on four

1 Observe that the basis v1,72,7va of m; Cf\{ul, u2, u3, 00}, 2) varies continuously with small variations of
uy, us, uz. This new basis is homo-topic to the initial one, so we can identify them.
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parameters too. Loosely speaking, the theorems N1 and N2 claim that, not only the monodromy matrices
are first integrals for the equations of isomonodromy deformation (1.13), but they provide a full system of
first integrals for such equations.

Remark. We observe that the isomonodromy deformations equations preserve the connection matrices C;
too. This follows from the lemma 1.1.

Reduction to the PVIu equation. Let us now explain how to reduce the Schlesinger equations (1.13)
to the PVIu equation. The Schlesinger equations are invariant with respect to the gauge transformations of
the form:

A; - DY A;D, i=1,2,3, for any D diagonal matrix.

First of all we have to factor out such gauge transformations; to this aim, we introduce two coordinates (p, g)
on the quotient of the space of the matrices satisfying (1.2) with respect to the equivalence relation

Ai~D1A;D, i=1,2,3, forany D diagonal matrix. (1.14)
The coordinates (p, ¢) are defined as follows: g is the root of the following linear equation:
[A(g; w1, u2, u3)]12 =0,
and p is giver by:
p = [A(g; u1, u2, uz))11,

where A(z;u1, us, u3) is given in (1.12). The matrices A; are expressed rationally in terms of the coordinates
(p,¢) and an auxiliary coordinate &, coming from the gauge freedom (1.14):

P(q)

o= (A)o, = M 2 29 e =
(Ai);; = = (Ai)gy = 2P (u;) P(g)p” + qu—u; +p7(g + 2u; : u) |,
- g - Ui -
(A1)12 - _l‘k P’(u,‘), (1.1-3)

2

- — U 2 P(Q)
N = k19" 2 A9 2 _ .
(Ai)a 43P () P(q)p +2“q—u,- + p*(g + 2u; Ej u)|
for i = 1,2, 3, where P(z) = (z — u1)(z — u2)(z — u3) and P'(z) = €. The Schlesinger equations in these

coordinates reduce to: 3 P
1
q— uy

0u,- P’(u,-) 116
Op _ PP+ (2q+ui— 3 u)p+p(l-p) (1.16)
Ou; P'(u;) ’

for i = 1,2, 3. The system of the reduced Schlesinger equations (1.16) is invariant under the transformations
of the form

u; > au; + b, gw—raqg+b, p»——)g.
a
We introduce the following new invariant variables:
Uz — Uy
- )
Uz — Uy -
1.1
_4—uw (1.17)
y= —U3 —u

the system (1.16), expressed in the these new variables, reduces to the PVIu equation for y(z).

Remark. The system (1.16) admits the following degenerate solutions (see [Ok1] and [Wat]):
g =u; for some ¢,

and p, in the variable z, can be reduced to a Gauss hypergeometric function. Moreover the monodromy
group of the system (1.1) reduces to the monodromy group of the Gauss hypergeometric equation, namely
the following lemma holds true:

10



Lemimma 1.3. The solutions of the full Schlesinger equations, corresponding to the solution q = u;, for some
i, have the form:

Ai(u) =0, andforj#i Aj(u)= D(u)"'AID(u),

where D(u) is a diagonal matrix depending on u, and A? is a constant matrix. The monodromy matrix M;
of the corresponding Fuchsian system, turns out to be the identity. Conversely, if one of the monodromy
matrices M; Is the identity, M; = 1, then the solution of (1.16) is degenerate.

Proof of the lemma 1.3. The matrix A;, for ¢ = u;, 1s identically 0, thanks to (1.15). Having 4; = 0, M; is
1. Conversely, if M; = 1, then A; = 0. Solving the Schlesinger equations (1.12), we obtain ¢ = u;, and p
reducible to a Gauss hypergeometric function. QDE

The degenerate solutions do not give any solution of the PVIy equation. All the other solutions do, via
(1.17). Conversely, starting from any solution y(z) of PVIx, we arrive at the solution:

Uy — U
g = (uz —u1)y (—2-—1-) + uy

Uz — Uy
_ Pl(UZ) ’ (‘ug - U1> l 1
p= 2P(q) uz — 1 2q¢—u;

of the reduced Schlesinger equations (1.16). To obtain a solution of the full Schlesinger equations, the
function k must be given by a quadrature:

ok q—u;

- @p- 1)P’(u¢)'

We conclude this section summarizing all the above results in the following:

Theorem 1.3. The branches of solutions of the PVIu equation near a given point zo € T\{0,1, >}, are
in one-to-one correspondence with the triples of the monodromy matrices M;, My, M3 satisfving (1.6) and
(1.7), none of them being equal to 1, considered modulo diagonal conjugations.

1.2. The structure of the analytic continuation.

We parameterised branches of the solutions of PVIu by triples of monodromy matrices. Now we show
how do these parameters change with a change of the branch in the process of analytic continuation of the
solutions along a path in €\{0, 1, oc}. Recall that, as it follows from the theorem 1.1, the solutions of PVIy,
defined in a neighborhood of a given point zg € €\{0, 1, oc}, can be analytically continued to a meromorphic
function on the universal covering of €\{0,1,00}. Observe that the fundamental group =; (€\{0,1,00}) is
non-abelian. As a consequence, the global structure of the analytic continuation of the solutions of PVI is
more involved than that of the other Painlevé equations. In fact for PI,..., PV the solutions have only two
critical singularities and the corresponding fundamental group in abelian.

As a first step we introduce a parameterisation of the monodromy matrices.

The parameterisation of the monodromy data Let M;, Ms and .M3 be three linear operators
M; : € — € satisfying (1.6). We introduce, for them, a parameterisation which will be useful for studying
the analytic continuation of the solutions of the PVIu equation.

Lemma 1.4. If M, M- are such that
Tr(MiMz3) # 2,

then there exists a basis in €* such that, in this basis, the matrices of M1, My have the form:

M = ((1) "ifl) My = (xll (1)) , (1.18)

11



where £; = \/2 — Tr(M1.M>); when M, M3 are such that Tr(M;.M3) = 2, they have a common eigenvec-
tor, and then there exists a basis in @2 such that, in this basis, the matrices My, M, are both upper-triangular.

Proof of the lemma 1.4. Due to the (1.6), there exist two vectors e; and es such that
M]_Cl = €3, M262:63.

We now prove that these two vectors are linearly dependent if and only if Tr(M;.Ma) = 2; in fact if the
two vectors are linearly dependent, then we can find a linear independent vector e} such that, in the basis
(e1, €5) the matrices of A, M, have the form:

1 A 1 A
Mlz(o 11>7 M2=(0 f):

then Tr(M1M2) = 2; conversely, in the basis (e, ¢5) the matrix M; has the form AM; = ((1) ’\11>, and

requiring that
Tr(MiMa2) =2, eigenv(Ma) =1,

1 A
0 1
dependent. As a consequence, if Tr(M;Ma2) # 2, the two vectors e; and e, are linearly independent, and in
the basis (e1, e2) the matrices of M1, M3 have the form:

1 A 1 0
Ml:(o 11>’ Mz:(,\o 1)’

with Tr(M1M3) = 2 + A1 Aq: rescaling the basic vectors ey, e2), we obtain the (1.18). QDE

also the matrix M+ must have the above form M, = ; then, the two vectors e; and es are linearly

Lemma 1.5. Let M;, M-, Mj satisfy also the condition (1.7), with M given by (1.4), with2u ¢ Z.
Then the following statements are true:
i} If two of the following numbers

Tr(Mi M), Tr(MyMs), Tr(MzMa)

are equal to 2, then one of the matrices of M; is equal to one.
1) If Tre(M1Ms) # 2, then there exists a basis in @2 such that, in this basis, the matrices M,, Ms and Ms

have the form
A[l—(o 1 ), Mg_(x1 1), Mg_( ﬁl 1_2213. , (1.19)
T ERY

Tr(MM2) =2 — 22, Tr(MaMs) =2—=z3, Tr(M M) =2—z3,

where

and
2+ 22+ 22— zizozy = 4sin?wp. (1.20)

it1) If two triples of matrices My, M>, M3 and M}, M}, M}, satisfying (1.7), with none of them equal to
1, have the form (1.19) with parameters (z1, 22, z3) and (2!, z5, £4) respectively, then these triples are
conjugated
M; = T'M!T

with some invertible matrix T', if and only if the triple (z, z5,. z3) is equal to the triple (z1, z2, z3), up
to the change of the sign of two of the coordinates.

Proof of the lemma 1.5.

12



i) Let us assume that
Tr(MlM‘z) =12, Tl‘(;\/tu\/l;;) = 2;

let e; and ez be the common eigenvectors of M), M» and .M, M3 respectively, according to the lemma
1.4. If M; # 1, then the eigenvectors e; and e3 coincide. In fact, for any M; # 1 there exists a unique
eigenvector; being e; and e3 eigenvectors of the same operator M; 3 1, they coincide. Then we can
find a linear independent vector e% such that, in the basis {ey, €4} the matrices of My, M2, M3 all have

the form: \
1 X .
Mi_<0 1), 1=1,2.3.

Then
TI‘(ﬂfaA[g."fx) = 2.

This contradicts the assumption 2u ¢ Z.
ii) Let us choose the basis such that, according to the lemma 1.4. the matrices of M, Ms have the form
{(1.18). Solving the equations:

Tr(MaMs) = 2~ 23, Tr{M:M3) = 2 — 23,
we arrive at the formula (1.19). The (1.20) is obtained by straightforward computations from:
Tr(M3zMa2M;) = cos 27 p.
ii1) The two triples of matrices My, M, M3 and M{, M}, M3 are conjugated
M; =T '\MIT

with some invertible matrix 7', if and only if they are the matrices of the same operators M;, Mas, Mas,
written in different bases. Since the traces do not depend on the choice of the basis, then

2 ;
=27, i=1.23.

According to the proof of the lemma 1.4, the basis (e;.€2) is uniquely determined up to changes of sign.
A change of sign e; — —e; correspond to the change of sign r; ~ —z;; then the form of the matrix M3
is preserved if and only if we change one of the signs of x5 or 3. QDE

Remark. The matrices {1.19) have a simple geometrical meaning. Let us consider the three-dimensional
linear space with a basis (e;, ez, e3) and with a skew-symmetric bilinear form {-, -} such that

{er,e2} =1, {e1,es}=1x3. {ea,e3} =2s.

Let us consider the reflections R;, Ro, R3 in this space, with respect to the hyper-planes skew-orthogonal to
the basic vectors:
Ri(z) = « — {e;, z}es, i=1,23.

The reflections have a one-dimensional invariant subspace, namely the kernel of the bilinear form. The
matrices of the reflections acting on the quotient are the (1.19).

Definition: a triple (x,, z2, z3) is called admissible if it has at most one coordinate equal to zero. Two such
triples are called equivalent if they are equal up to the change of two signs of the coordinates.

Observe that for an admissible triple (1, z2, 23), none of the matrices (1.19) is equal to the identity.
So the admissible triples correspond to the non-degenerate solutions of the reduced Schlesinger equations
(1.16). Moreover two equivalent triples generate the same solution. We can summarize the above results in
the following

13



Theorem 1.4. The branches of solutions of the PVIy equation, near a given point zq € T\{0, 1,00}, are
in one-to-one correspondence with the equivalence classes of the admissible triples satisfying (1.20).

Proof of the Theorem 1.4. Starting from a solution of PVIy we obtain the monodromy matrices satisfying
{1.6). None of them is equal to the identity. So the canonical form (1.19) of My, M2, M3 is determined
uniquely up to a choice of the admissible triple (1, 22, £3) within the equivalence class. Conversely, given
an admissible triple (z1, zs, z3) satisfying (1.20), we obtain the matrices M, M, M3 of the form (1.19).
The matrix MaM,M,; is diagonalizable with the eigenvalues exp(£2nip) (here we use the non-resonance
condition 2¢ ¢ Z). Reducing this matrix to the diagonal form

_ 1 [ exp(2wip) 0
MyMyMs =T ( 0 exp(—2mip) T

we obtain the monodromy matrices TM;T~! satisfying (1.6) and thus specifying a branch of the solution of
PViu.

Monodromy data and symmetries of PVIg. The Painlevé VI equation possesses a rich family of
symmetries, i. e. transformations of the dependent and independent variables (y, ), and also of the param-
eters, that preserve the shape of the equation. The theory of these symmetries, and its applications to the
construction of particular solutions, was developed in [Ok]. Here we enlist the symmetries which preserve
our PVIy and compute their action on the monodromy data.

First of all the permutations of the poles u;, us, us generate the action of the symmetric group Sz on
the solutions y(z). In particular the involution

11 : Uo ¢ ug,

produces the transformation

and

ia 1 uy > Uz,

produces the transformation

z— 11—z, y—1l—y.

Both these transformations clearly preserve the equation PVIu.

Let us compute the action of these symmetries on the monodromy data. The only thing that changes
is the basis in the fundamental group 71 (€\{u1, uz,u3,00}). In fact, the cuts m, 72, 73 along which we take
our basis v;,¥2, 73, are ordered according to the order of the poles. Applying the transformation i; we then
arrive to the new basis 41,43, v5 shown in figure 2.

Y
Fig.2. The new basis 4}, 4%, 75 obtained by the action of i;.
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Fig.3. The new basis 71, 73,75 obtained by the action of is.
This new basis has the following form:
N=7 B=T1WBY, V=T
As a consequence the new monodromy matrices are:
M =M, M;=M;"MsM,, Mj;=J\M,.

For the second transformation i», the basis of the new loops is shown in figure 3.
It has the following form:

- -1_ -1
M= V=75 72V A=75 vr MeTs

The new monodromy matrices are:
M| =Ms, My=MM"Ms, M= MzMMM;'M;!.

Lemma 1.6. In the coordinates (z;,z2,23) on the space of the monodromy matrices, the action of the
svmmetries i, is is given by the formulae:

i : (z1, T2, x3) — (23 — T122, — T2, T1), iy : (z1, 22, 23) = (—z2, —T1, 122 — Z3).
The proof is straightforward.

There are more complicated symmetries which change the value of the parameter p. The first one comes
from the following simultaneous conjugation of the coefficients of the Fuchsian systern:

A,‘ - ZA,'Z,
where
_e-1_1{0 1
s=s-= (0 1),
Indeed,
TALEY = —A,.

Using the parameterisation (1.15) of the matrices A;, A2, A3 by the coordinates (p,q), we arrive to the
following

Lemma 1.7. The formula:

v po(V)2 + ;1Y +p2
@)+ a ()3 + @)+ + g4’

15
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where:

po =z (z —1)%,

pr=2z(z—1)(y - 1)[2u(y — z) — ¥}

pr=yly— Diyy— 1) - 4p(y — (y— 2) +4p°(y— 2)(y — = - 1)]

g =z*(z - 1)*

g =—423(z-1)3y(y - 1)
= 22%(z ~ 1)%y(y — D[By(y — 1) + 4p*(y — 2)(1 + = — 3y))]

g3 = 42(2:- Dy (y = 1)°[~y(y — 1) — 16p%(y — 2)° + 4p* (y — 2)(By — z — 1)]

ga=v"(y— 1 {s* (v - 1)° +644°y(y — DNy — 2)* = 84°y(y — Ny — 2)By —z — 1)+
+ 164 (y — 2)*[(z — 1)* + y(2 + 22 — 3y)]}

transform solutions of PVIy to solutions of PVI(—p). The class of equivalence of the monodromy data
(21,22, z3) does not change under such symmetry.

, (1.22)

Proof of the lemma 1.7. The new monodromy matrices M|, M4, M have the form
M =XMXE, i=1,2,3.
Then, the canonical form (1.19) of the monodromy operators does not change. QDE

The last symmetry is the so-called Schlesinger transformation (see [JMU]). It comes from a gauge
transform

Y(z) = G(2)Y (2),
of the Fuchsian system (1.1), with an appropriate gauge G(z). Omitting the details we formulate the following
Lemma 1.8. The formula:

po(¥ )  + 1y +pa(y')’ +psy + pa
Qo)+ (¥)P +a(y)? + g3/ + g4

j=y> (1.23)

where the p; are
po = z*(z — 1)y,
=423z - 1)%y(y — D[2u(y —z) - 4,
p2 =28 (z — 1)’y(y — D[-12py(y — DYy — =) + 35" (y - 1)+
+4u(y — 2)(3y* — 3zy — 3y + 22)], (1.24)
=4z(e - 1)y* (v — 1)’y —2u(y — 2)[-vly — 1) —4p*(y — z)(y — z - 1)+
+4ﬂ(y- 1)(y — =],
pa=3"(y— 1)’ [~du(y-2)(y— D+yly - D+ 44’ (y—z - Dy —2))°,

and the ¢; are the same as in (1.23), transforms a solution of PVIy to a solution of PVI(1 + u). The class
of equivalence of the monodromy data (z,, 2, z3) does not change under such symmetry.

Remark. One can show that the above symmetries, and their superpositions, exhaust all the birational
transformations preserving our one-parameter family of PVI equations. We will not do it here (see [Ok]).
It 1s important, however, that these symmetries preserve the class of algebraic solutions of PVIu. We will
classify all the algebraic solutions, modulo the above symmetries.

Remark. It is not difficult to show that the denominator of the formulae (1.21) and (1.23) does not vanish
identically for any solution of PVIu, with 2y € Z. Indeed, eliminating y,- and y, form the system

yu=; (1+§i—1+ 1x>y§—(%+xil+yiz)yx
%-————y(yx;(:)_( i ) [(2;;-—«1)24»%51_%;—3],

16

+



Q(ydh ya .1', u) ::01
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aQ(ytv .z, “) ::03

where @ is the denominator, the resultant equation

@2u+ 1) [2(z = 1)?]* [y(y - Dy —2)]*
never vanishes.

The analytic continuation of the solutions of PVIy and the braid group Bj;. According to the
theorem 1.1 any solution of the Schlesinger equations can be continued analytically from a point (uf, 3, u§)
to another point (u},u},u}) along a path

(ur(t), u2(t), ua(t)) € C\{diags}, 0<t<1,

with

u;(0) =, and w(l) =},
provided that the end-points are not the poles of the solution. The result of the analytic continuation depends
only on the homotopy class of the path in €3\{diags}. Particularly, to find all the branches of a solution
near a given point u° = (u§, u3, u3), one has to compute the results of the analytic continuation along any
homotopy class of closed loops in €3\ {diags}, with the beginning and the end at the point u® = (u. u$, u3).
Let

g € m; (€\{diags}; u®)
0

be an arbitrary loop. Any solution of the Schlesinger equations near the point u® = (u}, 43, u3), is uniquely
determined by the monodromy matrices M;, M3 and M3, computed in the basis 43, 42, 43, which was chosen
as above, see figure 1. Continuing analytically this solution along the loop 3, we arrive to another branch
of the same solution, near 4. This new branch is specified. according to the theorem 1.3, by some new
monodromy matrices ;Wf , Mrf and ;\r[;,’? , computed in the same basis ¥1, 72, v3. Our nearest goal is to
compute these new matrices for any loop 3 € m (€3\{diags}: u?).

The fundamental group 7, (€*\{diags}; u°) is isomorphic to the pure (or unpermuted) braid group, P3
with three strings (see [Bir]); this is a subgroup of the full braid group Bz. The full braid group is isomorphic
to the fundamental group of the same space where the permutations are allowed:

B3 ~ m (€\{diags}/Ss; u°),
S3 being the group of the permutations of the coordinates (u;, us, u3). Any loop in B3 has the form
(u1(t), u2(t), us(t)) € C\{diags}, 0<t<1,
with
w(0) =u?, w(l)= ug(,-),

where p is a permutation of {1,2,3},id est p: (1,2,3) = (p(1). p(2), p(3)). The elements of the subgroup P3
of the pure braids are specified by the condition p = id.

To simplify the computations we extend the procedure of the analytic continuation to the full braid
group

My, Ma, M3 MP, ME, M, B € By == (C®\{diags}/Ss; u°).
For a generic braid B € Bs, the new monodromy matrices describe the superposition of the analytic contin-
uation and of the permutation
Ui > Up(i), .A,' — Ap(,'). (1.25)

The braid group B3 admits a presentation with generators #; and fB; and defining relations

B1B2B1 = B2B1 2.
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Ul u2 u3 u} u2 u3

Fig.4. The geometric representation of the generators of the braid group Bs.

Fig.5. The new loops %} obtained under the action of the braid 3;.

The generators B; and fs are shown in the figure 4.

Lemma 1.9. For the generators 1, f2 shown in the figure 4, the matrices M,-B have the following form:
B __ B _. -1 By ..
MY =Ms, MJ'=M MM, M3'=Ms, (1.26)

MP =My, MP =M, MP = MMM (1.27)

Proof of the lemma 1.9. Changing the positions of the points u; and us by the braid £, the basis of the
loops will be deformed into the new basis 7], ¥4, 75 shown in the figure 5.

Thanks to the fact that we deal with isomonodromy deformations, the monodromy matrices M/ of the
system (1.1) with respect to the new basis 4,45, v are the same A;, up to the reordering:

M| =M, My=M, M}=Ms, (1.28)

due to the permutation (1,2,3) — (2,1,3). We want to compute the monodromy matrices with respect to
the old basis 71,42, vs. To this aim we notice the following obvious relation in the fundamental group:

-1 1t

n=71 =M 1B=1

Using this relations and the (1.28), we immediately obtain the {1.26). Similarly the deformation of the basis
of the fundamental group corresponding to the braid #; is shown in the figure 6.

Fig.6. The new loops 4} obtained under the action of the braid F;.
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Here we have the permutation
M{ =M, M)=M M,=2>M,
and the relations in the fundamental group:

Nn=1 N=% =007 H
From this we obtain the (1.27) and the lemma is proved. QDE

The action (1.26), (1.27) of the braid group on the triples of monodromy matrices commutes with
the diagonal conjugation of them. As a consequence this action not only describes the structure of the
analytic continuation of the solutions of the Schlesinger equations {1.13), but also of the reduced ones (1.16).
Moreover the class of the degenerate solutions is closed under this analytic continuation. In fact if some of
the matrices M; is equal to 1, then for any 3 there is a j such that M f = 1. As a consequence the following
lemma holds true:

Lemma 1.10. The structure of the analytic continuation of the solutions of the PVIu equation is determined
by the action (1.26), (1.27) of the braid group on the triples of monodromy matrices.

Our next step is to rewrite the action (1.26), (1.27) of the braid group in the coordinates (z;,z5,23) in
the space of the monodromy data. This is given by the following

Lemma 1.11. In the coordinates (z, z2.x3), the action (1.26;. (1.27) of the braid group is given by the
formulae:
: s L3,y g Gt 3 1 - 2,Z2),
ﬂl (1‘1 xIa xs) ( Xy, 3= IT1Ta ) (1.29)
B2 : (z1, z2,23) v (23, —22. 21 — T2Z3).
Proof of the lemma 1.11. The above formulae are obtained by straightforward computations from the (1.26),
(1.27) by means of the parameterisation of the monodromy matrices (1.19).

We can summarize the results of this section in the following:

Theorem 1.5. The structure of the analytic continuation of the solutions of the PVIy equation is determined
by the action (1.29) of the braid group on the triples (z;,z3.r3).

1.3. Monodromy data and algebraic solutions of the PVIy equation.

A preliminary discussion on the algebraic solutions of the PVIu equation and their monodromy
data. Here we state some necessary condition for the triples (r;. z2, £3) to generate the algebraic solutions.
First of all we have to define the algebraic solutions.

Definition. A solution y(z) is called algebraic if there exists a polynomial in two variables such that

F(z,y(z))=0.

If y(z) is an algebraic solution, then the correspondent solution p{u;, uz, u3), ¢(uy, u2, uz), of the reduced
Schlesinger equations (1.16), is also algebraic. According to the theorem 1.1, the ramification points of the
reduced Schlesinger equations (1.16) can lie only on the diagonals u; = uy, u; = ug, us = us. Analogously
the ramification points of y(z) are allowed to lie only at 0, 1, oc.

We now characterize the monodromy data such that the correspondent solution of the PVIu equation
is algebraic.

Lemma 1.12. A necessary and sufficient condition for a solution of PVIu to be algebraic is that the
correspondent monodromy matrices, defined modulo diagonal conjugations, have a finite orbit under the
action of the braid group (1.26), (1.27).

Proof of the lemma 1.12. By definition, any algebraic function has a finite number of branches. Allowing
also the permutations (1.25), we still obtain a finite number of values for M, M# and M?, 8 € B3 up to
diagonal conjugations. QDE
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Corollary 1.2. An admissible triple (z,,2,3) specifies an algebraic solution of PVIu if and only If it
satisfies (1.20) and its orbit, under the action (1.29) of the braid group, is finite.

Remark. We stress that the action (1.29) preserves the relation (1.20).

In this way, the problem of the classification of all the algebraic solutions of the PVIyu reduces to the
problem of the classification of all the finite orbits of the action (1.29) under the braid group in the three
dimensional space (see [Dub], appendix F). Here we give a simple necessary condition for a triple (1, =2, 23)
to belong to a finite orbit.

Lemma 1.13. Let (x;,z2,z3) be a triple belonging to a finite orbit. Then:
z;= —2cosnr;, rn€Q, 0<r<1. 1=1,23, (1.30)

here Q is the set of the rational numbers.

Proof of the lemma 1.13. Let us prove the statement for, say, the coordinate z;. Consider the transformation
B2 : (21,23, 23) ¥ (21, 2o + 7123 — T3Z2, 23 — 21 22),
as a linear map on the plane (z2, z3). This linear map preserves the quadratic form
x% -+ x% — Z1T9T3.

If z; = 2, we put r; = 1; otherwise we reduce the quadratic form to the principal axes, introducing the new

coordinates
- V24 2z . Vvi+z

29 — o — ZTa), Tz = —— (T2 + 3}
2 2 (z2 — z3) 3 5 (z2 + z3)
In these new coordinates the preserved quadratic form becomes a sum of squares and the transformation 57
is a rotation of angle 7+ 2¢, where « is such that z; = —2 cosa. To have a finite orbit of (25, Z2), under the
iterations of 8%, the angle o must be a rational multiple of 7. In this way the statement for z, is proved.
To prove it for zo and z3, we have to consider the iterations of 85 and 85 ! 823, respectively. QDE

Remark. Thanks to the above lemma, for the finite orbits of the braid group, it is equivalent to deal with
the triples (21, z2, z3), or with the triangles with angles (zry, wrs, wr3), with ; = —2cos#r; and 0 < r; < 1
(we may assume, changing, if necessary, two of the signs, that at most one of the z; is positive). We stress
that the quantity

Y
mf + x5 +:z:;23 —r1Zax3 —4

is greater than O if and only if the triangle (ry,rs,73) is hyperbolic, namely > r; < 1; it is equal to 0, if
and only if the triangle (71, ro, r3) is flat, namely > r; = 1, and it is less than 0 if and only if the triangle
(r1, 72, 73) is spherical, namely > r; > 1. Thanks to the (1.20), a flat triangle gives a resonant value of p,
and it is thus forbidden.

Classification of the triples (z,%s,z3) corresponding to the algebraic solutions. We deal with
the classification of all the finite orbits of the triples (z,z2,23) of the form (1.30), with at most® one r;
being equal to % According to the lemma 1.13, any point of these Bs-orbits must have the same form (1.30).
This condition is crucial in the classification.

Definition. We say that an admissible triple (21, 22, z3) is good if, for any braid 8 € B; one has
B(z1,22,z3) = (—2cos 7, —2cos 71§, —2 cos ),

with some rational numbers 0 < ¥ < 1.

3 This corresponds to the fact that we deal only with admissible triples.
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Theorem 1.6. Any good triple is equivalent, up to permutations, to
(—2cos wry, —2cos nry, —2cos 7rs),

where the rational numbers (ry, vy, r3) are in the following list:

111 112
333 Gw3) (131
111 211
Gzi) Gi3) (1:82)

111 211 4 4 4
(5'575) (5’5’5) (5’5’5) (1.33)
112 222 222
(5,‘5,5) (g:g,g) (5,“5','5‘) (1.34)

(G (@1 (ALY (L (133
2'5°5 535 53'3 3°3'5)" e
In particular the above sets of triangles (1.31), (1.32), (1.33), (1.34) and (1.35) define five different finite

orbits under the action of the braid group.

Remark. We observe that the above orbits (1.31), (1.32), (1.33), (1.34) and (1.35), contain also every
permutation of the given triples. If we consider the action of the pure braid group Ps on each triangle of
the above orbits, except the (1.32), they again define the same orbits, with the same number of points.
Concerning the triangles of (1.32), they define three different orbits of three points. So the orbit (1.31) has
four points, the three orbits (1.32) have three points each, (1.33) and (1.34) have ten points each and (1.35)
has eighteen points. These orbits give rise to all the algebraic solutions of the PVIu equation, for g is given
by (1.20). The number of the points of each orbit with respect to the action of P; coincides with the number
of the branches of the correspondent algebraic solution. We stress that this theorem claims that the good
triples have necessarily a finite orbit.

Proof of the theorem 1.6. The braid group acting on the classes of triples (z;, %y, z3), is generated by
the braid 3, and by the cyclic permutation:
(z1, 22, 23) = (23,21, 22).
As a consequence it is enough to study the operator:
(zi,zj, ) V> (—2i, T, Tk — TiTj),
up to cyclic permutations. This transformation works on the triangles as follows:
(risriome) = (L= risry, ), (1.36)

where 7}, is such that:
COS T}, = COS T + 2 COS TP COS TTj. (1.37)

As a first consequence we have immediately that the points (1.31), (1.32), (1.33), (1.34) and (1.35) define
five different finite orbits.

The first step is to classify all the rational triples (r;, r;j, rx) such that r}, defined by (1.37) is a rational
number, 1 > 7, > 0, for every choice of i # j # k # 4, 4,7,k = 1,2,3. Equivalently we want to classify all
the rational solutions of the following equation:

cos 7Ty + cos w(r; + r;) + cosw(r; — rj) +cosm(l —ri) =0,
or all the rational quadruples (1, @2, @3, p4) such that:
cos 2wy + cos 2w + cos 2mpa + cos 2mps = 0, (1.38)
where the ¢; are related with the r; by the following relations:
i+ _ |ri — 75 1=
9 y ¥3 = 9 y Pa = 9 .
Such a classification is given by the following:

pr1=1f2, 2= (1.39)
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Lemma 1.14. The only rational solutions (i1, @2, ¢3,%4), 0 < @i < 1, considered up to permutations, of
the equation (1.38) are the following non-trivial ones:

Laz @

30°30°5°6

7T 17111
oI TR b
(30’30’5’6) ()

1231
(7’ 535) ©)
and the trivial ones, namely for cos 2wy = 0:

$ = %, cos 2wy + cos 2mpa +cos 223 = 0 (d)

which has the following solutions. obtained in [Cro]:

(d.1) : (%1—10%%) (d.2) : (¢,¢+%,w+§,%), (d3) : (%m | — %I,%),
where ¢ is any rational number 0 < ¢ < 1; for cos 2mpy = 1:
s =0, cos 2w, + cos 2mipg + cos 27z + 1 = 0, (e)
which has the following solutions, obtained in [Gor]:

111 1 1 112
(e.1) : (5,2,5.0), (e.2) : (5,(,0, |(,0—§|,0), (e.3) : (5,5,5,0),

where ¢ is any rational number 0 < ¢ < 1; for:
cos 2721 + cos 2mipa = 0, cos 2mpz + cos 2y = 0, (N
which has the following solutions:

wa=11/2—@1],  pa=][1/2— ¢3!,
where @1, 3 are some rational numbers 0 < ¢; < 1.

Proof of the lemma 1.14. 1We follow the same procedure explained in {Gor] and [Cro]. In this proof we use
the same notations as in [Crol. except for the »; which there are called r;. Let us recall the notations. Let
¢k = 5= where ri, ni are either positive coprime integers, rx > nk, or ny = 0. Let p the largest prime which
is a divisor of d1, da, ds, or d; and let &g, lx, ci, vx be the integers such that
dx = &p™  and  ng = ckbi + vip',
where & is prime to p, 0 < cx < p'*, ¢, = 0 if Iz = 0, but otherwise ci is prime to p. So
Vk Ck Ck
ok =5 +p,k —fk+p,k-
We assume that {; > I; > 3 > l; and define, for the real variable z the function:

l [62””“ kaP'l_’k + e~ 2mifx xp'l _Ckpll-'k] if e £0
gi(x) =4 2
cos2mpgr U e =0

and, in our case:

2ne 2ne

As in [Cro], gk(e#* ) = cos 27> and U(er" ) = 0. Let us introduce the polynomial

Pz)=1+ 2P

1 -1 =1

c.ple-L)p

2mi 2
This is the minimal polynomial of e#'* with coefficients in Q, such that i) P (ev‘l) = 0 and ii) P(z)
is irreducible in the ring of the polynomials with rational coefficients. A stronger result was proved by
Kronecker (see [Kr]): the polynomial P(z) remains irreducible over any extension of the form Q((1,---,¢n),

where (; is a root of the unity of the order coprime with p. As a consequence, the following lemma holds
true (see [Cro))
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Lemma 1.15. If we express the polynomial U(z) as a sum of polynomials Uy (),

=t

U(Z‘) = Z: Ug(x),

where U;(z) contains those terms of U(z) of the form bz® with ¢ = t mod (p'*~'), then U:(z) is divisible by
P(z).

We now apply this lemma in our case. The indices of the powers of ¢ are:

Iy fi—dy,
¥

] Iy =i { UeIrs iy ~1 | -l Iy~
e, Pr—ci, ephtTi, phr—eaphtTiE egphtTh, P —eaph T, egphh, ph —cyp

if all the following conditions are satisfied:
Lyll3>1, L>bly, >3l 3>, 14>0,

then there are no indices equal to each other mod (p"*~!) and there is no solution of (1.38). So we have to

study the cases in which one of them is violated.

1): 4, =1 > 1y > 13 > 1. In this case, since the degree of U(x) is less than p, and the degree of P(z) is

p — 1, being U(z) divisible by P(z), we must have U(z) = mP(z), for some constant m. There are four

possibilities:

11) : y =l =3 = l3 = 1 then U(0) = 0 and P(0)=1. Then m = 0 and U(z) = 0; moreover if the sum of
two (three) terms representing two (three) of the functions gx vanishes, then the sum of the two (three)
functions vanishes. As a consequence there are only the following possibilities:

1.1.1) : g; = —g; and gx = —¢; for some distinct 4, j,k,l = 1,---4. This gives rise to the trivial case (f).
1.1.2) : ¢: =0 for some ! = 1, - - -4; this is the trivial case (d).
1.1.3) : U(z) contains only two powers of z. If by, ---, by are the coefficients if one of the powers z°, then:

1 1 1 1
by +by+b3+bs=0, and 31-+E+b—3+3;—0,

namely b, - - -by are the solutions of the following biquadratic equation:
2% 4 (b1by + b1bs + b1y + babs + baby + bzbs)z% + bybabby = 0;

as a consequence b; +b; =0, b + b = 0, 517+ 51; =0 and ?}{’l” 31; = 0, for some distinct 4, j, k,l = 1,---4.
Then this case reduces to the trivial case (f).

12 )y =13 = I3 = 1, l4 = 0; then U(0) = cos2np4 and then U(z) = cos2rp4P(z), where P(x) is a
polynomial with p powers of . Since in U we have at most 7 powers and p must be prime, then p can
only be equal to 2,3,5,7.

1.2.1) Case p = 2. Since p is the largest prime in dj,---,ds, we must have d; =ds =d3 =dy = 2 and &¢ = 1.
Then v; = 0, ¢4 = 1 and this provides no solution.
1.2.2) Case p = 3. In this case there are the two following possibilities:

_;_eZ‘Kifl + %ezﬂilz + %621:3’]3 — COS?fA_";.Q o %6-2“"]1 + %e—2ﬂff2 + 16-21“{}3

or
1 ; 1 .5 1 .. | P 1 . 1 .
‘2—6—21”}1 + §e21|‘|f2 + ‘éezﬂ'lf; = COSQ’ITSQ4 p— §e21|'1f1 + _2_e—21(tf2 + 56—21”',3-

In both the case one can show that there are no solutions. In fact, for example, in the first case, one
has to solve the following equations:

2cos2mpy = cos 2w fy + cos 2w fy + cos 2 f3, sin2nf), +sin2nf; +sin2xf3 = 0.
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Using the classification of all the possible rational solution of the case (d) given in [Cro], one can show
that there are no solutions.
1.2.3) Case p = 5. In this case we have:

%621:2'!;, _ %e-zm'f,‘ _ .];‘3211':'}.' : leiE‘rri_fj = cos 2mps,

for some distinct ¢, 7,k = 1,2,3. Then fr is 0 or %— and ¢4 = ;13- or w4 = % respectively. Following the

same computations of [Cro] we obtain the two solutions (a) and (b).
1.2.4) Case p = 7. In this case we have:

e

Doorine =L omipy L ooipy 1 omigy _ 1 amigy _ 1 _omig,
3¢ T3t =3 = 2° =9¢ T af

= cos 2Ty,

which has the following solutions:

1 1
fi=fo=f3=0 and pa=g or f1=f2:‘—f3=-2- and ¢4 =

1
3
Following the same computations of [Cro], we obtain the solution (c).
1.3) i =l = 1 and I3 = 4 = 0. Then U(z) = {cos 2mps + cos 2mp,) P(z); again in U we have at most 5
powers and then p = 2,3,5. The case p = 2 is treated as in [Cro];
1.3.1) : In the case p = 3 either

) ) o 1 .
-l—ez’"f’ + lez’”h = -l—e""”f1 + =e" 22 = cos Omipg + cos 2mpy,
2 2 2 2
or:
. 1 R . 1 .
%ez’”h + §e'2”’f’ = %e"g"‘f‘ -+ 562’"” = cos 2mp3 + Cos 2wy,

In the former case, for f; = f2, with cos27 f» = cos2mp3 + cos2mp,s and this gives again the solution
(b). The latter case is equivalent.
1.3.2) : In the case p = 5 one has:

_ le—2ﬂi_f1 _ '_’Tx'f_fz _ %C-ZWif2

L oomigy _ 1
2° 2 2

e = cos 2T + €os 2wy,

which gives fi = fa =0 or fi = fo = % We treat the former case (the latter is equivalent); then

cos 2mp3 + cos 2mps = 3 and we can show that this case reduces to the trivial solutions (d) and (e).

1.4) Iy =1 and I3 = I3 =14 = 0. In this case, as in [Cro], there is no solution, but the trivial one (d).
2) 4 > 2,1 > l3,13,14. This case can be treated as the analogous one in [Cro]. This concludes the proof
of the lemma 1.14. QDE

We now use the above lemma to classify all the triangles which can give rise to the algebraic solutions.
Every quadruple generates twelve triangles. In fact given a solution {1, ¢4) we have six ways to choose
the pair (i, ;) such that

cos 2mp; + cos 2w = 2cos w{p;i + ;) cos (i — ©5);
chosen the pair (g;, ¢;), we have two ways for choosing ¢k, in order to have the triangle
(2r; i + 05, loi — o5 -
The remaining ¢; is, by definition, such that the above triangle is mapped, by the braid (1.36), to:
(loi — 3], 11 — @i — @il 1) -
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Let us analyze all the triangles generated by the solutions of the equation (1.38), and keep the good ones,
namely the ones for which the new r}, given by (1.37), is rational for every i, j, k, cyclic permutation of
1,2,3.

We observe that, a necessary and sufficient condition for {(ry,rs,r3) to give a good triple, is that every
permutation of it, not only cyclic, must give again a good triple. In fact let us suppose that (r1, ro, r3) gives
a bad triple. Then there is not any rational r4 such that

COS Ty == COs Try + 2 Cos w1y cOS T3,
or equivalently, for the correspondent ¢, 2, v3

S SN TP L Bk
‘101‘—'2185-_‘ 2 ,993"' 2 3

there is not any rational ¢4 such that o), @2, 3, @4 satisfy (1.38). We now show that the permuted triple
(r1.73,72) is again bad. In fact, if it was good, then the correspondent ¢}, 5, 5 admit a rational ¢} such
that ], ¢%, ¢4, ¢4 satisfy (1.38). But this is absurd because the new ¢}, ), ¢4 coincide with the old ones
1,42, 3. So the triple (r1, r3, r2) is again bad. As a consequence if (r1,72,73) is a good triple, then the
permuted triple (r1, 73, re) is again good (otherwise, by the above argument (r;, r2,73) is bad). This proves
our claim; in fact the good triples are defined up to cyclic permutations, then, allowing the permutation
(r1,72,73) = (r1, 73, 72), all the permutations are allowed.

So we will exclude all the triangles (ry, r2,r3) for which there exists at least a permutation that gives
rise to values of (1,2, w3) for which there is no rational ¢4 such that (g1, 2, ¢3,%4) is a solution of (1.38).

Solution {a).

112 1138 REY 1 4 7T 13y /111113 nz21
3'30°'%)’ \B'55) \1530°%/) \1530%) \15303%/)" \15135)
421y 117 11113 3l_"_) 113 (113)
5'15°5)° \5'5'15)’ \330°30)" \3'30°30)" \355)" \3335)

The last two points
113 112
G33) (33 (1:40)

belong to the orbit (1.35). The above values, except the (1.40), give rise, for example, to the following values
of (1:¥2, ¥3), given by (1.39), (written in the same order as the correspondent generating triangles):

15 7Y (13 7Y (1101y (T 711y (U713
60°12°20)° 10°10°30/° 60°60"4/"’ 60°20°12/° 60°12°20/°
1183) (1138) (17) (11128 (1 913
10°30°10/° 1572’10/ 5730/ 20°60°60 )’ 60’20’60/

there isn’t any rational number ¢4 such that any of the quadruples build with these triples and ¢4 is in the
class described by the lemma 1.14.

Solution (b).

711 23 7211 7 1 11 2 1 19 2 1 17 2 1 3
1530’30/ \15’5°15/' \15°30°30/’ \15°30°30/° \15°30°30/°' \15°15'5/’

(BL3), (22, (L) (anmy o zie) 1L
57155/ 5'15°5)° 3'36°30)° 3'30°30/° 5’3’5} 3’3’5/
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The last two points are equivalent to:

113 211
z 5= g 1.41
(3’5’5) (3’3’5) (1.41)
of the orbit (1.35). As before one can show that if (ry, 2, 73) is one of the above values, except the (1.41),

then there exists a permutation such that the rj, defined by (1.37) is no-more rational. In fact we obtain for
example the following values of (1, @2, ¢s), which don’t fall in the values obtained in the lemma 1.14:

um oy (134, (LIL) (3iE) (LEL
60°60°20/° \5'5°15/' \60°12°20/' \60°4’60/)" \60°60 20/’

1 23 11 L2, 11_2.0 12_3L) 21_12)
30°30°30/° \30°5 /' \30°5° /)’ \60°60°20/)° \60°20°60/"
Solution (c).

215 2 5 19 211 25 4 11 26 424 4113
7))’ 7°42'42)° 7°42°42 )" 7427 42)° 7TT)’ 7742742 )"

1129 1523 114 113 124 115
7°42742)° 742742 TN’ 3’7 7) v/’ R A A
As before one can show that if (ry,r2,73) is one of the above values then there exists a permutation such

that the r} defined by (1.37) is no-more rational. In fact we obtain for example the following values of
(¥1, %2, ¢3), which are not included in the values described by the lemma 1.14:

Ll_?_;_ _5_3_11 11 37 13 _1_171 l40 1 37 11

14°2°14)° 84’84’12}’ 8484’84 )" 81'12°84)° 7)) 84'84784)°

15 28) (5 1) (12N (18 1) (1195) (114

84°12°84)° 84°84°84)" T ) 14’2121 )7 7742’ 42)° 14°21°21)°
Solution (d.1).

233 119 111 1119 117 215

372020/ 320020/ \5'20°20/’ 5730730/ 5'12'12)° \5'12°12)’

(§il 3 713 1713 111 212 112
520020/’ \5°30°30/)° \2'30°30/’ \2'30°30/’ \3'5'5)’ \2'8'3)

The last fwo points are equivalent to:
113 121
(55 —5'r 5) (5- 3:5) (1.42)
of the orbit (1.35), which is now complete. We can again exclude all the other values of (ry, 73, 73), with the
same trick as above.

Solution (d.2). In this case we have that any of the triangles generated is equivalent to one of the following:

1o gp Lo te] LhapY (1 [1-dg] B—dpl) (1 [1-dg] 1+dp
(P1 4 i 4 k] 2’ 4 b 4 i 23‘ 4 r 4 H

9, 11— 49| |3 4| 11 [1-4g|
?’ 4 ’ 4 H 2’2) 2 4
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where ¢ is an arbitrary rational number. The last triangle is forbidden because it has two right angles, and
the first four ones are all equivalent to a flat triangle, so they are again forbidden because they give rise to
a resonant value of p.

Solution (d.3). The generated triangles are the following:

11 1 2 1 1 122 2
(‘2',;0;,259+§)’ (l§—2¢‘,§,2¢+§)a (2 3 3+2 ) (3 + 2¢, '3 )

2.
3
2 [1—4p] 1440 2 [1—4p| 1+4p 1 1
lUTRY) VO Eelet o BBk z - L I T 4 o
(3+ o1 ) \3 Qsal,v 1) \3 1+2<p 20,5142 ),
| 2], +1 4+ 9 +1 +7 2+2 +5 +11 9 +5 +11
3 P 12:‘[’ 12 PP 12:90 12 3 PP 12:@ ) e, @ 12:99 12
This case must be studied carefully because we have to classify the allowed values of the rational variable ¢

in order that, applying the transformation (1.36), we obtain always rational values. Let us analyze the first
triangle. It is mapped by (1.36) to a triangle equivalent to the second:

11 1 1 2 1 1
el o 9 s ol -1 )
(2 3 . 2¢ +3) (3+2<p,3 o + ) (l |,3,2cp+3) (1.43)

If we apply the braid (1.38), with r; = 3 yTpET =204+ 3, we have to solve:
2 1
cos ?ﬂ- + 2 cos® (20 + §) = cos AT},
or, equivalently, for ¢ and for the new y:

cos 233 + cos 2m{2¢p + ! + 1+ cos 2 = 0.

3)

We classify the values of the allowed ¢ using the lemma 1.14 in the case (e). We have six possibilities for ¢:
i) if gx = %, then ¢ = 1. In this case we obtain, from (1.43), all the points of the orbit (1.32).
ii) if ¢x = 3, then ¢ = 0. In this case we obtain, from (1.43), all the points of the orbit (1.31).
i) if g = % then ¢ = —_ﬁ- In this case we obtain, from (1.43), the following points:

115 121
2'3°6)" 6'3'6)"

We exclude them because there exists a permutation such that the rj defined by (1.37) is no-more
rational.
iv) if o is free to vary, then 2¢ + % = % In this case we obtain, from (1.43), the forbidden point:

111
2 3 3 1 2 H
S0 we have to exclude it.

v) if px = &, then ¢ = 5, and we obtain, from (1.43), the following two points of the orbit (1.34):

112 2 2 2
2°3’5 )’ 5'3'5)"

vi) if px = £, then o = ;—g-, and we obtain the following two points of the orbit (1.33):

111 121
2'3'5)" 5'3'5)"
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In the same way we can study all the other triangles and show that we don’t obtain any other value but
the ones described in the theorem.

Solution (e.1). The generated triangles are the following:

002). (0. 2), (5L2). (25 1) (212). (A1) (2LD)
’ )§ ’ :1—215 ’ :213 ’ 3)12112 3:3)3 ’ 2)3)3 ’ 3;4)4 s
the first four are forbidden because there exists a permutation such that the r} defined by (1.37) is no-more

rational. So we have to exclude them. The fifth and the sixth are points of the orbit (1.31) and the last of
(1.32).

Solution (e.2). The generated triangles are the following:

11 11 11 |1+ 4¢]
9 -2 a9’a a9’ 11 ) ’
(299,2,2), (|1 ¢|,2,2), (2,2, 3 v (Ligp)
11— 2¢| [1—2¢p| 1 |1-4¢] |1—2p| 142
it -9 it i
(1, 7 g , 0,2, 3 v (11=2¢],9,¢), |0, 7 3 ,

1-2 1-2 1—-2¢| 142
(OJ‘Pal*‘P)v (299:| 9 <P|:| 2 ‘P|>, (|1_2<P|a| 9 <P|:Tso>a (2901<P11_<P),-

They are all forbidden, the first three because they have two right angles, the next three ones, because we

can prove that necessarily ¢ = %, then the first has two right angles, the second gives |cos 7r}| = 3 and the
=3 k

last gives |coswr,| = 2; all the others because they are equivalent to a flat triangle.

Solution (e.3). The generated triangles are the following:
n 2 B) (LY (13} (213} (211y (428
’15’ 15 7 )15)15 ] ,5’5 ) 3’5’5 ) 5715’15 ) 5,15’15 b
411 211 222 222 211 (l?l
5'5°5)° 3’5’5/’ 3’5’5}’ 5'5'5)"° 5’3’3}’ 5°3'3)°

We exclude the first six because we can show that there exists a permutation such that the rj defined by
(1.37) is no-more rational. The seventh and the eighth give two points of the orbit (1.34), the ninth and
tenth two points of the orbit (1.37) and the last two, two points of (1.37).

Solution (f) We have obtained all the points of all the orbits of the theorem. To show that there are no

other points we still have to examine the case (f). In this case all the obtained triangles are equivalent to
the following:

ﬂ |2—<p1+<p3| |2—(,91—<p3| ﬂ l |1—<P1| fl |4_<P1—<P3| |<P1_<P3| (144)
2’ 4 ’ 4 ’ 2'2 2 ’ 2’ 4 ’ 4 ’ '

Applying the transformation (1.36) to the above triangles, we find that we have to solve for ¢;, 3 and for
the new ¢ obtained from the (1.37), the following three equations respectively:

2_
cos 7r|2—$03| + cosmp; +cos2mp +1 =0,
1 - — oy —
cos WHL;@ + cos ”E__fi;__fﬂ + cos 2w = 0,
p1+ 3 |31 — 3]

2 cos WT + cos WT + cos2mp = 0.
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We again can use the lemma 1.14 to prove that we don’t obtain any new point. Let us show this in for the
first triangle

P1 12— 91+ 3| [2— 01 — @3] .
( 5 y) ) 1 . (1.43)
We have to solve the equation
9_
cosrrt 3| 4 cosmpy +cos2mp -+ 1 =0. (1.46)

Using the lemma 1.14, the possible values for (Lz—_;?—ﬂ,(pl, ¢} are the (e.1), (e,2) and (e.3). Consider the case
(e.1), then the possible solutions for the pair (v, 3), are

(971s993)=(%,-2§), (%.1), (%,%),

Let us substitute these solutions in (1.45); we obtain the triangles

113 5 17 1

(75327 (g, 213 | )

[=:3 o]

1

B |

b

QO bt

which are all flat, and then forbidden. Let us now consider the case (e.2). In this case we obtain two
possibilities: either @3 = 0 and ¢, is a free parameter, or ¢; = 1 and ¢; is a free parameter. In both the
cases the triangle (1.45) is flat, and then forbidden. Let us now consider the last case (e.3). The possible
solutions for the pair (¢1, ¢3), are

i =G3)h (Gah Ggh Goah gl Gog)

Substituting these values in (1.45), we obtain all flat angles. We can repeat the same proof for the other two
triangles in (1.44). In this way we conclude the proof of the theorem. QDE

1.4. Monodromy data and reflection groups.

We reformulate here the above parameterisation of the monodromy data by classes of equivalence of
triples (21,2, z3) in a more geometric way. Let us consider a three-dimensional space V' with a basis
(e1,e2,¢e3) and with a symmetric bilinear form (-, -) given, in this basis, by the matrix

2 z z3
gi=1z1 2 =z (1.47)
z3 z9 2

namely
(ei,ei) =2, for i=1,2,3, and (e,e2) =z, (e2,e3) =22, (e1,€3)=za.

Observe that the bilinear form (1.47) does not degenerate. Indeed,
detg =8 — 2(::'“1’ + :c% + :cg — Iyzaz3) = 8 cos? wu # 0,

due to the non-resonance assumption 2p ¢ Z. The three planes p1, pa, ps orthogonal to the basic vectors
(€1, e2, €3) posses the following properties:
1) The normal vectors to these planes are non-isotropic (i.e. (e;,e;) # 0).
2) None of the planes is orthogonal to the other two.
Conversely, a real three-dimensional space V' with a non-degenerate symmetric bilinear form (-, -) and
with an ordered triple of planes, satisfyving the above conditions, uniquely determines the matrix g of the
form (1.47), and then the monodromy data of a solution of PVIgu.
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We define three reflections R;, Ra, R3 with respect to the three planes (pi, p2, p3):

'V-)V

. i=1,2,3.
z >z — (e, x)es

These reflection have the following matrix representation in the basis (e, ez, €3):

1 —r;y —T3 1 0 0 1 0 0
Rl = 0 1 0 y Rz == —ZXi 1 —T2 y R3 - 0 1 0 . (148)
0 0 1 0 0 1 -Tr3 —X2 1

Let us consider the group G C O(V, (-, -)) of the linear transformations of V', generated by the three reflections
R1, Ra, Rs. The matrix ¢ is the Gram matrix of the reflection group G. We observe that, for an admissible
triple, the group G is irreducible, namely there are no non-trivial subspaces of V' which are invariant with
respect to all the transformations of G.

We conclude that the branches of the solutions of PVIu can be parameterised by three-dimensional
groups with a marked ordered system of generating reflections R;, Ry, Rs. Let us describe what happens
with the triples of generators under the analytic continuation of the solution.

We define an action of the braid group Bs; on the systems of generators Ry, Ry, R3 of the reflection
group G:

Bi : (R1, Ra, Rs) = (Ru, Ro, R3)P* :=(Ra. R2R1 Ry, Ra),

B= : (R1, Ra, Rs) — (Ry, R2, R3)? :=(R1, R3, RsR2R3),

where (2 are the standard generators of the braid group. Observe that the groups generated by the
reflections (R, Ra, R3) and (R, Ry, Ra)ﬁ coincide for any f € Bjz. In particular the following lemma holds
true:

(1.49)

Lemma 1.16. For any braid 8 € Bs, the transformations 8( Ry, Rz, Rs) are reflections with respect to
some planes orthogonal to some new basic vectors (ef , e‘g, eg ). The Gram matrix with respect to the basis
(¢ €5 €8) has the form:

: 5 : 3
(,efy=2 i=1,2,3, (. e3)=2z], (5, el) =128, (ef,€h) =2b,

where (xf,x‘g,xg) = B(r;,z2,z3).

Proof of the lemma 1.16. It is sufficient to check the statement for the generators ) ;. For = fi:

By 81 81 _
€)' =e3, €y =e —Tie3, €3 = ez,

for 8= B
ef’ = ey, e‘gz = e3, eg’ = ey — Inea.
Computing the Gram matrix we prove the lemma. QDE

Reflection groups and algebraic solutions We observe that all the triangles, obtained in the classi-
fication theorem 1.6, are spherical. For them, the reflection group G, defined above, acts in the Euclidean
space (in fact the correspondent Gram matrix g is positive definite), and it is finite. These groups coincide
with the Coxeter groups Az, Bz and H;. They describe respectively the symmetries of the tetrahedron, of
the cube and of the icosahedron.

The classes of the algebraic solutions, described by the triangles in the list given by the theorem 1.6,
are in one-to-one correspondence with the pairs of the reciprocal regular polyhedra or star-polyhedra in
the three-dimensional Euclidean space. Namely (1.31) corresponds to the regular tetrahedron, {1.32) to
the pair regular octahedron-cube, (1.33) to the pair regular icosahedron-regular dodecahedron, (1.34) to
the pair regular great icosahedron-great star dodecahedron, (1.35) to the pair regular great dodecahedron-
small star dodecahedron. To establish the correspondence we associate a triple of planes in the Euclidean
three-dimensional space to a polyhedron on the list, using the following construction (see figure 7):
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Fig.7. Here we show how to obtain a triple of planes, with a common intersection point, starting from a cube.

1) Take a face of the polyhedron.

2) Connect the center O of the face with a vertex P of it.

3) Take an edge of the face passing through the vertex P.

4) Connect the center @ of this edge with O.

5) Consider the hyper-planes through the center H of the polyhedron and the sides OP, OQ and PQ.
6) Intersect such hyper-planes with a sphere of center in the center of the polyhedron.

Classification of the monodromy data, second proof. We present here another proof of the above
classification result, based on an idea suggested by E. B. Vinberg. We start with the following:

Algebraic Lemma. Let (z,y,z) be an admissible triple of real numbers, satisfying the inequalities:
224y + 2% —zyz > 4, (1.50)
and
lz], 9], |=] < 2. (1.51)

Then there exists a braid 8 € Bs such that the absolute value of some of the coordinates of B{z,y, z) Is
strictly greater than 2.

Before proving the lemma, we observe that we can assume, without loss of generality, that all the
coordinates of (z,y, z) are non-zero; in fact, for any admissible triple, there exists a braid 3 € Bj such that
all the coordinates of B(x, y, =) are non-zero. Let us denote by b, b, and b. the following braids:

b.z: = ﬁ?; br(z,y,z)'—" (z,—:r,:r:—-yz),
by = ﬂ;lﬂlﬁZv by(“':yr Z) = ('_y+ rz,—zx, '_Z):
bz = ﬁl) bz(‘t: Y, Z) = (—'$,Z —TY, y)

Lemma 1.17. Let (z,y,z) be a triple of non-zero real numbers, satisfying
0<lzl ||, Iyl <2 (1.52)

and
x2+y2+22-—xyz::4+02, c>0. (153)

Denote (¢, y/,2') := B(z,y,z), where
b-t' If ‘z‘ .<.. Iylx ‘ZI!
B = by if [yl < lz!v lzly
b, if |z| <zl lyl-

Then:
min{|z’|, |¢/|, ||} 2 min{|z|, |3, |2} (1.54)
and
[’ + ¥/ + 12 2 |2[ + ly| + |z| + min{?, 2¢}. (1.55)
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Proof of the lemma 1.17. Let us prove the lemma in the case where |z] < |z|, |y} and § = b.. The other
cases can be proved in the same way. If the signs of z and of zy are opposite then:

|Vl =zl + eyl 2> |2+ 2%, 12| =zl ||=]:]

and the (1.54), (1.55) are proved. Let us suppose that the signs of z and of zy are the same. Changing the
triple (z,y,2) to an equivalent one, we can assume that all the coordinates are positive. If we prove now
that:

2z + 2¢ < zy, (1.58)

where ¢ is given in (1.53), we have that || = |zy — z| > z + 2c and the lemma is proved. To prove (1.56)
we find the constrained minimum of the function zy on the domain D defined by the conditions (1.52) and
(1.53). The Lagrange function:

F(z,y,2) :=zy—A(z? +y* + 27 — zyz) ,

4+4c¢2-22
r=y=\ o

and no minimum in the interior of D. It remains to study the values of the function zy on the boundary of
D. If, say z = y, then the positive root z of the equation

has the local maximum at:

22 4+9222 222 =442

is greater than 2. So the boundaries z = y and z = z are not reached for (z,y, z) € D, and then |z| < |z[, |y|.
It remains the last boundary to be studied. If, say y = 2, we find ¢ = z % ¢. Since £ > z, then z = z 4+ ¢ and
zy = 2(z + ¢); this is the minimum of the function zy. QDE

Proof of the algebraic lemma. As observed above we can always reduce to the case where all the coordinates
(z,y,2) are non-zero. Put:

A(z.y,z) := min {2:2, y?, 2%, 2/ + g2 + 2% — zyz — 4} :
Using the lemma 1.17, we can build a braid b; such that the coordinates:
(21,91, 21) = bi(z, ¥, 2)
satisfy the inequalities
min{|zi], [v1], |z11} = min{lz], |y], [2[} |ea] +lyl + 0] 2 |2] + |yl + |2] + Az, 9, 2). (1.57)
Since the quantity z? + y* + =% —~ zyz — 4 is preserved by the action of the braid group, we obtain:
A(z1,y1,21) > Az, 9, 2).
If the absolute value of some of the coordinates (z1, y1,2;) is greater than 2, the lemmain proved. Otherwise

we apply again the construction of the lemma 1.17 to the triple (21, y1, z1). In this way we obtain a sequence
of braids by, by, ba - - - such that the corresponding triples

(Zet1, Yot1, Ze+1) = b1 (Zk, Yk, 2x)

satisfy
A(Trpr, Yrtr, Za+1) > AZg, Yk, 2k)-
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Iterating the inequality {1.54), we obtain that
lzil + Juel + |zl 2 |2l + [yl + |2] + kA(2, 3, 2).

Hence, in a finite number of steps we build a triple such that the absolute value of at least one of the
coordinates in greater than 2. This concludes the proof of the algebraic lemma. QDE

Corollary 1.3. For an algebraic solution of PVIu, specified by an admissible triple z; = —2cos 2xr;, the
value of u must be real, the strict inequalities

lzil <2, i=1,2,3, (1.58)

hold true and the matrix g defined in (1.47) is positive definite.

Proof of the corollary 1.3. Let us prove that, for an algebraic solution, the triple (1, 2, £3) must satisfy the
inequality:

4zl 42~ rirr3 <4 (1.59)
In fact, if 3 + 23 + £3 — 217223 > 4, then, according to the algebraic lemma the triple is not a good one,
and this contradicts the assumption that the solution is algebraic. If 2} + £3 + 3 ~ 212273 = 4, then, form
(1.20), p = $ + k with k € Z. This contradicts the basic assumption 21 ¢ Z. Then (1.59) is satisfied and

is a real number. Let us now prove (1.58). If, by absurd, one of the coordinates, say z; is such that r; = +2,
then

] 9 2
z]+ r% + x5 — 12923 = 4+ (22 F z3)°,

and, being r; 23 real numbers, (1.59) is violated. Then z; # +2, for every i. Finally, applying the Sylvester
criterion to the matrix g, we prove that g is positive definite. In fact

detG =8 — 2(z7 + 3 + 23 — £, 2223) > 0,

and, for any minor:

det<2 x") =4-22>0.
x; 2

QDE
Lemma 1.18. For an algebraic solution of PVIu the reflection group G acts in the Euclidean space.
The proof immediately follows from the fact that the correspondent Gram matrix is positive definite.

Corollary 1.4. For a good triple (z1,z2,23) and for any braid § € Bg, there exists three integer positive
numbers nfz, nfs and "gs such that:

3B nl;
(R,- Rj) =1, for i#j 4j=1223. (1.60)
Proof of the corollary 1.4. If (e1.e2) = 2, = —2cosnr with r = 2, m,n € Z, then R, R> is a rotation by
the angle 27, hence:
(R]Rg)n =1,
This holds true for any pair R; and R;. Moreover, for any braid 8 € Bs, the triple 8(z1, 22, 23) is again
good, then (1.60) is proved. QDE

Corollary 1.5. The set of the solutions of the PVIu equation, with a real value of p and real parameters
(1, 22, x3) satisfying
|zl <2, i=1,2,3,

is invariant with respect to the analytic continuation.

Proof of the corollary 1.5. Applying the Sylvester criterion to the matrix g defined in (1.47), we obtain
that g is positive definite. So the reflections Ry, Rz, R3 can be realized in the Euclidean space. After a
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transformation (1, 3, z3) — (zf,zg, a:g) = f(z1, T2, 3), the new numbers (z,?, 24P, 23P) are the entries of
the Gram matrix:

2 x‘f :z:g
g° = a:f 2 xf )
a:g a:'g 2

of the basis (e’f ,eg,eg ), in the same Euclidean space. Then this matrix must be positive definite, namely
z? < 4 as we wanted to prove. QDE

In the second part of this paper, we will identify the set described in the corollary 1.5 the class of
solutions of PVIx having asymptotic behaviour of algebraic type. This identification will be crucial in the
computation of the five algebraic solutions of PVIy we obtain.

As we have just shown, a good triple

my ms mga
(z1,22,23) = (—2 cos 71—, —2cos 1—, —2 cos 77—-——) ,
n, na ns
corresponds to a representation of the Coxeter group generated by three reflections R;, Ra, Ra satisfying

R:=RI=Ri=1, (RiR:)™ = (R:R3)"* = (R1R3)™ =1, (1.61)

in the three-dimensional Euclidean space. We denoted by G the image of this representation. Moreover, for
any braid § € B3, the matrices
(R?’ Rg’ Rg) = ﬁ(Rl’ RZ: R:_J,),

satisfy the same identities (1.61), with some new integers n?, ng , ng. We stress that the reflections Rf, Rg , RS
generate the same group G.

Theorem 1.7. It follows from the above property that G is an irreducible finite Coxeter group.

Before proving the theorem, we recall some algebra. Let n be the least common multiple of ny, ns and
n3. Put:

T
=2 —.
¢ cos -
Lemma 1.19. The numbers e
;= —2cos Tt"—x, t=123,
g

belong to the ring K¢ of the integers of the field K := Q[(].

Recall (see [Wey]) that K is the normal extension of Q generated by ¢ and Ky is the ring of all the
algebraic integer numbers of K, namely it consists of all the elements = € K satisfying an algebraic equation
of the form

* tazF o tak =0, with a;€Z.

Proof of the lemma 1.19. Let n = nym}, then

m; ™
cosw— =T . [cos—] ,
3
n

n;
where
k—1
Ty (x) = cos{k arccos z) = ok=1gk o Z 2~ lap,z®, (1.62)
=0

are the Tchebyscheff polynomials of the first kind (see [Bat]). Recall that all the coefficients ax, are integers,
SO Cos 11"2—’} = is a polynomial of ¢ with integer coefficients. Moreover ¢ is a root of the algebraic equation

2T, () +2=0,
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so it is a root of a monic polynomial in K with integer coefficients. Hence ( € Ko and z; = =27, (%) € Ko
being a polynomial of { with integer coefficients, as we wanted to prove. QDE

Proof of the theorem 1.7. From the formulae (1.48) it follows that the matrices Ry, R» and Rs are all
defined over the same ring Kg of the integer algebraic numbers of K:

R; € Mat(Ko, 3).
Moreover these matrices are orthogonal with respect to g:

RlgR; =g, | (1.63)
where g is defined in (1.47). Let
I'=Ga(K,Q)
the Galois group of K over Q, namely the group of all the auto-morphisms
0: K=K,

such that they are constant on Q.
For any ¢ € T we denote by ¢(R;) and ¢(g) the matrices obtained from R; and g by the action:

(z1.22,23) = (8(21), ¢(22), P(23))- (1.64)
Lemma 1.20. For any ¢ € T the following statements hold true:
i) det ¢(g) # 0,
ii) The matrices ¢{R;) are orthogonal with respect to ¢(g).
iii) For any B € Bz the matrices 6(R;)? satisfy the Coxeter relation (1.60).

The proof is obvious, due to the fact that any auto-morphism preserves all the algebraic relations..

From the above lemma, and from the algebraic lemma, it follows that for any ¢ € T', the real symmetric
matrix ¢{g) must be positive definite. We will show that this implies that the group G is finite. Let N be
the order of the Galois group I'. We construct the block-diagonal matrices

Ri € Mat(Kq.3N), i=1,2,3,

as the matrices formed by 3 x 3 blocks on the diagonal, such that the j-th block is ¢;(R;), for 0; € T,
j=1,2,---,N. the matrices R; are orthogonal with respect to G, that is the block-diagonal matrix having
$;(G), for ¢; €T, j=1,2,---, N, on the diagonal blocks. We can apply the lemma 1.20 to the matrices R;
to show that they satisfy the Coxeter relation (1.60). As a consequence we obtain a representation of our
reflection group G into the orthogonal group

G0 (IC3N ,G)

R,' —r R,‘.
By construction the matrices R; preserve the sub-lattice

K3y c k3N

of the vectors whose components are algebraic integers of the field K. We recall (see [Wey] that the ring
Kg of the algebraic integers of the field K, is a finite-dimensional lattice. As a consequence the image of

the representation (1.63) is a discrete subgroup of the orthogonal group. Since G is positive definite, this
subgroup is compact and, hence, G must be finite. The theorem is proved. QDE

(1.65)

To complete the classification of the monodromy data related to the algebraic solutions it remains to

classify the objects
(G, Ry, Ra, R3),

where G is one of the Coxeter groups Az, Bs and Hs and ( Ry, Rz, R3) is a triple of generating reflections
considered modulo the action (1.49) of the braid group. This can be done by a straightforward computation
of all the orbits of the triples of generating reflections. All of them were described and classified by Schwartz
(see the introduction). We arrive again at the list of the theorem 1.6, where the triples (1.31) generate the
group Az of the symmetries of the tetrahedron, (1.32) generate the group Bs of the symmetries of the cube,

while (1.33), (1.34) and (1.35) correspond to three inequivalent triples of the generating reflections of the
group Hs.
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2. GLOBAL STRUCTURE OF THE SOLUTIONS OF PAINLEVE’ VI HAVING CRITICAL
BEHAVIOUR OF ALGEBRAIC TYPE

In the first part of this paper, we found a class of solutions of PVIy invariant with respect to the analytic
continuation. For them, the reflection group G acts in the three-dimensional Euclidean space. Recall that
the parameter u must be real, the coordinates of the admissible triples (z;, z2, £3) must be real and satisfy
the inequality

-2<zi <2, i=1,23.

In this second part, we prove that this class of solutions coincides with the class of the solutions of PVIg
having critical behaviour of the algebraic type:

aoz’ (14 O(z*)), as z—0,
y(z) = ¢ 1—ay(l —2)™ (1+0((1 - =z))), as z — 1, (2.1
a7t (1 + O(z7°)), as z — 00,

where € > 0 is small enough, and the indices Iy, [,, . are real and the coefficients ag, a;, ao are some
complex numbers. We compute the behaviour of any branch of these solutions near the critical points.
These results will be used to compute explicitly all the algebraic solutions classified in the first part.

First of all, we fix the notations. Let us choose:

u]_:O, Uz = r, ‘U3:1.

Then the Fuchsian system (1.1) reads:

4y - Az o)y = (

-+

z z—z2 z-1

= Ay A A )Y,

and putting:
A= Ag, A=Az, Azi= A, Ax = A,

d A A Az
=y = (—" + -y ) Y. (2.2)

dz z z—~1 z-—12

we obtain:

The branch cuts in € are the same as in the section 1.1. We call now the basic loops 4o. %z, v1; they are

fixed as before, namely ¥o.+z.71 play the role of the preceding 71, 72,73 (see picture N1). The Schlesinger
equations read:

%Ao(z) = —-[AO;AI],
%Al(a:) = ~%, (2.3)
S he(e) = Hodd A ds]
The correspondent monodromy matrices are
My, M, M,
which play the role of the preceding M;, Ms, M3 respectively. We recall that they satisfy
Mo MMMy =1 det(M;)=1, Te(M;)=2, for i=0,1,2 (2.4)
with )
Mo = (exp(gl‘ﬁ'p) ol _OQW)) . (2.5)
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With the above choice of Ay, A1, Az and Ap, satisfying
detA; =0, Tr(A;))=0, i=0,1,00, (2.6)

the non-degenerate solution A(z,z) of the Schlesinger equations turns out to be related to the solution of
PVI, with parameter 4 in the following way (see [JMU]):

[Aly.2)h2 =0, iff y(z) solves PVIy, (2.7

with y not identically equal to 0,1, z.
We now state the first main theorem of this second part:

Theorem 2.1. For any admissible triple (zg, Z1, %o ), 2i E R, |2i| < 2 for i = 0, 1, o0, there exists a unique
branch y(z; 20,21, o) of the solution of PVIy, with the parameter p satisfying the equation:

4sin’ mp =22 4+ 27 4+ 22, — 2071700, (2.8)
with the asymptotic behaviour (2.1) around the critical points 0,1, co. The indices are given by
. 1
2r; if 0<r; < 2

1
l; = —arccos(cos 2nr;) = 1 i=0,1,00, (2.9)
i 2-2n if S<mi<l

with
z; = —2cos 71y, 1=0,1,00,

and the leading coefficients ag,a,,a. are single-valued functions of the equivalence class of zg, 1, T and
of p, namely the coefficient ag, for 2o # 0 , is given by:

exp(—ing) *(1 - L)I*(152)I (24 + I (P — p)

_ 2.10
% 42p+1— 1) T2 + pridst — p) (2:10)
where
exp(ind) = 22z — 222 — 2zoziz0 + 222 + izysign(z0) /4 — 23(2200 — ZoZ1) @.11)
’ 2z? — zor1z2+ 72,)
and for zg =0 )
Qo = g (2.12)

2 + 72,
The coefficient a; is given by the same formula with the substitution zp ¢+ 21, lo v l1; aw is given by the
same formula too, after the substitution (2o, 1, Zeo) — (Loc. —%1, To — T1Zoo) and lp —» loo. Conversely any
solution of the PVIy equation, with a real value of p, having critical behaviour of algebraic type, can be
obtained by the above construction.

Remark. The relation (2.8) determines p up to the transformations
p>tp+n, nel.

From the results of the section 1.2, it follows that a change y — —pu corresponds to the action of the
symmetry (1.21) on the solution y(z; 1, z2, za), and a change ¢ — p + 1 corresponds to the action of the
symmetry (1.23) on the same solution; these transformations preserve the class of the algebraic solutions.

The theorem 2.1 will be proved in the section 2.4.
2.1. Local theory of the solutions of PVIy having critical behaviour of algebraic type

Local asymptotic behaviour around 0. In this section we characterize the local asymptotic behaviour
of the solutions of PVIy near the singular point £ = 0. First of all let us characterize the type of asymptotic
behaviour that can be related to the algebraic solutions:
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Lemma 2.1. Let us suppose that y(z) is an algebraic solution of PVIy; then the first term of its Puiseaux
series is

y(z) ~ gz’ as z—0. (2.13)
for some constant ag # 0 and, the rational number o must satisfy 0 < o9 < 1, with ag # 1 if 0o = 0.
Proof of the lemma 2.1.  If y(z) is an algebraic function, as z — 0, then it admits an expansion in Puiseaux

series around 0:
oS

y(z) = Zakz%, ko e Z,
ko

where n is some natural number. As a consequence, for kg # 0, we have the following relation between the
orders of the first and second derivative of y:

O(e*y") = O(zy') = O(y). (2.14)

We now reduce to the common denominator the PVIu equation and collect together all the terms of the
same order, using the rule (2.14). The first term of the Puiseaux series must be chosen in order to kill the
lowest term in the numerator of the PVIu equation. If ky < 0, the lowest term is

- + 4 — 4p%P
which, for 2u € Z cannot be zero for any choice of kg. Then kg cannot be negative. If n > ko > 0, the lowest

term is:
2 11 2

222y %y — 2zy'y? — 2237,

which is zero fory= a;,.oziv?‘. For kg > n:
2%y 4 25%" y + .

which cannot be zero. Moreover for kg = 0, the lowest term in the numerator of the PVIy equation is
—ag(ao — 1)*(2p — 1)

and, since by assumption 2u & Z and ag # 0, the only possible value of ag is 1. Putting y = 1+ alztvf', we
obtain, in the same way that a; = 0. This is the forbidden solution y(z) = 1. Then k¢ can not be zero, and
y(z) satisfies (2.13) with 0 <l = %‘1 <1, namely 0 < og < 1. QDE

In the above lemma we have seen the expected asymptotic behaviour of the algebraic solutions. We now
state the main result of this section, which is more general, namely it holds also for non algebraic solutions.

Theorem 2.2. For any pair of values (ag, 00), 0 < 0¢ < 1, there exists a unique branch of the solution of
PVIy, for a fixed p, with the asymptotic behaviour

y(z) = apz'"°(1 + z° f(z)) as z —0, (2.15)

for some € > 0 and f(z) smooth function such that limy_,o f(z) = const.

In order that z!~7° is well defined, we have to make some cut in the complex plane, namely, from now
on, we cut along the line argz = ¢ for some ¢.

Proof of the existence. First of all we state the existence of solutions of the Schlesinger equations with
a particular asymptotic behaviour. The following result will play an important role also in the section 2.3.
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Lemma 2.2 (Sato-Miwa-Jimbo). Given three constant matrices A?, i = 0,1,z with zero eigenvalues
such that A = A9 + AQ has eigenvalues +£,0< 0 <1, and AY = —A — Ay, in any sector of € containing
none of the branch cuts, and sufficiently close to 0, there exists a solution of the Schlesinger equations that
satisfy

|A1(2) = 43| < Kz~ |a=2(A1(s) — AD)z?| < K|z~ (2.16)
|72 Ao(z)2® — AJ) < K|z|'=7"  |e™ 2 4. ()2t — AL] < K2t~ (2.17)
where K is some positive constant and 1 > o' > 0.

We want to show that it is possible to choose Ay i r and A such that the corresponding solution y(z)
of the Painlevé VI equation, obtained via the equivalence (2.7), has the asymptotic behaviour (2.15). Let
us consider an arbitrary constant matrix A with eigenvalues £%; let T be the diagonalizing matrix of A,

namely:
-4
A:T(é_&)T*.

The choice of T fixes A and vice-versa. Now we choose A} = —A, —~ A and A, such that AJ + A% = A,

namely
1

A=y

A+ F, Aﬁ:-;-A-F

for some constant matrix F. Then:

T-lAgT:(g O)-&-E, :r-lAgT—_—(g “Og)-E,
4

-
4

0 &
where we can choose E = | _, 2

0 ) for some non-zero constant &. With this choice of £, 4g; have zero

ETS
eigenvalues. Using the lemma 2.2, we obtain that, as z — 0:

L4 a 0 boz? ==
Ao,r-—m("’oz }_)[(3 _Oz)i(m-, : )] (“’O xo )T“, and A; = —Ace — A
4 4b

Substituting such asymptotic behaviors in the relation (2.7), taking 712, T1;1 # 0 we obtain:

wiy

Tlgitl_a‘
y(z) ~ - 0T (2.18)

we are now free to choose the arbitrary constants &, 711, Ti2, ¢ in such a way that --4—3-,}-:? = ag, & = oy, for
any fixed ap and oy.

Proof of the uniqueness. Now we prove that the solution y(z), ¢ € B(0, ), of Painlevé VI equation such
that it satisfies (2.15) for some given constants ay and o € [0, 1), is uniquely determined by a and . Here
B(0,r) = {x“x] <r argz # ¢, z # 0}.
The proof is based on the fact that Painlevé VI is equivalent to the following reduced Schlesinger equations
(1.16):

(e —1)g+2p(qg — 1)g{q — z)

7= - (z~ 1)z ’
. Pz —2¢—22¢+3¢%) —p(2¢—1) - (1 —p)p
P= (x—1)= ’

where:
z(z—Dy—yly—1)
2y —=z)y(y-1) ~’
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and the dot means the derivative ac-l; (see the system (1.16) above). We shall prove the local uniqueness of
the solutions of the Hamiltonian system with the following asymptotic behaviour:

I-11  zg(z)
2a =zt z!

q(z) ~ az + 2!t f(z)  p(z) ~ (2.20)
where I =1 — 09, a = ag, € > 0 and f(z) and g(z) are some smooth functions in B(0,r) which tend to zero
as z — 0.

This is equivalent to show the main theorem. In fact from the uniqueness of g follows trivially the
uniqueness of y and the following lemma holds true:

Lemma 2.3. The estimates (2.20) on the asymptotic behaviour of (q(z), p(z)) are a consequence of (2.15).

Proof of the lemma 2.3. Since ¢ = y, the assertion on y is obvious due to the hypothesis (2.15); concerning
p, we use its definition:

_zz-ly—yly—1)
d 20y~ 2)y(y—-1)

and by a straightforward computation we show the ansatz for p. QDE

We now distinguish two cases: 0 <! < 1, and ! = 1. Let us consider the former case; it is convenient to
introduce the new variables (g, p):

N
j== p=z'p
z
which have a similar asymptotic behaviour:

i) =a+sfz) @)= o+ otale), (2.21)

and the equations of the motion become:

év: fq(ﬁ,(j,z,z[), (2 22)
5=fp(13,fj,a:,zl), .
with: _
= —q(—1-2pg) q(1+ 2pg) n g(1+4pq) — 227" pg — ' (1 + 2p9)
7 T zl-l 1—z ’
and
g, = H=1-25) L B #4250+ 35°¢ Er — p(1 +4p§) + o' (u — p* + 25§ + 3p%5%)
P~ = pl-i + 1—1z :

We want to prove the uniqueness of the solution (§,5) of (2.22), satisfying the ansatzs (2.21) for t € B(0,r),
in the ball |[p — 52|, || — a|l < Cp, where G, is a constant that vanishes when the radius r — 0, and
l1fI| = suPs(o,ry | f(2)|- Let us suppose that there are two solutions (§1,51) and (g2, p2) of the system (2.22),

satisfying (2.21). Then, if we define X = (;131 - ;13";) , we obtain, as a consequence of (2.21), that the following
L -
limits exist: @
. X (z) .
S i (2.23)
for some 0 < &, X{) being the i-th component of X. Moreover X satisfies the following:

X/ = ([1—’+351(§1+<72)](il—52)+253(51—52) + 31_1 + A_z.oﬁg + AQ;«))

[1—1—2iz(ix+ﬁz)](z;x—iz)—2ﬁ§(<ix—<iz) + ST}::]T+ %P_g + AP,
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where
AQ!'::Qi(qlaﬁlsx)_Qf(g‘l)IS?:m)’ and AP;’=P{(51,IS1,I)“'P;(§2,52,£),

~ o - 5 FEy_apl=las 122 oy
Q1 = §(1 +259). Q2 = —2p§, Q = LA4¥D=22 Pz T 4B py =y — p? 4 957 + 35°3, Py = P,
Ps = p’z‘ '—p(1+4pq)+lr (p=p®+25G43p°3%)
We want to prove that under the hypothesls (2.23), X = 0 (this is equivalent to prove our theorem).

Performing the constant hnear transformation X = T Z, where

we obtain
{42 242 —Pn
2 - ( [L-t+271 (044 )0 = Ga) 4203 (Fr o) | AQy 4 802 4 A 2.2
g, 3 2 -
2a G(pI;pg,ql,qg) + 242 AP:{;(: 1)AQ1 + 2a AP;-tc(li 1}AQ, +2a2AP3 + (l - I)AQa
where

G(p1, 2, @1, §2) = =1~ 2G2(Pr +P2))(Pr—F2) = 253 (§1~G2) 1+ (1= D{[1 ~ 1421 (G2 +2) (G ~ T2) + 23 (1~ ),

and, from (2.23):
()
lim Z7(z)
|z|-+0,arg(z)=0 |z

=0, i=1,2. (2.25)

In order to prove that Z = 0, we fix any direction in the complex plane, namely we take z such that
arg(z) = 9, for some fixed ¥ and we consider the real variable t = |z|. Then we define:

V(1) .= |20 (z)].

We want to prove that the assertion V) (¢5) # 0 for some ¢y > 0 leads to an absurd. To this aim we prove
a differential inequality for the right derivative D, V() of V)(t). Since D,V < |Z0)'|, to obtain such a
differential inequality is enough to estimate from above the modulus of the components of the right-hand-side
of (2.24). To this aim we notice that all the polynomials @Q;, P; have the form:

3 3
Qi= > a7, Pi= ) b

k,n=0 k,n=0

with ax n(2z), bi,n(z) regular functions z € B(0,r). As a consequence, we obtain, in the ball || —- ‘fai[[, |G-
a|| < C,, the estimates:

|AQil, |AP;| < ¢ [2D)] + |z (2.26)

for some positive constants ¢}, c}. In-fact

IAQil = | D ax,a[d8 (BT — B3) + P53 (35 - B)] < { > M (llakall + 2C£”I|ak,zn)}

kn k=0,1,2

-1131~1321+{ > c,")"(nal,nu+2c£1>uaz,nu+305”211«:3,"”)}-1al~q'21,

n=0,1,2,3

where C'( ) = = Cr + 2la] and C, (2) = Cr + -1|—;T‘ We obtain the (2.26) observing that |§1 — §2|, |p1 — P2 are
related to |Z(V)], |Z(?)| by the constant linear transformation 7.
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For the terms of order (1) in (2.24) we have:

1 =1+ 251(d1 + §2)](§1 — §2) + 243 (51 — o) <I — (1= D)(§1 — §2) +2a* (1 — Pn)]
Ed - ||
C:(—S)[fh — s c |1 — Pal
|zt=e] B2l

El

and

-l?a2{[l — 1= 2¢2(p1 + F2)(P1 — P2) — 253 (G1 — §2)} + (1 = D{[1 = 1+ 251(§1 + §2)]-
c® c®) (2.28)
(1 — §2) + 235(p1 — P2)} < |xlr_-5[|§1 —§2| + mlﬁl - pal,

for some positive constants C,@, ey C'®. Let us prove (2.27):

1 =14 2p1(G1 + §2)](G1 — §2) + 233 (1 — P2 < |— (1 = (g1 — §2) + 2a%(py —132)1+

2 2]

N lQagl(r)+"Tl(fl(x)+f:i:(j)_)sr w0 @) + LN -

4 |2f3 (= )Tzlf‘lafz( )ll — el < [—(1-D(@ -T:i)| +2¢12(ﬁl 2|
c® (4)

r - - -~ ~
+ T;fw_ellfh — | + |-x—11—7||p1 - pal,

for some positive constants C® and Cf*). The proof of (2.28) is analogous. From the estimates (2.26),
(2.27), (2.28), we obtain:

A 1 /0 1 AL A, As kAR .
(|z<='>'| 5<E(0 0)+|x1-11 EN |1-f|+A4) 2] (2.29)

for some constant matrices A1, Ay, Az and Ay (Here we mean < component by component). Finally, choosing
I = max{l —¢,1~ 1,1}, we obtain from (2.29):

D,v) 1/0 1} A v
(D+V(2) < -i. (0 0) + F + Ay V(z) s (2.30)
for A = A1+ Az + As. To show that Z = 0 we use the following:

Comparison Theorem. Let us consider the following systems of n first order ODEs in the real variable
t € (0, qa], for some a > 0:

DV < FO@ vy, VO(z) =V, i=1,..n (2.31)
dy® . ;
% = FO(,U), UD(zg)=UY, i=1,.,n (2.32)

where F()(t,U) are continuous functions in t € (0,a], ||U — Uo” < b, non-decreasing in U(¥), IfV( ) > U(')
fori=1,..n, then V() > UO(t), forevery 0 <t <tg,i=1,.

For the proof see [Lak].
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‘We now apply this lemma to show that the hypothesis Z(tg) # 0 for some tg > 0 leads to an absurd.
In fact our V satisfies (U9) with Vg') > 0 and F linear in V given by:

1 A
F(t,V) = (? (g (1)) + ;—I:+A4) V.

By the comparison theorem, for any solution of (2.32) with U®(tg) = V§”, we have V()(2) > U®(¢), for
every 0 < ¢ < tg, ¢ = 1,2. Moreover by standard arguments it is possible to take U in such a way that
U@ (2) > 0 and to continue the functions U, V to ¢ = 0 preserving the relation:

0 <UMt) < V()
then, by the (2.25) we obtain that

lim =0, i=1,2 (2.33)

Now, we use the following lemma:
Lemma 2.4. The only solution U of (2.31) satisfying (2.33) is U(t) := 0,

Proof of the lemma 2.4. We perform the following change of variable 1T = z, the differential equation
for U in the new variable z is:

du 1/0 1) 1 ) A Ag L,
—_ — D z PR -z 3~
1z (z (0 0)1-1+A( ))U’ with A(z) = ;5 + 7357

. o . . . _ {0 log(zlﬁ) -
namely the matrix A(z) is a rational function of 0 < z < 7. Defining U such that U = U

we obtain:

iU = (—am(z)éogul/‘“) ~an(z) éog(z”")) 0=A(x)0, (2.34)

where the functions a;;(z) are the matrix elements of A(z). The matrix A(z) is a diagonalizable matrix
function of 0 < z < r with integrable eigenvalues 0, —log(z/*)a2;(z), and regular invertible diagonalizing

matrix ) )
T(Z) = ( 02153) ) .
- axal? 0

Then the general solution of (2.34) is

U = T(z)exp (/0‘ (g -log(EB')am(E)) dz)

which gives:

. 0 log(z'/)\ . 70 0 . .

U= UO (0 0 T(x.) exp A 0 - log(EI/’)azl(E) dz s (230)
for some constant matrix Up. Now it is obvious that (2.35) satisfies (2.33) if and only if Ug = 0, namely
U =0, as we wanted to prove. QDE

Using the above lemma, we obtain Ugi) = Vg) = 0, and this is absurd. This concludes the proof of the
uniqueness in the case 0 <[ < 1.

Let us briefly explain how to prove the uniqueness in the case [ = 1; since the procedure is essentially
the same as before, we shall skip the details. First of all we introduce some new variables (§, ):

i@ =1 ataf@) ) = ple) - u(l - ) ~ o(2)
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which satisfy the equations of the motion:

i=Qu(d.5)+ 7—7Q:4.9)
b= -2 4 P+ 1 Pii D)
where Ql(q B) = 2(p - #? + P)(§ ~ 1)§?, Qo(q, p) = 4( )[1 + (2p(1L - p) + 20)(G - 1)), AGP) =

= ti
(b= p?+5)2(2-30)§ — p(l — p), and Po(§,5) = p+ (n— p* + §)*(44 — 3¢° — 1) — 2(p ~ p® + p)q. Then, if

we define X as before, we obtain 20
X = A+ 23
T\ Rz aAp 4+ A5

z—1

that gives rise to the differential inequality:

. 0 0\ 1 , As
1= (6 3) Fren e

for some constant matrices A; and A». Obviously X satisfies (2.23) with any 0 < £ < 1. Again we apply the
x|
Xt
such that arg(t) = 9, for some fixed ¥ and define ¢t = |z{. V satisfies (2.31) with:

1/0 0 A2 \ o,

If, V‘()i) > 0, then, thanks to the comparison theorem, it is possible to take a solution U of (U10), with
Ué') = g’), i=1,2, in such a way that:

comparison theorem to V := ( , along any fixed direction on the complex plane, namely we take z

0< U () < V),

namely U satisfies (2.33). The general solution of (2.32) is

o3 1) s

that satisfies (2.33) iff Ug = 0, namely U = 0 that is absurd. This concludes the proof of the uniqueness.

Asymptotic behaviour of the solutions of the Schlesinger equations. An important corollary to
the theorem 2.2 is the following:

Theorem 2.3. The solutions of the Schlesinger equations Ag 1 () corresponding to the solution of Painlevé
VI equation with asymptotic behaviour (2.15} must satisfy the relations (2.16) and (2.17).

Proof of the theorem 2.3. Let us consider the solution y(z) of Painlevé VI equation with asymptotic behaviour
(2.15) and let us suppose by absurd that the corresponding solutions of the Schlesinger equations Ag 1 -(z)
do not satisfy the relations (2.16) and (2.17). As shown in the lemma 2.2, for any constant matrices Ag,u,
A such that A = AJ+ A? has eigenvalues £%, o € [0, 1[, and A = —A — A, there exists a solution Ag ) . (z)
of the Schlesinger equations that satisfy the relations (2.16) and (2.17). Now, as shown in the section 2.2,
we can choose A0 1,z in order that the correspondmg solution y(a:) of Pamleve VI equation has exactly the
asymptotic behaviour (2.15). But for the uniqueness proved in theorem 2.2, we have that y(z) = §(z),
namely Ag 1z = Ao 1,z, which is absurd. QDE

Asymptotic behaviour of the PVIu transcendent around 1 and oo. We now state the analogues
of the theorem 2.2 for the local asymptotic behaviour of the solutions of (PVI) near the singular points
z=1,00:
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Theorem 2.2°. For any pair of values {a;,01), 61 € [0,1], there exists a unique branch of the solution of
(PVI) with the asymptotic behaviour

ye)~ 1—a(l—-2z)}"" as z—1. (2.36)

The proof of this theorem is analogous to the proof of theorem 1, namely one can state the analogous of the
lemma 2.2 replacing £ — 1 — 2, and then choose suitably A, AB’I,I; the uniqueness is proved in the same
way as the case z +— 0.

Theorem 2.2”. For any pair of values (., 600), 0cc € [0, 1], there exists a unique branch of the solution
of (PVI) with the asymptotic behaviour

y(z) ~ a2z’ as z — oo. (2.37)
The proof of uniqueness is analogous to the one of theorem 2.2. The proof of existence follows the same
strategy as the one of theorem 2.2, but with a different formulation of the lemma 2.2:

Lemma 2.2°. Given some constant matrices A}, i = 0,1,z with zero eigenvalues such that A = A} + A?
has eigenvalues +%, 0 < o < 1, in any sector of  containing none of the branch cuts, and sufficiently close
to oo, there exists a solution of the Schlesinger which satisfy:

[zA= A, (z)z™ A= — A < Klz|o ! le? (gt~ Az (z)z A= — AD 27 A < K|z|” ! (2.38)

|xAxA°°Ao,1(x)x'A°°.t—A - Ag{ < K[:z:l"l”l, (2.39)
where K Is some positive constant and 1 > ¢’ > 0.

Proof of the lemma 2.2". Let us consider the Schlesinger equations (2.3) and perform the change of variable
z = %. Moreover we put:

Ai(z) = x"‘“/i;—(x)x"”;

Then we can apply the lemma 2.2 to the system:

d . . [A, Al
a’;AO(x) - 3 3
d f‘ AN [A.taAI]
G =B =57
d A AN [AO’ Al] [/iz:/ill
ah@ = R o
and obtain the estimates (2.38) and (2.39). QDE

2.2. The local asymptotic behaviour and the monodromy group of the Fuchsian system

The asymptotic behaviour of the PVIy transcendent around 0 and the monodromy matrices.
In this section we relate the local asymptotic behaviour of the solution y(z) of (PVI) to the monodromy
data of the associated Fuchsian system (2.2). We essentially follow the same strategy of [Jim], even if we
have to introduce some more tricks (see sections 4.2, 4.3, 4.4) due to the fact that our matrices AJ, , are
strongly resonant, namely their eigenvalues are all zero. The main result of this section is the following:

Theorem 2.4. For the solution y(z) of PVIy, such that y(z) ~ agz'~9°(1 + O(z%)), 0 < 09 < 1, the
monodromy matrices of the Fuchsian system (2.2) are parameterised as follows:
-
! = Sin d

; : . . - 2.40
( cos wog — e I ~2¢~ime gip K2 tc0) Pet20) sin (P —0o) """2 Zo ) (2.40)
2¢i™ oo gip TP too) ""';'”" sin T{¥ee =%0) "°°2'°° —cos wog + e Ve
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25790 gip? ZZa

T €70 — 1 5 (2.41)
CM;;;C - = 2 wog 1 —irog :

sinmog \ — fe””"’“ sin” =2 —¢
-1 =t im0 — ] —stin"f e 949
CMeC™" = sin rog («sm2 iz ] — e17m00 (2.42)
where ¥, = 2u and:
s _ 1 2p+oo DP(1+0)?(Q - )T (A+p—-F)(1-p-F .
S _ — = (2.43)
r = a0 25 a0 T9(1 — o) 51 F )T+ A+ ST(1— 4 % %)
with an arbitrary complex number r and the matrix C is:
C= ( sin J——l" Yeo=00)  pgip T(Peeto) ’9"“2"'”" ) (2.44)
~ \lsin "(’9°°+°°) sin "('9‘”2_”") ’

In the case where oy = 0 the monodromy matrices of the Fuchsian system (2.2) are parameterised as follows:

1 emim i ime—iTH
M= | Comvm in®m , (2.45)
cos m}m __isin 2” € 2 e,.,,_gg.
1 — istan P —-isn exp{iwﬁ&z)
2 cos Moo
Mo = g (2.46)
0= 1 issin? =2 exp(—ir 2e) . 9 ! :
e « 1+ istan Z5=
T Cos 5= 2

. -
i1 e ~i(1-—s)mexp(in =22}
1 —4(1 —s) tan T= cos 75
i(1—3)sin® T2= exp(~im i)
ncos"—"gﬁ-

M, = (2.47)

: 9 oo
1+z(1—s)tan"2
where s = ag.

The main idea to prove this theorem is that, due to the theorem 2.3, the solutions of the Schlesinger
equations corresponding to the PVIy transcendent with the asymptotic behaviour (2.15) must satisfy the
relations (2.16) and (2.17); using these relations we relate the monodromy matrices of the Fuchsian system
(2.2), to the ones of two simpler systems, which are given in the following two lemmas (see [SMJ] and [Jim]):

Lemma 2.5. Under the hypotheses (2.16), (2.17), the limit of the fundamental solution of the system (2.2),
normalized at infinity, lim; o Yo (2,2) = Y( ), exists, for z € Q:\{Bo UB;UByUBy}, Bo B, B; and B,
being balls around 0, 2, 1 and oc respectively. Moreover this limitY satisfies the differential equation:

N Al AN -~ "
dsz ( 1+-—)Y; (X)

z -1 z

and it has the following behaviour near the singularities of (%)

Y(z) = (1 + 0(%)) 7= A= z =3 00
= (14 0(z2)) A8 z-0
=G (1+0¢E-1))(z-1)N"C -1

(2.48)

where J; is the Jordan normal forms of A}, G11G7! = AY, Ae = (# 0

0 _#) and C’o, C’l are the connection

matrices of the system ().

Remark. Observe that the matrix Cp is uniquely determined by the conditions (2.48).
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Lemma 2.6. Under the hypotheses (2.16), (2.17), the limit of the fundamental solution of the system (2.2),
normalized around 0, lim, _, 2~ AYo(zz2, ) = Y (2)Co exists for z € T\{Bo U B; U B U By, }. It satisfies the
differential system:

do (A AN )
and it has the following behaviour near the singularities of (%)
V() = (1 + O(;_l-)) A z—r oo
=Go (14 0(z2)) 27 C z—0
=G, (14+0(:z-1))(z-1)C, 21

where Jo  are the Jordan normal forms of A} z» Go,z are such that Go - Jo ,,.G'O = = A .z and C-'o,l are the
connection matrices of the system (£).

As we have seen above, the matrices of the two systems have the following form:

A3=1A+F, A“:lA-F, A= —Ap — A,

2 2
for some constant matrix F, and for A and 7 such that
g 0 -1
A=T]| 2 s 1T (2.49)
0 -3
Using the relations (2.6), we have that
0 &
F:T(_a 4 )T'l, (2.50)
T 0

for some parameter b. As a consequence the systems (£) and (£) are determined, up to diagonal conjugation,
by the four entries of the matrix 7 and by b.

Now, we explain how to compute the monodromy matrices of the original system (2.2), knowing the
ones of the systems (%) and (£). Later we will show how to compute the matrices Ag,,,l and the monodromy

matrices of (£) and (I).

Lemma 2.7. Let Mq, MI,MOQ = My be the monodromy matrices of the system Lf)) with respect to the
fundamental matrix Y and the basis 99 = Y07z, 71 in 71 (T\{0, 1,00}); let Mo, My, Moo = exp(—2rIA)
be the monodromy matrices of the system () with respect to the fundamental matrix ¥ and the basis
F6,51 = 4z- The the the monodromy matrices of the original system (2.2) are given by the formulae:

My = é&l.’ffoéo, M., = CA'(;'I,»CIICA’O_ M; = Nll, (2.51)
where Cp is defined by (2.48).

Proof of the lemma 2.7. By the definition of ¥, the system (%) is obtained by the merging of the singularities
0 and z of the system (2.2). We can then consider the path 4 to be homotopic to v07vz, with 4o not crossing
a ball By around ) (see figure 8).

Fig.8. The paths v, and o merge together, as £ — 0.
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As a consequence we obtain a relation between the monodromy matrices of the system (2.2) and the
ones of the system (X):

M’oo =My,
Nll = le,
My = M, M.

Similarly, by the definition of ¥ the system () is obtained by the merging (see figure 9) of the singularities
1 and oo of the system for Y/(zz') := Y (2):

Fig.9. The paths v and v merge together, as £ — 0, in the space of the z’ variable.

So, in the basis Y, the monodromy matrices of (X} have the following form:

Mo =C3 ' Moo MG
.‘-[1 :églMxéo,
My =C7 MGy

The lemma is proved. QDE

Now we want to compute the monodromy matrices Mg and M; and the connection matrix C’g. To this
aim we have to solve the systems (£) and (T). namely we have to determine 7' and b. For ¢ # 0, this can
be done introducing a suitable gauge transformation of ¥ and ¥ such that the differential systems (£3) and
(£) are equivalent to a Gauss equation. The case o will be treated later.

Reduction to the Gauss equation. First of all let us notice that both the systems () and (£) have
similar form; we want to reduce them, via a suitable gauge transformation, and a appropriate choice of the
parameters o, 3, v, to systems of the form:

d _[(By . B\,
e = (242 ) vean) (2:52)

where By, B, are some constant matrices with eigenvalues 1 — v, 0 and ¥ — a — 8 — 1, 0 respectively and
By + By = —~ (g g .
Lemma 2.8. For a # (3, the system (2.52) is uniquely determined, up to a diagonal conjugation

Bo T 'ByT, By—T BT, with T= (é E) Lm0, (2.53)
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The entries b?j and b}j of the matrices By and B; respectively, are given by the formulae

pooot=1-8 o _-Bh-1-o ,, _-aly-1-a9)
W= "m0 bm=—p —, byp=—f—

=88 — — (2.54)
~1- —af(y=1-B)(y—1~
B, = 5(’7___0_@ 50,80, = blbd, = —2P0Y 5 _ﬂigz @) (2.55)

The system (2.52) can be solved using the Gauss hypergeometric function. So, we can compute its
connection matrices via the Kummer relations (see [Luke]) of the hypergeometric functions.

Lemma 2.9. The solutions of (2.52) have the form Y = (yl

Yo

) , with y; being an arbitrary solution of the

following Gauss equation:

zZ(1=-2)yy +[e~(a+b+1)z]y; —aby; =0 (2.56)

wherea =a+ 1, b=, c =+ and y, given by:
e P o 3t e 2O ==Y -
w(e) =r gt Lo D) + os + 22D )} (2.57)

where r is the arbitrary parameter due to the ambiguity (2.53).

Proof of the lemma 2.9. Let us consider the system (2.52); performing the gauge:
Y(z,0.8,7) = 20(1 - 2)*hU(z,0,,7)

it is easy to show that u; satisfies the following Riemann equation:

u,l,+[1+b?1—bgz+1+bi1“11’52+1] / 89,63, wi = 0.
F4 Z -

i 22(z—1)2 |
Now u; is related with the solution yg of the Gauss equation (2.56), with a = —b3, — b}, b=1— b3, — b3,,

c=1-1b%, —b°11, via the relation u; = z7%1 (1 — z)"bhiyg. As a consequence, thanks to (2.54), (2.55), we
obtain that yy = yg anda=a+1,b= 8, ¢ = v. yp it is given by:

b3, b1, o an bl
(7—%?:—{ Y=Y — 7+:T 5

that gives the equation (2.57) for r = —%31—-—7%;2—1,)‘ QDE

To reduce the systems (X) and (£) to the system (2.52) we need to diagonalize the matrices A% + A =
— Ao and A respectively, and to perform a suitable gauge transform. We need to introduce some notations.
We denote C{)’,’f Y are the connection matrices of the system (2.52). The matrices Jo,; are the Jordan normal
-1
forms of Bo,; and the matrices Gg'7 are such that Gg""Jp.1 (Gg‘f "') = By ;. Then for the asymptotic
behaviour of an appropriate fundamental matrix Y (z, ¢, 4, %) of the system (2.52), we have:

[ 0)
Y(z,0,8,9) = (1—%—0(%))2 (0 s z =00
= GgP (14 0(2)) 2o CgP 50
=GP (14 0(z = 1)) (z = 1) CPPY z— 1.

Some further remarks on the notations: from now on all the quantities with the hat are referred to the
system (X) and all the quantities with the tilde to the system (X). When we don’t put any hat or tilde, the
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formulae are true for both the systems, namely they hold true for the generic system (2.52), and, substituting
all the quantities with the correspondent hat or tilde ones, the formulae hold true for the systems (E) or (£)
respectively. X

We now choose the values of a, 8,7 in relation with the eigenvalues of the matrices of the systems (X)
and (£). Namely for (£) we take:

g=l==00 5 Jwtoo g 4 (2.58)
2 2
and for (£) we take:
~ ] p J0 ~
TS e— _——— — 1. 2.59
G=—2, PB=-—7, 7 (2.59)

With this choice of the values of «, 3,+, one has:
s _[{l1—v 0 = (0 1 = 01
Jo—( 0 0), -fo—-(o 0), h=J1= (0 0)-
Now we can reduce the systems (£) and (£) to the system (2.52) via the following gauge transformations:

V=:%#v(5,6,07%), ¥=G"Y(:a8 %) (2.60)

where G2*7 is such that

As a consequence the connection matrices of (2.52) are related to the ones of (£) and () by the following
formulae:

Gr=G¥PA, Gy = CEPA Gy = GEPICEPH (2.61)

Gow = GEPAGEET Gy, = CEPH(GEHN)1 (2.62)

Local behaviour of the solution of (2.52). The solutions of (2.56) around the singular points 0,1, c0
are known and one can compute y; by (2.57). In this way one obtains the local behaviour of the fundamental
solution Y for 2 = 0,1, oc, and one can compute the connection matrices by the Kummer relations (which
are the connection formulae for the hypergeometric equation). The difference w.r.t. the situation of [Jim)] is
that in our case the Gauss equation is degenerate, namely:

G—b=0, é—a—>b=

o1
Il
o

Then we have to consider the logarithmic solutions of the Gauss equation around z = 1 for both the systems
(£) and (£), and around z = 0 for (£); moreover we shall use the extension of the Kummer relations to this
logarithmic case (see [Nor]).

In what follows we denote F(a,b,c, z) the hypergeometric function and with g(a, b, z) its logarithmic
counterpart for ¢ = 1, namely:

abcz:Z k(b)kk

9la,b,2) = i‘@’i@—"zkunz +o(a+ k) + b+ k) - 20(k + 1)],
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Re(z)

with the branch cut |arg(z)] < 7 (see figure 10); here 3 is the logarithmic derivative of the gamma function,
and the expressions of the parameters a,b, ¢ via o, 8, v are given in the lemma 2.9.
Fundamental solution around o© Since a — b # 0, the solutions of (2.56) around oo are regular. We obtain

-a a4 al —afz"P-1p ’ B ~ 1
. Z7%F(a,=f.a = f,-) (5~a)(,8—a+1)F('3+1’1 aB-a+2:)
< = _aﬁz—a—l 1 s ]
e F_a-plletll-fa=F+25)  TF(fef-a)

namely:
o O)
Ym~(1+0(%))z (0 B =0

exp(2wia) 0
0 exp(2xif) J'

Fundamental solution around 1. Since ¢ — a — b = 0, the solutions are logarithmic:

and the local monodromy around oo is

v, = Fle,f+1,1,1-2) rglo,f+1,1,1-z)
YT\ LiF(a+1,8,1,1-2) gla+1,81,1-2) )’

namely:

@ o)
Vi~ GPf (1=\0 0/

ith
" 62 = (1 rlYla) v ) 2uli)
I we) + () - 29()

and the local monodromy around 1 is ((1) 2:17«- r).
Fundamental solution around 0. We have to distinguish the case (£), where the solutions of (2.56) around
0 are regular, and the case (), where ¢ = 1 and the solutions are logarithmic.

For (¥) one has:

o[ FETIRRI -1 -a- B A F@ A La A L)
0= _F_(B%&_)z"&~5F(1—B,—-d,l—-d—B,z) ngp(a+1,3,a+,é+1,z)
namely A
—-&-f o)
where

af__ 1 (-o fB)
o 3 d(-% &



and the local monodromy around 0 is (exp(—-—?z(::)r(a +5) (1)) .

For (£) one has:

v Fla1-&lz)  Fg(a1-&1,:)
T \-LiF@E+1,-8,1,2) —g(@a+1,-&1,2))"

(9 5)
?ONGSZ 0 0

a:<1 fly(l - &)+ ¢(a) - 2¢(1)])
T \-1 (1 +8) -¥(-a)+2¢(1)

namely:

with

and the local monodromy around 0 is (é Qz;r r)'

Connection formulae. In order to compute the connection matrices we write Yy, in the form:

—~af exp(—ix(B + 1))r

Yo = exp;im:) U(?i;)) (B-a)B-aty _Hhad)
—af exp(—in{a e i
S p— U(e+1,8,2) exp(—izB) U (B, + 1,2)

where U(a, b, 2) := (z71'") F(a,1 - b,1 + a ~ b, 1). We have the following connection formulae:

—exp(ira)T'(1 +a - b)

Ula,b,2)|,_,, = NONIED) {lim +¢(1 — b) — ¢(b)]F(a,b, 1,1~ 2)+
g{e, b, 1,1~ z)},
_ —I(2q)

U(a,l-a,:)lz_*o_ T(0)? {[~ir + ¢¥(a) - ¢¥(1 — a)]F(a,1—a,1,2) + g(a,1~qa,1,2)},

Ula,b, =

T(1+a—bI(l—a~b) T(1+a=-bla+b-1)
Moo = (1= b)? F(a,b,a+b,z) + T(a)?
22170t p (1~ b, 1—a,2 —a — b, 2).

Using these relations we obtain the analytic continuation of Y. around 0 and 1, and by the definition of the

connection matrices:

Y"Q]z—)O,l = Yo’lc&’lﬁﬁ’
we obtain, by straightforward computations:
. exp(inB)I(a+8)(&~F+1) _ pexp(=in&)T(a+B)T(1-&+f)
Ccé T(&)I(1+4&) r(ara+s)
lexp(—ma)l‘( & (&~F+1) _exp(-urﬁ)l‘(—o:——ﬁ)l‘(l a+86)
4 r(1-5)I(~8) T(-a)I(1-&)

—L@=d) p; )1 — L(=&+h)
P = ( Far-gy o+ meet(ma)] —p a)r'ﬁ‘)[”"“'wt (=B )

1 I'(a-g) —a+ﬁ
T T(&)I(-4) F(—Q)F(ﬁ)
Cé — ( féig} exp(—ima)[ir + 7 cot(ra)) %Ti,(:f—— exp(ind)[mcot(m
- T e T'{—-2& - 3
Efg"(’—:);exp(——ma) -Ié(_i:% exp(ma)

...>
R
I

(—%—(E)l[iw — wcot(ma)) —F%[n’ cot(wéa) + m])

-1l S
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Now we have to compute the monodromy matrices; using the formulae (2.51), (2.61) and (2.62) we have:

a1 (1 2mif & 8 & Br—1/ 3 1 2=
M, = (C#P) 1(0 iy )Cl"’, My, = (CeP)~H(CEy) ™t (0 ")CMC

Now we fix

and
exp(—2ird)[(2a)T(—a)? ;

T(—2&)l(a)

In this way we immediately obtain the formula (2.40) for M, and it turns out that

cé? =p*f.c
where C is given in the formula (2.44) and:
i exp(inf)['(§+&)C(1—F+4) 0
D%F e &l{&)2sin & ) )
T ( 0 -exp(-iwﬂ)l‘(«-ﬁ—&)l‘(l-{»ﬂ«-&))
T(1-&)1(-&)sinv&

As a consequence, one has:
-l &,8y~1 & 1 27\'11‘ & ﬁ
CMy C™" = (D*) (Co,1) 0 C’0 D

By straightforward computations one can easily check that, for

.__exp(2inBT(B+&)T(1— B+ &) (L —&)I(-4)

o I(-8 - &)T(1 + 8 - &)ar(a)?
namely:
F o T(1—a0)T(%)? T(1+ Satda)p(] 4 =datoo) s
7 rQa +0‘o)21‘(—£2ﬂ.)2 r'(l+ Qm_z':ﬂ)r(l _ ﬁ_qg_zﬁzg) r

the formulae (2.41), (2.42) hold true. i
To conclude the proof we have to prove the relation (2.43), namely we want to prove that * = -—;ﬁ;%ﬁj—gﬁ-
To this aim we compute the matrices AJ, , and A and then the asymptotic behaviour of y in terms of ag

and 7. To compute the matrices AJ, , and A we observe that, thanks to the gauges (2.60),

. &+ 8.8 5 &8\ -
A} = By, A= By+ —2—£1 Az = Go Boa(GP) ™1

First of all one has to compute the By ;:
— Gg,ﬁ,"lJo (Gg,ﬂ,"l)-l, B = G?’ﬂn.}l (Gfr.ﬁ,"l)—l

then

and



It is then obvious that, referring to (2.49) and (2.50), b =7, T = Gg‘é, namely, using the formula (2.18),

7"(0'() + 2[“) xl—dg_

Y& ~ o o)

This proves the formula (2.43) and concludes the proof of the theorem, in the case ap # 0.
For completeness we write here the result for the matrices AQ ; , and A:

2 _ g2 ) 24 g2)p 2_ 2 .
e (R ) a3 ) e
e WA 2 _ 2 2 (Po—00)F | (Peoto0)’F | 2 2
Ag:8—1;_—(1 (0——2):1("7_'_?)_0:"3 e r(( & z)_j.( 2f +00_:900) )
w \ (- Qg Qo gt of) (4 4 0a 4
M(i +5) =P -0 P (_L'?_g_e"ao)’F — Wewtoo)’t | 2 2) (2:66)
4= §:91m (1 Q-i'-‘?"’j)zf F(ﬁc:%o)efm 20 2 0:1;——0’ Eof | 2 ’ 2 i ) ,
> F( 7 T T —‘70) =25+ 5) + 0 + 0y
(2.67)

Case of g = 0. In this case the solution of the system (X) has logarithmic behaviour around 0. Moreover,
as seen before, it has a logarithmic behaviour around 1; then for this system we can use all the formulae

derived for (X), substituting & by &. The treatment of the (X), it’s even easier; in fact in this case A has
zero eigenvalues and it is straightforward to solve the system (2.52) exactly. In fact in this case we have

0 1

Bo+31:(0 0

), det B = TrB; =0, 1=20,1.

Then the matrices By and B; are uniquely determined up to an arbitrary parameter s:

Bo=(8 g), B1=(g 1as>,

and we can solve the differential equation (2.52) explicitly:

> (1 slog:-}—(l-s)log(z——l))
Y = 0 1 .

The solution ¥ has the following asymptotic behaviour near the singular points:

?:(1+0(-§-))z", as z — 00,

=Go(1+0(2))'Co, a8 230,
=G1(1+0:z-1))(z-1)/C; as z-1,

0 1
0 ¢

(3 D) a=(3,%) @=(3 ) a=(3 1)
E] l—s

As a consequence the monodromy matrices of the system (2.52) are

an((l) 2’;"5), Mlz((l) Q”i(ll“s)). (2.68)
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The correspondent monodromy matrices of the full system (2.2} are given by:

= (5 M) ot and Mas = (G HCE,

0 1
where:
n(24) 7 x{~24)
& . T2 (a)sinza I'(—a)sinma
o (__1_ T(24) exp{—ind) [{~24)exp(ind) ) y
F I‘“—’(&) T2 (-&)
and

T*(a)sinra I?(—a)sinra

_1T0(2&8) I(~2a&)

xI{(2&) exp(—in&) —f al{~24) exp{(in&)
7 T3(a) TT(-4%)

We observe that

é& = %1 pe,
where:
nl(2&) exp(~ima) 0
Dd — ( T{a)?sinra ))
- ~T(~24) |
0 (=4

and . B

iTQ =fr_ Fr exp(ird)

Co = eXp.(z,‘?) smr:& cl = . ‘1 o e E .
_-_s;:_rx'_:j_g exp(imi) ! ~= Sin Wa";xggxra! 1

We can factor out the diagonal matrix D% in (2.68), and take # = 1. In this way, we obtain the formulae
(2.45), (2.46), (2.47). The asymptotic behaviour of y(z) can be computed as before. For g = 0 we obtain:

y~agr, for ag=s.

This concludes the proof of the theorem.

The asymptotic behaviour around 1,0 and the monodromy data. We can prove the analogous of
the theorem 2.2 around 1 and =c; namely for any pair of values (a1, 0;) there exists a unique branch of the
solution of (PVI) with the asymptotic behaviour

1—0’1

ylz) ~ 1= a2 as T —1, (2.69)

and it is possible to parameterise the monodromy matrices as in the theorem 2.2, substituting oy with oy
and My with M; and vice-versa. Analogously for any pair of values (au, 0o ) there exists a unique branch
of the solution of (PVI) with the asymptotic behaviour

y(z) ~ aez® as r— oo, (2.70)

and it possible to parameterise the monodromy matrices as before, substituting ¢ with ¢ and applying
the braid B to the monodromy matrices.

2.3. From the local asymptotic behaviour to the global one.

In this section we prove the theorem 2.1, which gives the asymptotic behaviour of the branches of the
solutions in terms of the triplets (zo,Z1, o).

Lemma 2.10. For the solution ) (=) of PVIu behaving as
yV(2) = apz’~7° (1+ O(z°)) as z—0,
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with 0 < o9 < 1 and ap # 0, ap # 1 for oy = 0, the canonical form (1.19) of the monodromy matrices
M, M, M©® given by (2.42), (2.41), (2.40), or (2.46), (2.47), (2.45) for oo = 0, is the following:

(V@ =)?
-0 1oy [T
My = o 1 , M, = 20 1) M = (=@)? 0.0 |
E
where the triple (:1:O . §° ,z:oo)) is defined, up to equivalence, by the following formulae, for oy # 0:
20 = %
—2sin 2
20 = V/2(cos mog — cos 2";1)-8—@-—%—
1 = - #a " P s y
i 220 (2.71)
cos Tlooté)
xgg) = —/2(cos mog — cos 2,\/1)*—2-—* 250
with ¢ given by
o . 1 o0+ 2uT(1+00)T(1— S T(1+p— (11— p—% (2.72)
4(10 00—2;11‘(1-—00)21“( ) P(1+#+J)r(1—#+%ﬂ)’ ‘
and for oo = 0:
xff’) =0,
z(lo) = —|sinmu|v1 - aq (2.73)

29 = —|sinmu|\/ao.
The proof of this lemma can be obtained by stralghtforward computations, using the algorithm of lemma

1.5. Similar formulae for the parameters (xgl) 2 ,:coe)) and ( o) :r:1 ), =& )) can be obtained respectively
starting from a solution y{*)(z) of PVIu behaving as

(@) =1-a(1-2)1"" (1401 -2)) as z-—1,

or from another solution y(®)(z) of PVIy behaving as

1
N z) = gz (1 + (’)(;)) as x — co.

So, given an admissible triple (zo,21,2), with z; € R, |z;| < 2 for i = 0,1, 00, we choose the parameters
u, (ao, o), (a1,01) and (ac, 0o} in such a way that (2.8) is satisfied and

=z;, for 1=0,1, c0.

Using the explicit formulae (2.71), (2.72), for zo # 0, we derive the expressions (2.10), (2.11), and using
(2.73) for zo = 0, we derive the expression (2.12). In the same way, we derive the analogous expressions
for (a1, 01) and (@eo, 00o). The three correspondent branches (% (z), ¥ (z), ¥(°) (z)o of solutions of PVIy,
with g given by (2.8), must coincide. In fact, the associated auxiliary Fuchsian systems have the same,
modulo diagonal conjugation, monodromy matrices. This proves the existence of a solution of PVIy with
the asymptotic behaviour (2.1), with indices given by (2.9) and the coefficients specified as above, for any
admissible triple (xo, %1, o), With 2; € R, |z;] < 2 for i = 0,1, 00. The uniqueness of such a branch follows
from theorem 1.3.

Conversely, for any such a solution we obtain an admissible triple (zo,1,20) = (x(o) xgo),;céo)) =

(=, xi )2y = (xgm),:cgm),:cg)), using the formulae (2.71), (2.72) or (2.73) and their analogies. Let us
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prove that the numbers (zg, 21, 200} are real and satisfy |z;] < 2 for i = 0,1, 00. Indeed, from the definition
of the parameters, it follows:

(;I:E]O))2 = 4sin? 7oy, (::(11))2 = 4sin® rroy, (2{8))? = 45in? 104

This proves that our construction covers, for real p, all the solutions of PVIu with critical behaviour of
algebraic type.

Finally, using corollary 1.5, we infer that the class of solutions of PVIy, with real u, having critical
behaviour of algebraic type is invariant with respect to the analytic continuation. The law of transformation
of the critical indices lg,1;,l, of the expansions (2.1), is described by theorem 1.5.

2.4. The complete list

By theorem 1.6, there exist only five algebraic solutions, up to the symmetries (1.21) and (1.23), which
are determined by the orbits, under the pure braid group, of the points (1.31), (1.32), (1.33), (1.34) and
(1.35). As we remarked in the section 1.3, these algebraic solutions have 4, 3, 10, 10 and 18 branches
respectively. By (2.8), the value of i of every solution can be computed. Within the ambiguity u — u +n,
n € Z, we choose respectively p = —-‘1;, B = —%, B= —-é-, B= ~——§-, and g = —%. We arrive at the following
complete list:
Coxeter group W(Aj), of symmetries of tetrahedron. We have (zg,2;,z) = (—1,0,—1), then
u= -% and

_ (s = 1)2(1+ 3s)(9s% — 5)2
Y= 1+ 5)(25 - 20752 + 153952 + 24359)

with
(s —1)3(1 +3s)
T G+ 131 =3s)

The monodromy matrices, in the canonical form (1.19) are:

11 1 1
MO:(O 1) xl[,:(__l ?) ;\fh:(l (1))

This solution was found in [Dub] in the implicit form (E.29). This was also obtained, independently, by N.
Hitchin (see [Hit2]). To reduce it to the above form, we have to solve the cubic equation (E.29 b) with the

substitution: .
32(1 — 185> + 81s%)

L 497 £ 275t 1+ 2159)
Then the three roots of {E.29 b) are:
_ 13 —66s% —27s*
“1Z T3y ssnz
—5 +42s? + 144s° + 275*
w23 = 3(1+ 3s2)2

Coxeter group W(B3), of symmetries of cube. We have (z9,21,25) = (—1,0,-\/5) and g = —
The solution "
(2-35)2(1+5s)

T 2+ 955t —10s2 +9)°

L
3

Yy

with
2—9)?%(1+5)
2+5)2(1-3s)’

was obtained in [Dub]. The canonical form for the monodromy matrices is:

11 1 1
Mo:<0 1) M_,:(__l ‘1)) Ml.—_—<-_2 (1’)
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Coxeter group W(Hj3), of symmetries of icosahedron. We have three possible choices of the point
(0, 21, Too) which lead to three different solutions:

1) (zo,21,200) = (—1,0,-—1—'5:23@), then g = -% and

(s — 1)2(1 + 3s)2(—1 + 45 + s)(7 — 1085> + 314s* — 588s° + 1195%)*

y= (14 5)3(=1 + 3s)P(s)
with
C(-1+8)°(1+39)° (1 +45+5%)
T (1+8)°(-1+38)° (-1 —4s+5s2)’
and

P(s) =49 — 21335 + 34308s* — 259044s° + 164228785° — 7616646s'° + 13758708s"*
+ 59637245 — 71927156 + 4248358,

The canonical form for the monodromy matrices is:

1 1 0
3[0: ((1) i) A/[J:: (_1 ?) M1= (__3__155 1)
2

The above solution was already obtained in [Dub] in the implicit form (E.33). The above explicit formula
can be obtained solving (E.33 b) in the form:

_ (1—4s5—s*)(-1-4s+ s%)(—1 +55?)

= (1 +3s2)3
oy = 25 — 585 5% + 3530 s* — 6690 sf —3955s% + 507 510
(1+3s2)°
=T +2155% —~ 1910 s* — 4096 5° + 5150 s° + 20480 57 + 6125 s° — 357 5'°
vr e (1+3s2)°
e = —7+2155% — 1910 s* + 4096 s° + 5150 s — 20480 s7 + 61255% — 357 s1°
(1+352)°.

The last two solutions with the icosahedral symmetry are new. To compute them we use the following
algorithm. The leading terms of the Puiseaux expansions near the ramification points 0, 1, oo of each branch
can be computed by the formulae (2.9), (2.10), (2.11) and (2.12). Form this, the genus of the algebraic curve
F(y,z) = 0 is easily computed. Namely the genus of (1.34) is 0 and the genus of {1.35) is 1. Since the
symmetries of PVIy preserve the indices lo, !, (up to permutations), they preserve the genus too,

Remark. The appearance of genus 1 in the last solution related to the great dodecahedron could seem
less surprising, if we recall that the topology of this immersed two-dimensional surface is different from the
topology of all the other polyhedra and star-polyhedra. In fact, this is a surface of genus 4, while all the
others have genus 0 (see [Cox]).

i) (20,21, %e0) = (—1,0, 132@»), then p = —1 and

3 (~1+8)*(1+388)% (-1 +45+5?) (3—3Osz+lls4)2
Y= 0 +s) (=1 +35) (1+357) (9 — 3422 + 4855 54 — 28852 5° + 63015 5 — 1942510 4 121 512)’

with s :
C(=1+5)°(1+35)° (=1 +45+5?)

T (1+9)°(=1+35)° (-1 —4s+s%)

The canonical form for the monodromy matrices is:

1 1 1 0 " 1 0
1‘[0:(0 1) sz(_l 1) MI:(_:; 3 1).
2

38




iii) The last solution y(z) of PVIy, with 4 = —1, as we have already said, is an algebraic function with
18 branches. It has two branch points of order 5, two of order 3 and two regular branches, over each
ramification point 0,1, c0. The branches y(z), - -, y1s8(z) near z = 0 have the form:

2
yk(:c):e?'?i(?) 6:52‘:r§+0(:c), k=1,---,5

13
Unps(z) = €7 f§2z§+0(1’§). k=1,---,5
y10+k(r)=egw°—ﬂ-2i§1—%\/l——5x§+0(x), k=1,---,3
y13+k(x)=€2”3—*§1—:%\/1——5$%+0(x), k=1,---,3
vi71s(z) = 3i6\/5—a: +0(z?).

The Puiseaux expansions of the branches near £ = 1 and = = ¢ can be obtained from these formulae
applying the symmetries

21—z y=r1-—y,
and
le Hl
z Y "

respectively. Using these formulae, one can compute any term of the Puiseaux expansions of all the
branches. Due to computer difficulties, at the moment, we do not manage to produce the algebraic
equation for y(z).

The canonical form for the monodromy matrices is:

(1 _-L_j;ﬁ o 1 0 _ 1 0
M’o_<0 : ) A’fl"‘(l-—zﬁ 1) Mo——(105 1).
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