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Abstract: We apply here KAM theory to the fast rotations of a rigid body withia
fixed point, subject to a purely positional potential. The problem is equivalent to a small
perturbation of the Euler system. The difficulty is that the unperturbed system is properly
degenerate, namely the unperturbed Hamiltonian depends only on two actions. Following
the scheme used by Arnol’d for the N-body problem, we use part of the perturbation to
remove the degeneracy: precisely, we construct Birkhoff normal form up to a suitable finite
order, thus eliminating the two fast angles; the resulting system is nearly integrable and
(generically) no more degenerate, so KAM theorem applies. The resulting description of
the motion is that, if the initial kinetic energy is sufficiently large, then for most initial
data the angular momentum has nearly constant module, and moves slowly in the space,
practically following the level curves of the initial potential averaged on the two fast angles;
on the same time the body precedes around it, essentially as in the Euler—Poinsot motion.
We also provide two simple physical examples, where t
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1. INTRODUCTION

1.1. The aim of this paper is to apply KAM theory to generic analytic perturbation
of the free rigid body with a fixed point (analytically perturbed Euler system). Using
the action—angle variables (11,13, J,¢1,¢2,7) of the free Euler system, the Hamiltonian is

written: 1

H:T(II:I2)+PV(II)I21J"P1,<P2:j) (1'1)

(see section 2 for a description of such coordinates). The kinetic energy T is known to be a
homogenous function of (I;,I>) of degree two. Concerning V' we shall assume it is derived
from a purely positional potential (a potential, say, that in the familiar Euler coordinates
depends only on the angles); the immediate consequence is that V is a homogenous function
of degree zero of the actions. Due to such homogeneity property, it is clear that the
Hamiltonian problem (1.1) is equivalent, via a trivial rescaling, to the fast rotations of a
rigid body in a fixed analytic potential (with p ~ ||w||~%, if w is the angular velocity of
the motions one deals with).

The absence of the third action J from the unperturbed Hamiltonian reflects the so-
called proper degeneracy of the system. In special although relevant cases, like the gravity,
the perturbation is symmetric, namely is independent of j; one then immediately reduces
to a system with only two degrees of freedom, so degeneracy disappears and KAM theory
applies. [l For a general non-symmetric perturbation, instead, degeneracy prevents a direct
use of KAM theorem. The situation is in fact similar to the N-body problem studied by
Arnol’d.[’] We follow here the same idea, namely we use the perturbation to remove the

degeneracy. More precisely we proceed as follows:

i) We perform a finite number of Birkhoff perturbative steps, namely we introduce a
canonical transformation

(II)IZs J,901,302,j) = \I’u(I{’Ié;J’a‘Plla‘P;:j’)a "‘I;Il —1d ” ~ H,
such that the new hamiltonian H' = H o ¥ has the form:
H = T’(I{alé) + p?’(]{,[ﬁ,.”,]") + F’H-I?I(I:{aI;)J’:‘P’U‘P’mjl))

where V! = V + O(p), V denoting the average of the potential on the fast angles
(1, p2)-
ii) We profit of the fact that 7" + ¥’ depends only on one angle, and thus it is integrable,
to give the Hamiltonian the new form:
B =TI, 1) + w0 B 1) + T (I 1 B o).
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More precisely, this can be done in the neighbourhood of every level curve of V', at
I}, I, fixed, that does not contain singular points of 14 (see figure 1); let us notice
that, for g small, it is enough to assume that the corresponding level curve of V does
not contain singular points.

iii) Then we make the "genericity assumption” that V, and thus (for small y) V", does
depend on I, namely the degeneracy is removed and KAM theorem applies, &£ = p'*?
being the perturbative parameter. For sufficiently large I (I = 4 will suffice) the
procedure actually works.

Let us remark that the possibility of such a procedure of removing the degeneracy of
the Euler problem, is not unexpected, and certainly not surprising among people who
are familiar with KAM theory. On the same time we believe it is worthwhile, and not
trivial, to work out this procedure with all of the necessary details, making, whenever
possible, precise estimates, determining the minimal number of the Birkhoff steps, and
establishing, in particular, the relation between the small parameter y appearing in (1.1)
and the measure of the set of the preserved tori. This is indeed what we shall do in
this paper. In addition, in order the treatment not to be abstract, we shall provide two
simple examples where the procedure does apply. For simplicity we study here the case
in which the potential has a "natural cutoff”, namely it contains only a finite number of
Fourier components in the fast angles ¢;1,¢2. The generalization is annoying, because of
the presence of many logarithmic corrections, but is not difficult (see Section 3.4).

1.2. We provide here a rough description of our results; for a precise statement, see
Section 3. The notation A indicates here the action space (see section 3.1 for a precise
definition), slightly restricted by refnoving a small neighborhood of the gyroscopic rotations
and also, for triaxial bodies, of the separatrices of the unstable rotation; such a restriction
is necessary because, as is well known, the action—angle coordinates are there singular.
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Our statement is essentially as follows:

Let us consider the Hamiltonian (1.1) defined in the domain A x T°. Consider any of the
above described level curves of V. If p is small enough, and 7, is such that

p < const.y?,
then there exists a tube P C A x T* around this curve, which decomposes in two subsets
P=PUP;
such that P, has small Lebesgue measure:
| mes (P;) < const.q; mes (P),
while P, is the union of three—dimensional invariant tori, and for every initial datum
(I, 13, 7°, 01, ¢2,3°) € Py

the motion on the corresponding torus is described by

|Z:(t) — I?| < const.

:'20! | EI—O

,  lpi(t) — ¢? — w;it| < const. ﬁz, 1=1,2.

TN
Correspondingly (J(t),j(t)) stay close to the level curves of the averaged potential at fixed
(I1, 1) = (I7,12), namely one has

— — 3
V(I I, (), 5(2)) = V(I1, T2, J°, 3°)| < const. 1‘7—6 .
1

In a word: if the potential removes the degeneracy, and p is small enough (or equiv-
alently, if the initial kinetic energy is sufficiently large), then for the majority of initial
data the angular momentum has quasi-constant module, and moves slowly in the space,
practically following the level curves of the initial potential averaged on the fast angles
(¢1,%2); on the same time the body precedes around it, essentially as in the Euler~Poinsot
motion. Such a behavior is not so different from the one emerging from the Nekhoroshev
study of the same problem;(*l as usual, in the Nekhoroshev approach, the description holds
for all initial data, but only for finite, although long, time scales.

1.3. Now we introduce the version of KAM theorem that we use here as the reference .
statement. Such a statement essentially coincides with the one produced in [5], although
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it was necessary to make it more precise in some details, in view of the application to
the properly degenerate problem of the rigid body. We also included in the statement the
time-dependent case, as it will be useful for one of our examples (namely a model of the
satellite spin precession).

Let us fix some notations. We are concerned with quasi-integrable Hamiltonian sys-
tems with n degrees of freedom, of the form:

H(P: q, t) = h(p) + 5f(P: q)t)s (1.2)

with:
p:(pl,...,pn)’eBCRn, q=(ql,...,qn)€Tn, teR,

where B is some ball; f is assumed to be periodic in ¢ with given period T'.
Denote by h, the frequency map h, : p — w(p) = %%(p), and define Q = h,(B). Given
P = (PpsPg; pt); With pp, pg, pr > 0, we let:

B,=|J A,(p), with Ay (p)={p€C":|pi—Fil <pp, i=1,...,n},
pEB

T,={¢eC":|Img|<pg, i=1,...,n}, X,={t€C:|mt|<p},

and finally P, = B, x T}; we call p,, pg, p: the extension radii respectively in the variables
P, g, t.

All functions are assumed to be real analytic (namely analytic and real for real vari-
ables), periodic of real period 27 in the angles, and periodic of real period T in time. For
any F': B;x T3 x X, — C and any p = (fp,0q,5t) < (pps Pg»pt) (the inequality is intended
to work component by component), we let:

IFll5 = sup |1 F(p, q)ll-
(p,a,t)€B; x M xT;

Finally, we denote by “ mes” the Lebesgue measure.

KAM THEOREM. Consider the Hamiltonian system (1.2). Suppose that H is real
analytic in the domain P, X 3, with given pp, p, and p; = py5-. Assume that h is bounded
and non-degenerate, more precisely that the frequency map h, is a global diffeomorphism
B — ), and there exist constants m and M,0<m< M < oo, such that:

m||v||,,, < ”hpp”“pp < M””“p, ) vE Bp,v (1~3)

Finally, let 4 be such that:
€ < 842, (1.4)
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where §(n, pp, pg, M) is a suitable constant:

2
1 ppp?nt? )

6(“) M, Pp; Pq) = (32210n+1452n+1[(2n — 1)!]2 1‘4‘[7;:2 + ”f”

Then there exists a decomposition P = P; U P;, such that:
C(n)M™ 14
d minpes{det(hpp(p))}

nt1
where d is the diameter of B and C(n) = F(—,,—,—r_i—lz)%:-}—_, while P, is the union of invariant
n-dimensional tori 7, depending in a L1psch1tz continuous way on w € §}7 C {},

mes (P;) < mes (P), (1.5)

m:{ : (kyw) > IIZI VkeZ“\{O}}.

More precisely, such tori are defined parametrically by equations of the form

=po+ Lo, + fw(Qat)a q= Q +9w(Q1t)1 with Q€ T" and te R: (1’6)

where po = h; }(w), while L,, is some constant, and f,, g. are real analytic functions,
periodic in t with period T; L., f., and g, depend in a Lipschitz continuous way on w.
The tori T, are near the unperturbed ones {po} x T", more precisely one has

uLwn<c(n)( M +151) 2L (1.70)

1full < <22 (s;";f:f 1£1) : (1.75)
c(n) (A Mp?

ol < L2132+ I /% (170

¢(n) being a suitable constant depending only on the number of degrees of freedom.

As remarked above, the statement does not really differ in an essential way from
the one appearing in [5]; the time-dependent case is there not explicitly treated, but the
generalization is straightforward. The only point which is not treated in [5], but is crucial
to our application to the degenerate problem, is the estimate (1.5) of the measure. A
sketch of the proof of this point is deferred to Section 5.

1.4. The paper is organized as follows: in Section 2 we recall a few basic facts on the action-
angle variables for the rigid body; in Section 3 we describe the procedure of removing the
degeneracy, then we state our result and we prove it. Section 4 is devoted to two examples:
the former is not physically relevant, but the application of our method is straightforward;
the latter is a model for the satellite spin precession. In Section 5 we report the proofs of
a few technical lemmas.



2. ON THE EULER-POINSOT SYSTEM

We recall here some basic facts on the dynamics the Euler-Poinsot system. For a detailed
treatment, see for example [4,6).

2.1. The Hamiltonian setting. The Euler-Poinsot system has three degrees of freedom;
the configuration space is $O3 and the phase space is its cotangent bundle 7* 503 that can
be identified with R® x SO; in two different ways according to consider the angular mo-
mentum in the body frame (O, e;,e2,€3), as we do, or in the inertial frame (O, e;,e,,e;).
By body frame, of course, we mean the one whose axes are the principal axes of inertia.
The so-called Andoyer variables are defined as follows: if m is the angular momentum,
then (see figure 2): '
i) The Andoyer angles are three real functions j(mod2r), g(mod2r),(mod2x) where j
is the angle between the directions of e, and of e; Am; g is the angle between e, Am
and m A e3; I is the angle between m A e3 and e;.
ii) The Andoyer momenta are:

J = {m,e,), G = (m,m)?, L = (m,ej).

Fig. 2

Remark: the Andoyer variables are not defined for m || e3 and m || e;; since the choice of
the e, axis is arbitrary, the singularity m || e, can be avoided by an appropriate choice of
the z-axis. On the contrary the singularity m || e; reflects a real singularity of the system
(a family of two~dimensional tori collapse there into a periodic orbit) and must be removed
from the phase space. The subset of the phase space R® x SO3 obtained by removing such
singularities will be denoted by M.

More precisély the following holds:
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i) The map: .
M — AxT
(m’R) L (J,L,G,j,l,g) ’

where

A={(J,L,G)eR*:G >0,|L| < G,|J| <G},

is a real analytic canonical diffeomorphism.
ii) Denoting by 8,x,% the familiar Euler angles, one has:

cosd =0 (é,é,g) ; O(z,v,9) = zy — V1 —22/1 —y% cos g (2.1a)

—_ 2) = i £ . z _ y-ze(zayag)
COS(X .7) =¢ (Gs G,g) ’ Q( 7y1.q) - \/1 — 02(z,y,g)\/1 g (2-1b)
cos(p —1) =¥ (é, é,g) s ¥(z,9,9) = ¥(=,9,9) (2.1¢)

J L
Pys =V G? - L2 [1 - ‘I"z (’G_, Eag)] ’ Px = J’ Py = L. (22)

For a detailed proof, see [4,6].

It is easy to prove (see for example [7]) that the kinetic energy, i.e. the unperturbed
Hamiltonian, has the form:

. sin?l cos?l L2
H(J’G)L7.77.qu)=(G2—L2)( + )+

2.
2a, 2a, ’ (2:3)

2(1.3
where a; are the principal moments of inertia; from the equations of motion associated to
the Hamiltonian (2.3) it follows that (G, J, j) are constant (this expresses the fact that the
angular momentum m is constant in the inertial frame). Moreover the energy is conserved,
so there are four independent constants of motion for our three degrees of freedom system:
the system is superintegrable, and correspondingly, the Hamiltonian is properly degenerate.

2.2. The action-angle variables. In the symmetric case the Andoyer variables are already
action-angle variables, I} = L, I, = G and ¢; =, p2 = g. In fact we can always assume
a3 # a; = a3, and obtain

a —ag

. 1
H(J7GaL’.7).q’l) = 2—‘11— (G2 +"7L2) ) n= . (2‘4)

as
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For 1 # 0 (non spherical ellipsoid of inertia) the rank of the Hessian matrix in the actions
(L,G) is two.

In the triaxial case the action—angle variables (I3, I2,¢1, ¢z ) are also easily constructed
(see for example [1]). The simplest procedure is to preliminarily introduce, for any fixed
G, a pair of action—angle variables (I1,¢;) in place of (L,1); in particular one has:

|2T G2 (sxn’l + cos? I) l
L(G,T(L,G,1)) = f Ldl= = f e ') i, (25)
da

a1 a2

where the integration path is given by the curves of constant energy, at constant G; energy
levels corresponding to gyroscopic rotations must be avoided. Such a transformation is
easily canonically extended to a transformation

(La G'r lrg) > (11;12,901,902),

where I, = G (but ¢, # g). The new Hamiltonian has then the form T'(I;,I;) and the
following holds: [*]

The energy function T(I;,Iz) is continuous, is a homogeneous function of degree 2 and is
analytic in the region

2T 1
A= {(11,12) € R2 : 0< lI]I <Iz, 'I—z # —} .
. 2 as
Moreover the canonical transformation:

(II,I2;J7‘P1"P2’j) - (G1L1J)g,l,j)
is analytic in A x T3,

The domain A is the union of four connected subregions (see figure 3), bounded by
the lines |[I;| = Iz, I = 0 and |I;| = ﬁIz, where ﬁ is a constant defined as follows: one
preliminarily observes that the level curves of 27? are straight lines through the origin, with

3

angular coefficient 8 depending on %7 2T

|2T___ sin’l+cﬂﬂ |
2T 1 7 a1
A (?) ~ or 1 2y 2] d.
2 ¥ Pl (sx:l + t:o:2 )
The singularity 27?;' = ;}; (that is the one associated to the separatrix) corresponds then to
2

the line with angular coefficient § = B(2:).

If we consider T'(I,I;) as the Hamiltonian of a system with two degrees of freedom,
it turns out that it is non-degenerate; more precisely one proves that:[2:]

The Hessian T of the function T(I,, I3) is strictly positive in the subregions of A adjacent
to the lines |I;| = I, strictly negative in the remaining connected subregions.

9
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Fig. 3

Fig. 4

3. KAM THEOREM FOR THE PERTURBED EULER SYSTEM

Let us consider the Hamiltonian of the triaxial rigid body with a fixed point:
H(I,,I>,J, 1, v2,3) = T(I1, L)+ pV(I1,I2,J,01,92,5) » (3.1)

where

(L,L)eA, |J|<h (p1,02,5) € T*.

3.1. Regularity properties. As already remarked, the kinetic energy T is real analytic in
the whole infinite domain A. However, in order to dominate the Hessian of T', we shall
restrict (I,];) to a subset of the form

A(To) ={(1,I2) € A:To <T(I, ) £ 2Tp} ;

moreover, to be later able to suitably extend the domain of H without introducing sin-
gularities, we further restrict the action domain by eliminating a narrow strip around the

singular lines which border A; so we introduce the reduced domain (see figure 4)
A(To,‘ro) = {(Il,Iz) € A(To) : |Il| > 21‘0; II]_ —BIzI > 21‘0, I, — |I]| > 21‘0} , (32)

where g is a small free parameter.
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So, the kinetic energy turns out to be analytic in every complex extension A,(Tp,7o) of
A(Ty,70), with extension radius 7 < rg, and the norm M of the Hessian matrix is there
finite and its determinant I' is bounded away from zero.

Let
A(To,‘ro) = {(Il,Iz, J) : (Il,Iz) € A(To,‘ro), IJl < I —1‘0} ’ (3.3)

and denote by A,(To, 7o) the complex extension of such a set, with extension radius r < 7.
We shall assume that V is analytic and bounded in A-(To,m0) X T, up to r =ro. We
stress that such assumption is certainly satisfied, for not too large 7¢, 3¢, if V is derived
by a purely positional potential, which is a real analytic function of the Euler angles.
The domain of the above Hamiltonian H coincides, of course, with the domain of V. For
simplicity, in the following we shall use the short notation A, in place of A.(To,7o)-

As remarked in the Introduction, we shall consider the particular case of a potential
with a finite number N of harmonics in the fast angles, but the extension to the general
case is easy.

3.2. Birkhoff steps. In the following we shall denote by V(I1,I2,J,5) the average of
V(I1,12,J,91,¢2,]) over the fast angles ;1,2 and by V; the sup-normof V on A, x T3,
As remarked in the Introduction, we shall restrict ourselves to the case in which the Fourier

series of V' in the angles ¢;, ¢, contains only a finite number of terms, say up to |k| < N
with [k| = |k1] + |k2].

Lemma 1. Consider the Hamiltonian (3.1), let it be real analytic in A, X Tzo, and assume
V has truncated Fourier series, with N as above. Assume+, and r be such that:

c 7
B < "70'717‘88 y r=< m , (3.4)

where C = 31% , and consider the real sets

{(11,12) € A(To,?‘o) |w1k1 +w2k2| D Ik‘z’
A ={(I,I2,J): (I, L) € &', [J] <Lz =0},

Vk€Z?: |k| < 4N — 1}

where w; = -g%, 1 = 1,2. Then there exists a real analytic canonical transformation
‘IH.A’_;, XT% —-».A,,.XT‘O,

(I, I2,J,01,92,5) = ©(11,1;,7,¢},95,7'), that conjugates the Hamiltonian (3.1) to a
new Hamiltonian H' = H o ¥ of the form

B =TI, L)+ pV(I,15,7,5' 1) + 6V (11, 5, T, 0%, 05,35 1) (35)

11
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lﬁ’ (3.6)

Y178,

IV-Viss<n

and H' is real analytic on A, x T?j}g. Moreover, one has:
2

" . 5 caVg
IPhsp <26 1Pl < W ooty (3.7)

and the canonical transformation ¥ is near the identity:

apVy
7178y
c1 [lVo
‘71"83 ’

1

NI, Iy ) =1 (1, 1 )l 5 <

r 53
(3.8)

1
;IIWKP(II7I27J) - Id ('Phﬁ’?!j) ”‘5’_'_20, S
with Cc1 = (211325!)4 and Cy = 29325!.

A sketch of the proof is reported in Section 5.

3.3. Action—angle variables for the normal form Hamiltonian. The next crucial point
concerns the introduction of the action—angle coordinates for the normal form Hamiltonian
T'(1;,13) +pf”(I{, 33J'53'). To this purpose, let us preliminary fix (I],13), and consider
the one degree of freedom Hamiltonian

Ky p(J3') = v, 5.

Such a system is obviously integrable and the domain of the variables (J',3') is the cylinder
{|J'| < I} — o, 3’ € T}, or equivalently the sphere of constant angular momentum from
which one removed the poles and small bowls around them. Since h’I;’ I is an analytic
function on this sphere, there are at most finitely many singular level curves, namely level
curves containing points in which Vh}i’ r="0.

Let us consider a regular level curve h’z;, I;(J ',3') = k*; if Ah is small enough, then
the tube

Th iy = {(7,3") : b = AR < Rl (J',5') < B* + AR}

does not contain singular level curves. It is then possible to introduce, in J };’ I the action-
angle variables (I3, ¢} ) for the Hamiltonian h’I{’ 1, » with 3 € T and I3 belonging to some
interval I}, ;,: namely there exists a canonical transformation ®p -, parametrized by
Illlz 1172
(I1,13), such that
(Jlaj’) = QI{,I;(I.';,"PQ, ’

and $ .o, is analytic in a suitable complex neighbourhood of Z7, I X T.
19

12



Remark: We implicitly assumed that J }i» I is completely contained in the domain of h'I;’ I
namely in the cylinder {|J'| < I} — ro, 7' € T}. But this can be always realized because
the choice of the z axis is arbitrary, and for small Ah, one can always take it in such a
way that it does not intersect J. }i, I

In order to apply KAM theorem to the whole Hamiltonian T'(1}, I}) + uV' (I}, I}, 7', 3'; 1),
one needs to extend the above canonical transformation to all coordinates. To this purpose,
let us notice that by varying (I],I;) in some disc D'(R) C A’ of radius R, the singular
level curves in general move: however, if R is small enough, then for every (I{,1;) € D'(R)
the set {(J', §) k= AR <Ry o (T57) S BT+ Ah} is still a tube free from singularities,
and it is possible to extend the above defined change of variables to a set P’ defined by

(IiaI:.")EDI(R)a (‘P’l:‘f’,z) 61—21

3.9
(7,§") + h* = Ah < By o (7',4") < B* + Ok (3:9)

correspondingly, the interval of definition Z"(R) of the new action I3 in general reduces,
but for R small enough, such reduced interval has radius larger or equal to R. It is then
clear that:

Lemma 2. There exists R such that for every disc D'(R) C A' the above canonical
transformation ® 1, extends to

$:B"xT > P,

(I{,I;,J',(p’l,(p'z,j’) = &( i’: é';I:'»,',‘Pﬁ'ﬁP'z'a‘Pg),
where B" is a ball of radius R, and ® is such that I} = I}, I, = I}, and (J',j) =
@1:,1:(I3,¢3); @ conjugates the Hamiltonian (3.5) to H" = H' o ® of the form

B =T"(I}, 1) + uV" (I, I}, I ) + p* V" (I}, G, I} , 01 0 , 043 1), (3.10)

where V" and V" satisfy (3.6) and (3.7). The new Hamiltonian H" is real analytic on the
domain B;,’ X T':, with some nonvanishing extension radii p; and p,,.

Remarks. (i) We cannot compute explicitly the radii p1 and p,, since they depend in an
essential way on the form of the considered potential. Anyway since, by (3.4),  is small
with p, while py is finite, for 4 small enough one has certainly p; > r. Concerning p,, and
80, we shall denote by s the smaller between them. (ii) In order for R, pr and p, to be
appropriately defined, we made reference, in the above Lemma, to the level curves of the
whole normalized Hamiltonian V. However, it is important to stress that, if g is small,
the regular level curves of V do not differ significantly from the corresponding level curves

13



of the average V. So, every assumption can be verified, for small g, on V. This is relevant
because in any example V, and not V, is immediately computed.

3.4. Main result. Every set B”xT?, as described above, is the union of invariant three-tori
for the Hamiltonian T" + p¥". We want to apply KAM theorem to prove the persistence
of a set of large Lebesgue measure of such tori for the perturbed Hamiltonian H".

In order to do this, one has to verify that 7" + u¥" is non-degenerate; to this purpose,
as we shall see (Lemma 3), it is enough to assume that there exists m > 0 such that

2771
BVAZm in B'xT?. (3.11)
o1y

It is then natural to give the following definition:

Definition. The potential energy V(I,I2,J,¢1,%2,]) is said to remove the degeneracy,
if the assumption (3.11) is satisfied.

Remark: This assumption too could be formulated only for V. Indeed, in order for an
inequality of the form (3.11) to be satisfied for small yu, it is enough it be satisfied by
17 (I, 14,1{;0), and this is nothing but the function one would obtain by using V in
place of V in Lemma 2.

We can now state our main result.

Proposition. Let the Hamiltonian

H(I1,I2v1:901)902:j) = T(I13I2) +ﬂV(I11I2,J1‘P1,‘P23.7.)

be real analytic in the above defined domain
A x T35

assume the potential removes the degeneracy. Denote Cy = c(VoM) (4N —1)73, C, =
cM3V2E(4N-1)® C, = 3 _ eM*V#(4N-1)* . .
2 ———", Cy = cMVy(4N —1)° and C3 = ——2 ——, c being some suitable con-

stant depending only on s. If p is small enough, and v, is such that

Cor 2 1, (3.12)

then for every disc D(R) C A’ of sufficiently small radius R, and for every regular level
curve C of the averaged potential at fixed (I1,I;) € D(R), there exists a tube P around C,
which decomposes as

P=PUP,,

14



with P, such that \

M
mes (P;) = TR

while P, is the union of three-dimensional invariant tori, and for every initial datum

(Iga JD)‘Pl)‘stJO)epl

7, mes (P) , (3.13)

the motion on the corresponding torus satisfies
ot
|L(t) - I?| < C4 1 oF (3.14)

lpi(t) — ¢f —wit| < Ce % , - (3.15)

for i = 1,2. Correspondingly (J(t),j(t)) stay close to the level curves of the averaged
potential at fixed (I1,I;) = (I?,I7), namely one has

_ _ }
VI, I, I (2),5(2)) = V(I1, T2, 7%,3%)| < Cs % (3.16)
1

Remark. In the case in which the Fourier series of V in the angles ¢;, @2 contains an infinite
number of terms, the procedure still works, although it requires a few technical changes.
Indeed in Lemma 1 one should cut-off the Fourier series at order N such that (4N —
1)3e~(4N=1)s — ;- this leads to logarithmic corrections in the estimates (3.7) and (3.8),
in the sense that » acquires a logarithmic dependence on p. Such corrections then appear
in every successive estimate, in particular in our Proposition; in fact in the definition of
Co,...,C3, whenever N appears, a logarithmic dependence on p is introduced. Everything
runs then quite smoothly.

3.5. Proof of the Proposition. The proof is based on the following
Lemma 3. Let us consider the Hamiltonian:

T(IL L) + eV (L L I ) + 6V (1 1L I 0, 05,05, 1),
real analytic on the domain B" x T* with extension radii r and s, and such that V", V"
satisfy (3.7) and V" is close to V', see (3.6). Suppose that:
321'}11
ory?

>m, on B;,’I fo,w ,
where m > 0 is some constant, and let v, be such that:

( ) 6 3.17
K < Ve e '71')’2: (3.17)

15



-— 26 -
where €(s) = 35 %zs- Then there exists a subset

Px CB"xT

of measure

" _ 72 M? " 3
mes(Pg) > |1 WRmT mes(B" x T%), (3.18)

such that Py, is the union of invariant three-dimensional tori T+ parametrized by w"
(wi,wy,wy) € Q7, where w! = %’,‘V—" and 1" = { :(k,w") > TL Vk € Zz\{O}}.
More precisely, such tori are defined parametnca.lly by the equations:

I"=I'+Lo+ fr(Q), ¢"=Q+g(Q), with QeT?

where I is such that W—;ﬁv—"(l{}' = w", while L" is some constant, and f,», g, are
real analytic functions. The tori T are near to the unperturbed ones {I}} x T*, more
precisely one has the estimates

Myt pe pd
1P nl < 5 n <« 3 1
”L “ c3V0 ( )2 ’ ”fw” = c4V0 (711‘83)472 ’ "gw“ <eVy 1_37;2727 (3 9)

where c3, ¢4 and c5 are some suitable constants depending on s.

See Section 5 for the proof.

Proof of the Proposition. It is easy to check that, by the construction of the domain
A, our Hamiltonian satisfies the hypotheses of Lemma 1 (one should choose r = m&—_lp)
and that it is possible to apply Lemma 2 to the new Hamiltonian (3.5). Then there exists R
such that for every disc D(R) and for every P’, defined as in (3.9), we can apply the above
canonical transformation which conjugates H' to the new Hamiltonian H" real analytic
on a set of the form BY x T3, where B” is a ball of radius R, r = IW‘:&IW'

Let us then consider a regular level curve C of the averaged potential, free from
singularities; then for small p, thanks to the fact that V is close to V, see (3.6), and
that ¥ is close to the identity, see (3.8), for # small enough there exists a tube P around
C, composed of non-singular level curves of the averaged potential, such that the set P’
defined by

- P=V9(P)=TodB" xT°)

has the form (3.9). Now, with the natural! choice 7, = pv;, the new Hamiltonian H"
fulfills all the hypotheses of Lemma 3.

1 By definition, 4; and 47 are some non-resonance parameters respectively for the two frequencies
173

(w1,wz), and the three frequencies (w},w},wy), where wy ; = 5%2;, “-’{',2 = %Tn— = w2 + O(p)
, .90,2

BV"
and w:, = [I.W

16



Applying Lemma 3 to the Hamiltonian H”, one obtains that there exists a subset
Pi C B" x T® which is the union of invariant three-dimensional tori for which the
estimates (3.18), and (3.19) hold. Let us define

P, =¥o®(Pg)CP. (3.20)

Then P; is also the union of invariant three-dimensional tori for the Hamiltonian H. The
estimate (3.13) on the measure of P, directly follows from the definition (3.20) and from
the estimate (3.18).

We now prove the estimates (3.14), (3.15). To this purpose let us take

(12, 13,7°, 93, 92,3°) € Pu;
thanks to the fact that ¥ is close to the identity, and that I} , = I ,, one has, fori = 1,2:
[L:(2) — I7| < |Li(t) — Li(2)| + 1I(2) — L (0)| + |L;(0) — I
<22 E i - 1))

83

and by the lemma 3

2
IL:(t) — I?] < 2:,-3MV3 L 2aVo p

— 3.21
O (11r)? 72 2 m (321)

In the same way, thanks to the fact that ¥ is close to the identity, and that ¢" and ¢’
differ only for a change of the origin, one has:

5
li(t) — ¢ — wit] < esVg———— + 2¢ Vot | 1=1,2. (3.22)
3Tz ™1

Let us now study (J(t),7(t)), and to this purpose, let us consider the value of the averaged
potential V at fixed (I1,I;). Thanks to (3.6) one has

V2, 28, 70),3(0) = PO, 10,70, '6) + 8ea 20

and since 7/(I1(0), Z4(0), J'(2), '(t)) = V" (I (0), IZ(0), 1% (), it follows

rs3

L . 2
|AV]| = V" (17(0), I;'(0), I (2)) - V"(1(0), I;'(0), I5 (0)) + 16es ;‘VO )
1
where AV =V(1?,12, J (t),§(t)) — V(I?,12,J°,7°). Now by Lemma 3 one has
— M p,%
AV| <23 —Vi—F—— —_— .
1AV < 26 W o+ 166 (3.23)
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and for the above choice of the parameters 4, and r, using (3.21), (3.22)‘a.nd (3.23), one
easily gets the estimates (3.14), (3.15), and (3.16); in fact, for the (3.14) one has

M_, pi 2:Vo b cM3VE(4N —1)8 p3
3 Vo 2 3 o S -5
m  (117)272 $ 7 m N

while concerning (3.15) one finds,

s 1
esVi———+ 2c2VoL < cMVy(4N —1)° %
1 312 ™ N
and finally for(3.16) one has
M 3 2 M4v4 N 1)° 3
Mys B2 1 16e, #V03 < (4N —1)" p3
’Y T2 Y1TS m ’)’1

4. EXAMPLES

4.1. Elastic forces. Let us consider a rigid body with a fixed point, subject to two elastic
forces, namely one, of elastic constant k;, acting between the point S(;) = S1e; + Sze2 +
Sse; and its projection on the (z,z)-plane, and the other, of elastic constant k3, acting
between the point S(;) = Se; and its projection on (z,y)-plane (see figure 5).



http:for(3.16

The potential is positional, and considered as a function of the Euler coordinates has
the form: 1
|4 =§k1 [Sl(sinxcos¢ + sin 4 cos x cos ¥) — Sa(sin x sin ¢

) 2 (1)
— cosy cosx cos ¥) — S cosxsin't9]2 + Ekz(S’cosﬂ) .

If we apply the transformation equations (2.1) to (4.1) we obtain the potential as a function
of the Andoyer variables and to apply our result we have to check that the average of
the potential on the fast angles (g,l) realizes our assumptions. Assuming, for simplicity,
82 + 82 = $§2, it turns out that:

J? . L? 1 L?
(V) = -k153 + - kzsz [2G2 (3-(? — 1) + = 2 (1 - Gz)]

this means that the Andoyer variables coincide with the action—angle ones for the averaged
motion and the change of coordinates of Section 3.3 is practically not necessary. One

62(V)1,9 _ 2 1 L?
i _ st(s 1

so for -g; # % the potential does remove the degeneracy, while for g; = % the averaged

immediately obtains that:

potential does not depend on J. 4
As a consequence, we can apply our Proposition on the domain § x £ x J x T where:

L= [%G-}-z’ro,a—z?‘o] U [—%G-{-Zro,%G—z‘l‘o] U [—G+2?‘,—%G+2T0] ’

= {GER:G>2r} and J = {J€R:|J| <G —2ro}. As a result we obtain the
estimates (3.13), (3.14), (3.15), and (3.16), that is, for a large set of initial data, with large
enough kinetic energy, the angular momentum has almost constant module and direction in
the body frame, while it slowly precedes around the z-axis in the inertial-frame, essentially
as in the ordinary top.

4.2 Gravitational potential. Let us now consider a symmetric homogenous rigid body 7
with figure axis e;, mass Mr, and barycenter Bz, that moves on an elliptic orbit of given
eccentricity e and major axis 2a. Let us suppose that 7 is subject to the gravitational field
due to a point mass Ms that lies in one focus O. We choose the inertial frame (O, z,y, 2)
such that the (z,y)-plane contains the orbit. Let r denote the position of Br in such
inertial frame (see figure 6).
A Hamiltonian which suitably describes this physical situation is
G?*-L* I?

H(L,G,J,g,j,t) = Sar + 5 wra®M7[1 — ecos A(t)] + V(L,G, J,9,5,1), (4.2)
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Mg x

Fig. 6
where A(t) = wi + A¢ is the mean anomaly and:

v_ﬁz( 1 — 3ecos A(t))] il 1 L 2(A\(t) — 7) sin®
_2w1a3—a1)[—ecos() —2G2+ — gz ) o5 (t) —j)sin“g

L? J? J? L? S LJ L? J?
+ [E (1—&_2) +E (1—65) coszg—2E\/l—a\/l—Ecosg]
12

x sin?(A(t) — j) — 2sin gsin(A(t) — 7) cos(A(2) —I)4/1 — =5

G2
G” G2 GV GzCOSg .

In fact, to obtain the above Hamiltonian, one approximates the gravitational potential

MsMr / dz
V=-k
7] Jrlr+=|
by:
MsMr Ms 2
= - - 4.
Vv k m + k2|"‘|3 (as —a1)(3cos® B —1), (4.3)

where f is the angle between e; and r; such an approximation!®] is meaningful if the
equatorial radius R is negligible with respect to |r|, and if the body has the ellipsoid of
inertia close to a sphere. In the Euler coordinates one has:

cos B8 = sindsin(x — A7),

where At is the longitude of By on the ellipse, so that |r| = 5 . In our model we

—e caos AT
neglect the terms of order €2, and write

1  1-—ecos)(?)

|7.|3 - ad
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Using the third Kepler law with, for simplicity, MWE- = 1, we then obtains (4.2) from
(4.3).

Let us consider the autonomous system associated to the (4.2):
H(L,G,J,9,5,2) = T(G) + wrA — w%"azMT[l —ecos A} + V(L, G,J,9,3,), (4.4)

where A is the action conjugate to the angle A and L is considered as a parameter.

We can study the (4.4) in two ways: either we consider ag —a; as a small perturbative
parameter, a3 — a; = pay (this is meaningful because of our assumption on the ellipsoid of
inertia) or, for a3 — a; small but finite, we consider the fast rotations with large angular

1

velocity ) = " In the former case we study the Hamiltonian:

H =T(G) 4+ wrA — wha*Mr[l — ecos A} + pV(G, J, 9,3, A),
which, after the canonical transformation
w =2, I=A—wra*Mrcos),

takes the form:
H = T(G) + WTI + FV(G’J)g’js(P)'

This Hamiltonian is similar to the one considered in the first example, namely it has an
integrable term T'(G) + wrI depending only on two actions (G,A), and a perturbative
term pV depending also on the third degree of freedom (J,j). Here of course, the degree
of freedom (I, ¢) plays the role of (L,1).
As before we have to check that the average of the potential on the fast angles (g, )
satisfies our assumptions. The averaged Hamiltonian is:
G? M J:2 1 L* 3L%J?

K=ttt "e 2 e ~ 267 |

so in this case too, the Andoyer variables coincide with the action—angle ones for the
averaged motion; moreover the potential removes the degeneracy:

0*K 3 1
FrF = HghTE 70

We can then apply our Proposition in the domain:
{(G,L,J)€R*: G > 2rg, |L| < G—2r¢ |J| < G — 2o},

and obtain the estimates (3.13), (3.14), (3.15), and (3.16). Their meaning is now that, for
a large set of initial data, with finite kinetic energy, if the planet is sufficiently close to
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a sphere, then the angular momentum has almost constant module, constant direction in
the body frame, and, as in the previous example, it slowly precedes around the z-axis in
the inertial-frame.

We can obtain analogous results also in the second case. Indeed, after a suitable
rescaling, the Hamiltonian takes the form:

_ wr wr)? .
H=T(G)+ FA-F ( 0 ) v(G,J,9,5,),
where v(G, J,9,7,A) = a2 Mr(1 — ecos A) + ;‘;—, and so:
T
H =T(G) + pA + p*v(G, J,9,3,).

We now consider T'(G) + pA as the unperturbed part, properly degenerate, and p?v as
the perturbation. Since the unperturbed Hamiltonian contains also terms of order u, we
should slightly modify our procedure: in this case it turns out that four perturbative steps
are not enough to remove the degeneracy, but it is easy to see that seven are enough; a
part from this point the procedure is the same of the previous case.

As before, we have to study the properties of the Hamiltonian averaged on the angles
(A, g) which is

G? 3 J: 1 L* 3L%*J?
K= — 2v 2 _ Yy et - =
2a, THATEguT(a —a) |~ + ot o ~ 6
So once more the Andoyer variables coincide with the action—-angle ones for the averaged
motion, the potential removes the degeneracy and we can apply our Proposition (with

minor modifications on the estimates) in the domain:
{(G,L,J) e R*: G > 27y, |L| < G —2r |J| < G — 21} .

The resulting description of the motion is the same of the former approach. In particular
in both cases, if M and e3; are close each other (although not coinciding, for we need
|L| < G — 27¢) we obtain, in the above simplified model, a description of the planetary
spin precession.
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5. TECHNICAL PROOFS

5.1. Proof of the estimate (1.5). It is well known that P, = h;}(R7) x T", where in the
time-independent case it is

=7 = {o e a3 ez \ (0} wll < 7
while in the time-dependent case one has

g N e Z\ {0} : ((buw I
R _{ € Q| 3(k, ko) € Z™ \ {0} : {k, )+ko|<(|k|+k0)n}:

with @ = hy(B). Then we have:

1
min, (det hpy(p))

so we have to estimate the measure of R7; in both cases it turns out that:

mes (h;* (R7)) <

mes ((R7)),

2n+1
mes (RN Q) <

7S,

n

with § = max; S; where S is the (n — 1)-dimensional volume of the set {w € 02 : (k,w) =
0}. Now it is easy to show that, thanks to (1.3):

S = mka.x.‘;'gc < (Md)"_lcn_l,

where d is the radius of the ball B and ¢, = 'I‘(z_?l-lf Then we have:

mes (R~ (RY (Md)" e,y 2":1 n My mes
(5" (R") < Frrimpeat@ettpg (VT 7 < O TimpeatasiCiry e} = ©

where C(n) = 2"-:::‘1 = I‘f-:';r-e(-l%):i}i In conclusion:
ﬁl"-17
mes (P;) < C(n - mes (P).
(P2) < O Gty eat@ct(paoy =)

5.2. Sketch of the proof of the lemma 1. We perform four perturbative steps; at the I-th
step we deal with an Hamiltonian of the form:

Hiy =Ty (I, 1) + pVies (I, Iy Isy 03, ) + 5 Vica (I, Iy Iy 01, 02, 93),
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defined on the domain A/ _ 2(1-1)p % T,o_a(, 1)os Where p = {7 and ¢ = 3%, such that:

-2

||Vh|I$IlVllZ§ and  |[Vi—1]| < (4¢)* v

o (marsg)—t"
When ! = 0 we put A:'—Z(I—l)p X T2°—3(1-1)a Al x T,o, V:._l = 0 and f’:-l = V.
To remove the dependence on the fast angles at the order u!, we construct a canonical

transformation ¥; by the Lie method, that is ¥; is the time-one map of a Hamiltonian
flow @} induced by a Hamiltonian x. By the properties of the Poisson bracket one has

Hiy 09 =Tiy + {T1-1,x} + pViey + p'Viey + /01(1 = ){{T1-1,x},x} o B dt
+ /01 {1V + 6'Vii1,x} o ) dt;
we then choose x in such a way that
Tio1 + {Ti—1,x} + £'Viy = ul§1—1 = % jﬁ—l(?l:?z)diald?z-

By the hypotheses on » we obtain an estimate on the norm of x, on the complex domain

3
:'—ZIpTau—slaw namely
l
1 l Vo . 942
;”X”r-zlp,so-—aza <u (C’Yl”g with c=23°5!,
and then:

1 1
/ (1 = ){{Ti-1,x}, x} 0 B}dt + f {nVio1 + p'Vima,x} 0 B3dt = O(u™);
0 0
finally we obtain:

Ho¥® =T +uli + p¥;,

X -1
2t X Tooatos Il < (Z57 %) IVI] and

;. Iterating four times this procedure, the lemma is easily proved.

where H is real analytxc on the domain A/
il < (4e)' Ly M

7"

5.3. Proof of the lemma 3. We want to show that it is possible to apply KAM theorem
to the unperturbed Hamiltonian:

h" — TII(I;I’I;) + ;L]?"(I{', é’,I;",'),
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with the perturbation:

- | Vi
ef = p V"I, I, I}, 01, 05,93), IIfl <Vo and e= Cz——(,h,.ss)gu"-

The full Hamiltonian k" + ef is real analytic on B” x T3. Let us show that A" is non
degenerate. In fact, for p small enough,

a7 8*T 081,61, ( 6T )
_— ] = = det { ——— | ;
det (BI,”BI;') det (aIlaIk 6I:16I;l) (1 + 0(”’)) € BIIBIg H

and

2R 27" 2T )

det | ——— = det | ——= +0
) (aI'”aI;!)s‘,j:l..s g aI:',’z (aIé'aI}') i,j=1,2 @,
for 1 small enough one has then
8R! V"
* (af—az—) = |20 T4 0(u) 2 pm +0447) 0.
VU0 ) i 5=1.3 3

Now we find the constants T'FL,H: 0 < < M < oo such that Vv € B,, one has

mf|vllpr < NBguuvller < Mo,

g

We estimate M and 7 respectively by the maximal and the minimal module of the elements
of the Hessian matrix of h. Concerning M it is clear that the term due to T" dominates,
so M is the same of the one computed for T, with an error of order pu. For m instead
the dominant term is due to ;1.7" (in fact T" is properly degenerate) and thanks to the
hypothesis (3.11) one has m = um. Now we show that v, and ¢ satisfy:

7 2
<892, with §(n,M,r,s) = (e
#50m itk om ) (°%Mr2+llfll !

where € = 3553555, By the definition of € and by the assumption (3.17), one has

_ eptVE  epe(s)r? ,
= ey S v

5 2 . '
Now § > (”2’;:) and, by definition, &(s) is equal to "2’26; as a consequence one has:

4cq
R 2
c28(8)r? és'r\° , 2
<7 < | — < év;.
— 11383 '72 — 2‘4) ‘72 — ’Tb
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To sum up, the Hamiltonian A" + ¢f satisfies all the hypotheses of KAM theorem; as a
consequence there exists a subset Pj C B” x T, of measure:

2
mes (Py) > (1 - %72) mes(B" x T?),

where T = minjwer {det(h, m(I")} = pm, such that P} is the union of invariant
three-dimensional tori 7~ parametrized by w" = (%%{r, %;T, %gr) € N7,

Q7 = {w" : (k,0") > -‘—g% Ve Z™\ {0}} .
More precisely, such tori are defined parametrically by the equations:

I'"'=I)+ Lo+ fr(Q),  ¢"=Q+g(Q), with QeT’,

where Ij) = h7*(w"), while L! is some constant, and f,», g, are real analytic functions.
The tori 7" are near the unperturbed ones {I'} x T3, more precisely one has the estimates
(1.7 a, b, c) or, by the definition of ¢, the (3.19).
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