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ABSTRACT 

The Higgs sector of the Minimal Supersymmetric Model (MSSM) is a CP-conserving 
two-Higgs doublet model that depends (at tree-level) on two Higgs parameters. In order 
to accurately determine the phenomenological implications of this model, one must 
incorporate the effects of radiative corrections. The influence of virtual Higgs exchange 
on precision electroweak measurements is extremely small, with the possible exception 
of processes involving external band/or t quarks. On the other hand, certain natural 
relations of the model (such as tree-level Higgs mass relations) are substantially altered 
if m, is large. Various implications of the radiatively corrected MSSM Higgs sector 
a.reexplored. The theoretical upper bound to the lightest Higgs mass is determined 
and the influence of radiative corrections on Higgs masses and couplings is exhibited. 
Implications for Higgs phenomenology a.re briefly discussed. 

1. Introduction 

The Standard Model with minimal Higgs content is not expected to be the ulti
mate theoretical structure responsible for electroweak symmetry breaking [1,2]. If 
the Standard Model is embedded in a more fundamental structure characterized by 
a much larger energy scale (e.g., the Planck scale, which must appear in any theory 
including gravity), the Higgs boson would tend to acquire mass of order the largest 
energy scale due to radiative corrections. Only by adjusting (i.e., "fine-tuning") 
the parameters of the Higgs potential "unnaturally" can one arrange a large hierar
chy between the Planck scale and the scale of electroweak symmetry breaking [3,4]. 
The Standard Model provides no mechanism for this, but supersymmetric theories 
have the potential to address these issues. In a supersymmetric theory the size of 
radiative corrections to scalar masses is controlled by the cancellation of contribu
tions from particles and their supersymmetric partners. Since supersymmetry is 
not an exact symmetry of nature, the cancellation must be incomplete, and the 
Higgs mass receives contributions that are limited by the extent of the supersym
metry breaking. In order that the naturalness and hierarchy problems be resolved, 

it is necessary that the scale of supersymmetry breaking not exceed 0(1 TeV) [5]. 
Such "low-energy" supersymmetric theories are especially interesting in that, to 
date, they provide the only theoretical framework in which the problems of nat
uralness and hierarchy can be resolved while retaining the Higgs bosons as truly 
elementary weakly coupled spin-O particles. 

The Minimal Supersymmetric extension of the Standard Model (MSSM) con
sists of taking the Standard Model as it is known today (including the as yet undis
covered t-quark) and adding the corresponding supersymmetric partners [6,7]. In 
addition, the MSSM must possess two Higgs doublets in order to give masses to up 
and down type fermions in a manner consistent with supersymmetry (and to avoid 
gauge anomalies introduced by the fermionic superpartners of the Higgs bosons). 
In particular, the MSSM Higgs sector is a CP-conserving two-Higgs-doublet model, 
which can be parametrized at tree-level in terms of two Higgs sector parameters. 
This structure arises due to constraints imposed by supersymmetry that determine 
the Higgs quartic couplings in terms of electroweak gauge coupling constants. 

In section 2, I review the general structure of the (nonsupersymmetric) two
Higgs-doublet extension of the Standard Model. By imposing the constraints of 
supersymmetry on the quartic terms of the Higgs potential (and the Higgs-fermion 
interaction) one obtains the Higgs sector of the MSSM. The tree-level predictions 
of this model are briefly summarized in section 3. In section 4, I investigate the 
size of Higgs-induced radiative corrections to electroweak processes. Higgs radia
tive corrections that enter through the correction to gauge boson propagators are 
extremely small. On the other hand, virtual Higgs effects in processes involving 
external band/or t quarks may be large enough to be observable. The most dra
matic effect of radiative corrections to the MSSM Higgs sector is the modification 
of tree-level mass relations of the model. Section 5 demonstrates that the tree-level 
bound restricting the lightest CP-even Higgs scalar to be lighter than the Z can 
be significantly violated if the top quark mass is large. Radiative corrections to 
MSSM Higgs masses and couplings in the leading logarithmic approximation are 
described in section 6 and some numerical results for Higgs masses are presented in 
section 7. Finally, some implications of the radiatively-corrected Higgs sector are 
explored in section 8. Certain technical details are relegated to three appendices. 

2. The Two-Higgs Doublet Model 

I begin with a brief review of the general (non-supersymmetric) two-Higgs 
doublet extension of the Standard Model [8]. Let c)t and c)2 denote two complex 
Y = 1, SU(2)L doublet scalar fields. The most general gauge invariant scalar 
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potential is given by 

v = m~l~t~l +m~2~t~2 - [mr2~t~2 +h.c.] 

+ !;\1(~t~1)2 + !;\2(~~~2)2 + ;\3(~t~t}(~~~2) + ;\4(~t~2)(~~~1) (1) 

+ {!;\&(~t~2)2 + [;\6(~t~d + ;\7(~~~2)]~t~2 + h.c.} . 

In most discussions of two-Higgs-doublet models, the terms proportional to ;\6 and 
;\7 are absent. This can be achieved by imposing a discrete symmetry ~1 ~ -~l 

on the model. Such a symmetry would also require m12 = 0 unless we allow a 
soft violation of this discrete symmetry by dimension-two terms~ For the moment, 
I will refrain from setting any of the coefficients in eq. (1) to zero. In principle, 
mI2' ;\&, ;\6 and ;\7 can be complex. However, I shall ignore the possibility of 
CP-violating effects in the Higgs sector by choosing all coefficients in eq. (1) to 
be real. The scalar fields will develop non-zero vacuum expectation values if the 
mass matrix mli has at least one negative eigenvalue. Imposing CP invariance and 
U(I)EM gauge symmetry, the minimum of the potential is 

(2)(91)= ~ (~), (92) = ~ (:) , 

where the Vi can be chosen to be real. It is convenient to introduce the following 
notation: 

2 
V2 = 224m-Vl+V2=~ t{J == tanfJ == V2 (3)

y2 ' VI 

Of the original eight scalar degrees of freedom, three Goldstone bosons (G± and 
GO) are absorbed ("eaten") by the W± and Z. The remaining five physical Higgs 
particles are: two CP-even scalars (hO and HO, with mhO :5 mHo), one CP-odd 
scalar (AO) and a charged Higgs pair (H±). The mass parameters mu and m22 
can be eliminated by minimizing the scalar potential. The resulting squared masses 
for the CP-odd and charged Higgs states are 

2 
2 m12 1 2 (\ \ -1 \ )

mAO = -- - 2'V 2A& + A6t {J + A7t{J , 
S{JC{J (4) 

mJt.:t: = m~o +!v2
(;\& - ;\4). 

* This latter requirement is sufficient to gua.ra.ntee the absence of Higgs-mediated tree-level 
fla.vor cha.nging neutral currents. 

The two CP-even Higgs states mix according to the following squared mass matrix: 

2 2 (S~ -S{JC{J)M = mAO 2 
-S{JC{J C{J 

2 ( ;\1 C~ +2;\6 S{JC{J + ;\&S~ (;\3 + ;\4)S{JC{J + ;\61 + ;\7S~) 
(5) 

+V 
(;\3 + ;\4)SPC{J + ;\6C~ + ;\7S~ ;\2S~ +2;\7S{JC{J + ;\5C~ , 

where sp == sinp and c{J == cosp. The physical mass eigenstates are 

HO = (Y2Re~~ - vI) coso +(Y2Re~g - V2) sino, 
(6)

hO = -(Y2Re ~~ - VI) sin a + (Y2Re ~g - V2) cos a . 

The corresponding masses are 

m1.,h' =! [M~l +M~2 ± J(M~l - M~2)2 +4(M~2)2 ] , (7) 

and the mixing angle a is obtained from 

2M2 
sin 20 = 12 

V(Mrl - M~2)2 + 4(Mr2)2 ' 
(8)M2 _M2 

cos 20 = 11 22 

V(Mrl - M~2)2 +4(Mr2)2 

The phenomenology of the two-Higgs doublet model depends in detail on the 
various couplings of the Higgs bosons to gauge bosons, Higgs bosons and fermions. 
The Higgs couplings to gauge bosons follow from gauge invariance and are thus 
model independent. For example, using the symbol 4>0 for the minimal Higgs boson 
of the Standard Model, the couplings of the two CP-even Higgs bosons to W and 
Z pairs are given in terms of the angles a and fJ by 

YhOyy = y;oyy sin(p - a) 
(9) 

Ynoyy =Y;Oyy cos(P - a), 

where Y;o yy == Yy my and 

y, V =W, 
Yy = { (10)

Y/ cos Ow, V = Z . 

There are no tree-level couplings of AO or H± to VV. Gauge invariance also 
determines the strength of the trilinear couplings of one gauge boson to two Higgs 
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bosons. For example, 

gcos(jJ - a) 
ghoAoZ = 2 .ll ,cosuw 

(11) 
-g sin(,8 - a) 

gJtlAoZ = 2cos Ow . 

In the examples shown above, some of the couplings can be suppressed if either 
sin(jJ - a) or cos(,8 - a) is very small. If the theory yields a Higgs mass spectrum 
in which the hO is considerably lighter than the other physical Higgs scalars, then 
the hO couplings will typically approach their Standard Model values [9]. In this 
limit, cos(,8 - a) ..... O. More generally, all the Higgs couplings cannot vanish 
simultaneously. From the expressions above, we see that the following sum rules 
must hold separately for V = Wand Z= 

2 2 2 
gnovv + ghovv = gljJovv , 

(12)g22 +g2 ___ 
ghoAoZ HOAoZ - 4cos2 Ow . 

These results are a consequence of the tree-unitarity of the electroweak theory [10]. 
Moreover, if we focus on a given CP-even Higgs state, we note that its couplings to 
VV and AOV cannot be simultaneously suppressed, since eqs. (9)-(11) imply that 

g2m~2 422 ____ , (13)ghZZ + mzghAoz - cos2 Ow 

for h = hO or HO. Similar considerations also hold for the coupling of hO and HO 
to W± HT. We can summarize the above results by noting that the coupling of hO 
and HO to vector boson pairs or vector-scalar boson final states is proportional to 
either sin(,8 - a) or cos(,8 - a) as indicated below. 

cos(,8 - a) sin(,8 - a) 
HOW+W hOW+W

HOZZ hOZZ 

ZAoho ZAoHo 

W±HTho W±HTHo (14) 


The 3-point and 4-point Higgs self-couplings depend on the parameters of the 
two-Higgs-doublet potential [eq. (1)]. The Feynman rules for the trilinear Higgs 
vertices are listed in Appendix A. The Feynman rules for the 4-point Higgs vertices 
are rather tedious in the general two-Higgs-doublet model and will not be given 

here. 
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The Higgs couplings to fermions are model dependent, although their form 
is often constrained by discrete symmetries that are imposed in order to avoid 
tree-level flavor changing neutral currents mediated by Higgs exchange [11]. An 
example of a model that respects this constraint is one in which one Higgs doublet 
(before symmetry breaking) couples exclusively to down-type fermions and the 
other Higgs doublet couples exclusively to up-type fermions. This is the pattern 
of couplings found in the minimal supersymmetric model (MSSM). The results in 
this case are as follows. The couplings of the neutral Higgs bosons to If relative 
to the Standard Model value, gm,/2mw, are given by (using 3rd family notation) 

cos asina H06b :HOtt: 
cosjJsin,8 

cos a -sinO'
hOtt: hObb: (15) 

sin,8 cos,8 

AOti: "'/5 cot ,8 AObb: "'/5tan ,8, 

(the "'/5 indicates a pseudoscalar coupling), and the charged Higgs boson coupling 
is given by 

- 9 [gH-,I - 2.J2mw m, cot ,8(1 +"'/5) +m6 tan ,8(1 -"'/5)]' (16) 

Finally, consider the experimental constraints on the parameters of the two
Higgs doublet model. Limits on the charged and neutral Higgs masses have been 
obtained at LEP. Here I briefly summarize the results for the Higgs search as 
compiled by the Particle Data Group [12]. For the charged Higgs boson, mH'* > 
41.7 GeV. This is the most model independent bound and assumes only that the 
H± decays dominantly into r+vT , cs and cb. The LEP limits on the masses of 
hO and AO are obtained by searching simultaneously for Z ..... hOlf and Z ..... 
hO AO [13,14]. The ZZho and Zho AO couplings that govern these two decay rates 
are proportional to sin(,8 - a) and cos(,8 - a), respectively. Thus, one can use the 
LEP data to deduce limits on mhO and mAO as a function of sin(jJ - a). Stronger 
limits can be obtained in the MSSM where sin(,8 - a) is fixed by other model 
parameters. The present limits as summarized by the Particle Data Group [12] are 
mho> 29 GeV and mAo> 12 GeV based on supersymmetric tree-level relations 
among Higgs parameters, but with no assumption for the value of tan,8. If leading 
log radiative corrections are incorporated and tan jJ > 1 is assumed, then recent 
results of the ALEPH Collaboration [14] yield mho> 41 GeV and mAo> 20 GeV 
(at 95% CL). However, the limit on mhO may be substantially weaker iflarge'squark 
mixing is permitted [15]. 
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The experimental information on the parameter tanp is quite meager. For 
definiteness, let us assume that the Higgs-fermion couplings are specified as in the 
MSSM. In the Standard Model, the Higgs coupling to top quarks is proportional 
to gm,f2mw, and is therefore the strongest of all Higgs-fermion couplings. For 
tanp < 1, the Higgs couplings to top-quarks in the two-Higgs-doublet model dis
cussed above are further enhanced by a factor of 1/ tan p. As a result, some weak 
experimental limits on tan p exist based on the non-observation of virtual effects 
involving the a-iii coupling. Clearly, such limits depend both on mH* and tan p. 
For example, for mH* ~ mw, limits from the analysis of BO-Bo mixing imply 
that tanp ~ 0.5 [16]. No comparable limits exist based on top-quark couplings to 
neutral Higgs bosons. 

Theoretical constraints on tan p are also useful. If tan p becomes too small, 
then the Higgs coupling to top quarks becomes strong. In this case, the tree
unitarity of processes involving the Higgs-top quark Yukawa coupling is violated. 
Perhaps this should not be regarded as a theoretical defect, although it does render 
any perturbative analysis unreliable. A rough lower bound advocated by ref. 16, 
tanp ~ mt/600 GeV, corresponds to a Higgs-top quark coupling in the perturba
tive region. A similar argument involving the Higgs-bottom quark coupling would 
yield tan f3 ~ 120. A more solid theoretical constraint is based on the requirement 
that Higgs-fermion couplings remain finite when running from the electroweak 
scale to some large energy scale A (17-19]. Beyond A, one assumes that new 
physics enters. The limits on tan f3 depend on mt and the choice of the high en
ergy scale A. Using the renormalization group equations given in Appendix B, we 
integrate from the electroweak scale to A (allowing for the possible existence of a 
supersymmetry-breaking scale, mz ::; MSUSY ~ A), and determine the region of 
tan f3-mt parameter space in which the Higgs-fermion Yukawa couplings remain 
finite. (The t, band T are all included in the analysis.) The results are shown 
in figs. 1 and 2 for two different choices of A [19]. The allowed region of param
eter space lies below the curves shown. For example, if there is no new physics 
(other than perhaps minimal supersymmetry) below the grand unification scale of 
1016 GeV, then based on the CDF limit (20] of mt > 91 GeV, one would conclude 
that 0.5 ~ tan p ~ 50. The lower limit on tan p becomes even sharper if the 
top-quark mass is heavier. Remarkably, the limits on tan p do not get substan
tially weaker for A as low as 100 TeV. Finally, it is interesting to note that the 
limits on tan pshown in fig. 2 are not very different from those that emerge from 
models of low-energy supersymmetry based on supergravity which strongly favor 
tan f3 > 1 [21]. 
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3. The Higgs Sector of the MSSM at Tree Level 

The Higgs sector of the MSSM is a CP-conserving two--Higgs-doublet model, 
with a Higgs potential whose dimension-four terms respect supersymmetry and 
with restricted Higgs-fermion couplings in which ~1 couples exclusively to down
type fermions while ~2 couples exclusively to up-type fermions [8]. Using the 
notation of eq. (1), the quartic couplings '\i are given by 

'\1 = '\2 = 1(g2 +g'2) , 
'\3 = 1(g2 _ gl2) , 

(17)
\ 1 2
A4 = -'2g , 

'\s = '\6 = '\7 = 0 . 

Inserting these results into eqs. (4) and (5), it follows that 

m~o = m~2(tanp + cotp) , 
(18)2 _ 2 2 

mH:t. -mAo+mW, 

and the neutral CP-even mass matrix is given by 

2_ (m~osin2p+m~cos2p -(m~o+m~)SinpcosP)
M- . (19)

-(m~o + m~)sinpcosp m~o cos2P+ m~sin2 p 

The eigenvalues of M2 are the squared masses of the two CP-even Higgs scalars 

m~.h' =t (m~, +m~ ± J(m~, +m~)2 - 4m~m~, C08 
22P ). (20) 

and the diagonalizing angle is a, with 

m2 m2
. . ( o+ o)cos 20 = _ cos2P (m~o - m~) sm2a = -sm2p : ~. (21)m2 2'HO - mho mHo - mho 

From the expressions for the Higgs masses obtained above, the following inequali
ties are easily established 

mhO ::5 mAo 

mho ::5 ml cos 2PI ::5 mz, with m == min(mz, mAo) 
(22) 

mno ~ mz, 

mH:t. ~mw· 

Thus, in the MSSM, two parameters (conveniently chosen to be mAo and tan P) 
suffice to fix all other tree-level Higgs sector parameters. 

4. Virtual Higgs Contributions to Precision Eledroweak Measurements 

After three years of running at LEP and more than two million ZO events 
accumulated, the Standard Model of particle physics continues to provide a de
tailed and accurate description of all observed high energy physics phenomena. In 
particular, precision measurements of various electroweak observables are now pos
sible that are sensitive to one-loop predictions of the theory. Apart from providing 
very sensitive tests of the Standard Model, such measurements can impose severe 
constraints on theories that incorporate physics beyond the Standard Model. 

The Standard Model is usually assumed to be an effective low-energy limit of 
a more fundamental theory. Let M be the minimum characteristic energy scale at 
which new physics beyond the Standard Model enters. For example, theoretical 
attempts to address the hierarchy and naturalness problems (see section 1) usually 
take M no larger than about 1 Te V. We then can pose the following question. Can 
evidence of physics at the scale M be detected through its virtual corrections to 
electroweak observables? In order to address this question, one must first deter
mine the expected size of such radiative corrections. The decoupling theorem [22] 
implies that radiative corrections to electroweak observables from such new physics 
should be of O(g2m~/M2). That is, the virtual effects due to new physics formally 
decouple as M -+ 00. However, in spontaneously broken gauge theories, an ex
ception to the decoupling theorem arises [23-25]. Suppose we wish to consider the 
virtual effects of a certain particle whose mass m is proportional to a dimensionless 
coupling of the theory. In this case, the virtual effects due to such a particle do 
not decouple in the large m limit. Two examples in the Standard Model are the 
top quark, whose mass is proportional to a Higgs-quark Yukawa coupling, and the 
Higgs boson, whose mass is proportional to the Higgs self-coupling. 

The classic example of non-decoupling can be seen in the p-parameter of elec
troweak physics [23,26]. If one defines P == mfv/m~ cos2Ow, then at tree-level 
P = 1 in any SU(2)xU(I) model whose Higgs sector consists entirely of weak scalar 
doublets (e.g., the Standard Model and the MSSM). Since P = 1 is a "natural" 
relation in such models, the deviation of p from one is calculable when radiative 
corrections are incorporated. To proceed, one must carefully define the observables 
of the model in order to establish a useful one-loop definition for p. For example, 
in ref. 27, p == PNC is defined as the renormalization factor in the one-loop neu
tral current neutrino--nucleon scattering amplitudes when expressed in terms of 
the Fermi constant GF' A recent theoretical analysis of LEP data in ref. 28 gives 
P= 0.9995 ± 0.0051. In the Standard Model, the deviation of P from 1 is predicted 
to be quite small unless there exist particles with nontrivial electroweak quantum 
numbers that are substantially heavier than the Z boson. It is therefore convenient 
to define 

P== PRSM+6p, (23) 
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where PRSM ~ 1 is the P parameter in a "reference Standard Model" (RSM) in 
which the radiative corrections to P are very small. In order to exhibit the explicit 
dependence of P on the top quark and Higgs masses, let us choose a RSM in which 
m, = m, and m;o = mz (where m;o is the mass of the Standard Model Higgs 
boson). Then, in the Standard Model, assuming m;o :> mz [23,26,27] 

9 c 2 2 m,n1, m,2N [ 2 2 2 (2)] fJp~ 22 m, +m,- 2 21n -2
6411" mw m, - n1, m, 

9 2 m;o C mw3 2 [ (2) 4w (2) ] 
(24) 

- - Sw In m~ - si., In m~ - 1 

where Nc = 3, Sw == sin Ow and Cw == cos Ow. m;o is assumed to be much larger 
than n1z. As advertised, the decoupling theorem is not respected in the limit of 
large top quark and/or Higgs mass. The quadratic dependence of fJp on m, yields 
a useful constraint on the top quark mass~ In contrast, the dependence of fJ p on 
Higgs mass is only logarithmic and is therefore not very useful in constraining the 

Higgs mass! 

The contributions of physics beyond the Standard Model to electroweak observ
abIes occur primarily through virtual loop corrections to gauge boson propagators, 
sometimes called "oblique" corrections [32]. This is often a good approximation 
when it comes to the study of virtual Higgs boson corrections, since the Higgs 
coupling to light fermions is suppressed by a factor mJ/mw. However, there are a 
number of cases where one-loop vertex and box corrections involving the coupling 
of charged Higgs bosons to tT, can lead to interesting effects. I will return to this 
possibility at the end of this section. For the moment, I shall work in the oblique 
approximation and assume that the radiative corrections to an electroweak observ
able of interest are dominated by virtual heavy particle corrections to gauge boson 
propagators. 

In the limit where the heavy particle masses are much larger than the Z mass, 
the heavy particle contributions to oblique radiative corrections can be summarized 
in terms of three numbers called S, T and U [33-36]. T is related simply to the p 
parameter 

p-l =aT, (25) 

where a is the usual fine structure constant. To formally define the three quantities 

* Radiative corrections to other electroweak observables also depend nontrivially on m, (e.g., 
see refs. (28-30]). A comprehensive analysis of electroweak data quoted in the 1992 Particle 
Data Group compilation (12] yields 1nj < 201 GeV at 95% eL. 

f This is an example of Veltman's screening theorem (31]. 

S, T and U, one proceeds as follows. Let 

inrJ(q) = igPII Aij(q2) + iqPq" Bij(q2), (26) 

be equal to the sum of all one-loop Feynman graphs contributing to the Vi-V; two
point function, where q is the four-momentum of the vector boson (V =w, Z or 
1). Only the functions Aij are relevant for the subsequent analysis. It is convenient 
to write 

Aij(q2) = Aij(O) + q2 Faj(q2), (27) 

which define the quantities Faj. Gauge invariance implies that A")''')'(O) = O~ A 
major simplification takes place if one is interested in the effects of "heavy" physics 
(characterized by a scale M :> mz) on electroweak observables. In this case, 
since q2 is of order m~, one only makes an error of O(m~/M2) by neglecting the 
q2 dependence of the Faj. Then, one can show that the oblique corrections to 
electroweak observables due to heavy physics can be expressed in terms of three 
particular combinations of the Aij(O) and Faj 

"'T = Aww(O) _ Azz(O) _ 2sw Az")'(O) 
u - 2 2 2 mw mz Cw 

g2
_2 = 

_ 2 2 (2S~ 
m

-

Z

1) 2 (28)-16S Fzz(mz) - F,,),imz) + Fz,,),(mz)
1I"C-w SWCw 

2 

9 (S+U) == Fww(mi.,) - F")''')'(mi.,) - Cw Fz,,),(mi.,).
1611" Sw 

Note that the Aij(O) and Faj in the above formulae are divergent quantities. Nev
ertheless, if one includes a complete set of contributions from a gauge invariant 
sector, then S, T, and U will be finite constants. The Higgs sector by itself does 
not constitute a gauge invariant sector in this regard, so one must include the vector 
boson sector as well to obtain a non-divergent result for S, T and U. Alternatively, 
in order to obtain finite quantities that solely reflect the influence of heavy Higgs 
physics, one can define fJS, fJT and fJU relative to some reference Standard Model 
where m;o is fixed to a convenient value. For example, if we choose a RSM with 
m;o = mz, then the change in S due to a fourth generation of fermions U and 
D (with electric charges eD + 1 and eD respectively) and a heavy Higgs boson of 

f In addition, the sum of heavy particle contributions to Az-y(O) also vanishes exactly. Only 
gauge boson loops can produce nonzero contributions to Az-y(O) (in the standard R-gauge). 
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mass m~o is given by 

Nc [ (m2 )] 1 [ (m~o) 107]fl8 '::!. 671" 1 + (1 +2eD)ln mb + 1271" In m~ - 371"/3 + T ' (29) 

where mu, mDI mqp ::> mz has been assumed. Once again, the non-decoupling 
effects of the heavy physics are apparent. 

Radiative corrections (in the oblique approximation) to electroweak observables 
can be expressed in terms of 8, T and U. The p-parameter discussed above is 
one such example. A second example is the W mass prediction. The one-loop 
prediction is obtained by solving the following equation for the W mass 

m2) (7I"Q) 2 1 (30)mfv ( 1 - m~ = ViG 1 - ar ' 
F 

where 7I"a/V2GF = (37.2802 GeV)2 and 

g2 [ - (31)(282 1) ]ar= 871" 8- 2c~T+ ~fv u. 

Other examples can be found in refs. 33-35. Thus the effects of heavy physics on 
numerous electroweak observables are immediately known once the corresponding 
contributions to 8, T and U have been computed. 

In order to compute the contributions of the Higgs sector of the MSSM to 8, T 
and U one must first define the RSM. Then, 

8= 8RSM + fl8, 


T =TRSM + fJT, (32) 


U =URSM + flU , 


where the MSSM Higgs sector contributions to fl8, fiT and flU are obtained from 
eq. (28) by computing the MSSM Higgs loops contributing to Aij(O) and Faj (in
cluding diagrams with one virtual Higgs boson and one virtual gauge boson) and 
subtracting off the corresponding Higgs loops to the RSM. In nearly all cases of 
interest, one finds that flU <: fJ8, fiT, so I shall focus on fl8 and fiT below. In the 
present case, it is most convenient to define the RSM to be the Standard Model 
with the Standard Model Higgs boson mass set equal to the mass of the lightest 
CP-even Higgs boson of the MSSM. In addition, until m, is known, the definitions 

of fl8 and fiT will depend on the value of mt chosen for the RSM. Typically, one 
chooses m, = mz (equal to the present experimental CDF lower bound [20)) in 
order to obtain conservative limits on the possible new physics contributions to 8 
and T. 

Consider now the specific contributions of the MSSM Higgs bosons to fl8 and 
fiT. As indicated above, the sum of these contributions is finite after subtracting 
out the contribution of the Standard Model Higgs boson with m~o = mhO. In 
contrast to the Standard Model where the Higgs contributions to 8 and T grow 
logarithmically with Higgs mass, the contributions of the MSSM Higgs bosons 
smoothly decouple as the Higgs masses become large. This behavior is easy to 
understand. According to the results of section 3, the mass of hO cannot be arbi
trarily large-it is bounded at tree level by mz. All other Higgs masses can become 
large by taking mAo::> mz. In this limit, we see that mHZ '::!. mHO '::!. mAO and 
mho'::!. mzl cos 2PI. However, in this limit, the large Higgs masses are due to the 
large value of the mass parameter m12 [see eq. (18)] rather than a large Higgs self
coupling (which is the case in the large Higgs mass limit of the Standard Model). 
In particular, the Higgs self-couplings in the MSSM are gauge couplings which can 
never become large. As a result, the decoupling theorem applies, and one must 
find that fJ8 and fiT approach zero quadratically as mAO -+ 00. This result can be 
generalized to all other sectors of the MSSM! All MSSM contributions to 8, T and 
U vanish in the limit of large supersymmetry-brea1cing mass parameters [37,38]. In 
this limit, the effects of the supersymmetric particles (and all Higgs bosons beyond 
hO) smoothly decouple; the resulting low-energy effective theory at the scale mz is 
precisely that of the Standard Model. 

The results of an exact one-loop computation of the MSSM Higgs contributions 
to 8 and T are given in Appendix C [38]. (See refs. [25,39-41] for previous work on 
radiative corrections in two-Higgs doublet models.) Numerical results are shown 
in figs. 3 and 4. To understand why the numerical values for the MSSM-Higgs con
tributions to fl8 and fiT are so small, it is instructive to evaluate the corresponding 
expressions of Appendix C in the limit of large mAO. I find* 

2 ( • 2 2
fl8(MSSM _ Higgs) '::!. mz sm 2P - 2 cos IJw )

2471"m~o ' (33) 

2 2 
fJT(MSSM _ Higgs) '::!. mi(cos IJw - sin 2p)

4871"m~o sin2IJw (34) 

* Asymptotically, 6U(MSSM-Higgs) = O(m1/ml), which is completely negligible. 
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Fig. 3. The contribution to the S parameter from the MSSM Higgs sector relative to 
the Standard Model with Higgs mass set equal to m•• , 88 a function of mAO' Three 
curves corresponding to tanfJ = 1, 2, and 10 are shown. For comparison, the dotted 
curve depicts the asymptotic prediction [eq. (33)] for tan fJ =10. 
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Fig. 4. The contribution to the T parameter from the MSSM Higgs sector relative to 
the Standard Model with Higgs mass set equal to m•• , 88 a function of mAO' Three 
curves corresponding to tanfJ = 1, 2, and 10 are shown. For comparison, the two dotted 
curves depict the asymptotic predictions [eq. (34)] for tan fJ = 1 and 10 respectively. 
The p parameter is related to T via 5p =a5T, where a is the fine structure constant. 

A recent analysis of S, T and U based on LEP data (assuming a RSM where 
m, = mt;0 = mz) reported in ref. 30 yields: 6S = -0.97 ± 0.67, 6T = -0.18 ± 0.51 
and 6U = 0.07 ± 0.97. It is hard to imagine that the these quantities could ever 
be measured to an accuracy better than 0.1 One must also consider the possibility 
of other contributions to 6S and 6T. As long as m, is not well known, there 
will be m, dependence in these quantities (entering through the m, choice of the 
RSM). Moreover, in the supersymmetric model, 6S and 6T would also acquire 
contributions from other MSSM sectors which, although small, are nearly always 
larger than the MSSM-Higgs contributions shown above [38]. Thus, I conclude 
that virtual effects of the MSSM Higgs sector will never be detected via its oblique 
radiative corrections. 

One class of processes for which virtual Higgs effects could be important are 
those involving external b or t quarks. Here, I shall briefly focus on processes in
volving B-mesons. In such cases, vertex corrections and box diagrams that involve 
an intermediate I-quark and charged Higgs boson can be substantial, because 9H-,I 
contains a piece proportional to m, cotfJ/mw [see eq. (16)]. Thus the impact of 
such contributions can be significant for small tan fJ and mH!t:. Three examples of 
relevant processes studied in the literature are: (i) charged Higgs box diagram con
tributions to BO-Bo mixing [42-45, 16] (briefly mentioned at the end of section 2); 
(ii) the charged Higgs vertex correction to Z -+ bb [46]; and (iii) the charged Higgs 
vertex corrections to various rare b-decays [47,43-45] such as b -+ try, b -+ s/'+/'-, 
b -+ S9 and b -+ SIIii. Of course, if the two-Higgs-doublet model is a piece of the 
MSSM, then there will also be one-loop supersymmetric particle contributions to 
all of the processes mentioned above. Some of these contributions (e.g., loops con
taining top-squarks) could dominate over the virtual charged Higgs effects [44,461. 

Among the rare b-decays, the charged Higgs contribution to b -+ Sj is perhaps 
the most promising. The theoretical prediction for this rate in the Standard Model 
is BR(B -+ Kj + X) ~ 3.6 X 10-4 (4.1xl0-4), for m, = 150 (200) GeV, where 
leading log QeD corrections have been included. Incorporating the charged Higgs 
contribution [assuming an H-tb coupling specified in eq. (16)] yields results for 
this branching ratio shown in fig. 5. These results correspond to an enhancement 
over the Standard Model expectation as shown in fig. 6. Whether effects of the 
charged Higgs boson can be detected in this way (or interesting limits set) depends 
on the reliability of the Standard Model prediction. At present, this prediction 
is reliable to within a factor of two [471. Improved theoretical analysis as well as 
more B-decay data will be required before definite conclusions can be drawn. 

In summary, the only potentially important virtual Higgs boson corrections to 
Standard Model processes arise either through oblique radiative corrections (i. e., 
Higgs loop corrections to vector boson propagators), or through charged Higgs 
vertex and box diagram corrections to processes with external b and/or I quarks. I 
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have shown above that in the MSSM, Higgs-mediated oblique radiative corrections 
are too small to be observed. This leaves heavy quark processes as the only possible 
arena for observable Higgs-mediated radiative corrections. 

5. A Theoretical Upper Limit on the Lightest MSSM Higgs Mass 

The tree-level Higgs mass predictions of section 3 have important phenomeno
logical consequences. For example, the bound mhO ::5 mz, if reliable, would have 
significant implications for future experiments at LEP-II. In principle, experiments 
running at LEP-II operating at ..;s =200 GeV and design luminosity would either 
discover the Higgs boson (via e+e- -+ hO Z) or rule out the MSSM. (Whether this 
is possible to do in practice depends on whether Higgs bosons with mhO ~ mz 
can be detected [48].) However, mhO ::5 mz need not be respected when radiative 
corrections are incorporated. In the radiative corrections to the neutral CP-even 
Higgs squared-mass matrix, the 22-element is shifted by a term proportional to 
(g2mt Im'tv) In(Mllm:> [49-51]. Such a term arises from an incomplete cancel
lation between top-quark and top-squark loop contributions to the neutral Higgs 
boson self-energy. If mt is large, this term significantly alters the tree-level predic
tions. 

Hempfling and I computed the exact one-loop expression for the light Higgs 
mass bound, as a function of all the relevant supersymmetric parameters [49]. 
This bound is saturated in the formal limit where tan p -+ 00 (with all down
type fermions masses set equal to zero) and mAO ~ mZ, mhO. The expression we 
obtained is quite cumbersome, although straightforward to evaluate numerically. 
However, it is useful to display an approximate expression, valid for a certain range 
of supersymmetric parameters. If all supersymmetric mass parameters are roughly 
of order MSUSY and if mz < mt -< M SUSY, then 

hO 
(M!) [2m2 _ m2 ~ 392m2z { In --.-9.. m4t - mt2mz2 + 1 (1 _ ~s2 + ~s4 ) ] 

Z 1611"2c2 m2 m 4 6 3 W 9 W
W t Z 

(M!)Q 1 8 2 32 4 1 4 2 8 4+In m~ [,,(1- aSw + gSw) + 2 (1- aSw + gSw) 

+!(1- 2sfv HsW) ]+3::!d 
9 mz 2 4 X 2 4 mAO2 2 [ (M2) ( 2 )]----- (27 - 54sw +32sw)In m~ - (1 - 2sw +2sw) In m~ , 

(35) 
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where Sw == sinOw, Cw == cos Ow, MQ is a common soft-supersymmetry-breaking 
diagonal squark mass term, and Mi is a common neutralino/chargino mass. The 
radiatively corrected light Higgs mass bound will be written as 

mhO :5 mz + Amh, (36) 

which defines the quantity Amh. A numerical calculation of Amh is displayed in 
fig. 7. As advertised, the dominant correction to the tree-level formula increases as 
the fourth power of me, and therefore can be quite large. Nevertheless, for values 
of mt ~ 250 GeV, the perturbative one-loop calculation is reliable. This can be 
verified by estimating the largest two-loop contributions to Amh and showing that 
the one-loop result is stable [52]. 

It is also evident from eq. (35) that the dependence of the squared Higgs mass 
shift on M~ is logarithmic. Thus, even if MQ is significantly smaller than 1 TeY, 

Amh can be appreciable if m, is sufficiently large. This is illustrated in fig. 8, 
where Amh is plotted as a function of MQ for m, = 100, 150 and 200 GeV. These 
results are based on an exact numerical one-loop computation; the approximate 
formula given in eq. (35) is unreliable for values of MQ approaching m,. 

6. Radiative Corrections to the MSSM Higgs Masses 

One can also compute radiative corrections to the full CP-even Higgs mass
squared matrix [51,53-58]. Full one-loop computations can be found in refs. 53 and 
57. Here, I will present the results based on a calculation of the mass-squared ma
trix in which all leading logarithmic terms are included (see ref. 54 for details). We 
take the supersymmetry breaking scale (MsuSY) to be somewhat larger than the 
electroweak scale. For simplicity, we assume that the masses of all supersymmetric 
particles (squarks, sleptons, neutralinos and charginos) are roughly degenerate and 
of order MSUSY' This means that various soft-supersymmetry breaking parameters 
such as the diagonal squark mass parameter, MQ, and the gaugino Majorana mass 
terms, as well as the supersymmetric Higgs mass parameter are all roughly equal 
to MsuSY' Admittedly, this is a crude approximation. However, deviations from 
this assumption will lead to non-leading logarithmic corrections which tend to be 
small if the supersymmetric particles are not widely split in mass. Moreover, the 
procedure outlined below can be modified to incorporate the largest non-leading 
logarithmic contributions that arise in the case of multiple supersymmetric particle 
thresholds and/or large squark mixing. 

The leading logarithmic expressions for Higgs masses are obtained from eqs. (4) 
and (5) by treating the Ai as running parameters evaluated at the electroweak scale, 
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M weak . In addition, we identify the Wand Z masses by 

2 _ I 2( 2 2)mw  4g VI + V2 , 

m~ = !(g2 + gI2)(vl + v~) , 
(37) 

where the running gauge couplings are also evaluated at Mweak ' Of course, the 
gauge couplings, 9 and g' are known from experimental measurements which are 
performed at the scale M weak ' The Ai(M;eak) are determined from supersymmetry. 
Namely, if supersymmetry were unbroken, then the Ai would be fixed according to 
eq. (17). Since supersymmetry is broken, we regard eq. (17) as boundary conditions 
for the running parameters, valid at (and above) the energy scale MSUSY' That is, 
we take 

Al(M~USY) = A2(M~USY) = ![l(M~USy)+gI2(M~USY)]' 

A3(M~USY) = ! [g2(M~USY) - g'2(M~USY)] , 
(38) 

A4(M~USY) = _lg2(M~USY)' 

As(M~USY) = A6(M~USY) = A7(M~USY) = 0, 

in accordance with the tree-level relations of the MSSM. At scales below MSUSY , 
the gauge and quartic couplings evolve according to the renormalization group 
equations (RGEs) of the non-supersymmetric two-Higgs-doublet model given in 
eqs. (B.5)-(B.7). These equations are of the form: 

dPi =P'(Pt, P2, ... ) with t == In p2 , (39)
dt 

where p is the energy scale, and the Pi are the parameters of the theory (Pi = 
gj, Ak, ...). The relevant p-functions can be found in Appendix B. The boundary 
conditions together with the RGEs imply that, at the leading-log level, AS, A6 
and A7 are zero at all energy scales. Solving the RGEs with the supersymmetric 
boundary conditions at MSUSY , one can determine the Ai at the weak scale. The 
resulting values for Ai(Mweak) are then inserted into eqs. (4) and (5) to obtain the 
radiatively corrected Higgs masses. Having solved the one-loop RGEs, the Higgs 
masses thus obtained include the leading logarithmic radiative corrections summed 
to all orders in perturbation theory. 

The RGEs can be solved by numerical analysis on the computer. But it is 
instructive to solve the RGEs iteratively. In first approximation, we can take the 
right hand side of eq. (39) to be independent of p2. That is, we compute the Pi 
by evaluating the parameters Pi at the scale p = MSUSY' Then, integration of the 

RGEs is trivial, and we obtain 

Pi(M;eak) = Pi(M~USY) - Pi In (~~SY) (40) 
weak 

Note that this iterative solution corresponds to computing the one-loop radiative 
corrections in which only terms proportional to In MguSY are kept. It is straight
forward to work out the one-loop leading logarithmic expressions for the Ai and 
the Higgs masses. First consider the charged Higgs mass. Since AS(p2) = 0 at all 
scales, we need only consider A4. Evaluating P).4 at p = MSUSY , we compute 

\ ( 2) I 2 1 [(4N IN 10) 4 5 2 12
"4 mw = -'2g - 3211"2 3" 9 +6 H - "3 9 + 9 9 

394 (2 mb2) 3 2 2 2] I M2SUSy 
(41) 

mj 9 m,mb--- --+- + n-
c2 m22m2 82 82 c2 m4 ' W p P pp w w 

The terms proportional to the number of generations Ng = 3 and the number of 
Higgs doublets NH = 2 that remain in the low-energy effective theory at the scale 
p = mw have their origin in the running of g2 from MSUSY down to mw. In 
deriving this expression, I have taken Mweak = mw. This is a somewhat arbitrary 
decision, since another reasonable choice would yield a result that differs from 
eq. (41) by a non-leading logarithmic term. Comparisons with a more complete 
calculation show that one should choose Mweak = mw in computations involving 
the charged Higgs (and gauge) sector, and Mweak =mz in computations involving 
the neutral sector. 

The above analysis also assumes that mt '" O(mw). Although this is a good 
assumption, we can improve the above result somewhat when mt > mw by de
coupling the (t, b) weak doublet from the low-energy theory for scales below m,. 
The terms in eq. (41) that are proportional to m: and/or mf arise from self
energy diagrams containing a tb loop. Thus, such a term should not be present for 
mw :5 p :5 mt· In addition, we recognize the term in eq. (41) proportional to the 
number of generations Ng as arising from the contributions to the self-energy dia.
grams containing either quark or lepton loops (and their supersymmetric partners). 
To identify the contribution of the tb loop to this term, simply write 

Ng = !Ng(Nc + 1) = !Nc+HNe(Ng - 1) + Ng], (42) 

where Nc = 3 colors. Thus, we identify !Ne as the piece of the term proportional 
to Ng that is due to the tb loop. The rest of this term is then attributed to the 
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lighter quarks and leptons. Finally, the remaining terms in eq. (41) are due to the 
contributions from the gauge and Higgs boson sector. The final result is [59] 

4
A (m2 ) = _1 2 _ Ncg [! __1_(mi mi) mimi] 1 M~USY 

4 W 2 32 2 3 2 2 2 + _2 + 2 2 4 n 2g 
1f' mw Sp 9J spcpmw m, 

1 Al2 


- 96 2 {[Nc(Ng - 1) + Ng + iNH - 10] g4 + I5g2g'2} In S~SY. 

1f' mw 


(43) 

Inserting this result (and As = 0) into eq. (4), we obtain the one-loop leading-log 
formula for the charged Higgs mass 

2 2 2 Ncg m, m6 2 m, m6 2 4 SUSY2 [2 2 2 (2 2) ] M2
mHz=mA+mW+ ... o 2 2 ~-mw -2-+-2- +3mW In--2

1f' mw sp9J sp cp m, 
m2 Al2

+-1f:. {[Nc(N - 1) +N + 1NH - 10] l + I5g12 } In SUSY.481f'2 9 9 2 m2 
W 

(44) 
Since this derivation makes use of the two-Higgs-doublet RGEs for the Ai, there 
is an implicit assumption that the full two-doublet Higgs spectrum survives in the 
low-energy effective theory at p = mw. This means that we must take NH = 2 in 
the formulae above. It also means that mAO cannot be much larger than mw.* Of 
course, eq. (44) is only a one-loop result. This result is improved by using the full 
RGE solution to A4(miv) 

2 2 1 \ ( 2)( 2 2)mHz = mAO - '2"'4 mw VI +V2 . (45) 

Although the leading-log formula for mHz [eq. (44)] gives a useful indication 
as to the size of the radiative corrections, non-leading logarithmic contributions 
can also be important in certain regions of parameter space. A more complete set 
of radiative corrections can be found in the literature [53,59-62]. In the numeri
cal results to be exhibited below, important non-leading corrections to the charged 
Higgs mass are also included (as described in ref. 59). However, it should be empha
sized that the radiative corrections to the charged Higgs mass are significant only 
for tan P< 1, a region of MSSM parameter space not favored in supersymmetric 
models. 

* If mAo"" O(.MgUSY)' then H*, HO and AO would all have masses of order MSUSY ' and the 
effective low-energy theory below MSUSY would be that of the minimal Standa.rd Model. 
Clearly, the a.bove computation would not be appropriate in this case. 
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The computation of the neutral CP-even Higgs masses follows a similar proce
dure. The results are summarized below [54]. From eq. (5), we see that we only 

need results for AI, A2 and Xa == Aa + A4 + As. (Recall that As = A6 = ..\7 = 0 at 
all energy scales.) By iterating the corresponding RGEs as before, we end up with 

Al (m2) = 1(g2 +g'2](m2) + g4 [R In (M~USY)
Z 4 Z 3841f'2C4' m 2W , 

mb mb SUSY4 2 ) (M2 )]+ ( I2Nc44 - 6Nc---r:2 + Pi + Pg + P2H In 2 ' 
mzcp mzcp mz 

~2(m~) = 1(g2 +l!](m~) + 'O'~:A [(Pi +Pg +P2H) In (M~r) 
m,4 m,2) (;U2..LYI SUSY )]+ I2Nc44 - 6Nc- 2 -2 + P, In --2- ,( mzsp mzsp m, 

...., 2 1 2 12 2 9 m, SUSY4 [( 2) (M2 )..\a(mz) = -:dg +9 ](mz) - 'lOA 2 4 - 3Nc~ +P, In --2
1f' C mzsp m,w 

m6 1 SUSY2 ) (M2 )]+ ( - 3Nc---rf +Pi +P, + P2H In --2- , 
mz~ mz 

(46) 
where 

P, == Nc(1- 4eu siv +8e;stv), 

Pi == Ng { Nc[2 - 4siv +8(e~ +e;)stv] + [2 - 4siv + 8stv]} - P" 

Pg == -44 + I06siv - 62stv , 
(47)p, == 10 + 34siv - 26stv , 


P2H == -10 +2siv - 2stv, 


~H == 8 - 22siv + IOstv . 


In the above formulae, the electric charges of the quarks are eu = 2/3, etl = 
-1/3, and the subscripts t, I, 9 and 2H indicate that these are the contributions 
from the top quark, the fermions (leptons and quarks excluding the top quark), 
the gauge bosons and the two Higgs doublets (and corresponding supersymmetric 
partners), respectively. As in the derivation of A4(miv) above, we have improved 
our analysis by removing the effects of top-quark loops below p = m,. This requires 
a careful treatment of the evolution of 9 and g' at scales below p = m,. The correct 
procedure is somewhat subtle, since the full electroweak gauge symmetry is broken 
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below top-quark threshold; for further details, see ref. 54. However, the following 
pedestrian technique works: consider the RGE for g2 + gl2 valid for p < MSUSY 

d 1
dt(g2 + gl2) = 9611"2 [(8g4 + ~gl4) Ng + (g4 + gl4)NH - 44g4] . (48) 

This equation is used to run g2 +,'2, which appears in eq. (38), from MSUSY down 
to m z. As before, we identify the term proportional to Ng as corresponding to the 
fermion loops. We can explicitly extract the t-quark contribution by noting that 

4N 

Ng (8g4 + ": g14) = gc4 9 [~sfv - 16stv +8] 


w 


= ~4 {Nell + (Ng - 1)](1 - 4eustv + 8e;sfv)
Cw 

+N,N,(l +4eds~ +8e~sw) + N,(2 - 4s~ +8sW)} , 

(49) 

where in the first line of the last expression, the term proportional to 1 corresponds 
to the t-quark contribution while the term proportional to Ng - 1 accounts for the 
u and c-quarks; the second line contains the contributions from the down-type 
quarks and leptons respectively. Thus, iterating to one-loop, 

[ 2 12 2 2 12 g4 [ ( M2 )9 + 9 ](MsUSY) = (g + 9 ](m~) + 2 4 P, In SUSyn~.... ,. m,2 

+ [pJ +(stv +ew )NH - 44ew)ln ( M!r) ] . 
(50) 

This result and terms that are proportional to m~ and mt yield the terms in eq. (46) 

that contain In(MJuSy/mn· 
The final step is to insert the expressions obtained in eq. (46) into eq. (5). 

The resulting matrix elements for the mass-squared matrix to one-loop leading 

logarithmic accuracy are given by 

2 2 2 2 2 2 2 [ (M2SUSY92mzCp )
Mu = mAosp +mzcp + 9611"2c2 Pt In --;;;r

w 

mb mb4 2 ) (M2SUSy)]+ ( 12Nc44 - 6Nc----:zf + PJ + Pg + P2H In --2
mz~ mz~ mz 

2 2 2 2 2 9 mzsp ) (M2su )2 2 2 [(M22 = mAOcp + mzsp + 9611"2ctv PJ + Pg + P2H In m~y 

(51) 
m,4 m,2) (M2SUSY )]+ 12Nc--:r:r - 6Nc22 +P, In --2( mzsp mzsp m, 

M~2 =-spcp{m~o + m~ + g2m~ [(Pc _3N m~ ) In (M~USY)
m 29611"2C2W cm2s2Z p , 

+ ( - 3Nc ml + PJ + pI +.p.! ) In (MJuSY) ] } m2 c2 9 2H 2 ' 
Z P mz 

Diagonalizing this matrix [eq. (51)] yields the radiatively corrected CP-even Higgs 
masses and mixing angle a. One can check that if mb = 0 and sinp = 1, then 
mlo = Mi2 reproduces the leading logarithmic terms of eq. (35) (after putting 
MQ = Mi = MSUSY and mAO = mz). 

The analysis presented above assumes that mAO is not much larger than O(mz) 
so that the Higgs sector of the low-energy effective theory contains the full two
Higgs-doublet spectrum. On the other hand, if mAo> mz, then only hO remains 
in the low-energy theory. In this case, we must integrate out the heavy Higgs 
doublet, in which case one of the mass eigenvalues of Mlj [eq. (19)] is much larger 
than the weak scale. Then, in order to obtain the effective Lagrangian at Mweak , 

we first have to run the various coupling constants to the threshold mAO' Then 
we diagonalize the Higgs mass matrix and express the Lagrangian in terms of the 
mass eigenstates. Notice that in this case the mass eigenstate hO is directly related 
to the field with the non-zero VEV [i.e., p(mAo) =a(mAo) + 11"/2 + O(m~/m~o)]. 
Below mAO there remains only the Standard Model Higgs doublet 4> == CP~l +SP~2' 
The potential is 

v= m~(4)t4>) +~;\(4)t4>)2 I (52) 

and the light CP-even Higgs mass is obtained using mlo = ;\v2• The RGE in the 
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Standard Model for l is [63,64] 

16..2fJ~ =6~2 +i [2g4 + (g2 +g'2)2]_ 2L Ne;h}, - ~ ( 'g2 + ~g'2 - 2~N.,h}} 

(53) 

where the summation is over all fermions with h/i = gmfJ(V2mw). The RGEs 
for the gauge couplings are obtained from Pg and Pg'" given in Appendix B by2 

putting NH = 1. In addition, we require the boundary condition for l at mAO 

l(mAO) = [C~l1 +S~l2 +2s~c~(l3 + l4 +AS) +4C~S,8l6 +4C,8s~l7] (mAo) 

g4 (M~USY)= [1(g2 + gI2)c~,8] (mAo) + 'lSlAW2Cfy In m~o 

m4 m4) (m2 m2)
x 12Nc -+ + -t +6NcC2,8 -t - -+[ ( mmz z mz mz 

+ ~p(Pt+ PI) + (s~ + c~)(P, +P2H) - 2s~~(J": + ~H)] , 
(54) 

where (g2 +g12)4,8 is to be evaluated at the scale mAO as indicated. The RGE for 

g2 + g12 was given in eq. (48); note that at scales below mA we must set NH = 1. 
Finally, we must deal with implicit scale dependence of 4,8' Since the fields 4-. 
(i = 1,2) change with the scale, it follows that tan Pscales like the ratio of the two 
Higgs doublet fields, i.e., 

1 dtan2 P_ 4-f d (4-i) (55)tan2 P dt - 4-~ dt tf = ;2 - ;1 . 

Thus we arrive at the RGE for cos2P in terms of the anomalous dimensions ;i 
given in eq. (B.6). Solving this equation iteratively to first order yields 

~p(mA') =~p(mz)+ 4C2pC~S~(')'1 - ')'2) In (:r) . (56) 

The one loop leading log expression for mio = l(mz)v2 can now be obtained 
by solving the RGEs above for l(mz) iteratively to first order using the boundary 

condition given in eq. (54). The result is 

2 2 2 92mz2 {[ mb4 mb2 2
mho = mzC2,8(mz) + n~ 2 2 12Nc- 4 - 6NcC2,8-2 + C2PPf 

w Cw mzmz 

+ (p, + P2H)(S~ + C~) - 2s~c~ (1": + ~H) ] In (M!r) 
m,4 m,2 2 ] (M2SUSY ) 

(57) 

+ [ 12Nc- 4 + 6NcC2P-2 + c2P P, In --2m,mz mz 

- [(C~ +s~) P2H -2~S~~H - ~H] In (:r) } +0 C::{J ' 
where the term proportional to 

P1H == -9c~,8 + (1 - 2sfv + 2sfy )C~,8' (58) 

corresponds to the Higgs boson contribution in the one-Higgs-doublet model. As 
a check, one can verify that eq. (35) is reproduced in the limit of large tanf3 (and 
mb = 0). 

The leading-log formulae presented above are expected to be accurate as long 
as: (i) there is one scale characterizing supersymmetric masses, MSUSY , which 
is large and sufficiently separated from mz (say, MSUSY ~ 500 GeV), (ii) m, 
is somewhat above mz (say, m, ~ 125 GeV) while still being small compared to 
MSUSY, and (iii) the squark mixing parameters are not unduly large. In particular, 
(ii) is an important condition-it is the dominance of the leading mt In(M~USY/ mn 
term that guarantees that the non-leading logarithmic terms are unimportant~ 
Under these conditions, the largest non-leading logarithmic term is of O(g2mi), 
which can be identified from a full one-loop computation as being the subdominant 
term relative to the leading O(g2mt InM~USY) term in M~2' Thus, we can make a 
minor improvement on our computation of the leading-log CP-even Higgs squared 
mass matrix by taking 

2
2 Ncg2m, (0 0) (59)M2 = MLL + 48w2s~cfv 0 1 

where MiL is the leading-log CP-even Higgs squared mass matrix [given to one
loop in eq. (51)]. For P= w/2, this correction yields the non-leading-logarithmic 

* In contrast, there is no leading logarithmic contribution to m~:t. that grows with om:. As a 
result, the non-leading logarithmic terms tend to be more important as discussed earlier. 
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term displayed in eq. (35). The shift of the light Higgs mass due to this non
leading-log correction is of order 1 Ge V. 

In the case of multiple and widely separated supersymmetric particle thresh
olds and/or large squark mixing (which is most likely in the top squark sector), 
new non-leading logarithmic contributions to the scalar mass-squared matrix can 
become important. In ref. 54, Hempfling and I show that such effects can be taken 
into account by modifying the boundary conditions of the ~i at the supersymme
try breaking scale [eq. (38)], and by modifying the RGEs to account for multiple 
thresholds. In particular, we find that ~5, ~6 and ~7 are no longer zero. If the 
new RG Es are solved iteratively to one loop, then the effects of the new boundary 
conditions are simply additive. As an example, suppose I allow for iiL-qR mixing 
in the third generation of squarks. The off-diagonal squark mass squared matrix 
element is given by [65] 

2 _ {m6(A6 - p tanp), for bL-bR mixing, 
(60)MLR -	 -- 

mt(At - Pcot 13), for tL-tR mixing, 

where A6 and At are soft-supersymmetry breaking parameters and p is the su
persymmetric Higgs mass parameter [7]. Then, if we denote the one-loop leading 
log squared mass shifts obtained from eq. (51) by (~m2hLL then we obtain the 
following expressions for the neutral Higgs masses in the limit of large tan p: 

2 Neg mw Atm, + pm62 2 [( )4 ( )4](m~. - m~) p=./2 =(ll.mh·l!LL - 96,,2 M~ spmw cpmW 

Nc92mfv [12Alml 4Alml + 2p
2mf ] 	

(61) 

+ 96,..2 Mb s~mfv - s~mfvc2W c~mfvcfv ' 

and 

2 2 ) _ Neg2112r (A2m4 A2m4)_,_, +_6_6
( 	 (62)mno - mAO P=ff/2-	 c4m29611'2 M4 s4 m2 ' Q P w P w 

assuming that mAo> mz [if mAO < mz then interchange mhO and mHO]. The 
limit p -+ ,../2 should be taken such that the Higgs-b-quark Yukawa coupling 
h6 == g2m6/(,fimwcp) is fixed. (I have not put sp = 1 in order to preserve the 
symmetry of the above formulae.) In the above results, MQ characterizes the 

common soft-supersymmetry breaking diagonal squark mass. 
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Fig. 9. RGE-improved Higgs mass rnA' as a function of tan (J for (a) fnt =150 GeV and 
(b) m, =200 GeV. Various curves correspond to rnA' =0, 20, 50, 100 and 300 GeV as 
labeled in the figure. All A-parameters and J1. are set equal to zero. The light CP-even 
Higgs mass varies very weakly with rnA' for rnA' > 300 GeV. Taken from ref. 54. 

7. Numerical Results for MSSM Higgs Masses 

In this section I shall briefly survey some of the numerical results for the ra
diatively corrected Higgs masses. Additional results can be found in ref. 54. Com
plementary work can be found in refs. [50,51,53,55-62]. In fig. 9(a) and (b) I plot 
the light CP-even Higgs mass as a function of tanp for m, = 150 and 200 GeV 
for various choices of mAO. All A-parameters and p are set equal to zero. The 
Higgs mass saturates at a maximum value, m;::'&X, when tanp and mAO become 
large. Furthermore, mhO converges to mAO in the limit tanp -+ 00, as long as 
mAO ::5 m;::,ax. The reason for the hO-Ao mass degeneracy in this limit is easily un
derstood. In the MSSM Higgs potential, the tan p -+ 00 limit can be implemented 
by setting m~2 = 0 while holding mAO fixed [see eq. (18)]. In this case, the model 
possesses an unbroken global U(I) symmetry which guarantees that mhO =mAO to 
all orders in perturbation theory. That is, in this limit the radiative corrections to 
mhO vanish exactly. In the opposite case where mAO ~ m;::,ax, mno = mAO to all 

orders in perturbation theorl while the radiative corrections to mIo are substan
tial and grow with ml. Note that for mAo::> mZ, the dominant ml-contribution 

* If both A 1: 0 and p. 1: 0, then the U(I) symmetry is not exact and mH' =rnA' is violated, 
as shown explicitly in eq. (62). 
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to m10 is independent of tanp [see eq. (57)]. As a result, at fixed mAo> mra&X, 
the radiatively corrected mhO will reach a maximum (minimum) at tan p ~ 00 

(tanp ~ 1), due to the tree-level behavior of mxo on tanp. 

For fixed tanp, mhO reaches its minimum value, mrJn, when mAO -+- O. In 
contrast to the tree-level behavior (where mhO ~ mAo), the Higgs mass does not 
vanish as mAO -+- O. Moreover, m;::.in increases as tan pdecreases but exhibits only 
a moderate dependence on m, and MSUSY' This behavior can be understood as 
follows. For mAO <: mz and for values of m, and MSUSY sufficiently large (say, 
m, ~ 2mzsp and MSUSY ~ 500 GeV), the CP-even squared mass matrix [eq. (5)] 
is dominated by the matrix element M~2 due to the mt dependence of A2. This 
yields 

2) . _ M2 (M~2)2 _ 2 2
( mhO mm - 11 - -M2 - mZcp, (63) 

22 

which is in good agreement with the results of fig. 9. One interesting consequence is 
that there exists a range of parameters for which the tree-level bound, mhO ~ mAO 
is violated. In fact, the results of fig. 9 indicate that in the region of small tan p and 
small mAO, it is possible to have mho> 2mAo, thereby allowing a new decay-mode 
hO -t AO AO which is kinematically forbidden at tree-level. 

One other difference between the tree-level prediction for mhO and the results of 
fig. 9 is noteworthy. From eq. (20), we see that for tan p = 1, mhO = 0 at tree-level. 
The results of fig. 9 indicate that the radiative corrections to mhO are substantial 
for tanp = 1, particularly when m, is large. This is again a consequence of the 
g2mt In(MJuSy/mi) enhancement of M~2' The tanp = 1 limit is analogous to 
the Coleman-Weinberg limit [66] of the Standard Model, in which the mass of the 
Higgs boson arises entirely from radiative corrections. However, in the Standard 
Model, the Coleman-Weinberg mechanism cannot be operative if m, ~ mw [67] 
(and in any case, the Higgs mass that arises from this mechanism cannot be larger 
than about 10 GeV, which is ruled out by the LEP Higgs search [12]). Clearly, no 
such restriction exists in the MSSM [68,58]. The difference lies in the large positive 
contribution to the Higgs squared mass from a loop of top squarks. From fig. 9(b), 
we see that for m, =200 GeV and tanp = 1, a value of mhO as large as 100 GeV 
is possible. Thus, LEP cannot yet rule out the possibility that the mass of the 
lightest CP-even Higgs boson arises entirely from radiative corrections [58]. 

In the limit mAO -+- 00, the couplings of hO to gauge bosons and matter fields 
are identical to the Higgs couplings of the Standard Model so that the Higgs 
sector of the two models cannot be phenomenologically distinguished. However, 
supersymmetry does impose constraints on the quartic Higgs self-coupling at the 
scale Msusy, and this influences the possible values of mhO. To illustrate this 
point, I have plotted in fig. 10 the range of allowed mhO in the case of large mAO 
(taken here to be mAO = 300 GeV). As noted above, the lower limit for mhO is 
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Fig. 10. The range of allowed Higgs masses for large mAO (in these plots, mAo = 300 
GeV). The lower limit corresponds to tan fj = 1. The upper limit corresponds to the 
limit of l&rge tanfj (we take ta.nfj =20). In (a) and (b) mt is v&ried for MSUSY =1 

a.nd 0.5 TeV, respectively. In (c) and (d) MSUSY is varied a.nd m, = 150 and 200 GeV, 
respectively. The solid (dashed) curves in (c) and (d) correspond to the computation 
in which the RGEs &re solved numerically (iteratively to one-loop order). Taken from 
ref. 54. 

attained if tan f3 ~ 1 and the upper limit is attained in the limit of large tan p 
(taken to be tan f3 = 20 in fig. 10)! Suppose the top quark mass is known and 
that hO is discovered with Standard Model couplings. If mhO does not lie in the 
allowed mass region displayed in fig. 10, we could conclude that the MSSM is ruled 
out. Fig. 10 also exhibits the sensitivity to the choice of MSUSY' The larger the 
value of MsUSY , the more significant the corrections to the Higgs mass due to 
full renormalization group improvement. In fig. 10( c) and (d), the dashed lines 
(labeled ILL for one-loop leading-log) correspond to computing mhO by exactly 
diagonalizing the squared mass matrix given in eq. (51). The solid lines (denoted 
by RGE) are obtained by solving numerically the RGEs for the Ai, inserting the 
results into eq. (5), and computing the eigenvalue of the lighter CP-even Higgs 
scalar. For MSUSY = 1 TeV, the largest discrepancy between the RGE and ILL 
results occurs for large m, and mAO. For example, for tanf3 = 1, mAO =300 GeV 
and m, = 200 GeV, we find (mho)RGE = 96.8 GeV while (mhohLL = 104.4 GeV. 

t A second maximum for mhO would arise for very small tan fj; however, this lies outside the 
permitted region indicated in figs. 1 and 2. 
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Fig. 11. The masses of hO, HO and H:I: in the MSSM for mAe =50 and 200 GeV. 
The neutral CP-even Higgs masses are obtained from a calculation that includes the 
leading-log one-loop radiative corrections [based on eq. (51)]. The charged Higgs mass 
is obtained from a similar calculation, but important non-leading logarithmic effects 
have also been included [59]. All supersymmetric masses are assumed to be roughly 
degenerate of order MSUSY =1 Te V. The two curves for each Higgs mass shown cor
respond to m, =150 and 200 GeV. The larger neutral Higgs mass corresponds to the 
larger m, choice. In the case of H:I:, mH± increases [decreases] with m, for large [sma.ll] 
tan p. 

Values of MSUSY much larger than 1 Te V would be in conflict with the philosophy 
of low-energy supersymmetry. 

Let us now briefly consider the predictions of the one-loop radiatively corrected 
Higgs sector for the other physical Higgs bosons of the MSSM. In fig. 11, I plot the 
radiatively corrected MSSM Higgs masses as a function of tan /3 for MSUSY = 1 Te V 
and for two choices of m, and mAO. (As above, all A and p. parameters are set to 
zero.) The neutral Higgs masses have been obtained by diagonalizing eq. (51). Full 
RGE-improvement, which is not included in fig. 11, would change these results by 
no more than about 5%. In the case of the charged Higgs mass, important non
leading logarithmic contributions have also been included, as described in ref. 59. 
Note that the tree-level bound mH* ~ mw can be violated, but only if tan /3 ;!i;) 0.5 
and mAO is small. The small tan /3 region corresponds to an enhanced Higgs-top 
quark Yukawa coupling. This also explains the increase of mJlO in this region, 
which is being controlled by the mt/s~ factor in M~2 [eq. (51)]. Of course, this 
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Fig. 12. The neutral Higgs mass mhO as a function of tan p for (a) mAe = 50 GeV and 
(b) mAe =300 GeV, for m, =150 GeV and MQ =MSUSY =1 TeV. All A-parameters 

are taken to be equal (A = A. =All); the four contours shown correspond to /J = A = 0, 
1, 2 and 3 TeV, respectively. Taken from ref. 54. 

same factor is responsible for the violation of the bound mhO 5 mz as described 
in section 5. Indeed, for MSUSY = 1 TeV, mt =200 GeV, and mAO ~ 200 GeV, 
one sees that mhO > mz independent of the value of tan /3. Thus, there is a non
negligible region of parameter space in which the hO is kinematically inaccessible 
to LEP-II (running at Vi 5 200 GeV). 

The numerical results described above can be substantially modified if squark 
mixing effects are large. In this case, the A-parameters and p. are no longer zero, 
and non-leading-log contributions to the neutral Higgs masses [e.g., see eqs. (61) 
and (62)] can be important. In fig. 12, the Higgs mass mhO is plotted as a function 
of tan P for m, = 150 GeV and for two choices of mAO. All A-parameters are 
taken to be equal; the four curves shown correspond to p. = A = 0,1,2 and 3 
TeV, respectively. The behavior of mhO at large values of tan/3 is noteworthy: for 
mAO ;!i;) mZ, one sees that mhO decreases monotonically with A. In contrast, in the 
case mAO ~ mz and large tan/3, mhO initially increases, reaches a maximum and 
then falls off again. Both properties can be understood from eqs. (61) and (62). The 
consistency of the supersymmetric model does not permit arbitrarily large squark 
mixing. For example, for At ~ 3MSUSY , one would find either one eigenvalue of the 
top squark squared mass matrix driven negative and/or a new global minimum of 
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the scalar potential that violates the SU(3) color gauge symmetry (69]. Of course, 
either result would be phenomenologically unacceptable. 

8. Implications oC the Radiatively Corrected Higgs Sector 

Using the results of section 6, one can obtain the leading logarithmic corrections 
to the various Higgs couplings, and proceed to investigate Higgs phenomenology in 
detail [70]. Here, I shall describe the procedure used to obtain the Higgs couplings 
and briefly indicate some of the consequences. To obtain radiatively corrected cou
plings which are accurate in the leading logarithmic approximation, it is sufficient 
to use the tree-level couplings in which the parameters are taken to be running 
parameters evaluated at the electroweak scale. First, I remind the reader that 
tan{J and mAO are input parameters. Next, we obtain the CP-even Higgs mixing 
angle a by diagonalizing the radiatively corrected CP-even Higgs mass matrix. 
With the angle a in hand one may compute, for example, cos({J - a) and sin a. 
These results can be used to obtain the Higgs couplings to gauge bosons [eq. (14)] 
and fermions [eq. (15)]. Finally, the Higgs self-couplings [see Appendix A] are ob
tained by making use of the Ai evaluated at the electroweak scale. The end result 
is a complete set of Higgs boson decay widths and branching ratios that include 
leading-log radiative corrections. 

The Higgs production cross-section in a two-Higgs-doublet model via the pro
cess e+e- ~ Z ~ ZHO(ZhO) is suppressed by a factor cos2({J - a) [sin2(,8 - a)] 
as compared to the corresponding cross-sections in the Standard Model. In fig. 13 
I plot cos2({J - a) as a function of mAO for tan{J = 0.5, 1,2 and 20, for A, = A, = 
p =0, MSUSY =1 TeV and two choices of m,. The behavior is similar to that of 
the tree-level result: (i) for mAO <: mz and tan{J ::> 1, cos2({J - a) ~ 1, and (ii) 
for mAO ~ 2mz, sin2({J - a) ~ 1. The fact that cos2({J - a) ~ 0 as mAO becomes 
large is expected since for large mAo, all heavy Higgs states decouple, while the 
hOZZ coupling [which is proportional tosin(,8-a)] approaches its Standard Model 
value. Nevertheless, it is interesting to note that cos2({J - a) approaches 0 more 
slowly as m, increases (i.e., as the radiative corrections become more significant). 

When radiative corrections have been incorporated, new possibilities arise 
which did not exist at tree-level. One example, mentioned in section 6, is the pos
sibilityof the decay hO ~ AOAO, which is kinematically forbidden at tree-level but 
allowed for some range of MSSM parameters [61,71]. We can obtain the complete 
one-loop leading-log expression for the lao AO AO coupling (assuming mAO ~ mz) by 
inserting the one-loop leading-log formulae for the Ai into eq. (A.l) [71] 
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2({1 -cr) as a function of mAO for tan {1 =0.5,1,2 and 20 (dotted, 

dashed, dot-dashed and solid curves, respectively). Results are presented for MSUSY = 1 
TeV. We consider the case of (a) m, =150 GeV and (b) m, =200 GeV. Taken from 
ref. 54. 

gh'A' A' = -C2p.p+o { 1+ 96::c'w [1', In ( M:r )+PJ In ( M!r)]} 
g

2 {[sas~(2" 2 2 2) (CaS~ - Sa~) 2 2] I (M~USY)+ 16 2 N2 
c 

2 -r- m, - m,mzcp - 2 2 m,mz n 2 
11' mwmz cp cp mz 

ca~(2" 2 2 2) + (CaS~ - Sa~) 2 2] I (M~USY)}-3- m, - m,mzsp 2 m,mz n --2[ Sp 2sp m, 

g2 _ [S2PCP+o(1"2H +P,) - 2(Cos~ - SO~)(~H +P,)]ln(M!r) . 
(64) 

Once kinematically allowed, hO ~ AO AO is almost certainly the dominant decay 
mode as shown in fig. 14. These results indicate the importance of the search for 
lao ~ AO AO at LEP. As mAO increases beyond 30 GeV, the region of parameter 
space where this decay is permitted quickly shrinks. 

Recent Higgs searches at LEP have begun to incorporate the most important 
leading-log radiative corrections into their analyses (see, e.g., ref. [14]). However, 
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Fig. 14. Regions of nonvanishing BR(hO - AOAO) for mAO = 5,10,20 and 30 GeV. To 
the right of the solid curves, mAO < 2mAO, and the decay hO - AO AO is kinematically 
forbidden. To the left of the dashed curve, BR(hO - AOAO) ~ 0.5 and between the 
dotted curves, BR(hO - AOAO) ~ 0.8. MSUSY = 1 TeV in all four graphs. Taken from 
ref. 71. 

if squark mixing effects are large, then important non-leading-log effects cannot 
be neglected, as discussed at the end of section 6 [15]. In fig. 15 I plot the Higgs 
mass mhO and the factor sin2(p - 0) as functions of tan f3 for m, = 150 GeV 
and MSUSY = 1 TeV. I have fixed the sum mAO + mhO = mz in both plots in 
order to bound mhO while keeping Z -+ AOho kinematically forbidden. Fig. 15(a) 
displays contours of fixed mAO +mhO = mz. To the left (right) of these contours, 
Z -+ AOho is kinematically allowed (forbidden). In fig. 15(b) one sees that the 
decay Z -+ Z·ho, with a rate proportional to sin2(p - 0), can be sufficiently 
suppressed in the large tan Pregime to escape detection. On the other hand, the 
rate for Z -+ AO hO is proportional to cos2(P - 0) which is near unity for large tan P 
and mAO ;S; mz. Thus, Z -+ AOho would be observed in this regime unless it is 
kinematically forbidden. Thus, in the absence of the Higgs discovery at LEP, one 
can conclude that the parameter regions to the left of the respective curves (for 
various choices of p = A) shown in fig. 15(a) are excluded. On the other hand, 
at large tanp, the parameter regime to the right of the respective curves cannot 
be ruled out based on current LEP data. In particular, for large p = A (and for 
large tanf3), the true experimental lower limit on mhO [i.e., the dotted curve of 
fig. 15(a)] can be significantly lower than the quoted Higgs mass limits of the LEP 
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Fig. 15. As a function of tanp, we plot (a) the neutral Higgs mass mAl and (b) the 
2

factor sin (p - Q) for fflt =150 GeV and MQ =MSUSY =1 TeV. All A-parameters are 
taken to be equal (A =At =A,)j the four cnrves shown correspond to p. =A =0, 1, 2 
and 3 TeV, respectively. The sum mAO + mAO =mz is kept fixed in both plots. Taken 
from ref. [54]. 

detector collaborations [13-14]. 

For the heavier Higgs states, there are many possible final state decay modes. 
The various branching ratios are complicated functions of the MSSM parameter 
space [72]. Plots of the branching ratios of the MSSM Higgs bosons, with all one
loop leading log corrections included, can be found in J.F. Gunion's contribution 
to this Volume. These plots indicate a rich phenomenology for Higgs searches at 
future colliders [72,73]. Although the possibility of a Higgs discovery at LEP still 
remains, the effects of the radiative corrections (particularly if mt is near the upper 
end of its expected range) suggest that the success of the Higgs Hunt must await 
the supercollider era. Presumably, the sse and LHe will uncover direct evidence 
for supersymmetric particles, if low-energy supersymmetry exists. In this case, the 
details of the Higgs sector will contain crucial information regarding the structure 
of the theory-the mechanism of electroweak symmetry breaking and the nature 
of the TeV scale physics that lies beyond the Standard Model. 
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APPENDIX A: Three-Higgs Vertices 
in the Two-Higgs Doublet Model 

In this Appendix, I list the Feynman rules for the 3-point Higgs interaction in 
the most general (nonsupersymmetric) two-Higgs doublet extension of the Stan
dard Model, assuming that the Higgs sector conserves CPo The Feynman rule for 
the ABC vertex is denoted by i9ABC. For completeness, R-gauge Feynman rules 
involving the Goldstone bosons (G% and GO) are also listed. 

Interactions involving physical Higgs bosons depend in detail on the parameters 
of the Higgs potential specified in eq. (1). 

2mw [2 2 - ( 3 3)9hoAOAO = -- ~lSpCpSa - ~2CpSpCa - Aa SpCa - CpSa +2~5Sp-a
9 

- ~6Sp (cpsa+p +SaC2P) - ~7CP(CaC2p - spsa+P)] , 


- 2mw [2 2 - 3 3gno AOAo = -- ~lSpCpCa +~2CpSpSa +~3(SpSa +cpca) - 2~5Cp-a
9 

- ~6Sp(CPCa+P +CaC2P) +~7Cp(SPCa+P +SaC2P)] , 

6mw [2 2 - ( 3 _3 2 )9hoJtl no = -- ~lCaCpSa - ~2SaSpCa +~3 SaCP - casp + aSp-a
9 

- ~6Ca(CpC2a - SaSa+P) - ~7Ca(SPC2a +CaSa+p)] , 

-6mw [2 2 - 3 3 2 )9Jtlhoho = --- ~lSaCpCa +~2CaSpSa+~3(SaSP +cacp - acp-a
9 

(A.I)- ~6Sa(CpC2a +CaCa+p) +~7Ca(SpC2a +SaCa+p)] , 

6mw [33 9hohoho = -- ~lSaCp - ~2caSp +~3SaCaCa+p
9 

- ~6s!(3Cacp - SaSp) +~7c!(3saSp - cacp)] , 

-6mw [ 3 3 
gnoJtlJtl =--- ~lCaCp +~2SaSp +~3SaCaSa+p

9 
+~6c!(3SaCp +casp) +~7s!(3CaSp +SaCP)] , 

2mw( )gho H+ H- = gho AO AO - -- ~s - ~4 sp-a,

9 


2mw( )gno H+ H- =9noAO AO - -- ~s - ~4 cp-a,
9 
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where I have used the notation 

:\3 == ~3 + ~4 + ~5 • (A.2) 

It is interesting to note that couplings of the charged Higgs bosons satisfy relations 
analogous to that of mH* given in eq. (4). 

Feynman rules for three-point Higgs vertices that involve Goldstone bosons 
assume much simpler forms 

-9 2 •
9h°(jloo = 2mw mhO sm(.8 - a), 

-9 2
9Hoo0 (jl = --mHO cos(P - a)

2mw ' 

9hOO+O- = 9hoo°(jl , 

gnoO+O- = 9noo°(jl , 

-g 2
9hoA°(jl = -2-(mz - m1Io)cos(P - a),

mw (A.3) 

9no A°(jl = -2(mk - mlo)sin(,8 - a),9 
mw 

9hoH*O"f = -2(m1I* - mxo)cos(P - a),9 
mw 

-g 2 2·
9HoH*O"f = -2-(mH* - mHO)sm(,8 - a),

mw 

±g (2 2
gAoH*O"f = -2- mH* -mAO).

mw 

In the rule for the AO H%G=T vertex, the sign corresponds to H% entering the vertex 
and G% leaving the vertex. 

One can easily check that if tree-level MSSM relations are imposed on the ~i, 
Higgs masses, and angles a and P, one recovers the MSSM Feynman rules listed 
in Appendix A of ref.!. 
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APPENDIX B: Renormalization Group Equations 

. In this Appendix, I have collected the one-loop renormalization group equa
tions (RGEs) that are needed in the analysis presented in this paper [74,17,54]. 
Schematically, the RGEs at one-loop take the form 

dPi _ a.I.... ,1'2, ••),
--""\yl where t =In p2 , (B.l)
tIt 

where p is the energy scale, and the parameters Pi stand for the Higgs boson self
couplings Ai (i = 1... 7),. the squared Yukawa couplings hj (I = t, II and T; the two 
lighter generations can be neglected), and the squared gauge couplings gJ (j =3, 2, 
1) corresponding to SU(3)xSU(2)xU(I) respectively. The gj are normalized such 
that they are equal at the grand unification scale. It is also convenient to define 

,- I3g=g2, 9 = Vi;gl' (B.2) 

where 9 and g' are normalized in the usual way for low-energy electroweak physics, 
i.e. tan8w =g'/g. 

I now list the p-functions required for the analysis presented in this paper. 
Two cases will be given, depending on whether p is above or below the scale of 
supersymmetry breaking, MSUSY' 

1. p > MSUSY 

- hi [6h2 + h2 16 2 3 2 13 12]{JI.: - 16,..2 , II - '3g3 - 9 - Tg 

- hf [6h2 h2 h2 16 2 3 2 7 A]{JI.: - 16,..2 II + ,+ .,. - 3'g3 - 9 - i9 

Ph~ = 1:;2 [4h~ +3hI - 3g2 
- 3g'2] 

(B.3) 

P,~ = ~;2 [ION, + iNa] 

P,' = 4'2 [6N, + iNa -18] 
g: [ ]fJ,: = 48,..2 6N, - 27 . 

Here N, = 3 is the number of generations,.NH = 2 is the number of scalar doublets, 

and the Higgs-fermion Yukawa couplings are given by 

gm, 
h, = y'2mwsin fJ , 

(B.4) 
htli = (di = b,T). 

2. p < MSUSY 

{J hi [9h2 1 h2 8 2 9 2 17 A]I.: = 16,..2 2' t +2' II - 93 -:{9 - fi9 

{J - hi [9 h2 + 1 h2 +h2 8 2 9 2 "2]I.: - 16,..2 2' II 2' t 93 - '49 - 129T 

1.2 h; ['h- 2 + -g9 2 15= -- 1 - --g12]fJ r 16,..2 2 .,. 
3h2 

4fJ 4 
(B.5)

14 

fJ,rJ = 4~,..2 [~N, + iNH] 

P,' = ~~ [4N, + iNa - 22] 

P,: = 4~2 [4N, - 33]. 

The notation is the same as in the previous case. Moreover, in writing down 
the RGEs for the Higgs-fermion Yukawa couplings, I have assumed that the Higgs
fermion interaction is the same as in the MSSM; namely, ~1 [~2] couples exclusively 
to down-type [up-type] fermions. 

Finally, I list the RGEs for the Higgs self-couplings of the general two-Higgs 
doublet model (with the Higgs-fermion couplings as specified above). First, I need 
to define the anomalous dimensions of the two Higgs fields: 

il = 64~2 [9g2 +39
12 

- 4~Ncih~i] , 
• (B.6) 

12 
i2 = 64~2 [99

2 +39 - 4~ Ncih!i] , 
• 

where"the sum over i is taken over three generations ofquarks (with Nc = 3) and 
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leptons (with Nc = 1). The p-functions for the Higgs self-couplings in the gen
eral CP-conserving non-supersymmetric two-Higgs-doublet model (with the Higgs
fermion couplings as specified in section 2) are given by 

Ih, = 16~2 { 6.\~ + 2.\1 + 2.\a.\4 + .\~ + .\~ +12.\l 

+i [29
4+ (92+912)~ - 2~Neih~,} - 2'\I'Yl 

• 
th, = 16~2 {6.\~ + 2.\1 + 2.\a.\4 +.\~ +.\~ + 12'\~ 

12+i [294+(92 +9 )2] - 2~ Neih!, } - 2'\2'Y2 
• 

p>., = 16~2 {(.\1 + .\2)(3.\a +~) + 2'\~ +.\~ +.\~ + 2.\l + 2.\i +8.\e.\7 

12+i [294 +(92 - 9 )2] - 2~ Neih!,h3,} - .\a('Y1 +12) 
• 

P>.. = 16~2 [~(A1 +A2 +4A3 +2A4) +4A~ +5A~ +5A¥ +2A6A7 

+ Ig2g12 +2L: Ncih!ih3.] - A4(11 +12) 
i 

P>'r. = 16~2 [A5(A1 +A2 +4A3 +6A4) +5(A~ +Af) +2A6A7] - AS(11 +12) 

P>'$ = 16~2 [A6(6Al +3A3+4A4 +5A5) +A7(3A3+2A4 +AS)] - tA6(311 +12) 

P>'T = 1:1f'2 [A7(6A2+3A3+4.\t +5A5) +A6(3A3+2~+AS)] - tA7(11 +312). 

(B.7) 
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APPENDIX C: MSSM Higgs Sector Contributions 
to the S, T and U Parameters 

In this Appendix, I record the exact one-loop contributions of the MSSM Higgs 
bosons to 68, 6T and 6U [see eq. (32)]. These contributions are defined relative 
to the Standard Model in which the Standard Model Higgs boson mass is taken 
equal to mhO [38]. First, for 68 and 6U I find 

68 = ~{sin2(p - a)B22(mi; mho, m~o) - ~2(mi; mh~, mh~)
1I"mz 

+cos2(,8 - 0) [S,2(m}; m~., m~.) +S,2( m}; m}, m~) - S,2(m}; m}, m~.) 

- 2 So( 2. 2 2) +mz 2. 2 2)]} .mz mz, mz, mJlO 2B0(mz, mz, mhO 

6U = -68 +~{B22(mfv; m~o, m~~) - 2B22(mfv; mh~, mh~)
1I"m z 

+sin2(p - a)B22 (miv; mho, mh~) 

+cos2(P -0) [~(mlv; ml., mI,.)+S,2(mw; mw, m~) - S,2(mlv; mlv, mi. ) 

2 So( 2. 2 2) 2 B ( 2. 2 2 )]}-mw mw,mw,mp +mw 0 mW,mW,mho . 

(C.I) 
The following notation has been introduced for the various loop integrals 

~2(q2; mf, mi) == B22(q2; mf, mi) - B22(Oj mf, mi), (C.2) 

Bo(l; mf, m~) == BO(q2; ml, m~) - Bo(O; mf, m~), (C.3) 

and B22 and Bo are defined according to ref. [75] (up to an overall sign in some 
cases since I use the Bjorken and Drell metric [76]). Explicitly, 

1 

B22(q2;ml, m~) = H~+1) [ml +m~ - }q2]_! JdxXln(X - ie), (CA) 
o • 

Bo(q2;mf,m~) = ~ - J1 

dx In(X - ie), (C,.5) 

o 
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where 

x == mfx + m~(1 - x) - q2x(l- x) (C.6) 

and II is the regulator of dimensional regularization defined by 

2 
II = 4 _ n +In(411") +l' , 	 (C.7) 

n is the number of space-time dimensions and l' is Euler's constant. Of course, 
in the calculation of physical observables, terms proportional to II must exactly 
cancel. The following two relations are particularly useful: 

4B22(0; mf, mn = F(mf, m~) + Ao(mn + Ao(m~), (C.8) 

B (0 ' 2 2) _ 
o , mil m2 -

Ao(mf)  Ao(m~)
2 2 I 

m l -m2 

(C.9) 

where 

F(m~, m~) == !(m~ + m~) _ mfm~ 
mf  m~ 

In (mf)m;' (C.I0) 

Ao(m2
) == m2(1l +1 -In m2

). (C.Il) 

Finally, consider 6p = Ct6T. I find: 

6T \ 2 {F(mh:l:lm~o)+sin2(p-Ct) [F(mh:l:,mho)-F(m~o,mho)]
1611"mwsw 

+cos2(P - Ct) [F(mh:l:, mlo) - F(m~o, mIo) + F(mfv, mho) 

-F(mfv, mIo) - F(mi, mho) + F(mi, mlo)] 

+ 4mi [Bo(O; mi, mho) - Bo(O; mi, mlo)] 

-	 4m~ [Bo(O; mfv, m~) - Bo(O; mfv, mi.)] }, 

(C.12) 

where Sw == sin Ow. 
Note that these expressions for 68, 6T and 6U are valid for an arbitrary two

Higgs doublet extension of the Standard Model [39-41]. In the MSSM, tree-level 
relations exist among the Higgs masses and angles Ct and Pas discussed in section 
3. By virtue of these relations, the numerical values of 68 and 6T in the MSSM 
are much smaller than 1. For example, by taking mAo:> mz and applying the 
various MSSM tree-level relations, one easily obtains the asymptotic results quoted 
in eqs. (33) and (34). Moreover, one can check that 6U «68, 6T. 
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