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Abstract

Most of the known literature on incoherent Inverse Compton Scatter-
ing (ICS) is based on earliest theoretical attempts and later approxima-
tions led by F.C.Jones and J.B.Blumenthal. We found an independent
and more general analytical procedure which provide both relativistic
and ultrarelativistic limits for ICS while keeping care of the coherent
and the incoherent nature of the process. These new analytical expres-
sions can be derived in a straightforward way and they contain the previ-
ously reminded Jones’ results. Our detailed solutions may be probed by
already existing as well future ICS experiments. The coherent nature of
the process may amplify the ICS process leading to a powerful ICS and
offering a non perturbative diagnostic tool for the distribution of charges
in the bunch. The Coherent Inverse Compton Scattering (CICS) could
be better observed at relativistic regime when a laser beam hits on the
back a travelling charge bunch.
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Introduction

The ICS plays a relevant role in a variety of recent high energy astro-
physics (cosmic ray lifetime, gamma astronomy, gamma jets, ultrahigh energy
cosmic rays (UHECR),...) as well as in high energy physics at LEP I, LEP II
and linear accelerators . In particular the ICS of cosmic rays onto electromag-
netic fields, either cosmological Black Body Radiation (BBR) at T =~ 2.73 K
or diffused gray body as interstellar lights and radio waves or even nearly
stationary magnetic fields, is source of high energy photons (X, gamma ,...)
which we may observe as diffused or smeared pointlike gamma sources. The
ICS onto BBR plays an important role in the complex connection between cos-
mic rays and gamma spectra and in the gamma burst puzzle. In this paper we
derive the general ICS formulae for the interaction between a monochromatic
electron beam and a monochromatic photon beam, as a laser, either unidi-
rectional or isotropic. We shall show that our results generalize and slightly
correct previous known ones [1-5]. The complexity of the ICS onto a Planckian
spectrum has already been experimentally verified [6,7] as well as successfully
theoretically predicted [8,9].

The ICS on a monochromatic and unidirectional photon beam

To find the ICS spectrum we consider first the photon beam distribution
in the Laboratory Frame (LF) (not to be confused with the electron rest frame
EF) where this beam distribution is unidirectional and monochromatic; then
we transform it in the (EF) where it still is unidirectional and monochromatic;
in that frame (EF) we consider the normal Compton or Thomson scattering
and finally we transform back the resulting diffused differential photon number

to the LF.

Let us consider such a monochromatic and unidirectional photon beam in
the LF : the differential number density per unit energy ¢, and solid angle {2,
can be written as:

dn,
de,dQ,

no8(€0 — ,)8(cos b, — cos 8,)8(0o — $o) (1)

where éo is the incident angle between the electron beam and photon beam
directions and €, is the initial photon energy in the LF. Our sources have an
idealized beam with no spread both in angle and in energy. We transform now
this distribution to the EF by standard Lorentz relations choosing as z axis the
direction coincident with the electron momentum and reminding that dn,/de,
is a relativistic invariant [2]. In the following we label by a * the quantities



related to the electron frame EF, so we have

cosd; + 3 . . .
cos 0, = W » Po =P, 5 €0 =76 (1 + Bcosby) . (2)
where 3 is the adimensional electron velocity and v is the corresponding
Lorentz factor. Using é function properties the number density distribution,

in the EF, becomes p
ny ~
deds noY(1l — Bcosb,)-

- 8[e; — 7éo(1 — B cos 8,)]8[cos 63 — Clb(0; — Bo) ()
where €, = 62 = (cosb, — 8)/(1 — Bcosb,) is the function describing the
boosted cosine angle 8. Now we have to scatter and diffuse the photons in
the EF; the function describing the differential number of diffused photons
can be obtained as follows:

dNy _ dn; doc (4)
dtjde;dQiderdQ: — derdQ: de;dQ;
where d—é‘—’z%—;- is the Klein-Nishina differential cross section
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For most of the real ICS processes in present laboratories energetics it is
possible to approximate the Klein-Nishina cross section by the Thomson cross
section, i.e. €& < mc?, so we can consider

dUT
deidQy

2
= (1 + cos?02)6(¢; — <) (5)

where ¢ is the speed of light. The dependence of o7 by the inverse square
electron mass leads us to consider mainly electron bunches. However our re-
sults can be applied also to protons where we have just a suppression factor
(me/m,)?. The scattering angle in the EF must be expressed as a function

of the other angles involved, i.e. the incoming 87,07 and the outcoming 85,4}
angles

cos 8}, = sin @ sin 0} (cos ¢} cos @] + sin @} sinp]) + cos @ cos b7 .  (6)

It is interesting to notice that the distribution number M.—{m—. cannot be asso-
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ciated to any effective number density because of its intrinsic inhomogeneous
nature. Finally we obtain the differential photon number per unit energy and
solid angle in the LF by the inverse Lorentz transformations and we write it
in the following integral form:

dN, / dN? dtr dex dQu:
dtideydy  Jog Joy dtide;dVidesdSy; dt, de, dSY,

avde . (7)
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By sostitution of previous egs.(4,6) and since j:: j:: jgf = m the

integral can be cast into the form

dNy  ngric(l —fcos éo) .
dtide;dQ; 2y (1—Bcosh) ./63 /. 1+ cos” 6 )8(ef — )
- 8[€r — v&o(1 — Bcos 8,)]8(cos 02 — Co)8(% — @o)desd . (8)

We perform the integrals and the final form for the differential photon number
per unit energy and solid angle in the Laboratory Frame becomes

dN, nor2c (1 — Bcosb,) 2 A2 9 2 .
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where C; = cos 0} = (cos8; — 3)/(1 — Bcos8;). The final ICS spectrum can
be obtained by integrating over {2; the previous equation and the result is:

dNy  mn.ric 9 2 €1 2
dtide; — 207%, [3 Ca+(3C3 )ﬂz (’y 2¢,(1 — B cosb,) 1) ] (10)

Let us notice that this energy distribution does not depend on the initial
azimuthal angle ¢, due to the axial symmetry of the problem. The ¢; de-
pendence shows that the original monochromatic and unidirectional photon
spectrum has been spread into a final parabolic function. We show below its
behaviour for some arbitrary parameters (fig.1-5). The spectrum is bound in
energy by relativistic klnematlcs arguments and its extreme ¢, allowed values
are €1min = &o(1— B cos ,)/(1+ ) and €1mas = (1 — B cosb,)/(1—B). The 6,
angle is simply varying into the range [0, 7] and, as usual, the most populate
angular region of the high energy ICS beam is contained inside a thin cone
whose aperture is of order 1/v. If we substitute in eq.(10) €1min and €14, We
get an equal height for the parabolic spectrum extremes:

dN; ﬂnor c

2
Toder oy BT —2on4+Cy . (11)

The spectrum has a minimum for €; = v2¢,(1 — (B cos éo) and in this point its
value is:
dN; wnor c
dtld’ellmm 2,6")/ €,
The above expressions are the rigorous analytical spectra for Thomson ICS
onto a monochromatic and unidirectional photon beam. From eq.(9) we can

—2e’3_C?% . (12)



also get the angular distribution of scattered photons and the total rate num-
ber:

dNy _ mric (1 - fcos 0,)

dt;dQ; 292 (1 — Bcosb;)?

[14C2C? + (1 — C?)(1 — C?)(cos ¢4 cos po+

+ sin ¢ sin 3,)? + 2C,C,(1 — CHM?(1 — C?)M?(cos @1 cos B, + sin @y sin B,)]
(13)
and
ﬂl— = orn,c(l — Bcos éo) . (14)
dty
The spectrum in eq.(10) may be tested on known records of ICS. Our eq.(10)
also contains the non relativistic limit where, for 8 — 0, one must recover the

correct initial Dirac delta function §(e; — €,).

ICS on a monochromatic and unidirectional electron beam beyond
the Thomson limit

Let us consider now the ICS in the framework of quantum electrodynam-
ics in order to obtain the exact Compton result for the corresponding particle
distribution in the case of a monochromatic and unidirectional photon beam.
Considering two Feynman diagrams which contribute to this process the stan-
dard calculations give us the following expressions for the matrix element (in
this section we use h = ¢ =1):

1 1

KoPo K1Po

] M |2= 251r2r§m2([m2( ) + 1]2 n K1Po + KoPo 1) (15)

KoPo K1Po

where k,p, = €,my(1— 0 cos éo), K1po = €egm~y(1—[ cos b, ). The corresponding
cross section is given by
1 | M

_ d3f€1 d3p1
2672 (poKO)
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(p +K’ y 41 Kl) € E]

(16)

In the case of colliding beams the number of collisions per second can be
obtained from the following relation

dN, = Ldo 1n
where L is the luminosity which is defined by [10]
L =n,n,V(1 - Bcosb,) (18)

V is the unit volume in the LF. In our case n;V = 1, the density n, was
defined in eq.(1). Now integrating eq.16 over the corresponding variables we



obtain the following exact expression for the angular distribution of scattered

photons:
dN; r2 m?e?

dhdQ  °2 (poks )2( ~ Beosfo)
([mz( L _ 1 )+1]2+%+'§"p"—1) (19)
KoPo  K1Po KoPo  K1Po ]

where o
éemy(1 — Bcosb,)
ym(1l — B cos ;) + €(1 — cosb,)
and the scattering angle is defined as in eq.(6) but in the LF. The energy
spectrum of ICS is given by -

€ =

dN, 5
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where
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These exact expressions reproduce and confirm all the results of previous sec-
tion as Thomson limit cases. Therefore eq.(10) can be used for further calcu-
lations of ICS on an isotropic monoenergetic background within the Thomson
limit. Expression (20) may find application when considering the most ener-
getic accelerators where the colliding electron and photon beams are of high
energy.

Coherent and Incoherent ICS

The coherent scattering of photons onto electrons plays a relevant role
in enhancing the ICS response efficiency (which cannot anyway exceed the
unitarity limit). The phenomenon may be quantitatively explained [10] keeping
care of the phase shift effects due to both the Coulomb as well as the radiation



field terms of nearby charges. This effect is related to the behaviour of a bunch
of charges to scatter coherently an incident photon when its wavelenght is
comparable with the intercharge distance or, at best, when the electromagnetic
waves encompass the whole bunch size. The coherent process needs a very
peculiar physical set up to take place; indeed it is often difficult to reveal the
relativistic CICS because the primordial photon energy €,, when seen in the
EF, is for most éo angles blueshifted: € = ye,(1 — (3 cos éo) Therefore in such
situation the photon wavelenght becomes shorter than the original one and
it can only reduce the coherence and the ICS signal. Consider for instance a
microwave-radio signal A, at cm wavelenght (just near the diffraction limits
of the geometrical sizes of the beam pipe) incoming with 8, = 7 /2 in the
LF; this wave, in the EF, will be experienced at a shifted wavelenght A}~
Xo/v = 10 pm(~/10%)~1(),/cm) where we choose as unity a Lorentz factor
of 10® characteristic of present synchrotron accelerators. This wavelenght, for
a characteristic bunch size of mm-cm, can lead only to a partial CICS and
in addition the interaction lenght is small. We have the worst case when the
electron beam suffers a head-on ICS (6, = 7): the photon wavelenght becomes
twice blueshifted in the EF and the efficiency is twice less than in the previous
example.

The back illumination to enhance CICS

Therefore it is natural consider the back illumination (6, = 0) where the
photon wavelenght is seen redshifted in the EF: A} = 2y, = 2mm (fg—;) («—’\9—~) ,

lum
a lenght comparable with the characteristic bunch size. So let us consider a
bunch where the charges, whose total number is N;, are spread into an ideal
cylindrical shape of lenght [, and radius r,. We remind that in the incoherent

ICS the addition of sources simply implies that the total spectrum is

ANy e dN
dtldﬁl - bdt1d61

When we are dealing with the coherent ICS in our ideal cylindrical beam
shape and as long as [,/ Ny < 2y, < [, we get a spectrum of the form

dNeoh (A2 NANY 4ot X Ny, dN
Cleoh _ (Zep, = (N, 1
divde; = 1) T, (1 — Beosb,) L M) )
and for éa=0
dNeoh 5 _ 2mm A v . dN;
dirde, o =0~ Iy (E)(TGE)N" diide; (22)

Let us show the behaviour of the previous result with respect to the variables
involved:



1) the charge number in the bunch Nj: its growth leads to a quadratic
growth in the CICS spectrum (as long as /N, < 29X, )

2) the initial photon wavelenght Xo: its growth leads to a corresponding
nearly quadratically growth in the CICS spectrum contrary to the incoherent
case where the spectrum has a roughly linear dependence on A,)

3) the bunch lenght l;: the CICS spectrum grows as IA when we keep
fixed all the other parameters (as long as 2y, < I, < 29A,N,, otherwise
CICS becomes [, independent)

4) the incident angle 0,: its importance is very sensitive because we must
also consider the geometrical effect related to the laser beam and bunch size;
in fact the interaction region L,, where the two beams overlap, is roughly
given by L, ~ r/sinf, and so the total number of diffused photon grows as

A 2
N; ~ i"_viip_ ~ O noM . (23)
dt; ¢ vlysin 8,

For 8, — 0 we have L, — Lror where Lot is the total allowable experimental
lenght; for example the whole beam pipe lenght. This condition clearly shows
that the best CICS photon production occurs when 6, = 0

5) the Lorentz factor 7: its growth leads to a complicated behaviour of the
spectrum but in the coherent regime [/ N, < 27)\ < [l the spectrum decreases
as v~ while for v > I,/ Xo the coherent effect is saturated and the spectrum
decreases as 772 (fig.6). This fact provides a very simple key signature of
CICS effects. Moreover, as the € photon energy is extremely low in the EF,
the waves don’t perturbate the bunch itself and so they can act as an ideal
diagnostic tool to inspect the bunch structure.

The ICS onto a monochromatic and isotropic photon spectrum

In ref.[2] F.C. Jones found the ultrarelativistic ICS spectrum resulting
from the interaction between high energy electrons and an isotropic and mo-
nochromatic photon spectrum. We show that his result can be obtained and
slightly corrected by integrating eq.(10) over all permitted é, angles. Our an-
alytical and exact result can be set in a very compact form and it is derived
from the following integral

dNu, 1 [ dN,

diide;  4r Ja, dt,de; i, =

2 6
ﬁvrnoroc/mar?’ o2y 302 ) 1 €1 12] oA
= — |. -C, - — sin8,d0, (24

4372%€5 Jomin [ * )ﬂz (7 2¢,(1 — B cosb,) ) odfo (24)
The upper and lower limits of this integral can be found from the inequality
€1min < €1 < €1mar Where the minimum and maximum energies of scattered



photons were defined in the first section. Thus we obtain

1-8, - 1 €1 A
1+66°S61 <é B—[l—g(l+ﬂ)]scosﬁo$1
143, A 1 €1
eogel_l_ﬁo —1$coseoga[1——g(1~ﬁ)].

As one can see from these expressions only photons incoming within a thin
cone in the direction of the electron beam contribute to the lowest energy
final photons meanwhile photons moving in the opposite direction contribute
to the highest energy part of the spectrum. An elementary calculation gives

dNi;s Tneric 3

2
dt,de, = 4ﬂ4720€0 ([3ﬁ2 -2+ ﬂZ]x—i- [(1 ﬁZ) (1 + - )]ln$+

1 3 2 12¢;11
+;z[(1 - “5‘2') (1+ %) - 52—2];+

+ 3¢, (1 4 61) 1 e 1\"™ o5)
B8é, €’ z? /9278€3 z®
where z = (1 — Bcosf,). We have now two different regions depending on the

value assumed by the ratio €, /é,: if Q;—&;& < € < & then .. = [a(1+8) /6]

and Tmin = (1 —F);if 6, < e < Q-l't_%'fﬂ then Zmer = (1 4+ 8), Tmin = [e1(1 —
B3)/&.)- The two separate formulae, left and right, must vanish respectively at
€= &(1 —B)/(1+ B) and ¢ = &(1 + B)/(1 — B) and they must obviously
coincide for ¢; = €,. Labelling by L the left hand side and by R the right hand
side, with respect to the value ¢; = €,, the two formulae, exact in the whole
range of allowable values for the ratio ¢;/¢,, become"

Zmin

dNi;s L _ Tn,ric

1
dt de;  4B52¢ ( (1+ﬁ)[ﬂ(ﬁ2+3) ;)75(9—‘4,52)]—{—

+(1-B)[B(8 +3) - 50— 487+
2 2 1(1 +ﬂ) _ éo 6% a
— (3= A (1 + 0)1 [0(1—;3)] 7461+7€2) (264)
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and \
dNiyis R _ mn,roc

dtide;  4B542¢,
+7(1- BB +3) - ;;(9 — 46%)]+

2 €1 éo(l + ﬁ) 62
~—=B -1+ )1 -1 . 26b
@ ) S+ i e (269
We notice that the two expressions exhibit some kind of symmetry, in par-
ticular the second one can be obtained from the first one simply by reversing




the (3 sign and multiplying the whole formula by (-1). The non relativistic
limit 8 — 0 in eq.(26a,b) leads to a monochromatic spectrum, i.e. a Dirac 4
function, as it should be expected. Now we consider the ultrarelativistic limit
B — 1 and, neglecting terms smaller than 1/7? we get

sz'.s Og 3 42 Ao
o~ e (g ) () ] e

for4-;y-g<-1<1and

dNiis ToTric 3 4~2¢, €?
o = Tl 24 () 22 (L) - ]

(27b)
for1 <2< 4~2. These equations must be compared with eq.(40) and eq.(44)
of ref.[2 ] We note that we have a slight difference in a couple of terms and
in the coefficient in front of the logaritmic term. From inspection of fig.7-8
one sees that Jones’ approximated formulae exhibit a slight departure from
our exact expressions and the difference is of order 1/4%. Moreover it is also
possible to notice that our eq.27 reppresent a better approximation for most
of the €;/¢, allowed values. At ultrarelativistic regime all the three kinds of
expressions (eq.26, eq.27, Jones’ approximations) are overlapping. For most
applications where both non relativistic and ultrarelativistic regimes are of
interest we consider our exact formula (26) which is more convenient to handle
than the Jones’ significantly more complicated expression eq.(35) in ref.[2].

Conclusions

We derived exact analytical formulae able to describe the ICS onto mo-
nochromatic beam lasers either in relativistic and non relativistic limits. Our
results correct and extend previous known ones. These new formulae are to
prefer because of their straightforward derivation and their more transparent
form. We also discuss the coherence of ICS (CICS) pointing out how it could
be reinforced and experimentally revealed. We underline different physical
conditions for testing CICS and we consider in details the spectral depen-
dence on the various free parameters. We probed that CICS has its maximal
and optimal experimental set up when relativistic bunch of charges are hit by
collinear back photon lasers (Back Laser Illumination BLI) at infrared wave-
lenghts. The BLI in CICS may offer a powerful diagnostic tool to study the
bunch internal structure with negligible disturbance of the bunch structure it-
self. We will show elsewhere that our results on ICS onto BBR can successfully
fit the known experimental data taken at LEP I in recent years. This process,
ICS onto BBR, plays an important role also in astrophysical problems where
the cosmic rays energy loss by ICS and its consequent ICS radiation in gamma
rays is of primary relevance. ICS onto stellar BBR may also be important in



solving the well known GRB puzzle.
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Figure Captions

Fig.1: The incoherent energy spectrum (eq.10) for b, =0 (dash), 0, =
7 /2 (dot), 8, = m (continuous)

Fig.2: The incoherent energy spectrum (eq.10) for §, = 0 and v = 10
(dash), ¥ = 100 (dot), ¥ = 1000 (continuous) )

Fig.3: The incoherent energy spectrum (eq.10) for 6, = 7/2 and v = 10
(dash), v = 100 (dot), v = 1000 (continuous) o

Fig.4: The incoherent energy spectrum (eq.10) for §, = m and v = 10
(dash), v = 100 (dot), v = 1000 (continuous) )

Fig.5: The incoherent energy spectrum (eq.10) for 8, = 7/2, v = 100
and &, =1 eV (dash), & = 0.1 eV (dot), €&, = 0.01 eV (continuous) .
Fig.6: The coherent spectrum (eq.22) for Ny = 2-10%, [, = 2 mm,
A, =1 pm and 4 = 10 (continuous), v = 100 (dash), ¥ = 1000 (dot),
v = 10000 (dot dash)

Fig.7: The exact spectrum (eq.26) (continuous) and the approximations:
Jones’ (eq.40-44) (dash), eq.(27) (dot) for y = 2

Fig.8: The exact spectrum (eq.26) (continuous) and the approximations:
Jones’ (eq.40-44) (dash), eq.(27) (dot) for y =5
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(arbitrary units)
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(arbitrary units)
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(arbitrary units)
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