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Abstract 

Relativistic causality and the principle of equivalence are physical requirements which are mathematically in

dependent of Einstein's field equation. Therefore, they may not be consistent with a gauge which is based only 

on diffeomorphism. It is shown that a diffeomorphism may not necessarily be compatible with the principle of 

equivalence, and that the light cone condition is inadequate to ensure relativistic causality. Thus, the current 

notion of gauge is inadequate. For example, a Cali lean transformation, though a diffeomorphism, not only 

leads to different light speeds for different directions in a vacuum, but also is incompatible with the principle 

of equivalence. The Michelson-Morley experiment manifests that a Galilean transformation leads to a coordi

nate system which is not physically realizable. Moreover, this analysis confirms that, in current theory, there 

are no valid physical gravity solutions for electromagnetic plane waves. 
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Relativistic Causality, Principle of Equivalence 


and 


the Question of Gauge in General Relativity 


1 ~ Introduction 

In general relativity, gauge is related to a coordinate transformation instead of a gauge function in a 

fixed coordinate system as in electrodynamics (1]. Thus, a question arises as to whether the coordinates for 

a gauge are physically realizable. (Einstein (2) pointed out that "In physics, the body to which events are 

spatially referred is called the coordinate system." and that "Natural laws are to be formulated in such a way 

that their form is identical for coordinate systems of any kind of state of motion.a) A current viewpoint is that 

all mathematical coordinate systems are equivalently valid in phy~ [ 3). Since one must use a physical 

coordinate system to compare experiments with calculations, such a viewpoint may not be valid unless every 

mathematical coordinate system is physically realizable. It will be shown that both relativity and experiments 

imply that the real izability of such a coordinate system is only conditional (see § 2 and § 3). 

In current theory, the concept of gauge is based on the mathematical concept, d,.i,./,i,eo'fnO'tphil.>m, which 

is a one-one onto eel) (infinitely differentiable) map between two manifolds and its inverse map is Coo [3]. 

Since two diffeomorphic manifolds have identical structure, it is claimed that such manifolds have physically 

identical properties. Then, the diffeomorphism comprises the gauge freedom of any theory formulated in terms 

of tensor fields on a spacetime manifold. Note that this notion of gauge hinges on an implicit assumption that 

every mathematical coordinate system is physically realizable. However, a pure mathematical condition may 

not always be compatible with physics. In fact, the choice of physical coordinates is restricted (see §2 & §3) 

by relativistic causality, Le. no cause event can propagate faster than the velocity of light in a vacuum. 

The satisfaction of relativistic causality is a primary motive of general relativity. In fact, relativistic 

causality is guaranteed by Einstein's principle of equivalence since in a free falling coordinate system, the 

space is locally flat. However, both the principle of equivalence and relativistic causality are physical 

requirements. Since Einstein's field equation may allow solutions, which are clearly ineompaliU.te. with 

relativistic causality (see § 2), its satisfaction for any solution must be proven. 
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Nevertheless, a current belief is that any solution of Einstein equation satisfies relativistic causality by 

virture of the principle of equivalence. Consequently, many solutions in the literature are not valid in physics 

[ 4 J. Some of such source tensors may actually not even have any physical solution [5,6]. To show that the 

above belief is incorrect, for clarity, it is necessary to consider physical situations in which the physical 

picture is very dear. Since the assumptions used in general relativity should be applicable to any physical 

situations, the simplest situation is that there is no gravitational force. 

In this paper, it will be shown, through examples, that the principle of equivalence may not be applic

able to a solution, and that a diffeomorphism induced manifold may not be a physical space (see §2 and also 

§4). Thus, based on diffeomorphism alone, the current notion of gauge is inadequate. To illustrate an 

unphysical metric further, an example which does not satisfy relativistic causality, is analyzed in § 3. 

2. Diffeomorphism, the Principle of Equivalence, and Physical Space 

Two manifotds with an identical mathematical structure do not necessarily have identical properties in 

physics since a diffeomorphism ignores the physical nature of the space (see also §4). For instance, in the 

lauguage of manifold, there is no distinction between the time coordinate and a space coordinate. Therefore, 

the exchange of the time coordinate and a space coordinate is a diffeomorphism which is dearly not valid in 

physics. Thus, two diffeomorphic manifolds may not necessarily also be equivalence in physics. In general, a 

diffeomorphism may lead to a mathematical coordinate system whose physical implication is incompatible with 

experiments. Therefore, such a space is only a pure mathematical object, but is not a physical space. 

To distinguish a physical space from merely a manifold, for darity, constant metrices and linear trans

formations shall be considered here. Note that a space with a constant metric is diffeomorphic to a Minkowski 

space. Also, it is illustrated that a fight speed is not generally invariant. 

It is well known that the Calilean transformation leads to an unphysically coordinate system which is not 

compatible with the Michelson-Morley experiment. let us consider a coordinate system (x, y, z, t,) where 

t is the time coordinate, and a Calilean transformation, 

xt = x, y' = y, z' z + vt, and tl = t, ( 1 ) 

3 



where v is a constant. Transformation (1) is dearly a diffeomorphism for the flat space-time in which the 

light speed dz/dt = :t c. Then, in the prime coordinate system, the forward light speed in the z-direction is 

dz" dz dz"
"dr = -;- + v = c + Vi and dt" = -c + v (2) 

is the tight speed in the backward z-direction. Eq. (2) dearly violates relativistic causality, the light speed 

in a vacuum is the maximum speed possible. Neverthe1ess, eq. (1) transforms the flat metric, 

c 2dt2 - dz2 - dx 2 - dy2, (3) 

to 

(dz· + (c - v)dt') (-dz' + (c + v)dt') - dx'2 - dy'2. (4) 

Note that metric (4) and the light cone condition (ds2 = 0) for the light in z-direction would produce eq. 

(2). Thus, it has been shown that the light cone condition is inadequate to ensure relativistic causality. 

On the other hand, general relativity cannot justify transformation (1) as physical. According to the re

lation, z· = z + vt, the prime coordinate system would be associated with an observer on an object moving 

with a uniform velocity in the z-direction. However, if this prime observer measures light speeds from this 

object, he finds that a light velocity in the z-direction is again :tc, but not according to eq. (2). Thus, trans

formation (1) and therefore metric (4) is not physically realizable. And calculations must be interpreted in 

terms of the old coordinate system. In other words, the prime system is not a physical space. Note that, for a 

Lorentz transformation, the physics of calculations can also be interpreted with the new coordinate system. 

If the prime observer and an observer in the original coordinate system communicate their observed 

results to each other, they will conclude that either transformation (1) is not valid or the other observer 

performs his experiments incorrectly. If they finally agree that both of them conducted their experiments 

correctly, to reconcile the experimental facts, they will get the theory of special relativity. Thus, special 

relativity is based on experiments that physicists have to condude that Gatikan ~n6 and 

4 




Nevertheless, metric (4) satisfies Einstein's equation, Gab = O. This shows that ~i.6tie ~ 

~ independ.ent oIr EinM;eln'6 equation. Moreover, Einstein's equation does not even imply the validity of 

the light cone condition (ds 2 = 0) for a light ray. For example, the positive definite metric, 

ds2 =dt 2 + dz 2 + dx 2 + dy2, (5) 

is obviously also a solution of G
idJ 

::: O. For a constant metric, there is no physical free falling which relates 

to a local Minkowski space. Metrices (4) and (5) illustrate that the pU.nci.ple, oIr equW~ .fA inappl i

cable to a non-physical space, and is also inoompatiJ>,le with G~ tta~n6. 

To illustrate the inadequacy of diffeomorphism further, let us consider one more simple example. Now, 

consider a coordinate transformation, 

ax' = x, y' == y, z' z, and t' = t, (6) 

where a (:> 0) is a unitless constant. Diffeomorphism (6) is not a rescaling. (Note that the flat metric (3) 

requires that every coordinate uses the same unit. A rescaling wilt not change the flat metric flab since the 

light speed makes the compensational change.) Then, the flat metric (3) is transformed to 

ds2 ==c2dt'2 - dz'2 - dy'2 - a2dx.'2 (7) 

The coordinate system (Xl, y', z', 1') is not realizable since the principle of equivalence implies that the flat 

metric is the ~ constant metric. Otherwise, this would mean that, for the x-direction, the light speed in a 

vacuum had changed to %'c/a. (If a :> 1, relativistic causality would appear to have been satisfied. Thus, 

relativistic causality may be only a necessary condition for a physical space.) Therefore, metric (7) would 

imply that light speeds in a vacuum were no longer homogeneous, but depended on the direction. 

For two diffeomorphic manifolds, any relation among different tensors is identical. But, a diffeomorph

ism does not ensure that the numerical value of a tensor component is valid. In other words, there is no as
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surance to the physical reality. From the above considerations, calculated results must be understood in terms 

of a physical coordinate system since a non-physical coordinate system can lead to completely wrong conclu

sians. In view of the fact that a current source tensor may not necessarily be appropriate as pointed out by 

Einstein (7) I the failure of finding a physical coordinate system may mean that the source is inadequately 

considered (5) or even invalid (8). Thus, whether a coordinate system is physical, is important. 

3. Velocity of tight, Relativistic Causality, and Gauge 

From the viewpoint of relativity, a necessary condition for a physical space is that relativistic causality 

must be satisfied. Then, for a constant metric, the flat metric (3) is the only solution. A light speed is 

determined by components of the space-time metric, and therefore the requirement that a speed of light is 

smaller than or equal to c (the light speed in a vacuum) may not be covariant for all diffeomorphic manifolds 

(6U §2). NW~t tJui? ptin,cipte 01" coval&ianoe .(/.) compatiM,e with ltRAativiMic. ~y 

Mnoo itIl vi.ol4tion meant.\ that ~ cJt.o.i,oo 0#, oo~ i6 not oo,Ud. in ph,y6i.c4.. 

Also, it is not difficult to see that relativistic causality is satisfied by the Schwarzschild solution (3), 

(8) 

where C is a positive constant, dC2 = (del + sin 29 d<J>2), and (r,8,4» are spherical coordinates. The light 

speeds in the r-direction and a-direction are respectively, 

dr C rd9 C 

-at ,.. :!: (1 - 7), and dt = :!: (1 - -r)1/2 (9) 


Thus, due to gravity, light speeds are slower. A light ray bends as if being attracted because light speeds are 

directionally dependent in a special way. Then, it foflows the principle of equivalence that light speeds in eq. 

(9) support Einstein's viewpoint (9) that "The principle of inertia and the principle of the constancy of the 

velocity of light are valid only with respect to an inertial system. II On the other hand, the local light speed is 

always 1 in a free falling coordinate system. This difference is due to that a tight speed is not invariant. 
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One might argue on the ground that, based on the simultaneous distance in the r-direction and the local 

time, light speeds in the r-directionwould remain to be (1 - C/r)-1dr2/(1 - C/r)dfl )1/2 =:t 1. But, this 

is not valid in physics because a velocity is that a difference of distance at different time divided by the 

difference of time at different places. Moreover, from metric (4), for a light ray in the z'-direction, the 

simultaneous distance is determimed by ds2 = -dz'2, and the local time is determined by ds2 = (c2 - v2 )dt2 • 

If such a z'-di rectional light speed were :t c, then one obtains ds2 = 2vdt'dz' ::\: O. In other words, the light 

cone condition would be violated. For a light ray in the x-direction, althought light cone condition is not 

violated, one would still obtain the unphysical relation that dx 2/{(1 - v2/c2 )dt2 } =: c 2 • 

AU the above metrices satisfy the harmonic gauge. In the literature (4), there are non-trivial metric 

solutions which do not satisfy relativistic causality. For example, an accepted metric (10] is as follows, 

( 10) 

where u = t-z, v :: t+z (the light speed in a vacuum is denoted as 1) hii(U) 2: 0, and hij == hW ThisI 

metric also satisfies the harmonic gauge. The cause of metric (10) can be an electromagnetic plane wave. 

Metric (10) is related to a z-direclional plane wave metric by a coordinate transformation. For a plane 

wave, the origin of the x-y plane is arbitrary. Metric (10) depends on x(= x1 ) and y(= x2 ); and is not 

bounded nor weak. Thus, the transformation is likely to be not physical since weak gravity is a physical 

condition which can be related to a plane wave. Metric (10), in terms of the deviation r ab' satisfies 

and r = T),:dr(;d = 0 • (11 ) 

Clearly, metric (10) is also rather arbitrary as the similar case derived by Peres and Bonnor (11]. It will 

be shown that metric (10) is ~ compatible with relativistic causality. 

Metric (10) and similar metrics [11) have a general form as follows: 

ds2 = du dv + Hdu2 - dXj dx j • ( 12) 
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A light trajectory satisfies ds 2 = O. For a light in the z-direction (Le. dx = dy = 0), one obtains 

dz 1 + H 
ds2 = du dv + Hdu2 = 0, and dt = - 1 H (13 ) 

is the backward light speed while light speed is 1 in a vacuum. Then, 'UUatWiMic. C4IJI.)ality requires, 

H :S 0; (14 ) 

and if eft is time-like, -1 < H. Obviously, condition (14) is not satisfied by metric (10). This analysis 

further confirms the conclusion that currently there is no physical solution for an electromagnetic plane wave, 

and causality will not be satisfied unless the source tensor is modified (5 J . 

Moreover, the fact that metric (10) is not physical, can also be shown from the viewpoint of gravita

tional forces. For an electromagnetic plane wave, from eq. (11) it is obvious that the origin of the x-y plane 

can be chosen arbitrarily. Then, it follows that, for a massive point-like particle, the gravitational force is 

also arbitrary since it depends on the origin of the x-y plane. Note that r/u = (1/2)8H/8t. Clearly, the 

arbitrariness is due to the existence of resulting parameters (the choice of origin) which are not related to the 

cause (an electromagnetic plane wave). Thus, the principle of causality is violated, and such a violation is the 

root of the violation of relativistic causality. This illustrates that, in general relativity, relativistic causality 

and the principle of causality are not unrelated. 

4. Conclusion and DisaJssion 

Currently, some relativists are unable to distinguish physics from mathematics, and many exact solutions 

are unphysical (4,6]. It is often said that a coordinate system is arbitrary because it may not be an inertial 

system. However, this arbitrariness is only among physically valid coordinates [2 J. It is often said that co

ordinates have no meaning. This only means that without the metric gik there is no physical space ( 9] . 

Although there is no absolute time, a time coordinate is, in several aspects (12), distinct from a space co

ordinate. Thus, it is not valid in physics to consider that there is no real distinction between the space and 
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time coordinates, just as there is no real difference between any two space coordinates. 

In special relativity, the space-time metric is an invariant. A Galitean transformation is not physical 

because it, although compatible with Einstein's equation, is incompatible with this invariance and the constancy 

of fight speeds in a vacuum. In general relativity, the metric is no longer necessari ty invariant under coordin

ate transformations because the non-inertial coordinates are included. However, as shown, relativistic cau

sality and the principle of equivalence are physical requirements which are independent of Einstein's equation. 

The light cone condition is inadequate to ensure relativistic causality. And the Galilean transformation, which 

associates with absolute time, remains incompatible with experiments. 

MathemaUcally, a Riemann metric (with a correct signature), at any point, can be considered as locally 

flat since it is diffeomorphic to a Minkowski space for a small region. In current theory, there is an .f'm,pUcU 

physical assumption that such a diffeomorphism is physically valid. On the other hand, the principle of equi

valence '£e.q~ that such a diffeomorphism is obtained through a free falling coordinate system. However, 

as shown, such a requirement may not be satisfied, and therefore the implicit assumption may not be valid. In 

other words, the principle of equivalence puts a restriction on physical coordinates. As pointed out by 

Weinberg [1 3), the mathematical viewpoint based on geometry may not be adequate. 

It was believed that the harmonic coordinate conditions were generally applicable because Hilbert (14) 

shows that solutions are not unique and the required gauge can be obtained from a differential equation 

[1,3). It was also believed that every mathematical coordinate system is valid in physics and that a gauge 

can be arbitrarily chosen. These beliefs have been proven to be incorrect because a gauge may not be com

patible with relativistic causality and therefore the principle of equivalence. Thus, covariance is considered 

among a smaller set of coordinate systems. Moreover, a physical coordinate system may not exist for a speci

fic problem (5]. This would mean that a search for a valid source remains to be completed (7]. 

It is interesting to note that Einstein (15) is probably the first who discovered (in 1936) a problem 

related to gauge. Moreover, in view of the fact that the current notion of gauge is inadequate, the harmonic 

gauge is probably a problem that Einstein's radiation formula is not derived in a self-consistent manner 

[3,16). While relativistic causality is a necessary condition, it remains to clarify whether the satisfaction of 

the principle of equivalence is generally sufficient for a physical coordinate system. 
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