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Abstract 

We prove that the empirical relation between "radii" and order af the Bose-

. Einstein correlationsfaund by theUA,l minimum bias collaboration is a consequence 

form o(the density matrix. 
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Bose-Einstein correla.tions (BEC) constitute anobjed of i.lltens~ve study bothfrolU the 

experimental and theoretical point of view (for a tevit>w d. eg.[lJ). One of the unsolved 

questioIll' in this field relates to the experimental evidence for coherence. According to 

quantum ~atistics {2J the presence of coherence ma.Ii.ifesb itself in the second order Bose

Einstein correla.tion through the appearance of two correlation terms instead of one as 

would be the case if the fields would he completely chaotic. Consider the corl'lelator of 

the chaotie fields 

< 1I"i;.{kl)*ch(~) >=:: F(k.,k,) =v'F(k1,kt)F(ka,k,) tIll (1) 

'where, in thea.ssumptionof"sta.tionU'it.y" ink space, a12 iaa,£unction of q1, == -(k1-k2)' 

ouly~ Here F(J:, k)c;:< S1Ji(k)- > is the mean number of chaotic particles of momentum k. 

For a superpoaitionof-coherent and chaotic fields l , 

11" = rt' +, rch, (2) 

ihe second order correlatiOn, function reads 'thea: ' 


1 'tifT 


C", ('1',2) . = ;;;~2

2, - ld<Tldo' 

;cPk1 ;;d3k1 , 

", C2(1,2) = 1 + 2 p(l- p) tIu+ 1'2 4, (3) 

whete p is the chaoticity defined by 


<ndt > 

p-(4)<n> 

and where, < n > is the total mean multiplicity. The linear superposition in eq.(2) is 

the usual way to introduce coherence in quantum optics. It differs from the Landa.u

GiDiburgtype ansatt proposed in [4). In eqs. (3l, (4) we assume for simplicity that p is 

lit should be stressed that 1r is a bona fide field, to be distinguished from e.g. phenomenological 

"'fielda
lt 

as introduced in refs.[3) which are real quantities in momentum space. 

2 

independent of momentum. The fo~_of the {unction d12 is not determined by quantum. 

statistics. The only constraintd has to satisfy on general physical grounds is that iibe 

a decreasing function of its argument. In quantum optics d is usually para.rn.etrizedby 

an exponential ~;Jl == exp{-Rql~)' while in particle physics a. Gaussian parametrization 

dftt =: exp(-R'q~,) is more frequently used, although in the few c~ where exponentials 

ha.ve also been tried, they P:oved to be at least as good as Gaussia.n8~ Eq. (3) then reads 

[2} in these Ca8eS 

eftu .. := 1 +2p(1 - p)exp(_q2R') +p2,exp(_2q2R') -(5) 

and 

c~p = 1 +2P(1- p)exp(-qR} +texp{-2qR) (6} 

As emphasized already in [21 there isnotbing fundamental in any of these parametrizatiOn! 

and it is up to the experiment to'determine which' form is more adequate. ',(Obvi~,a' 

micioseopie theor,. like QCDsho~d eventually be able to derive the "true- form of d.) ,In 

most, experi~ta1'studies however a one· exponent eorr~lation formula for ·Ca'""MUsed, 

containing again two parameters, the meaning of which is not obvious: 

,.eXP.(_2q2,R2) :' for & Gaussian
Cn ,= 1 +,\ (7)

{ exp(-2qR) for an e.~onentia1 

Here ,\ is an empirical parameter which can be identified with either 2p(1 - p) or p2 in 

eq. (3) only if p < 1 or p ::: 11 respectively. Only then l is related totlle chaoticity;, H 

one rewrites eqs. (5),(6) in the form 

c;auu ::: 1+ Ifexp(_q'lR:G) +>/fexp(_q2~G) (8) 

and 

~p = 1 +,\~!fPexp(-qRlezp) + l;qexp(-qRkq) (9) 
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then the characteristic QS feature of eqa. (5), (6) is the fact that the: two correlation 

terms are in a well defIDed relationship"nwely the coeffide. AhA2 are related by 

.\1 ~ 2ji;(1 - A) 	 (10) 

and the radii appear in the ratio 

B!t 1 RiP 1 
(11)Rf' ;:: vi and ,~7:P =: '2 

Recently 15,6) there have been a.ttempts t{) test this p:rediction of QS in the second order 

'~oorrela.tion fu1lCtiOD~ but because of the limited statistics no deMeut ,distinction between 

the ~(5), (6) 011, the one hand,and(7) on the other h~dcould be established. There 

:~s~~however another possihility to check tbepresence 'Qf coh~ence in BEC' by studying 

higher order particle (intensity) cottelations. Indeed; as.aconsequcncc ofth~ standard 

'Gaussian form of thec,QS densitymatri:t ( d. below), these higher order correlations reduce 

to secondorder~ correla.tions' F(kh~)' and in {2} <:f......,. was a.ls() derived. The 

important point here i~ that relations analogOus to (lO),(Il) are o~tained for the higher 

order correlations but the only independent parameters are stillp and R. In {9J correlation 

fUnctions up to and including C, were given for the particular case of a Gaussian correlator 

"and .. symmetricconfiguration in momentum space, 

22. 2 2 _ _ 02 _ q2 _ Q2......:...-_ (12)912 == 913 := 923 - ,•• - 'I{n-I)" - .- n..n(n _ 1) 

torcourse, Bose-Einstein conelation (unctions involve only diagonal etements (in the particic number 

repres.nt.ation) ohhedensity mat.ri~ Therefore, another characterist.ic feature of coherence, namely. the 

preIIeIJCe, of noll-vaniahinS ofF-diaSODaJ matrix elements, annot be tested in BEC measurements. 
'This is' not t.o be confused with the caae discussed, In ref.[7] where it is assumed that t.he higher 

order intensiLy coneJations can be reduced t.o .t~ seeond ordu inten8itll conelaLiODs. The data of ref.[!i-l 

Pf0Y8' explicitly that such a "non-standard~ presc:ription' does not hold for hadron-hadron reactioDs, a 

eondusioD reached also by t.he authorS of m.ll] from the analY8is of multiplicity distribution data. 

where Q!. =: 'E:<i qiJ •These expressi~ are: 

0, 	= 1 +2p(1- p)e';'RtqJ. +p2e~2R2QIIt' ' 

=: 1 +6p(1 - p)e-Jt2Q1./3 +3p'(3 _2p)e-2R1Qf.13 

Qf../S+ 

18p +6p2) X 

+ 2p'e~.ft.IQI. ,C3 

C4 =: 1+ 12p(1 - p)e-R'<lf../.'+ 61"(7-,-8p +2p')e-.R
1

4,,(11 - 9p)e-R"QlIt'/2 +~9p4e-2R'Q:.../3 

Cs :=; 1 +20p(1 - p)e-R'Ql./lo + 10p'(13 

e-R'QI../s +2Op3(16 _ 21, +6p2)e-3JC1QI./10 + 

5p4(53 -44p)c':':lItIQI./5 + 44p$e-~qJ./I 

where 02(1 ... n) are defined iu analogy to the seooud-ordercasr. 


"
'I

--'u/d'k, ...tPlr:". 

C2(1 •...,n)'= 9' " " , ' ' 

n!.cfqltP~
.-1 " 


As can be readily seen the formulae {ox C3 ,C4 ,Csemergettom the two correlatiOn form" 

of C"l and thus rdiect the relationship (10), (ll) cha.ra.cteristic forc:oherent fielq.,. The ' 
, , , 

• 
 presence of coherence (p < 1) manifests itself e.g. in C3 by the existenee of 3 C9rretatk.' 


terms ra.ther th8.D' 2, as would be the case for purdy chaotic ~ld,. Fbrt~tbe' 

coefficients of these correlation terms and the "radii" are again in well defined relatioDs, 

analogous'to eqs.(10) ,(11). Herefrom follows that a strong tes~ of (a)the,standa.rd ,fortD 

of the density matrix and (b) the presence of coherence is the sit-nultaat!oua fit. of second' 

and higher order correlation data. by the QS formulae with the same parameters p and R. 

A recent experiment by the UAI minimum bias Collaboration {S} haa tested thi.lastQS 

prediction for higher order BE correlations and found that the data. can be better deteribed. 

by an exponential ans.atz for d than a Gaussian one., However the authortaof [81also found 

that wheJl comparing the da.ta with an ad·hoc eXponential versiOn of the correlation. 
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'~ 

fUllCti02llobtaiaed by simply replaclngGa\lssians 1>y exponentials ill the CormulAe (13)

(16).JcW~~ ~~on~tiaJ" cUe the radii extracted from higher order correlations are not· 

~saitle .. thosefoulld from the Second order correlation~ As .. matter of fact the authors 

of (81.obtained a «pure1y phenomenological" relation {ortbis apparent dependence of the 

rna = 	R v'm{m=i172 (IS) 

where R is independent .of the order of the. correlation. 

In ·thi81etterweshow. tllatthis Uphenomenological" relation (IS) is nothing else but 

a straish£orWard consequ~te of the QS approach provided that the form of the higher 


order couelation funct.ionsis derived from the initial correta,tor according to the rules 


of quantum., statistics and not:simply by "replacing'- CG.by Cup.-Once this is realized 


it follows that the "true" radi~ is independent of the order of. the correlation function 


and equal to the pa.rameter R present in . the correlator. The fact that relation (-18) was 


obtained empirically without any theoreti<:al prejudice is in our view 5trong evidence for 


, the presence of cohe.-ence a.:t well as for the standa.rd form of the density matrix which we 


write below: 

p = 	 N fDa· Det exp{-jdwt Jdw:z(o-(k.}- '1-(A:1»x 

M(kh A:2 )(a(k2) --y{k,»)} la-><.61 (19) 

where > is a coherent state ( a(k)la >= a(k)lo » and the definition dw = 

cPk/{{21r)32E£l is used. Here -y stands for the coherent part of the field. In eq.(19) 

M is the inven;e operator of the chaotic field cotrelator F (see eq.(l» 

J~M(kh k2)F(k2'~) =6(k1-k3)' 

Here, Dex denotes the functional different'ial and N. is a normalization constant. 

~ote thatp is Gaussian ina and Q*. This isnol. to be confused with tbegaussian 

para.metq~ation of the correlat()r mentioBed &bOve~ ExpreSsiOn (l9}for the densitYDl&thx . 

issta.nd&td in quantJ.m optia and together with theliuearJuperposition ofeoherent and 

'chaotic fields has been introQuced in pa:rticle.physia in ref. (10) and used subsequently 

in the QS analysis of mu!tiplicity data,(cf. ref.· [Ill) for a recent rev:iew). Its first~t in 

correlation data was performed inm. [S}. 

Given the fact that the density matrix is the most general operator which cb.ar¥:terizes 

(.ompletely any quantum system, the relevance of this 'nndingisobvious. In- sorne~se, 

however, the evidence for coherence is even a more important achievement. Indeed, QS 

coherence is the manifestation of a global collective property of the system, pr~t in aU 
" ..~c...'" modern quantum field theoretical (QFT) a.pproaches to particle physics and, in panicula.r 

in aU QFT treatments of confinement. Nevertheless theexperiment~ evidence {ortbis 

.... ",. ~ fundamental proper~y in particular in Bose-Einstein correlations has been controversi~. 

Tbis is so beca~,: (i) the intercept C,(O), which was inititally proposed as a test of 

coherence [1OJ is not easily accessible to experiment and is also sensitive to other effects 

difficult to control (for a review d. e.g. [1]); (ii) the distinction between one ~d two 

correl4ltion terms in C2 demands, as mentioned above, higher statistics.tha.n available at 

present. 

In the remainder of this paper we shall give the formul~ for higher orderootrela.tioJU 

up to and including fifth order for au arbitrary correlator a, show how eqs. (13)

(16) emerge from them as a. particular case, write the corresponding relations for the 

exponential parametriza.tion of d and in this way derive eq.(18) from QS •. One obtains: 

C,(l, 2) = 1 + 2p(l- p)Re9id128, + p2dn dn (20) 
p2. 

C3(1,2,3) = 1 +E {"faUd'll +p{l ~ p)8~dt282
,...r... 
1.1.1 
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== + ~dl'«23l31+P'(1-p)'id1243383} . 

,. •.•. '.' .'. r ". '. p' .'.",' 
= .It·~{'i....i~21 +2(1 - p)'iell,l.. +~lid33d:n 

a".... . 
. '" p4'. ' 

+ ,a(1 - p)6~l12d~3 + i"Jl,tl~nd34d.Q 

+ ~ (1 ;....P)'9idn92'34.84 + ~(J -- p)d12d'lle;d346" 

fl'+ -.:-d12d:t3d34dn, +~(1 '- P)'i(lU423d3494} 	 (22) 
~. pI p. • ". .,r


0&(1, .••5) = 1.+ L {12dttd,1 +6(1-p)8idu.(J2 +7 41'%d23431 

~-	 .1;2,1,'" ; 

1 	 .. Y 
+ ~ (1"": p)8idu42383 +~d12d~14;d43 + 2"(1- p)'8idn 828;d34(J. 

; 	 .' p.
+ '2(1- p)d12,G,I8;d34f1. +4dn d23d34a..r +1(1- p)9id12d234t84 

+ 	~d12'J21d34,d..sd53 +~(1- p)9idu62d34d4llds3 
.. 

+ ~ (1 -P)d12d219;d34d4581j +p3(1 - p)'l8idl'l8,9;d34a..585 
5 

+ ~ Gt2d23d34d45dsl +,4(1_ p)8idl'la23d34,d"I''(Jr.} (23) 

where we have introduced 8(k) ="f(k)/h(k)1 and assumed as in ref.[2J that the cha.oticity 

parameter p is independent of momenta (for a more general form d. [12]). 

'For the symmetrical momentum configuration (12) and for 9 = etm8t , we recover for 

,: the Gaussian form of the field correlator the r~ult.s (13) - (16). obtained in ref.[9}. 

For the exponential parametrization however one gets 

C" = 1 +2P(1 - p)e-RQ", +p'l.e-2RQ,. (24) 

C3 = 1 +6,{1- p)e-RQb/-13 +3P'(3 - 2p)e-*RQh +2p3e.--I3RQa.. (25) 
) 

C4 = 1 + 12P(1 - p)e-RQ.,,/v'6 +6p2(7 - 8p + 2p2)e-2RQ• .,I..!6 + 

4p3{1l _ 9p)e-3RQ.r/J'i +9p4e-4RQ4r</Vi (26) 

8 

1 +2Op(1- p>e-llQh,-lii+lOP'(l~ ':"18" +ep')x 

~...,RO••''t'ii+2Op3(1.~·21p+ 6'p:l}e~s~,~+. 

, 5p4(53 _ 44p)e-4RQ~~/./ii+44p"e-i8Qiw'.;!i1J 

and these are different from those derived empiriea.lly and used in IS}. Neverlhe1e8. they 

cau be made to coincide with those us~ in [8} after the substitution (1,8)..Thia pl'Ove8 

that the eq.(18) found empirically in [Slia nothing else but a consequence'of'qUantum 

statistics and in' parlicular of the presence of partial coherence. 

In conclusion, We have shown that· the UA1-data on the higher order Bose-Einriein. 

correlations can be considered as evidence for the standard form (19) of the densitymatrix" 

and' for the presence of coherence. Tbe {ad that the QS relations between the eoefB.dentf,f 

of the correla.tions and the "radii" are not only satisfie4 by the second order correlation 

function but simultaneously also by the third, fourth and fifth, and that this disc9VeI'Y was 

made by "trial and error" , suggests that the QS laws are robust enough to resist attempts 

-of "falsification". To para.phrase Voltaire: if quantum statistical coherence would not 

have existed, one would have to invent it. To have made -.possible this cone1usionis a. 

grea.t merit of the experiment of ref. [8J. Furthermore thi~ strengthens very J;nuch the 

confidence in the experimental values for It and p obtained in [Sl, i.e. R ~ 1.4 1m and 

p ~ 0.45 . As a tnatterof {act the value p -9.45 is consistent with the'value obtained for 

the chaotidty from the- analysis of higher momen.ts of the multiplicity distributioD (13), 

especially if one takes into account that ooly charged da.ta were a.vailable for that 

analysis4 • 

4Even after the result has been corrected according to eq.(18), a small dependence of t.be radiul Ron 

the order of tbe correlation remains. There may be severa) reasons for this. Firstly the JlftI'ameUilAtj~ of 

t.be function d is not general enougb, ~ rd.[12}. In part.icular. emphasiJed in ref'.[2} the ueumptif,m of' 

"stationarity" in Qspace. on which (24) • (27) are: based, 1M)' not hold dactly. Moreover; 1ft gesertJ the 
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Cbaotidtyperameter p is momentum dependent [12, 14}. Secondly the .ymmetry assumption (12) may 

be too strong. This particularization can be avoided (d. e.g. (6)). Thirdly the corrections introduced in 

ref.[8}in the higher order correlations for the Coulomb interaetion and (or the limited detector aa:eptance 

weJ'e obtained by "straishtCorward" extension of the corresponding corrtction factors from the eecond 
'\ 

order correlation function. That such ~ procedure may introduce biaees has been proven above in the 

c:ase of correlato,.. 
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