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Einstein's radiation formula has some weaknesses related to its
derivation. It is shown that much of the criticisms based on the deriva-
tion are not valid to the formula itself because none of the weakness is
essential to the derivation of a radiation formula. A modified derivation
results in essentially the same formula for the binary stars. In this con-
nection, it is crucial to realize that the "gauge condition" is not gener-
ally applicable. Moreover, this analysis shows that Einstein has im-
pPlicitly made some important modifications of his equation. The result-
ing equation is a more versatile theory which includes radiation.
Concurrently, it is also shown that linearized gravity would be wvalid

only if the linearized conservation law is exact.



GRAVITATIONAL RADIATION
AND

MODIFICATION IN EINSTEIN EQUATION

I. Introduction.

General relativity suggests the existence of gravitational waves.
However, gravity waves have never been directly observed although there
is indirect evidence which supports energy loss by gravitational radia-
tion [1,2]. Theoretically, the existence of gravity waves had been assum-
ed a certainty to the first approximation. However, Einstein himself had
serious doubts about their existence because he discovered in 1936 that
linearized gravity is not reliable [3]. Although during 1950s theorists
reached a consensus that gravity waves did indeed exist (4], the contro-
versy concerning the famed "quadrupole radiation" formula remains
(2,5,6]. In fact, Einstein's radiation formula is intrinsically incon-
sistent with the linearized "gauge condition" (see §III). This condition
necessarily implies that the linearized conservation law is exact (see

§II). This in turn implies that there is no radiation [2,6].

It appears that the radiation formula has some weaknesses in its de-
rivation [2,5]. However, criticisms based on the derivation may not be
valid to the formula itself. In this paper, it will be shown none of the
weakness is essential to the derivation of a radiation formula. A modifi-
ed derivation results in the same formula with an additional term which is
expected to be small for the binary stars. In this analysis, it is crucial

to realize that the "gauge condition" is not generally applicable [7].



II. The Initial Derivation of Radiation Formula.

Much of the criticism of Einstein's radiation formula is based on
its derivation. Here, to identify the problems, major steps of the
derivation are presented. Much of the presentation is based on Wald's [2]

and Yu's analysis [6].

First, the non-linear Einstein's field equation reads

1
Gab = Rap = 2 Rgap = - K Tyap , (1a)

where its source K T,;, generally depends on the space-time metric g,;,. The

harmonic coordinate condition [2,8] is

o)
Bxa(1gi%g3P)= 0, (1b)

where g is the determinant of the metric. For weak gravity, it is
convenient to consider equations, which is expressed in terms of
deviations Ygp (= gap - Nap) from the flat metric. Then, eqs. (la) and (1b)

are respectively linearized to (2,8]

Gap(l) = = K Ty | (2a)
where
1 1 _ - 1 a
Gab( ) = ?acac'rab - ac‘a(bq’a)c + Tnabaca Tca 7
and
03T,y = O, (2b)
where



Tab = Yab = 7 Nap? , and ¥ = 197y, |
The "transverse gauge" (2b) sufficiently reduces (2a) to
1 —
50C8.Yap = - K Typ- (2c)
It follows eq. (2b) that the linearized conservation law,
82 T, = 0, (2d)

is necessarily exact. The effective stress-—-energy tensor of the

gravitational field, valid to second order, is assumed to be [2]

tan = Gap(?) /K (3a)
where

Gab(z) = Ggp -~ Gab(l)'
Then the total energy associated with T, is

E = {tgod3x (3b)
and the rate of energy loss due to radiation is

dE

-1
at = -§taeds® = —p  [Gyo(2)asa (3c)

To evaluate formula (3c), one must solve eq. (2c). The solution is



— . K 1 . '

Yap (%1, t) = - ZF{RTap(x'1, (t - R)]d3x (4a)
where

R2 = Z(xi - x'i)z
In the far field from the source, eq.(4a) can be approximated by

_ K 1 , ,
Tab = - 2 riTaplx'i, (t - R)]d3x (4b)

To establish relationship between different components of Tap, let us

consider the Fourier transform

. 1 -
Tap(W, x1) = - 737 {Tap(t, xi)eilt gt (5a)

Then the linearized conservation law eq.(2d) implies

. 3 07,
~iwPop(w, x1) = Z{7§gr (5b)
a=
It follows (5b) that
i w2
fPik @3x = - 5 (P00 xkxj g3x (5¢)
Consequently,
1 82 .
fTik @3x = 5 pgz [T00 xkxJ 43x - (6a)

Substituting (6a) to formula (4b), one obtains,



_ K 82 .
Yik = - 77T Btz IT00 xkx] a3x (6b)

Then the rate of energy loss formula (3c) becomes

dE G e
at = - 45 (@3 ) (7)

where 9k is the quadrupole moment tensor of the material system. Eq. (7)

is the famed "quadrupole radiation" formula.

I1II. Theoretical Issues and Modifications.

Einstein once remarked that the left-hand side of his equation was
granite, but the right-hand side (the source) was sand. It will be shown
that, in the problem of radiation loss, he has actually modified the sour-
ce with the concept of anti-gravity implemented. This modification would
have been agreed upon by Pauli [9] who pointed out that general relativity
does not provide a physical interpretation for the sign of the gravita-

tional coupling constant. At vacuum, eq.(2a) and eq.(3a) imply that
Gab = Gap'l) + Gapl?) = Kty - (8a)

Thus, t,, is actually a tensor although it appeared to be a pseudotensor

in eq. (3a). Eq.(8a) means that the factual assumption at vacuum is

Tap = = tap - (8b)

Eq. (8) means that the tensor t_;, has anti-gravity coupling. This is also



necessary. The Einstein tensor of a gravitational plane wave has, on the

average, a different sign from that of the massive matter (7,10].

It will be shown that the current justification for eq. (3a) is not

valid. Let us consider the second order approximation that

Gab(Ved) = GapP(Tcat)) + Gap (1 (71cq(?)) + Gop (2 (Yq(D)),
where

Tea = ch(l) + »ch(Z) ' (9a)

and 7T.q(!) and 7.4(%?) are respectively the first and the second order

approximations of T.4. Eq. (9a) seems to imply
Gab(l)(ch(z)) =z - Gab(z)('rcd(l)) ’ (9b)

and eq. (9b) was used to justify (3a) [2]. However, eq. (9b) is not

generally valid since 88G,, (1) = 0 , but eq. (la) implies
383G, (2) (7oq(1)) = - KB3T, . (9¢c)

Thus, eq. (9b) is not valid unless the term K02T_,, is of third order

deviations.

Eq. (8) and eq. (9) reveal that, in practice, Einstein has extended

his formula to the following form,

1
Rap = 2 Rgap = - K[Typ(m) - tap(g)] = - KTy, (10a)



where T,,(m) is the stress tensor for massive matter and t_,,(g) is for the

field energy which includes radiation energy. Eq. (10a) implies

va T p(m) = Vat,,(g) = O. (10b)

Energy-momentum conservation requires they are conserved separately.

This seems strange at the first sight. But, this is necessary. The
gravitational force, as shown in the geodesics, has no separate term as
the other force such as the Lorentz force. Also, from eq. (10a), if the
stress tensor T,, is zero at vacuum, then it is not possible to have

gravitational radiation since t,, = 0 (see also [3,11]).

To justify the validity of the following Maxwell equation,

acac?ab = “ZKTab(M) ’ (IOC)

for weak gravity, linearized gravity and the gauge condition were used.
However, in linearized gravity, eq. (2a) requires that the linearized
conservation law eq. (2d) is exact because 382G, (1) = 0. For eq. (10c), the
gauge condition eq. (2b) would creat a similar problem. Fortunately, it
has been shown that, neither eq (2a) nor eq. (2b) is a necessary condition
for eq. (10c) (7,10]. Thus, eq. (10c) can be independently justified from
a physical ground. Eqg. (10c) produces Newton's law. In vacuum, eq. (10c)
implies that a gravity wave propagates with the speed of light. Moreover,
the inclusion of radiation energy in eq. (10c) would lead to an unphysical
equation. For example, if an electromagnetic plane wave is the source,

then eq. (10c) is exact [7], but Ggi(l) = - K T,p(m) is not valid.



The fact that Einstein's derivation is not self-consistent [2,6] is
due to the "gauge" condition (2b). As pointed out by Wald [2] that eq.
(2d) implies that "two stars would not orbit each other but would move on
geodesics of the flat metric." This means ij‘jk is zero and therefore no
gravitational radiation. Stephani [8] also recognizes that eq. (2d) is
not consistent with self-gravitation. However, it seems, they have over-
looked the fact that it is eq. (2b) that requires eq. (2d) to be exact. If
eq. (2b) were wvalid, it should not lead to an unphysical consequence
unless eq. (10c) is not valid. Thus, it is necessarily to replace (2b)
with a condition of less restrictive. Fortunately, the "gauge condition"

has been proven to be not generally valid (7,10].

In the above derivation, eq. (2d) is used only to obtain eq. (5b).
Due to weak gravity, eq. (5b) can be derived with VaT,, = 0. Note that the
second order accuracy of G,,(?) remains the same. Thus, the "gauge condi-

tion" is not needed if eqg. (10c) can be justified independently.

However, when eq. (10c) is used directly without the gauge

condition, the tensor t, becomes

tay = [Gap(?) + Hyp(1)]/K (1la)
where

Hp(1) = —é—(nabach - 9pLy - 84Lp), and L, = 8%, .
And

—ZaaHab(l) = 6CacLb = acacaa_'fab = -2K aaT(m)ab . (11b)

Eq. (11b) implies that the inhomogeneous solution of L, is of second order



deviations. If the motion is periodic, the metric and T(m),, would also be
periodic. Then, on the time average, L, and and therefore H,, (1) would be

zero. Now, due to weak gravity, eq. (10b) implies
82 t , = 983G, (2)/K + 82T(m),, =~ V2@ t, = O. (12a)

Thus, the field energy is from matter. On the average, the tensor t,, is
essentially G,,(2)/K as assumed [2]. It follows eq. (12a) that

dE 1 2 1
d_-t = - StaOdSa = - -ITSGaO( )dSa + WS(aoLa + aaLo)dSa (12b)

Eq. (11) implies that Ly is linear to K32T(m),,. For the case of a near
periodic motion, the time average of H,;(1) would be negligible. Then, eq.

(12b) would in effect be the same as eq. (3c).
IV. Conclusion and Discussion.

In conclusion, linearized gravity would be valid only if the linear-
ized conservation law is exact. The radiation formula requires that the
gauge condition should not be valid. To handle radiation due to self-gra-
vitation, Einstein has implicitly extended his equation to a more general
form. Such an extension would be allowed by the three crucial tests (see
also [11]). The Einstein tensor requires the coupling of t,, must be anti-
gravity. Physically, this is expected since the field tensor t_,, is ind-
uced by T(m),,. Moreover, t,, only appears to be a pseudotensor which is a
focus of severe criticisms (5]. Now, it seems, much of the criticism of

general relativity has become meaningless. They are as follows:

10



i) Einstein's quadrupole formula for gravitational radiation is not
a corollary of general relativity.

ii) When a gravitational field and matter are taken in conjunction,
the general theory of relativity has not, and cannot have, energy
momentum conservation laws.

iii) It does not follow from general relativity, in principle, that a
double star losses its energy by gravitational radiation.

iv) General relativity does not have the classical Newtonian limit
and, hence, it does not satisfy a fundamental physical principle,

that is the correspondence principle.

Some colleagues have linked the validity of "gauge" and linearized
gravity with Einstein's radiation formula. The fact is that both
linearized gravity and the "gauge condition" is inconsistent with the
radiation formula. Either of them requires the approximate linearized
conservation law to become exact (althoug such a conservation law does
not assure the gauge condition [7,10]). Fortunately, the validity of the
"linearized" equation (10c) does not depend on either of them. From the
viewpoint of physics, radiation should be -independent of the
mathematical method used. However, this would leave the justification of
the "linearized"” equation (10c) open. In this paper, its justification is
based on physical considerations. It seems, once the "linearized"
equation is accepted, in this new derivation, the weakness related to

linearized conservation law no longer exists.

The author gratefully acknowledge stimulating discussions with

Prof. P. Morrison and Prof. Xin Yu.
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