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The integrability of the quantum Calogero-Moser model is proved through the
quantum inverse scattering method. By use of the Lax operator L, a new formula for
the conserved operators is found. The formula suggests that Tr L”, which are con-
served in the classical case, are not necessarily conserved operators. The Hénon-type
conserved operators are also presented.

A one-dimensional particle system in which
all the particles interact through inverse
square pairwise potentials is called the
Calogero-Moser model.!™® Integrability of the
classical case was proven by Moser.” The quan-
tum version had been solved by Calogero? and
Sutherland.?

In this letter, we shall prove the integrability
of the quantum Calogero-Moser model by ex-
plicitly constructing a set of independent con-
served operators. The Hamiltonian of the
N-particle quantum Calogero-Moser model
reads
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where m is the mass, g the coupling constant
and & the Planck constant. Hereafter, we shall
set m=1 and ~=1 to simplify the notation.

The quantum inverse scattering method for
the N-particle system on a line is introduced as
follows. Let L and M be operator-valued
N X N matrices. We choose L and M (a Lax
pair) such that the Lax equation
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is equivalent to the equation of motion
generated by the Hamiltonian H.
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For the quantum Calogero-Moser model,
we find that L and M are given by
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where a is a constant related to the coupling
constant g by
g=a’—a.

®

In fact, it is easy to show that substitution of L
and M of (4) and (5) into the Lax equation
yields the Heisenberg equations of motion:
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We note that (6) contains the quantum effect:
with A, relation (6) reads as g=a?— ha. Since
the matrix elements of L are operators, a
construction of conserved operators is not
obvious.

We present a novel approach to construct-
ing conserved operators. A key observation is
that M, in (5) satisfies

N
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Then, we can readily check that
N N .
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that is, a set of conserved operators {I,} is
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given by
1~
I,=— Z (Ln)jk, n=1,2,---,N. (10
n =1
Formula (10) is reported for the first time. In-

clusion of the factor 1/n in I, is merely for con-
venience. We may decompose the summation

operators. With these conditions, the second
term (11) need not vanish. This shows that
Tr L" are not necessarily conserved operators,
while in the classical case, Tr L" are integrals
of motion.

We see from the formula (10) that {7,} are
functionally independent. Then, the set of in-

in (10) into dependent conserved operators {I,} proves
the integrability of the quantum Calogero-
Moser model (1).

It is instructive to write down the explicit
forms of conserved operators. The first four

—Ly; for j#k and Lj; are are
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From explicit form of the L-operator (4), we
know that ij:
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Here and hereafter, we use x;»=x;—Xx; and so on, and 2’ means that no two summation indices
coincide. As we expected, only g (not @) appears in {1, }. We have confirmed that I}, I, and I; are
the same as Tr L, (1/2) Tr L* and (1/3) Tr L3, respectively, with the relation g=a*—a. The
last term in I, should be noted. With m and A, the coefficient is (1/4)(g*°—h?g/m), which
becomes (1/4)g* in the classical case.

The above conserved operators can be cast into the Hénon-type forms:¥
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The Hénon-type conserved operators have the advantage that orderings of the various factors in

each term are not essential.
The expressions in (13) agree with the ones obtained from the expansion

N
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n=1
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with g=a?. Calogero, Ragnisco and Marchioro® proved that

[H, det ‘ij
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(Rigorously speaking, their potential is 1/sinh? x instead of 1/x?, but the discussion is the same.)
To carry out the proof of (15), they modified the Lax equation (3) to

1
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However, the symmetrized commutation on
the r.h.s. of (16) requires a justification from
the viewpoint of the quantum inverse scatter-
ing method. It is extremely interesting that
both approaches give the same Heénon-type
conserved operators {J,}, although the Lax
equation is interpreted differently and the rela-
tion between ¢ and a is different.

In conclusion, we have presented a new
formula (10) for independent conserved
operators and thus proved the integrability of
the quantum Calogero-Moser model (1). This
analysis can be extended to the cases with
spins.®
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Note added in proof—The results in this letter hold for
the trigonometric case:

Ly=p;o;+ia(l— j,()cotx',k,
M==-a(l— )
ik jl( Xie Jk,[:_;sm Xﬂ
o pit
g 72 g/;l sin’ xjk

Jk




