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1. Introduction

In 1965, the soliton as a new concept in nonlinear dynamics was introduced by
Zabusky and Kruskal'. Exciting findings in the pioneer period were collected in an
excellent review article by Scott, Chu and McLaughlin?. During the last decade,
there continued to be many important developments3. One of them is a unification
of exactly solvable models in physics. The quantum inverse scattering method places
the theory of exactly solvable models in a unified framework and provides a powerful
method for studying those models. Solvable models in (1 + 1)-dimensional quantum
theory and in 2-dimensional classical statistical mechanics share a common property:
to each model we can associate a family of commuting transfer matrices which are gen-
erators of an infinite number of conserved quantities. This property may correspond
to the Liouville theorem for classical Hamiltonian systems. A sufficient condition for
the commutability of the transfer matrices is called the Yang-Baxter relation?. The
Yang-Baxter relation is a key of new ideas and new concepts in recent mathematical
physics such as knot theory based on solvable models, and quantum groups.

This report presents some recent results related to the quantum integrable sys-
tems. It is known that there exists a correspondence between 1D quantum system
_ and 2D classical system. The Baxter’s formula relates a 2D solvable lattice model to
~ a 1D integrable $pin system. In section 2, we extend the Baxter’s formula into the

" case of finite temperature. Combining this extension with the evaluation of finite size
corrections, we obtain a systematic method to calculate low temperature expansions
of thermodynamic quantities®®7, Sections 3 and 4 deal with integrable systems with
long-range interactions. Some time ago, Gaudin introduced a class of such spin mod-
els using the Bethe ansatz method. In section 3, we give an algebraic formulation
of the models. Introducing inhomogeneities into lattice models, we present a general
method to construct quantum integrable spin Hamiltonians with long-range pairwise
interactions. The last section is devoted to a reformulation of the quantum inverse
scattering method for 1D quantum particle systems. In particular, construction of
conserved operators for the Calogero-Moser system is explicitly shown. The expres-
sion in terms of the Lax operator is new. Further, we find that the Lax pair yields
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an interesting algebra.

2. Finite Temperature Baxter’s Formula

We consider a square lattice with Af rows and N columns under the periodic
boundary condition (M +1=1, N +1 = 1), and define a model of classical statistical
mechanics on the lattice. We assume that the Boltzmann weights of the lattice model
satisfy the Yang-Baxter relation. Let T (u) denote the transfer matrix, where u is
the spectral parameter. The Yang-Baxter relation assures the commutability of the

transfer matrices :
[Tw(uw), Tn(v)] = 0. (2.1)

It is known that there is a relationship between the row-to-row transfer matrix Ty (u)
and a 1D quantum Hamiltonian H :

H=- TN(O)”‘-—a—TN(u) . : (2.2)
8‘& u=0

For instance, the Heisenberg XYZ ( XXZ ) model is related to the eight- ( six- ) vertex
model by a formula (2.2). We call (2.2) Baxter’s formula.

The relation (2.1) contains useful information. Expanding the transfer matrix in
powers of the spectral parameter, we can easily verify that the transfer matrix is a
generator of an infinite number of conserved quantities (operators). The first term in
such an expansion is the shift operator :

Tw(O)%574, = 8(b1,an) - 6(bw, an-r), &9

where @ = {¢;} and b = {b;} denote state variables respectively in lower and upper
rows, and §(b;,a;) is the Kronecker’s delta. A set of the conserved quantities, {1},
is given by
I = o 7 log Tiv(u)
a u=0
The Baxter’s formula (2.2) corresponds to I up to the sign.

The above discussion indicates that [Tn(u),Jt] = 0 and that Ty (u) and {I:}
have common eigenstates. Thus, the Baxter’s formula (2.2) leads to the relationship
between the ground-state energy E, of H and the maximum eigenvalue Aqax(u) of
Tn(u) :

(2.4)

(2.5)

0

E,=— é—JIOg Amax(2) .
. 'We have observed that the equivalence through the Baxter’s formula between 2 1D
" integrable quantum system and a 2D solvable lattice model is useful in particular
when we discuss the zero-temperature properties ( e.g. ground state energy ) of the
former. A challenging problem may be how we extend the Baxter’s formula to study
the finite temperature properties.

We look for a new approach to analyze thermodynamic properties of the 1D
quantum system. The Baxter’s formula (2.2) assures the expansion,

Tw(u) = Ty (0)[1 — uH + O(u?)]. (2.6).
Using the Trotter’s formula, we have

exp(~fH) = lim (Tw(0)™'Tw(8/M))™, (2.7)
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where B = 1/kpT as usual. Since T (0) is the shift operator, we may interpret
T (0)~1Tn(u) as a diagonal-to-diagonal transfer matrix and denote it by T2T2(u).
Then, the free energy per site, f, of the 1D quantum system can be expressed in
terms of the partition function Zarx of a 2D classical model on the lattice:

fz-'ﬁl'ﬁ»}i*.“w}iz;loszm(u);  (28)
D =DEREM, v s

" The eigenvalues of the transfer matrix are infinitely degenerate as u — 0. Therefore,
(2.8) is not practical and remains to be formal. To avoid this situation, we introduce
a trick: we look the lattice from the crossing channel, that is, from a 90° rotated
frame. . ... . e S S T

~Because of the crossing symmetry of the model, this manipulation is made by
the change in the spectral parameter u into A — u, where ) is called the crossing
parameter*S. Correspondingly, we introduce a notation T3 (u).= TH2(A — u).
Now, (2.8) is replaced by o

. P A -% Jim log A“(_“)’ - (2.9a)
.ZMN(‘U) = T‘I(Tﬁ(u))}vv U= ﬁ/M) (296)

where Aag(u) is the largest eigenvalue of the crossing transfer matrix T3¥ (z). Equation

(2.9) is a finite temperature extension of the Baxter’s formula (2.2), and has been

named finite temperature Baxter’s formula. Remark that the spectral parameter z, a

fundamental quantity in soliton theory, now plays a role of intertwiner between finite
" size system and finite temperature system.

1D Quantum Chain -
T finite .V T=0
Off Criticality' u=l/TM Criticality
2D Classical System
M X N Sites

Fig 2.1. Relations between finite size system and finite temperature
system



A caution is necessary for making use of the formula (2.9). Since the temperature
dependence enters only through u = /M, one should be careful in taking the limit
M — oo. Otherwise, any information of finite temperature will be lost. Instead, a
finite size calculation or a 1/M-expansion gives a systematic method to obtain low
temperature expansions of thermodynamic quantities. Figure 2.1 summarizes the
significance of the hmlts T— 0 and M — oo for 1D quantum system and 2D classical -
system. -

The theory of ﬁxute size corrections has attracted much attention of theoretical
physicists since it gives central charge ¢ and scaling dimension z which are essential
quantities in the conformal field theory. To evaluate finite size correctwns, we adopt
a method by de” Vega,” ‘Woynarovich -and Eckle8. -The calculation is involved but
 straightforward. * We apply the Euler-Mclaurin expansion formula and the solution
technique of the Wiener-Hopf integral equation to the Bethe ansatz equation.

A new approach to finite temperature quantum systems presented above has
been successfully applied®®7. It should be stressed that this approach is valid to any
" quantum chain as long as it is solvable by the Bethe ansatz method We only mentlon
here the Tesults for the XXZ spin chain in a gapless phase -

. H= JT Z(U' T4+ 0‘, O'H—I + Ao °'l+1), (2.10)
=1 »
A ,_; | A=cosh o (211)
The free -ener-gy f with the first thermal correction is '
Ty

f=fo- 12sinA-Jr = - (212)
where fo, is the ground state energy. The result (2.12) is the same as the one obtained
by the Bethe ansatz method with the string hypothesis.

Calculation of the higher terms in T can be done by making use of the pertur-
bation theory of the Wiener-Hopf integral equation. In the limit A — 0 ( the XXX
model limit ), the correction terms have rather simple expressions. The free energy
f and the correlation length £ are respectively given by

(ksT)? = (ksT)?

- f = fm - 3 + *ty
12Jr  2Jr (log(J7/ksT))
a az ,

— 2 . 2.14
=Tt Ty T (214)
- where a; and a; are constants. Two remarks should be made. First, the appearances
. of logarithmic terms in (2.13) and (2.14) are noteworthy. This is the first analytical
" derivation of such terms and has been confirmed by numerical calculations based on
a different formalism. Second, we find that the calculation of the correlation length is
quite straightforward, by making use of the results for the corresponding 2D classical

models. This is remarkable since in string hypothesis approach we can obtain only
the free energy and cannot get any information on the correlation length.

(2.13)

3. The Gaudin Model and Generalizations

Depending on the interaction ranges, completely integrable systems may be clas-
sified into two groups. One is a system with short-range interactions including the
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We can regard {H;} as commuting Hamiltonians. In fact, substituting the ex-
pression Z; = I + nHi + O(n?) into (3.7), we see that

[HksH']=0! k)1=1)21°":N' (3.14)
This indicates that a Hamiltonian system
N .
H =_z arHy, a;:constants (3.15)
k=1

is completely integrable.
It is interesting to compare a formula (3.13) with the Baxter’s formula (2 2).

" While the Baxter’s formula gives a spin Hamiltonian with nearest-neighbor interac-

tions, the formula (3.13) ylelds a spin Hamiltonian with long-range interactions.

The above discussion is general. We have used only the Yang-Baxter relation
and the properties of the R-matrix such as the regular condition, the quasi-classical
condition and the inhomogeneity. Given an R-matrix, we have commuting Hamilto-
nians {Hg} by the formula. (3. 13) For instance, from the R-matrix for the spin-1/2

1 XYZ model, we have

o , 2 . z_z
RN 2}%‘;“(21_3:){ (1 + ksn*(z; — =;)) o7 0} |
+ (1 = ksn*(z; — z; )) a, Y+ en(z — :z, )dn(z; — 2;)(of o} -1)}, (8.16)

where k is the modulus of Jacobi’s elliptic functions. Applications to other models
including the spin-1 model have been discussed!®:!!,

4. Quantum Integrable Particle Systems

The quantum inverse scattering method for N-particles on a line may be intro-
duced as follows. Let L and M be N x N matrix operators. We choose L, M (Lax
pair) such that the Lax equation

L =i[H, L) =i[L, M), (4.1)

is equivalent to the equation of motion generated by a Hamiltonian A under consid-
eration. We associate an evolution of “eigenstate” as

= [U,H] = MU. (4.2)

Then, from (4.1) and (4.2), we have
(H,U'LU] =0. (4.3)
Equation (4.3) is a quantum version of the unitary equivalence by P.Lax. For classical

systems, a condition that U~'LU does not depend on time leads to the existence of
N conserved quantities {I,},

I, = %ﬁ(U-IL"U) = ;1;'1\-1;", (4.4)
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where Tr means the trace of matrix.” For quantum systems, since L and U are oper-
ators, the last equality in (4.4) is not guaranteed.

To be spec1ﬁc, we restrict our dlscusswn to the Calogero-Moser system whose
Hamiltonian is given by

1 & 1
H= -é-z:p)z + §gZ1(z; - zk), . (45)
i=1 J#k
pj = "'E’T, 7(z) = = . (4.6)

The La.x palr is fqund to be

o LJk = PJ bjx + za(l 5Jl=)°‘(zi - 31:): | (4.7)
- . Mji = a(1- 5yk)ﬁ(z_y — 21) + ab 27(3, —z), - (4.8)
o ‘ l#.r

' where aisa consta.nt related to the couplmg consta.nt g by 9= a2 - a, a.nd

o o - a(z)—l/a:, ﬁ(z)-—-l/z - (49)

.

Calogero, Ragnisco and Marchioro!? presented a set of conserved operators (
rigorously speaking, their potential is 1 /smh’a: instead of 1/22, but the discussion is
the same ) They proved that w1th g=a?,

" [H,detA] = (4.10)

where the matrix A is an N x N matrix defined by Ajx = Ljr — Abjr. The expansion
of detA in powers of A gives a set of conserved operators {J,} :

det[A;u] = det([L;x — AS,&]

= (=N + Z(—A)N“"J,,. (4.11)

n=1

Those conserved operators {Jn} have the same functional forms as the classical ones.
Only the difference is that p; is the operator in the quantum case. To carry out the
proof of (4.10), they modified (4.1) into

1
[H Ljx) = EZ{LJ"Mlk + M Ljy — Mj Lix — LieMji} . (4.12)
1

. However, the symmetrized commutator in the r.h.s. of (4.12) needs a justification
from a viewpoint of the quantum inverse scattering method. We therefore believe
that their proof is not satisfactory, although the conserved operators {J,} are widely
accepted.

An alternative method to find conserved operators may be the following. Irom
(4.1), we have

[H,(L™);x) = Z{(L")j:ﬁ/fzk - M; (L") }- (4.13)
l .
Explicit form of Mj, in (4.8) gives

ZM:'V-‘On ZMH = 0. (4.14)
j k



Then, we find from (4.13) and (4.14) that

[H,> (L)) =0, (4.15)
7.k

that is, conserved operators {I,} are given by

=—Z(L b n=12-N. . (416)
__The expression (4.16) is new. First three of the conserved operators are
5L = Zfo‘k =Y 5
j
: 1 2
L - I2 E(L )’k B ZP, 292(:: - z)?’
- Z(zﬁ
Zp, | 39 Z{P: zk), :

: 1 - 1 1

. + ("‘ "‘"‘k) (% -‘zk) (z; -—xk)zp"} (4.17)

As we expected g appears in {I } While I} and I are the total mornentum operator
and the Hamxltoman, Iy is a non-trivial conserved operator. In general, I, = 1 [n-

Z pJ - is a polynomial in p; and 1/(z; — zx) .
“We have found that the Lax paxr glves an mterestmg algebra. Let ‘us introduce
a set of operators, ] . ‘
B =3 Li=pj+ia) ——, O (a18)
k k#j kE—Zj
. 1 :
h; =2ij =pj+zaz — (4.19)
x kzj o T Tk

The operators h} and h; are hermitian conjugate each other. They satisly the com-
mutation relations

[hhhm] = 0: [httth;!n] = 0;

[hl,hL]=2M:m, ?,‘nl:l,?,-“,N. (420)

A similarity between (3.14) and (4.20) is intriguing. In terms of these operators, the
total momentum operator I; and the Hamiltonian I, are simply expressed as

N N
=Y hl=> h,
k=1 k=1
1 N
Ig = -:?- Zh}h;. (421)



Further detail analysis of long-range integrable Hamiltonian systems, in particu-
lar, the Calogero-Moser system with spins will be discussed elsewhere!3,
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