
,I _ , 
~ 

l,o 
\ 

I(~ \ 
~ 

f"., 
V 

Quantum Integrable Systems 
<3 
"6 

'-> 
I Miki Wadati, Taro Nagao and Kazuhiro Hikami 

­
1- .;~t. 

--z Department of Physics, Faculty of Science, University oft\Dkyo .." 

Hongo 7-3..1, Bunkyo-ku, Tokyo 113, Japan >~ 


t~ ~ 

'......I-.;y) (.Q 
,~-:"'<J N 

1. Introduction 

In 1965, the soliton as a new concept in nonlinear dynamics waS introduced by 
Zabusky and I{ruskaI1 • Exciting findings in the' pioneer period were collected in an 
excellent review article by Scott, Chu and McLaughlin2 • During the last decade, 
there continued to be many important developments3 

• One of them is a unification 
of e.xactly solvable models in physics. The quantum inverse scattering method places 
the theory of e.xactly solvable models in a unified framework and provides a powerful 
method for studying those models. Solvable models in (1 + I)-dimensional quantum 
theory and in 2-dimensional classical statistical mechanics share a common property: 
to each model we can associate a family of commuting transfer matrices \vhich are gen­
erators of an infinite number of conserved quantities. This property may correspond 
to the Liouville theorem for classica.l Hamiltonian systems. A sufficient condition for 
the commutability of the transfer matrices is called the Yang-Ba."(ter relation4 • The 
Yang-Ba."'(ter relation is a key of new ideas and new concepts in recent mathematical 
physics such as knot theory based on solvable models, and quantum groups. 

This report presents some recent results related to the quantum integrable sys­
tems. It is known that there exists a correspondence between ID quantum system 
and 2D classical system. The Baxtees formula relates a 2D solvable lattice model to 
a ID integrable ~pin system. In section 2, we extend the Baxter's formula into the 
case of finite temperature. Combining this extension with the evaluation of finite size 
corrections, we obtain a systematic method to calculate low temperature expansions 
of thermodynamic quantitiess,6,7. Sections 3 and 4 deal with integrable systems with 
long-range interactions. Some time ago, Gaudin introduced a class of such spin mod­
els using the Bethe ansatz method. In section 3, we give an algebraic formulation 
of the models. Introducing inhomogeneities into lattice models, we present a general 
method to construct quantum integrable spin Hamiltonians with long-range pairwise 
interactions. The last section is devoted to a reformulation of the quantum inverse 
scattering lnethod for ID quantum pa.rticle systems. In pa.rticular, construction of 
conserved operators for the Calogero-i\'foser systeln is exp1icitly shown. The expres­
sion in terms of the Lax operator is new. Further, we find that the Lax pair yields 
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an interesting algebra. 

2. Finite Temperature Baxter's Formula 

\Ve consider a square lattice ,vith AI rows and N columns under the periodic 
boundary condition (M +1 == 1, N +1 =1), and define a model of classical statistical 
mechanics on the lattice. We assume that the Boltzmann ,veights of the lattice model 
satisfy the Yang-Ba...xter relation. Let TN(U) denote the transfer matrix, ,vhere U is 
the spectral parameter. The Yang-Ba...xter relation assures the commutability of the 
transfer matrices : 

(2.1) 

It is kno,vn that there is a relationship between the row-to-row transfer matrix TN(U) 
and a ID quantum Hamiltonian H : 

H" - TN(O)-l ! TN(u)1 . (2.2) 
vu v=o 

For instance, the Heisenberg XYZ ( XXZ ) model is related to the eight- ( si.x- ) vertex 
model by a formula (2.2). We call (2.2) Baxter's formula. . 

The relation (2.1) contains useful information. Expanding the transfer matri.'( in 
powers of the spectral parameter, we can easily verify that the transfer matrix is a 
generator of an infinite number of conserved quantities (operators). The first term in 
such an e..xpansion is the shift operator : 

(2.3) 

where G= {GJ} and b = {bJ} denote state variables respectively in lower and upper 
rows, and 6(bi , GJ) is the !(ronecker's delta. A set of the conserved quantities, {Il}, 
is given by ­

1" = !k/: lOgTN(u)1 . (2.4) 
vU v=o 

The Ba...xter's formula (2.2) corresponds to 11 up to the sign. 
The above discussion indicates that [TN (u), Il] = 0 and that TN(U) and {Il} 

have common eigenstates. Thus, the Baxter's formula (2.2) leads to the relationship 
between the ground-state energy Eg of H and the ma...ximum eigenvalue Amax(u) of 
TN(U) : 

Eg = - 8
8 

log Amax(u)1 . (2.5) 
u u=o 

\Ve have observed that the equivalence through the Ba..xter's formula between a lD 
. integrable quantum system and a. 2D solvable lattice model is useful in particular 

when we discuss the zero-temperature properties ( e.g. ground state energy) of the 
former. A challenging problenl may be how we extend the Baxter's formula to study 
the finite temperature properties. 

\Ve look for a. new approach to analyze thermodynamic properties of the lD 
quantum system. The Baxter's formula (2.2) assures the expansion. 

(2.6). 
, 

Using the Trotter's formula. we have 

(2.7) 
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where fJ = l/ksT as usual. Since TN(O) is the shift operator, we may interpret 
TN(O)-1TN(U) as a diagonal-to-diagonal transfer matrix and denote it by TRTD(v.). 
Then, the free energy per site, I, of the ID quantum system can be e.."<pressed iri 
terms of the partition {unction ZM N of a 2D classical model on the lat tice: 

1= -N
I 

Q lim lim logZMN(v.),
fI N -co A-t-co 

(2.8a) 

- , . 

. ZMN(U) =Tr(T#TD(u)M, . u'= fJIM.~· .. ,(2.8b) 

The'~igenvaiues . of the transfer matri.~ are infi~itely deg~~~r~te ~ u -+ o. The~efore, 
(2.8) is not practical and rema!ns to, be formal. To avoid this situa~ion, lve ~troduce 
a trick: we look the lattice from the crossing channel, that is, from a 900

• rotated . .... .. . . . . .....' ~ 

frame. ':. .: :. . .. .. .. . . . . : ... ~ ';;.'.. _. . ~ 
Because of the crossi~g ~ymmetry of the model, thismanip~lation is made by 

the 'change in the sp~tral parameter u into). - u, where). is called the crossing 
parametet4•S• Correspon~i~gly, ~e ~~t~oduce a not~~iC?~ _T,(}(~),:. TC~f(). -,11.). 
Now, (2.8) is replaced by . 

f . - ~ .J~"" !ogAM(U), (2.9a) 

.ZMN(U) =Tr(T;~(it))N, v. =131M, (2.9b) 

where AA-t(u) is the largest eigenvalue of the crossing transfer matrix T;}(u). Equation 
(2.9) is a finite temperature extension of the Ba...xter's formula (2.2), and has been 
named finite temperature Ba...xter's formula. Remark that the spectral parameter 11., a 
fundamental quantity in soliton theory, now plays a role of intertwiner between finite 
size system and finite temperature system. 

ID Quantum Chain 

T finite 

...-----------.'/\ 
CriticalityOff Criticality u=l/TM

/
·M finite lvf + 00 

2D Classical System 
M X NSites 

Fig 2.1. Relations between finite size system and finite temperature 
system 
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A caution is necessary for making use of the formula (2.9). Since the temperature 
dependence ente~ only, through 'U = IIIlif, one should be careful in taking the limit 
M -+ 00. Othenvise, any information of finite temperature will be lost. Instead, a. 
finite size calculation or a 1IM-e..~pansion gives a systematic method to obtain low 
temperature e..~ansions of thermodynamic quantities. Figure 2.1 summarizes the 
significance of the limits T -+ 0 and M -+ 00 for ID quantum system and 2D classical-
system. ," 

The theory of finite size corrections has attracted much attention of theoretical 
physicists since it gives ~entralcharge'c an9 scaling dimension % \vhich are essential 
quantities in the conformal field theory. To evaluate, finite size corrections, we adopt 
a method by Qe'~ Vega~r:Woyn&rovich' . and Eclde8.,.The calculation is involved but 
straightforward.:'We apply the Euler-Mclaurin e.'"<pansion formula and the solution 
technique of the Wiener ..Hopf integral equation to the Bethe ansatz equation. 

A new, approach to finite temperature quantum systems presented above has 
been 'successfulli applied,,6,1.,' It sJ:tould be stressed that this approach is valid to any 
quantum ~ain as long as ~t is solvable ,by the Bethe ansatz method. We only mention 
here the 'reSults tortheXXZ spin' chain in a: gaplesS phase: ': .-, . ',", ' ' 

, . 

(2.10) 

6 =cos).. (2.11) 
. ­

The free energy I with the first thermal correction is 

" ~ , .A(kBT)2 . 
, I =100 - 12 · .A J. +. · · , (2.12)

sIn • T . 

\vhere 100 is the ground state energy. The result (2.12) is the same as the one obtained 
by the Bethe ansatz method with the string hypothesis. 

Calcula.tion of the higher terms in T can be done by making use of the pertur­
bation theory of the Wiener-Hop! integral equation. In the limit .A -+ 0 ( the XXX 
model limit ), the correction terms have rather simple e..~pressions. The free energy 
I and the correlation length eare respectively given by 

(2.13) 

(2.14) 

, where al and Q2 are constants. Two remarks should be made. First, the appearances 
,', of logarithmic te~ms in (2.13) and (2.14) are noteworthy. This is the first analytical 

derivation of such terms and has been confirmed by numerical calculations based on 
a different formalism. Second, we find that the calculation of the correlation length is 
quite straightforward, by making use of the results for the corresponding 2D classical 
models. Tbis is remarkable since in string hypothesis approach we can obta.in only 
the free energy and ca.nnot get any infor1llation on the correlation length. 

3. The Gaudin Model and Generalizations 

Depending on the interaction ranges, completely integrable systems may be clas­
sifi.ed into two groups. One is a system with short-range interactions including the 
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\Ve can regard {HJ:} as commuting Hamiltonians. In fact, substituting the ex­
pression 'ZI: = I +1]HI: + 0(1]2) into (3.7). we see that 

[HI:, H,] = 0, , " , (3.14)kl=12··· N . 

This indicates that a Hamiltonian system 

N 

H =.L al:HI:. al:: constants (3.15) 
1:=1 

is completely integrable. 
.... . It is interesting to compare a formula (3.13) with the Ba.."(ter's formula (2.2). 
. '. While the Ba.."(ter's formula. gives a spin Ha.miltonian with nearest-neighbor interac­

tions, the formula (3.13) yields a spin Hamiltonian with long-rang,e interactions . 
. : The above" discussion is general. \Ve have used only the Yang-Baxter relation 
and the properties of the R-matrix such as the regular condition, the quasi-classical 
condition and the inhomogeneity. Given an R-matrix. we have commuting Hamilto­
nians {HI:} by the formula (3.13). For instance, from the R-ma.trL"( for the spin-1/2 

; XYZ model. we have . . 

where k is the modulus of Jacobi's elliptic functions. Applications to other models 
including the spin."1 model have been discussed10,l1 • 

4. Quantum Integrable Particle Systems 

The quantum inverse scattering method for N-particles on a line may be intro­
duced as follows. Let Land M be N x N matrix operators. \Ve choose L, M (La.."( 
pair) such that the La.."( equation 

i = i[H, L] = i[L, M], (4.1) 

is equivalent to the equation of motion generated by a Hamiltonian H under consid­
eration. \Ve associate an evolution of "eigenstate)) as 

iU = [U,H] = MU. (4.2) 

Then, from (4.1) and (4.2), we have 

[H, U- 1 LU] = O. (4.3) 

Equation (4.3) is a quantum version of the unitary equivalence by P.Lax. For classical 
systems, a condition that U-l LU does not depend on time leads to the existence of 
N conserved quantities {Jn}, 

(4.4) 
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where Tr means the trace of matri.~~· For quantum systems, since Land U are oper­
ators, the last equality in (4.4) is not guaranteed. 

To be specific, we restrict our discussion to the Calogero-~·roser system whose 
Hamiltonian is given by 

(4.5) 

(4.6) 

.,: ~.: .". r ~ • ~ • 

~ ", ..:->e.!:jle =Pi'Sjle + #a(l-: 6jle)a(%J - %Ie), (4.7) 

..:. ~(-. -...Alii: ~'a~l ~,6}Ie)P(%j'- %Ie) -t ,a6}1e E7(%j - %1),. (4.8) 
. .. • '~j 


" - - -- ~ -.~ ~ ":":~ ...... '. 


4 2. where 4 'is a,'co~stant ~elated to the 'coupling constant 9 by 9 = - a, and 
. ­

a(%) = 1/%, P(%) =_1/%2. (4.9) 

Caiogero, Ragnisco and Marchioro12 presented a set of conserved operators ( 
rigorously speaking, their 'potential is 1/sinh2%instead of 1/%2, but the discussion is 

a2the same ). They proved that ,vith 9 = , 

(4.10) 

where the matrix A 'is ~nN x N matrix defined by Ajle = Ljle - ~6jk. The ~~ansion 
of detA in po,vers of ~ gives a set of conserved operators {In } : 

det[Ajle] =.de,t[Ljle - ~6jle] 
N 

=(_~)N + L(_~)N-n I n. (4.11) 
n=t 

Those conserved operators {In } ha.ve the same functional forms as the classical ones. 
Only the difference is that pj is the operator in the quantum case. To carry out the 
proof of (4.10), they modified (4.1) into 

1 
[H, Ljle] =2L , {LjIMIIe + MII:Ljl - MjIL,1e - ~lleA{jl} • (4.12) 

However, the symmetrized commutator in the r.h.s. of (4.12) needs a justification 
from a viewpoint of the quantum inverse scattering method. \Ve therefore believe 
that their proof is not satisfactory, although the conserved operators {In } are widely 
accepted. 

An alternative method to find conserved operators may be the following. From 
(4.1), we have 

[H, (Ln ) j k] =L , { ( Ln ) j , lvI, J: - Mj' (Ln ),J: } • ( 4.13) 

Explicit form of M j k in (~.8) gives 

(4.14) 
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Then, lve find from (4.13) and (4.14) that 

[H, :E(Ln)j l:] = 0, ( 4.15) 
jtl: 

that is, conserved operators {In} are given by 

In = !. :E(Ln)jl:, n =1,2,···, N. (4.16)
n . L . J." 

_,.The expression (4.16) is new. First three of the conserved operators are 

~ . 

(4.17) 

" 

As we e.."Cpected, 9 app~ars in {In} .. ,\Vhile 11 and 12 are the ~otal momentum operator 
and· the Hamiltonian; 13 isa non-trivial conserved operator." In general, In =~ lIn · 
Epj + ... is a p~lynomial in Pj and 1/(%j - %l:) • 

. . "We have found that the La.."C pa~r gives an interesting algebra. Let ·us introduce 
a set of operators, . '. . 

ht "" L . - · "" 1j =L-" I:j = Pj + l4 L-" , (4.18) 
I: l:¢j %1: - %j 

(4.19) 

The operators hJ and hj are hermitian conjugate each other. They satisfy the com­
mu tation relations 

[hi, hm ] =0, [hl, htn] = 0, 


[hi, h~J = 2M'm, 1,771 = 1,2, ... , N. ( 4.20) 


A similarity between (3.14) and (4.20) is intriguing. In terms of these operators, the 
total momentum operator 11 and the Hamiltonian 12 are simply expressed as 

N N 

II = Lhl = Lhk , 

k=l k=l 

1 N 
I2=~LhJhl' ( 4.21) 

... 1=1 

--------_.... 



Further detail analysis of long-range integrable Hamiltonian systems, in particu­
lar, the'Calogero-Moser system with spins will be discussed else\vhere13• 
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