1. Introduction

It was observed by ’t Hooft [1] that the standard model does not conserve baryon
and lepton number due to Adler-Bell-Jackiw anomalies [2|. The process 't Hooft [1]
considered was fermion number violation due to instanton induced transitions. Attract-
ing much attention [3] Ringwald [4] recently argued, that such tunnelling transitions
between topologically distinct vacua might indeed be observable in future accelerators.

The possibility of baryon and lepton number violation in the standard model was
considered from another point of view by Manton [5]. Investigating the topology in
the Weinberg-Salam theory, Manton showed that there are noncontractible loops in
configuration space, and predicted the existence of a static, unstable solution of the
field equations, a sphaleron [6], which would represent the top of the energy barrier
between topologically distinct vacua. :

Since at finite temperature this energy barrier between topologically distinct vacua
can be overcome due to thermal fluctuations of the fields, baryon number violating
vacuum to vacuum transitions can occur. The rate for such baryon number violating
processes is largely determined by a Boltzmann factor, containing the height of the
barrier at a given temperature and thus the energy of the sphaleron [7-10|. Baryon
number violation in the standard model due to such transitions over the barrier may
be relevant for the physics of the early universe, necessitating new scenarios for the
generation of the baryon asymmetry [7-10].

In the limit of vanishing mixing angle 8, = O the electroweak sphaleron is well
known [6,11]. In this limit the U(1) field decouples, and the energy density of the SU(2)
sphaleron has spherical symmetry. At finite mixing angle the coupling to the U(1) field
destroys the spherical symmetry, and the sphaleron retains only axial symmetry [6,12].
Here we consider the sphaleron of the full Weinberg-Salam theory, treating the mixing
angle 0, as a parameter, which is varied over the range 0 < 4, < 7/2.

The appropriate ansatz [12] for the axially symmetric sphaleron is analogous to the
one for multimonopoles [13|. In both cases there is an abelian gauge transformation,
which preserves the structure of the ansatz [12,13]. Thus for the construction of the
sphaleron a gauge fixing condition must be chosen. In the limit §,, = 0 the sphaleron is
symmetric under parity reflections. Therefore we also require parity reflection symmetry
for the sphaleron at finite mixing angle [12]. (We do not consider here the ‘deformed’
sphalerons, which appear for large Higgs masses and which break this symmetry [14,15].)

In section 2 we present the ansatz and the energy functional. Further we discuss
the residual abelian gauge invariance and several choices of gauge. Due to the axial
symmetry of the sphaleron at finite mixing angle, the unknown gauge and Higgs field
functions entering in the ansatz, depend on two variables. They represent the dynamical
degrees of freedom of the system. In section 3 we expand these functions in terms
of Legendre polynomials [16,17] and solve the resulting system of coupled ordinary
differential equations numerically. We perform the expansion up to sixth order terms
and consider the convergence of the series as a function of the weak mixing angle. We
discuss the results obtained in several gauges. In section 4 we solve the full system of
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coupled partial differential equations numerically and compare with the results of the
expansion. We give our conclusions in section 5.

2. Ansatz and energy density
Let us consider the bosonic sector of the Weinberg-Salam theory. It has the la-

grangian density

2
L= —3FLF™ ~ 2fuf™ + (D) (D"8) - N@le - T (2)

4

with the usual definitions for the SU(2) field strength tensor Fj;,, the U(1) field strength
tensor f,, and the covariant derivative for the Higgs field D, ®.

The gauge symmetry is spontaneously broken via the Higgs potential, leading to a
nonvanishing expectation value for the Higgs field

(@) = % ((1)) (2.2)

and the masses of gauge and Higgs bosons

1 1
My =cgv , Mz=3V(@+¢%v , Mg=vV2X. (2.3)

The mixing angle ,, is determined by the relation tan8,, = g’/g, and the electric charge
is e = gsind,.

2.1 Ansatz for the axially symmetric sphaleron

Let us now consider the ansatz for the fields. Due to the coupling to the U(1) field,
for finite values of the mixing angle 8, we can require only axial symmetry around
the z-axis for the electroweak sphaleron. The appropriate ansatz for the fields [12]
is analogous to the one discussed by Manton[13] and Rebbi and Rossi [16] for axially
symmetric multimonopoles.

We define a set of orthonormal vectors

i1 (¢) = (cos ¢,sin gé, 0)
iiz(¢) = (0,0,1) (2.4)
i3(¢) - (SiIl(}S,—COS(ﬁ, 0) )

and expand the fields as follows
W) = u;(¢)uZ (¢)w;9(p, z) , (2.5a)
Ai(r) = uj‘(d’)aj(pv z) , (2.'5b)
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To incorporate invariance under rotations around the z-axis we choose for the SU(2)
field and the Higgs field the conditions

wi(p, 2) = wy(p, 2) = wi(p,2) = wi(p,2) = wi(p,2) =0, (2.6a)

hé(p,Z) =0, (2'6b)

and for the U(1) field
a;(p,2) = az(p,2) =0. (2.6¢)

2.2 Axially symmetric energy density
The resulting energy functional E is axially symmetric

E= % [ (Ew + Eq + v2Ey) dé pdp dz (2.7a)

and has the contributions

1 1
E, = (0,w} + = (wd + wl) — gwdw?)? + (8, w} + —w] — gwdw?)?
g P (2.76)
+(8,w3 + ;w% + gwiws)? + (8,w3 + gwyws)? + (8w — 8,w})?
1
Ea = (apas + ;as)z + (3303)2 s (2.76)

Ep = (9phy — %wfhz)z + (8:hy — %wghg)2 + (Bpha + gw?hl)z + (3zhs + —g-wghl)z

1 ! '
+(—h1 + -g-(wéhg — wghl) — g—a3h1)2 + (g(wéhl + w%hg) — -g—a3hg)2
p 2 2 2 2
Av?
+——é—(hf +hZ-1)%.

(2.7d)

2.3 Residual U(1) gauge invariance
The energy functional eq.(2.7) is still invariant under gauge transformations gen-
erated by .
U = ¢T(pz)rus (2.8)

again analogous to the energy density of multimonopoles [13,16]. Under such a gauge
transformation the 2-D Higgs doublets (h;,hz) and (wi,w3 — 1/gp) transform with
angle T'(p, 2z) and 2T (p, 2), respectively, while the 2-D gauge field (w},w3) transforms
inhomogeneously.



In order to construct the sphaleron solution, we have to fix a gauge. This appears
to be a rather subtle problem. '

a) ‘Coulomb gauge’

We will present most of our results for the sphaleron in the following gauge, to
which we will refer as ‘Coulomb gauge’. We fix the gauge degree of freedom by choosing
the gauge condition

Gy = 8,w} +3,w3 =0. (2.9)
This gauge is implemented by adding the term
2 [(Gur)? dspipas (2.10)

to the energy functional with £ = 1.

b) ‘Hedgehog gauge’

Another gauge we consider, we will refer to as ‘hedgehog gauge’, since the Higgs
field assumes the ‘hedgehog’ form

@' (F) = Up®(F) = ir*#* L(p, z)% (‘1’) , (2.11)

where 7 denotes the unit vector. In this gauge the Higgs field is described by only one
unknown function L(p,z). Starting from a regular sphaleron solution with the Higgs
field

o(F) = i(f‘ﬁ‘ihl (py2) + r‘ughg(p,z))-—\/v—; ((1))

the gauge transformation U, to the ‘hedgehog gauge’ involves the function T'j(p, 2),
determined via

—zh(p, 2) + ph2(p, 2) (2.12)

tan T (p, 2) = .
an T (p, 2) phi(p,z) + zhs(p, 2)

¢) ‘Physical gauge’
We also consider the ‘physical gauge’, where the Higgs field assumes its vacuum
expectation value asymptotically. In this gauge the Higgs field assumes the form

v

¥() = L(o,2) (‘1)) . (2.13)
It is obtained from the ‘hedgehog gauge’ by the further transformation
U, = /DT — pigi | (2.14)
While E,, remains form invariant under this transformation, E; changes to
Ey =(8,L)* + (8,L)?
FEP (@ + WD+ @D + PG - Lo (a5

2
Av?
~+—T(L2 —-1)2.



2.4 Ansatz with parity reflection symmetry

By requiring parity reflection symmetry now in addition to axial symmetry, we can
specify the ansatz egs.(2.5)-(2.6) further [12,16|. Changing to spherical coordinates, we
define the functions F;(r,6)

wi(r,0) = lFl(r, f)cost, w3(r,0) = —3F2(r, 6)sind ,
gr gr
2 2 (2.160,)
ws(r0) = —_"Fa(r,0)cosd, wi(r,0) = S 0)sind
hyi(r,0) = F5(r,0)sin8 , hy(r,0) = Fg(r,0) cos @, (2.16b)
and .
as(r,0) = EF-;(r, 0) siné . (2.16¢)

With these functions F;(r,8) the spherically symmetri‘c ansatz, valid in the limit
g' — 0, is recovered, when

Fl(r,0) = Fg(r,0) = F3(r,0) = F4(r,0) = f(r) )

F5(r,0) = Fg(r,0) = h(r)

and
F7(1', 0) =0,

where the functions f(r) and h(r) correspond to those of ref. [6].

2.5 Boundary conditions

a) ‘Coulomb gauge’

To obtain regular, finite energy solutions with the imposed symmetries, we choose
as boundary conditions for the functions F;(r,8) in the ‘Coulomb gauge’ [12]

r=0: F(r,0)|,=0 =0, 1=1,..,7

r—o00: Fi(r,0)|;=co =1, 1=1,...,6, Fy(r,0)];=00 =0
6=0: 69F}(r, 0)|o=0 = 0, 1= 1,...,7

0=mn/2: OpF;(r,0)|o=nj2 =0, 1 =1,...,7 .

(2.17)

In the ‘Coulomb gauge’ we must then solve for all seven functions F;(r,8). Inspection
of the energy density eq.(2.7d) yields for the long-ranged functions F3(r,8), Fy(r,6) and
F;(r,0) the asymptotic relations

F3(r,0) = 1 — 2 sin® 0 Fy(r,0) ,

L, (2.18)
Fy(r,0) - 1~ (2sin”0 — 1) Fy(r,0) .
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b) ‘Hedgehog gauge’ 4
In the ‘hedgehog gauge’ we have to solve for only six functions, since

Fs(r, 9) = Fs(r,ﬂ) = L(r, 0) . (219)

Taking eq.(2.19) into account, the boundary conditions are the same as in eq.(2.17).
The ‘hedgehog gauge’ was used by Rebbi and Rossi [16] for the construction of multi-
monopoles.

c) ‘Physical gauge’

In the ‘physical gauge’ the SU(2) gauge field functions F;(r,0), 1 = 1,...,4, change
according to

Fi(r,0) - 1 - F;(r,0), {=1,2,
F5(r,0) — 1 — F5(r,0) + 2sin’ 0(F5(r,0) — Fy(r,9)) , (2.20)
Fy(r,8) — 1 — Fy(r,0) — 2cos® 8(Fs(r,0) — Fy(r,0))

with respect to the ‘hedgehog gauge’, while the Higgs field function L(r,8) remains un-
changed. Here only the functions F4(r,0) and Fy(r,0) are long-ranged with the asymp-

totic relation
Fy(r,0) — Fq(r,0) . (2.21)

2.6 Parameters

With the appropriate boundary conditions we solve numerically for the functions
F;(r,0), using dimensionless coordinates £ = gvr. We fix the parameters g = 0.65 and
My = 80GeV. We vary the Higgs mass, though most calculations are performed for
My = Mw; and we vary the mixing angle between 0 < 6, < 7/2, with physical value
0., = 0.5.

3. Results: Legendre polynomial expansion

To construct the sphaleron at finite mixing angle 8, in general we have to solve a
system of coupled non-linear partial differential equations. Since this is a demanding
numerical task, we will first discuss an approximate method of solution: We expand
the functions F;(z,0), depending on two variables, in terms of Legendre polynomials
Pi(cos8). By minimizing the energy functional we then obtain a system of coupled
non-linear ordinary differential equations for the unknown coefficient functions f;(z),
which is solved numerically.

Such an expansion in terms of Legendre polynomials was applied by Rebbi and
Rossi [16] for the construction of multimonopoles. But instead of solving differential
equations for the functions f;;(z), they introduced an additional expansion for the
functions f;;(z) and then minimized the energy functional with respect to the resulting
sets of constant coefficients.
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http:eq.(2.19

Due to the parity reflection symmetry of the sphaleron only even Legendre poly-
nomials contribute in the expansion [16], i.e. I = 0,2,4,6... . In the following we will
first discuss the Oth order expansion, and then the higher order expansions, presenting
results up to the 6th order.

3.1 O0th order Legendre polynomial expansion
In the limit of vanishing mixing angle, the sphaleron is spherical. Therefore an
expansion in Legendre polynomials would have only non-vanishing lowest order terms

Fi(z,0) = f;o(z)Po(cosf) = fioz) . (3.1)

For small but finite mixing angles, we expect, that the Oth order expansion will do
quite well, while for larger mixing angles higher order terms should become increasingly
important.

Requiring a finite energy density and a finite energy leads to a restriction on the Oth
order functions f; o(z). The SU(2) gauge part of the energy density eq.(2.7b) contains
in its first term the expression

Lt + ud) = 2 (Ri(e0) - Bl 0) g (3.20)
which implies a singular behavioﬁr along the z-axis unless
Fi(z,0 = 0) = F3(z,0 =0) . (3.2b)
Since in Oth order the functions F;(z,8) do not depend on #, we must require
f1,0(z) = f3,0(2) (3.2¢)

to avoid the singular behaviour. This leaves one independent function f; o(z) less to be
determined.

In the following we consider the Oth order expansion in the ‘Coulomb gauge’ and
in the ‘physical gauge’, and the further restricted expansion of ref. [17].

a) ‘Coulomb gauge’

Due to the restriction (3.2¢) in the ‘Coulomb gauge’ six independent functions
fio(z) ought be determined. Inspection of the asymptotic relations (2.18), however,
shows, that this gauge is inadequate, when only Oth order terms are taken into account.
These relations clearly require an asymptotic 6-dependence for the functions Fs(z,0)
and Fy(z,0), if F7(z,0) is long-ranged, even if F7(z,0) were independent of §. Thus
not allowing for a #-dependence of all three functions would imply, that none of these
functions could be long-ranged. This would physically not be acceptable, since also the
massless photon is described by a combination of these functions. Thus the ‘Coulomb
gauge’ is inadequate in Oth order.
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b) ‘Physical gauge’

A better gauge for the Oth order approximation is the ‘physical gauge’. Here the
asymptotic condition (2.21) allows both functions Fy(z,0) and Fy(z,0) to be long-
ranged, thus yielding the proper asymptotic behaviour for the electromagnetic field.
Since in this gauge we have the condition

fs,0(z) = fo,0(z) (3.3)

in addition to condition (3.2c), there remain only five independent functions f;o(z) to
be determined.

The energy of the sphaleron in the Oth order in the ‘physical gauge’ is shown as
a function of the mixing angle in Fig.1a for My = M. In the Oth order the energy
density is finite in this gauge. In the limit 6,, = 7 /2, the variational principle yields the
relation

f7,o($) = f4,o($)

¢) Restricted calculation of ref. [17]
The results of Klinkhamer and Laterveer [17] are obtained, when in the ‘physical
gauge’ the functions f; o(z) are further restricted according to

f1,0(z) = fo,0(z) = fa0(z) . (3.4)

This leaves only four functions to be determined. For comparison, we also show these
results in Fig.la for My = My .

3.2 Higher order Legendre polynomial expansion
We turn now to the general expansion in terms of Legendre polynomials. Following
Rebbi and Rossi [16] we expand the functions F;(z,8) as follows

Fi(z,0) = fro(z) + % fru(z) "°:‘2:S; 1 d’;ﬁi‘s’s:) , (3.50)
Fy(z,0) = fa0(z) + Z failz CO;’ f d};’if:;s:) : (3.56)
Fi(2,9) = fu0(2) + z foulm) 2 L dR(cosd) (3.50)
Fy(z,0) = fao(z) + Z fua(2) 222 d’;‘g‘;zﬂ) , (3.5d)
Fs(z,8) = fso(z) + Z fs.4(z)Pi(cosb) , (3.5¢)
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' 2N
Fo(x,8) = foo(z) + Y _ fou(z)Pi(cosb) , (3.5f)

1=2

2N
Fr(z,0) = fro(z) + Z f1,1(z)Pi(cos ) , (3.59)
(=2
where [ assumes only even values due to the parity reflection symmetry. The higher
order terms in the expansion of Fy(z,f) and Fs(z,6) are proportional to sin? 0, while
for F5(z,0) and Fy(z,0) they are proportional to cos?d. The constraint (3.2b) requires
the condition (3.2c) for the Oth order functions in the expansion of F;(z,8) and Fs(z,9),
but the sin §-dependence of the higher order terms in the expansion makes these con-
tributions regular without the need for further constraining conditions.

We will put our main emphasis on the calculations in the ‘Coulomb gauge’, since
these results will be directly compared with the corresponding results from the integra-
tion of the partial differential equations in section 4.

a) ‘Coulomb gauge’ ;

In contrast to the Oth order expansion, for the higher order expansions the ‘Coulomb
gauge’ is an adequate choice of gauge, since the asymptotic relations (2.18) can now be
satisfied with long-ranged fields. We have performed calculations in the ‘Coulomb gauge’
for expansions of 2nd, 4th and 6th order.. This involves solving systems of (6 + 71/2)
coupled ordinary differential equations. Obviously, the computational effort increases
significantly with each order.

Let us first discuss the gauge invariant quantities, the energy, the energy density
and the magnetic moment, as functions of the mixing angle 6,,. Fig.1 shows the energy
of the electroweak sphaleron obtained in Oth order in the ‘physical gauge’, and in 2nd,
4th and 6th order in the ‘Coulomb gauge’ for My = My . The energy decreases as
a function of the mixing angle, for small 8,, only slightly, for larger 8, stronger. The
higher order terms affect the energy only at larger values of the mixing angle. Each
higher order lowers the energy only beyond increasingly larger values of 8,,. But in each
order the energy reaches a finite lower limiting value for 8, = 7 /2.

Let us now consider the convergence of the expansion as illustrated in Fig.1. In
Fig.1a we compare the energies from the 2nd order calculation in the ‘Coulomb gauge’
with the corresponding energies from the Oth order calculations in the ‘physical gauge’.
We observe, that up to quite large values of the mixing angle the Oth order approxi-
mation it remarkably good. At 8, = 0.5, the physical value of the mixing angle, the
Oth order approximation yields an energy value only 0.001% higher than the 2nd order
approximation, and the discrepancy increases only slowly. It is 0.01% at 6,, = 0.8, 0.1%
at 8,, = 1.1 and reaches 3.7% in the limit 8,, = 7 /2. The 4th order results are shown
in Fig.1b. The energies of the 4th order expansion begin to deviate from those of the
2nd order expansion only at 8,, = 1.2, where the difference is 0.001%. The 6th order
results finally deviate from the 4th order results only beyond 6,, = 1.5, reaching 0.001%
at 0, = 1.52. They are illustrated in Fig.1c for large 8,,.

Let us now consider the energy density. In Figs.2a-d we illustrate the energy density
as a function of the spatial coordinates = and 6, for the mixing angles 6,, = 0.5, 1.0, 1.5
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and 1.55, and for My = Mw . At the physical mixing angle 8, = 0.5 the energy density
is hardly deformed and differs only little form the spherical energy density. Then with
increasing mixing angle 0,, the sphaleron becomes more and more deformed. The energy
density is larger along the z-axis (for angle § = 0) and smaller along the p-axis (for angle
6 = n/2). Equal density contours form ellipsoids, which become increasingly elongated
in the z-direction for increasingly large values of the mixing angle.

The energy density at the origin, the central density, is shown as a function of the
mixing angle in Fig.3 for My = My for the Oth order calculation in the ‘physical gauge’
and for the 6th order calculation in the ‘Coulomb gauge’. With increasing mixing angle
the central density decreases first slightly. Then it reaches a minimum at 6, ~ 1.2.
When the mixing angle approaches the value 0, = /2, the central density (in the
‘Coulomb gauge’) diverges rapidly. The higher the order of the calculation the earlier
the dramatic increase of the central density sets in.

Another interesting physical quantity characterizing the electroweak sphaleron is
its magnetic dipole moment u. The electromagnetic field of the electroweak sphaleron
has the asymptotic behaviour
gEX7
4nrd
where g = (0,0, u) represents the magnetic dipole moment. It can be extracted from
the long-range behaviour of the functions Fj(z,8), Fy4(z,0) and Fr(z,0). To extract
this magnetic dipole moment we perform an (asymptotic) gauge transformation, which
changes the asymptotically twisted Higgs field in the ‘Coulomb gauge’ to the ‘physical
gauge’. Applying this transformation to the SU(2) gauge field yields the ‘physical’
asymptotic isospin-3 component of the gauge field, needed to construct the asymptotic
behaviour of the electromagnetic field and of the massive Z°-field. The magnetic dipole
moment is then obtained as

/IEM (f) — (3.66)

€ 2 '
b= 8 » 8= a:F-,(m)i—z (z — 00) . (3.6b)
The magnetic dipole moment as a function of the mixing angle is shown in Fig.4 for
My = My for the Oth order calculation in the ‘physical gauge’ and for the 2nd, 4th
and 6th order calculations in the ‘Coulomb gauge’. The convergence properties of the
expansion as a function of the mixing angle 0,, are for the magnetic dipole moment
similar to those for the energy discussed above. At the physical value of the mixing
angle we find a magnetic dipole moment, which is only slightly different from the value
obtained by Klinkhamer and Manton [6] applying perturbation theory. Thus we confirm
their remarkable result, that the electroweak sphaleron has a very big magnetic dipole
moment.
We finally turn to the functions F;(z,6) themselves, which are gauge-dependent
except for the U(1) field function Fy(z,0) and the length function of the Higgs field
L(z,0)

L(z,0) = \/Fs(a:, 0)2 sin® 0 + Fg(z,0)2 cos? 6 .
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Figs.5-8 show the functions Fy(z,0) and Fy(z,8), Fs5(z,0) and Fy(z,0), F5(z,0) and
F¢(z,0), Fr(z,0) and L(z,0), obtained with calculations of the 6th order, for the mixing
angles 8,, = 0.5, 1.0, 1.5 and 1.55 and for My = My, . The figures clearly demonstrate
the effect which an increase of the mixing angle has on the functions.

At 8, = 0.5 there is hardly any angular #-dependence noticable in the functions
F;(z,0), except for the trivial asymptotic §-dependence of F5(z,8) and Fy(z,0), implied
by the asymptotic relations (2.18). At 8,, = 1.0 a noticable non-trivial §-dependence
of the functions F;(z,0) in the inner region of the sphaleron has developped and keeps
increasing with increasing mixing angle.

We observe, that at the origin with increasing mixing angle the functions F(z, )
and Fy(z,0) tend more and more apart from each other, and likewise the functions
F5(z,0) and Fg(z,0). For the latter we further observe, that for 8,, — 7/2 the slope of
Fs(z,0) at the origin tends to infinity, while the slope of Fs(z,8) tends to zero,

dF5(;'B, 0) ., o, (3.70‘)
dz

Fs(z,0) (3.7)
dz

It is this behaviour (3.7a) of the Higgs field, which leads to the divergence of the energy
density at the origin in the limit 6,, — x/2.

For very large values of the mixing angle the most dramatic changes appear in the
functions Fs(z,8), Fs(z,0) and Fy(z,0). In particular, for small angles # the functions
F5(z,0) and Fy(z,0) develop pronounced peaks. This is demonstrated in Figs.9-10,
where for comparison we present the 4th and the 6th order results for the mixing angles
0, = 1.55, 1.56 and 1.57.

Comparing all the results obtained in the various orders we conclude, that the Oth
order approximation in the ‘physical gauge’ is excellent up to the physical value of the
mixing angle #,, = 0.5. In the ‘Coulomb gauge’ the 2nd order approximation is as good
and fully sufficient up to 8,, = 1.2 and the 4th order approximation up to 6,, = 1.52.
Up to which value of the mixing angle the 6th order calculation does well, we will see
in section 4, where we compare with the results obtained by directly integrating the
partial differential equations. For very large values of the mixing angle the expansion
obviously has not yet converged.

b) Gauge fixing by elimination of contraints

To discuss the second gauge used for the higher order expansion, let us return to
egs.(3.5). Inserting this expansion of the functions F;(z,8) into the energy functional
(2.7), where no gauge fixing condition has as yet been chosen, we find, that for the
Ith order expansion there are only (6+61/2) independent propagating functions, accom-
panied by (1/2) constraints which arise for combinations of the functions f; ;(z) and
f2,1(z). Rewriting these functions for ! > 0 as the combinations

fri(@) = fri(@) + faulz) , (3.8a)
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fz,l(x) = fi,{(-’t) - fz,z(l’) ’ (3-85)

we see, that the energy functional does not contain the derivatives of the functions
fri(z). Therefore they lead only to constraint equations. Having isolated the con-
straints, we fix the gauge by demanding

fri(z)=0. (3.9)

This choice simplifies the set of ordinary differential equations considerably.

For gauge independent quantities the results obtained in this gauge are in excellent
agreement with those obtained in the ‘Coulomb gauge’. Also the gauge-dependent
functions F;(z,0) show in this gauge many features similar to the ‘Coulomb gauge’.
For instance, the functions Fj(z,0) and F>(z,6) and also F5(z,0) and Fg(z,0) split
increasingly strongly at the origin with increasing mixing angle 6,,. But the angular 8-
dependence of the functions Fy(z,8) and Fy(z,0), and F5(z,0) and Fg(z,0) themselves
remains smaller than in the ‘Coulomb gauge’. In particular, F5(z,8) does not develop
the peak along the z-axis for very large values of the mixing angle. As an example we
present the functions F;(z,8) for 8,, = 1.5 and for My = My in Fig.11.

c¢) ‘Hedgehog gauge’ and ‘physical gauge’

In contrast to the Oth order calculation, where the ‘physical gauge’ does quite well,
it becomes inappropriate for the higher orders. As we have seen for the gauges discussed
above, a non-vanishing mixing angle leads to the splitting of the Higgs field functions
F5(z,0) and Fg(z,0) at the origin. In the ‘hedgehog gauge’ and likewise in the ‘physical
gauge’, however, we require, that the Higgs field functions F5(z,8) and Fg(z, 8) are equal
to one another, eq.(2.19). This condition proves to be too strong. In fact, requiring
condition (2.19) for the Higgs field functions leads to an unacceptable behaviour for the
functions f; ;(z) at the origin, describing the SU(2) gauge field. Instead of the expected
regular behaviour at the origin,

fii(z) = 7, (3.10)

we observe, that several of the functions f; ;(z) rise only with a lower power of z at the
origin. This yields functions F;(z, ), not well-defined at the origin. As a consequence of
this bad behaviour of the SU(2) gauge field functions at the origin, the energy density
is not well-defined at the origin either but diverges, for any 8, # 0. This will be
demonstrated in the next section.

4. Results: Partial differential equations

We now present the results for the electroweak sphaleron obtained by integrating
directly the set of coupled non-linear partial differential equations numerically. The
calculations cover the range of the mixing angle 0 < 6, < 7/2. We consider several
choices of gauge, but put the main emphasis on the ‘Coulomb gauge’.

The numerical calculations are based on the Newton-Raphson method [18]. The
equations are discretized on a non-equidistant grid in r and an equidistant grid in 8. For
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small mixing angles 8,, grids of sizes 50 x 20 and 100 x 20 are used, covering integration
regions 0 < z < 40 and 0 < z < 120, with 0 < # < 7/2. For large values of 8, the
number of grid points in 8 is doubled to obtain the functions F;(z,8) with high accuracy,
i.e. a relative numerical error estimated to be smaller than 10~3. However, for mixing
angles very close to the limiting value 8, = 7/2, even the larger grid size does not
lead to a high numerical accuracy, and thus reliable results. In fact, for mixing angles
6,, > 1.567 the numerical results have a relative error on the order of 10~2 or even bigger
for some of the functions F;(z, ). In particular, the error for the functions F5(z,6) and
F7(z,0) along the z-axis increases considerably. Our calculations are therefore much
less reliable for 8,, very close to m/2. Consequently we cannot determine the limiting
sphaleron configuration and its properties for 8,, = 7 /2.

a) ‘Coulomb gauge’ :

The numerical results for the sphaleron at finite mixing angle obtained by solving
the partial differential equations in the ‘Coulomb gauge’ agree (within our numerical
accuracy) with the corresponding results from the highest order Legendre polynomial
expansion up to very large values of the mixing angle. This is demonstrated for the
energies for My = My in Fig.12, where deviations between the 6th order calculation
and the numerical integration of the partial differential equations become visible only
beyond 6, = 1.54. Since for 8, > 1.567 the numerical accuracy of the calculations
becomes increasingly worse, these results are indicated by a dotted curve only. Due
to the lack of accuracy we unfortunately cannot definitely decide, whether the energy
of the sphaleron remains finite in the limit 8, — 7 /2, although concluding from the
polynomial expansion this appears to be the case. The limiting value of the energy for
8, = m/2 remains thus unknown.

Also the energy densities agree with those from the polynomial expansion up to
6., = 1.54. Beyond this value of the mixing angle, the energy density obtained by solving
the partial differential equations increases stronger at the origin and thus diverges faster.
The value of the energy density at the origin is shown in Fig.13 for 6,, close to 7/2 for
My = My. Again, the less accurate results are indicated only by a dotted curve.
For comparison the energy densities obtained with the Oth order (‘physical gauge’) and
with the 6th order (‘Coulomb gauge’) calculations are also shown. (Note the logarithmic
scale.)

For the functions F;(z,8) deviations between the 6th order calculation (‘Coulomb
gauge’) and the numerical integration of the partial differential equations begin to ap-
pear beyond §,, = 1.54 as well. Again, the deviations are most apparent for the functions
F5(z,0) and Fy(z,0) along the z-axis. The peaks in these functions develop earlier and
more rapidly at large values of the mixing angle, as compared to the 6th order polyno-
mial calculations. This is demonstrated with the help of Fig.14, where these functions
obtained by solving the partial differential equations are shown. The functions of Fig.14
should be compared with those of Figs.9-10.

Thus we conclude, that for 8,, > 1.54 higher than 6th order terms in the polynomial
expansion are necessary for an accurate description of the sphaleron. The construction
of the sphaleron in the limit 8,, = 7/2 remains a numerically challenging task.
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' b) ‘Hedgehog gauge’ and ‘physical gauge’

As discussed for the polynomial expansion in section 3, for finite values of the
mixing angle the ‘hedgehog gauge’ and the ‘physical gauge’ lead to gauge field functions
F;(z,0), which are not well-defined at the origin,

?E‘aL;’_’m = fi(8) # const (4.1)

=0

i.e. the derivatives are not single-valued at the origin but depend on the angle 8 instead.
A finite energy density at the origin, however, requires, that the gauge field functions
as well as their derivatives vanish at the origin. Therefore these gauges lead to energy
densities, which diverge at the origin, for any finite value of the mixing angle 8,,. As
an example, we illustrate the energy density for the physical mixing angle 8,, = 0.5 in
Fig.15. Even at this small mixing angle, where the Oth order expansion in the ‘physical
gauge’ does very well for the energy, the very slight §-dependence of the functions F;(z, 6)
close to the origin leads to a dramatic effect for the energy density in the vicinity of the
origin. (Compare with Fig.2a.) The dependence of the energy density on the angle 8
in the vicinity of the origin becomes even much stronger for larger values of the mixing
angle 8,,. Thus these gauges are inadequate choices for the electroweak sphaleron.

5. Conclusions

We have constructed the classical sphaleron solution of the Weinberg-Salam theory
for finite values of the mixing angle, 0 < 8,, < 7/2. For the numerical calculations we
have applied two alternative methods.

1. We have converted the system of coupled non-linear partial differential equations
by means of a Legendre polynomial expansion into a system of ordinary differen-
tial equations and solved this system with Oth order up to 6th order polynomials
included.

2. We have solved the system of coupled non-linear partial differential equations di-
rectly.

Comparing the results obtained by the two methods we have found, that the Oth
order expansion in the ‘physical gauge’ is very good for small mixing angles, even up to
the physical value of the mixing angle, 8,, = 0.5. Choosing the ‘Coulomb gauge’ beyond,
the 2nd order expansion is sufficient up to 8,, < 1.2, the 4th order up to 8,, < 1.52 and
the 6th order for 8,, < 1.54. Then 8th and higher order terms must be included.

For the polynomial expansion we have been able to achieve a high numerical ac-
curacy over the whole range of values of the mixing angle 0 < 8,, < 7/2, but we had
to limit ourselves to expansions of order ! < 6. For the direct integration of the partial
differential equations we have been able to achieve a high numerical accuracy only for
values of the mixing angle up to 8, < 1.567, and not all the way to the limiting value
0, = m/2. Thus the interesting questions, what the limiting sphaleron solution looks
like and whether it has a finite energy, remain open.

While at vanishing mixing angle 8,, = 0 the energy density of the sphaleron is
spherical, it becomes spheroidal for finite values of the mixing angle. Equal density
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contours, represented by ellipsoids, become elongated in the 2-direction, and the ratio
of major and minor half-axes increases with increasing mixing angle.

As the energy density deforms more and more strongly, the total energy of the
sphaleron decreases with increasing mixing angle. The larger the mixing angle the
faster this decrease becomes. At the physical value of the mixing angle, 8,, = 0.5, the
energy has decreased only by about 1% compared to the spherical case. At 8, = 1.0 and
0, = 1.5 it has decreased by about 4% and 14%, respectively, and even at 8,, = 1.567,
our largest reliable value, the energy has only decreased by about 17%. This relative
weak dependence of the energy on the mixing angle is seen throughout the considered
range of values of the Higgs mass, 1/2My < My < 10My .

Solutions of non-linear equations, when considered as functions of an external pa-
rameter, often exist only up to a critical value of this parameter, where a bifurcation
is encountered. Due to this phenomenon extrapolations for such solutions must be re-
garded with caution. In the case of the sphaleron with as external parameter the mixing
angle we have not encountered a critical point, beyond which the solution ceases to exist.
In contrary, the sphaleron has continuously deformed throughout the full range of this
parameter, 0 < #,, < 7/2. In fact, the estimate of Klinkhamer and Manton [6] of the
effect, which the finite physical value of the mixing angle would have on the sphaleron,
has turned out to be remarkably good.

All previous calculations on baryon number violation in the early universe [7-10]
have applied the spherical approximation of the electroweak sphaleron, neglecting the
effects of the finite physical value of the mixing angle. Our analysis has shown, that this
approximation is very good, as far as the classical solution is concerned. We expect,
that also the analysis of the normal modes of oscillation around the true electroweak
sphaleron solution will differ little from the analysis around the spherical, approximate
solution [9,15,19-20]. We therefore expect, that the previous calculations and conclu-
sions on baryon number violation in the early universe [7-10] will remain valid, at least
with respect to the spherical approximation of the electroweak sphaleron employed
there.

Since non-linear systems often hold surprises, however, a definite conclusion on this
very important aspect clearly requires performing the mode analysis around the axially
symmetric sphaleron. After all, new instabilities of the sphaleron and associated new
classical solutions might arise as the mixing angle increases from the spherical limit to
the physical value and beyond.
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7. Figure Captions

Fig. 1a:

The energy of the sphaleron (in units of TeV) is shown as a function of the mixing
angle 6, for My = My,. The solid curve represents the Oth order calculation (‘physical
gauge’), the dashed curve represents the 2nd order calculation (‘Coulomb gauge’) and
the dotted curve represents the approximation of ref. [17].

Fig. 1b:

Idem Fig. la; solid curve: Oth order calculation (‘physical gauge’), dashed curve:
2nd order calculation (‘Coulomb gauge’), dot-dashed curve: 4th order calculation (‘Cou-
lomb gauge’).

Fig. 1c:

Idem Fig. 1a; dashed curve: 2nd order calculation (‘Coulomb gauge’), dot-dashed
curve: 4th order calculation (‘Coulomb gauge’), solid curve: 6th order calculation
(‘physical gauge’).

Fig. 2a:

The energy density of the sphaleron (in units of My /a,,) obtained in the 6th order
calculation (‘Coulomb gauge’) is shown as a function of the dimensionless coordinate
z at 0, = 0.5 for My = Mw. The solid and the dashed curves represent the angles
6 = 0 and 6 = 7/2, respectively. For comparison, the dotted curve represents the energy
density of the spherical sphaleron at 6,, = 0.

Fig. 2b:

Idem Fig. 2a for 8,, = 1.0; solid curve: angle # = 0, dotted curve: angle § = 7 /4,
dashed curve: angle 6 = /2.

Fig. 2c:

Idem Fig. 2a for 8, = 1.5; solid curve: angle 8 = 0, dotted curve: angle § = /4,
dashed curve: angle 6 = n/2.

Fig. 2d:

Idem Fig. 2a for 8,, = 1.55; solid curve: angle 8 = 0, dotted curve: angle § = 7 /4,

Fig. 3:

The energy density of the sphaleron at the origin (in units of My /a,,) is shown
as a function of the mixing angle 8, for My = My, . The dashed curve represents the
Oth order calculation (‘physical gauge’), and the solid curve represents the 6th order
calculation (‘Coulomb gauge’).

Fig. 4:

The magnetic dipole moment of the sphaleron (in units of e/a,, My ) is shown as
a function of the mixing angle 8, for My = My . The dashed curve represents the
Oth order calculation (‘physical gauge’), the dot-dashed curve represents the 2nd order
calculation (‘Coulomb gauge’), the dotted curve represents the 4th order calculation
(‘Coulomb gauge’), and the solid curve represents the 6th order calculation (‘Coulomb

gauge’).
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Fig. 5a:

The SU(2) gauge field functions Fi(z,8) and F3(z,0) obtained in the 6th order
calculation (‘Coulomb gauge’) are shown as a function of the dimensionless coordinate
z at 0, = 0.5 for Mgy = My . The solid and the dashed curves represent the angles
6 = 0 and 6 = 7/2, respectively. The curves for Fi(z,0) are slightly below those for
F(z,0). (See the larger mixing angles.)

Fig. 5b:

Idem Fig. 5a for ,, = 1.0; solid curves: angle § = 0, dashed curves: angle § = /2.

Fig. 5c:

Idem Fig. 5a for 8,, = 1.5; solid curves: angle § = 0, dotted curves: angle § = 7/4,
dashed curves: angle 6 = /2.

Fig. 5d:

Idem Fig. 5a for 8,, = 1.55; solid curves: angle # = 0, dotted curves: angle 8 = 7 /4,
dashed curves: angle § = 7/2. '

Fig. 6a:

The SU(2) gauge field functions F3(z,0) and Fy(z,0) obtained in the 6th order
calculation (‘Coulomb gauge’) are shown as a function of the dimensionless coordinate
z at 8, = 0.5 for My = My . The solid, the dotted and the dashed curves represent
the angles § = 0, @ = w/4 and 0 = 7/2, respectively. (See the larger mixing angles.)

Fig. 6b:

Idem Fig. 6a for 8,, = 1.0; solid curves: angle § = 0, dotted curves: angle 6 = 7 /4,
dashed curves: angle § = 7 /2.

Fig. 6c:

Idem Fig. 6a for 8,, = 1.5; solid curves: angle § = 0, dotted curves: angle 8 = /4,
dashed curves: angle 8§ = 7 /2.

Fig. 6d:

Idem Fig. 6a for 8, = 1.55; solid curves: angle § = 0, dotted curves: angle § = 7 /4,
dashed curves: angle 6 = 7/2.

Fig. 7a:

The Higgs field functions F5(z,6) and Fg(z, 6) obtained in the 6th order calculation
(‘Coulomb gauge’) are shown as a function of the dimensionless coordinate z at 8,, = 0.5
for My = Mw. The solid and the dashed curves represent the angles 8 = 0 and 8 = /2,
respectively. The curves for F;(z, 8) are slightly above those for Fs(z,8). (See the larger
mixing angles.)

Fig. 7b:

Idem Fig. 7a for 8,, = 1.0; solid curves: angle # = 0, dashed curves: angle § = 7/2.

Fig. 7c:

Idem Fig. 7a for 8,, = 1.5; solid curves: angle § = 0, dotted curves: angle § = 7 /4,
dashed curves: angle 8 = /2.

Fig. 7d:

Idem Fig. 7a for 6,, = 1.55; solid curves: angle § = 0, dotted curves: angle § = 7/4,
dashed curves: angle § = 7/2.
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Fig. 8a:

The U(1) gauge field function Fy(z,0) and the length function of the Higgs field
L(z,0) obtained in the 6th order calculation (‘Coulomb gauge’) are shown as a function
of the dimensionless coordinate z at 8,, = 0.5 for My = My . The solid and the dashed
curves represent the angles § = 0 and 8 = /2, respectively.

Fig. 8b:

Idem Fig. 8a for 8,, = 1.0; solid curves: angle § = 0, dashed curves: angle § = 7 /2.

Fig. 8c:

Idem Fig. 8a for 8,, = 1.5; solid curves: angle # = 0, dotted curves: angle 8 = 7/4,
dashed curves: angle § = 7/2.

Fig. 8d: , «

Idem Fig. 8a for 8,, = 1.55; solid curves: angle § = 0, dotted curves: angle § = /4,
dashed curves: angle 8 = 7 /2.

Fig. 9a:

The Higgs field function F5(z,0) obtained in the 4th order calculation (‘Coulomb
gauge’) is shown as a function of the dimensionless coordinate z at angle § = O for
My = My, . The dashed, dotted and solid curves represent the mixing angles 8,, = 1.55,
0, = 1.56 and 8, = 1.57, respectively.

Fig. 9b:

Idem Fig. 9a for the 6th order calculation (‘Coulomb gauge’); dashed curve: mixing
angle 6, = 1.55, dotted curve: mixing angle §,, = 1.56, solid curve: mixing angle
0, = 1.57.

Fig. 10a:

The U(1) gauge field function F;(z,8) obtained in the 4th order calculation (‘Cou-
lomb gauge’) is shown as a function of the dimensionless coordinate z at angle 8 = 0 for
My = My,. The dashed, dotted and solid curves represent the mixing angles 8, = 1.55,
0, = 1.56 and 8, = 1.57, respectively.

Fig. 10b:

Idem Fig. 10a for the 6th order calculation (‘Coulomb gauge’); dashed curve:
mixing angle 8, = 1.55, dotted curve: mixing angle 4,, = 1.56, solid curve: mixing
angle 8, = 1.57.

Fig. 11a:

The SU(2) gauge field functions Fy(z,8) and F3(z,8) obtained in the 4th order
calculation with gauge fixing by eliminating the constraint functions (3.9) are shown as
a function of the dimensionless coordinate z at 8,, = 1.5 for My = My . The solid and
the dashed curves represent the angles § = 0 and 8 = 7/2, respectively.

Fig. 11b:

Idem Fig. 11a for the SU(2) gauge field functions F3(z,8) and Fy(z,8); solid curves:
angle = 0, dotted curves: angle § = 7 /4, dashed curves: angle 8§ = 7 /2.

Fig. 11c:

Idem Fig. 11a for the Higgs field functions F5(z,8) and Fg(z,8); solid curves: angle
6 = 0, dotted curves: angle § = 7 /4, dashed curves: angle § = 7/2.
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Fig. 11d:

Idem Fig. 11a for the U(1) gauge field function F7(z,6) and the length function of
the Higgs field L(z,6); solid curves: angle § = 0, dotted curves: angle § = 7 /4, dashed
curves: angle § = 7/2.

Fig. 12:

The energy of the sphaleron (in units of TeV) is shown as a function of the mixing
angle 6, for My = My,. The solid curve represents the results with high accuracy
and the dotted curve those with less accuracy, obtained by integrating the partial dif-
ferential equations (‘Coulomb gauge’). The long-dashed curve represents the 6th order
calculation (‘Coulomb gauge’).

Fig. 13:

The energy density of the sphaleron at the origin (in units of Mw /ey, ) is shown
as a function of the mixing angle 8, for My = My, . The solid curve represents the
results with high accuracy and the dotted curve those with less accuracy, obtained by
integrating the partial differential equations (‘Coulomb gauge’). The long-dashed curve
represents the 6th order calculation (‘Coulomb gauge’), and the short-dashed curve the
Oth order calculation (‘physical gauge’).

Fig. 14a:

The Higgs field function F5(z,0) obtained by integrating the partial differential
equations (‘Coulomb gauge’) is shown as a function of the dimensionless coordinate z
at angle 8§ = 0 for My = My . The dashed, dotted and solid curves represent the
mixing angles 8,, = 1.55, 8,, = 1.56 and 8,, = 1.565, respectively.

Fig. 14b:

Idem Fig. 14a for the U(1) gauge field function Fy(z,0); dashed curve: mixing
angle 8, = 1.55, dotted curve: mixing angle 8,, = 1.56, solid curve: mixing angle
0, = 1.565.

Fig. 15: «

The energy density of the sphaleron (in units of My /) obtained by integrating
the partial differential equations in the ‘Hedgehog gauge’ is shown as a function of the
dimensionless coordinate z at 8,, = 0.5 for My = My. The solid, dotted and dashed
curves represent the angles § =0, § = 7/4 and 8 = /2, respectively.
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