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The Chern-Simons (CS) action OIl IR3 for an SU(N) gauge connection A: in the funda

mental represent.ation is given by 

d3x f/tP"Sf" = - ik J (~ Aaa Aa + 2. jabe AU Ab 4C
)

,,,'l 41!" 2 /t (1 v 3! I' P' v 

In this not.e we shall briefly report on some aspects of perturbative quantization of CS 

theory in the Landau gauge and on the related problem of radiative corrections to the 

classical pa.rameter k. The act.ioll in cq. (1) is invariant under infinitesimal gauge transfor

mations for any value of k. In order to obt.ain a quantum theory single valued under large 

gauge transformations with non-7,ero winding number, k must take on integer values only. 

However, large gauge transformations lie beyond t.he perturbative regime and therefore 

k does not necessarily need to be an integer in a perturbative analysis. Consequently, 

there iR no reason a priory why k should undergo the quantization process without getting 

non-integer corrections. The Landau gauge fixing term is 

SCF = .I d3x [CJRIt - (}J'ca)D~bcb - baaAa - ~ rile Hacbcc] (2) 

As customary, ba denotes t.he Lagrange lIlultiplier imposing th~ gauge condition aAa = 0) 

('It and (:f' are Faddeev-Popov ghoRt.s, D~c == aJllillC +r beA~, is the covariant derivative and 

and HU. are auxiliary fields iutroduced for later convenience. Apart from the usual BRS 

symmetry, the gange-fixed action is invariant under the following transformations [1] 

a8vA~ if v p.(1 apc , spc" =0, 81/J; 0, 
(3)

ba svCIl H a _ ik OI'JOp
sv = - 4: (Dv c)'" , ~Aa 81/ - - €Vl'pu I ."J47r v' 47r 

....4whose generators sv form, together with the BRS generator, aN = 1 abelian superalge
~ 

bra. In this gauge, t.he theory is known t.o be perturbatively finite [2,3]' that is, the beta :..0 
.....; 
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function and the anomalous dimensions of the fields va.nish to all orders in perturbation 

theory. The proof in Ref. [3J makes use of the Ward identities ('Vis) associated to the 

slIpersymmetryabove. Pertllrbative finiteness of Green functions however does not imply 

that the corresponding Feynman diagrams should also be finite. Actually, since the theory 

is by power count.ing only renorm~,lizablc, the Feymnan diagrams contributing to a given 

Green function are in general UV divergent and a regularization method is required. Now, 

UV finiteness of the theory ensures the cancellation of the divergences when summing over 

all Feynman diagrams contributing to the Green functions at a given perturbative order. 

The values of the Green functions so obtained depend on the regulator used which, being 

a purely technical device, should not entail any physical consequences. By now several 

regularization schemes have been proposed for CS theory. They have explicitly confirmed 

finiteness at first perturbativc order and in some instances to second order. These regular

ization schemes can be divided into two groups. On the one hand there are manifestly DRS 

invariant regularizations, such as ry-function regularization [4], higher covariant derivatives 

(HeD) and Pauli-Villars fields [5,6j, large mass limit. of dimensionally regularized topo

logically massive Yang-Mills (TMYM) theory [7) and geometric regularization [8]. In all 

t.hese schemes the parameter k gets a one-loop integer shift k --+ k + Cv , where Cv = N is 

the quadrat.ic Casimir operator in the adjoint representation of SU(N). This shift is the 

key to understanding the correspondence between3-dimensional CS theory and current 

algebra in 2 dimensions [4). On the other hand, there are methods that explicitly break 

nIlS invariance at. t.he regularized level, like the one in [9J. In this case no radiative cor

rection to k is found up to two loops. It is important to realize that the BRS invariant 

regularizations in Refs. [4-8] happen to break the supersymmetry (3), while the one in 

Ref. [9J preserves it. We are not a.wa.re of any regularization method invariant under 

hoth nRS and supersymmetry transformations. Moreover, it has been explicitly shown 

[10,l1J that, for the regularizations in Refs. [7} a.nd [5], the supersymmetric WIs remain 

broken in the limit where the regulator is removed and that the gauge invariant part of 

the breaking is responsible for the shift of k. Since the symmetry (3) is not anomalous 

the natural question to ask is if the absence of any shift. is the price to pay to recover the 

supersymmet.ry at. the qua.ntum level. In the following we shall concisely illustrate how a 

parametrization can in fad be naturally ::;in1!;led out in CS theory from gauge invariance 

arguments and show that Sllpel'symmetry can be reconciliated with the shift. of k 
First of all, we must make clear wha.t the meaning of renormalization is for a finite theory. 

Let us symbolically denote by A the regulator (or set of regulators) needed to regularize 

CS theory at any perturbative order and by A --+ 00 the limit in which the regulator is 

removed. Since finiteness ensures that this limit exists, the bare effective action r and the 

bare E-point Green functions are defined as 

r lim rA , G(pt, ... GA(Pl, ... ,PE) , (4) 
A-+oo 

where r A and GA arc the reglllariJ'.ed effect.ive action and Green functions. In a finite 

theory, eqs. (4) define a renormalization scheme in which renormalized quantities equal 
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the bare ones. However, in this scheme the values of the Green functions, and in general 

the value of the obRervables, could depend on the particular regularization used. This 
ambiguity can and must be resolved by a precise parametrization of the theory. Since local 

perturbative renormalization theory leaves complp.te freedom to choose a parametrization, 
we must look for arguments lying outside the perturbative framework. Here we take as 

guideline what we call the fundamental symmetries of the theory. We say that a symmetry 
is fundamental if the quantum theory does not make sense without it. The idea is that for 
a finite theory (of which CS is an example) the classical parameters constitute a natural 
parametrization of the theory [12], provided the fundamental symmetry are preserved at 

the regularized leveL For this parameterization to make sense, all symmetry preserving 
regularization methods must yield the same value of the observables as function of the 

ba.re parameters. Now, BRS is obviously fundamental for CS theory. This is not the 
CARe for the symmet.ry (3), which does not leave the ohservables invariant and is only a 

symmetry of t.he gauge-fixed action ill a particular gauge. Accordingly, a unique quantum 
t.heory should be defined by parametrizing CS theory in terms of the bare k, once BRS 

has been preserved at the regularized level. Note that this parametrization does not 
completely a renormalization scheme since any finite renormalization of the fields 

is still allowed. This freedom is however unphysical as the values of the observables are 
unaffected by rescalings of the fields. To show that all BRS invariant regularizations, with 

the above parametrization choice, give in fact the same value for the observables, we must 
first determine the most general BRS invariant bare effective action. The local part of 

the effective action can be found by solving the BRS identity under the only 8..')sumptiom 
t.hat. contributions wit.h fewer tha.n four fields are local, something that can be checked by 

computations. At order h the local part of the effective action is found to be [6] 

rloc :::: (1 +a)Scs[A] d3 x baaAa + t1X . (5)J 
Here X Jd3x [,8GaltA~ - (1 + ,)HClca) and Ll is the Slavnov-Taylor operator 

6S 6 6S 6 65 fj tiS Ii] 
(6)[~ J 6A/JU 8G~ + fjG~ + ncB + 6Ha Sea 

with S = SCS+SCF+ J(PX bB()AU and the field Gp. denoting the combination Jp.-op.c. ftoc 

receives two contributions: one is gauge invariant and provides a monodromy parameter 

+ a), the other is the non-observable cohomologically trivial term t1X. This 

the existence of the wave function renormalization cP = Z~CPR (cp = Ap.,b,c,H, Gp.), with 

ZA Zc 1 = = 1 - {1, Zc = Zi/ 1 -" such that rloc takes the form 

rloc = (1 + 0) + SGF[<P R ] • 

Thus a is the only observable one-loop correction. Let us emphasize that the coefficients 

a, f3 and, may differ for different DRS invariant regulators. One would then conclude that 
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the emerging quantum theory is not unique. However, it happens that all BRS invariant 
regulators yield the same value for (l:, the only relevant coefficient. In the folowing table 
we collect the values (in units of C y / k) of the one-loop parameters for the vdl'ious BRS 

invariant regularization schemcs used so far for CS theory. * 

Regularization Method Ol {1 , 
_Large m of TMYM + dimensional reg. 1 2/3 0 

1}-function regulari?:ation 1 0 0 
HCD + Pauli-Villars 1 2/9 0 

Geometric regularization 1 4/(3:rr) In * 

Geometric quantization makes use of ghost generations different from the standard Fad

dcev-Popov ones so only the pure gauge sector of r can be compared. In summary, 

different regularizations yield different r's but all of them predict the same observable 
shift k ---/c k +Cy and therefore the same physical theory. Striking is the case of geometric 
regularization that defines a whole family of physically undistinguishable effective actions 

.1' . I roo d (l+p2 " . I· 1 b' .<.tcpenumg on n Jo ,p 1+p2 1+, J2fl Wlt 1 n > an ar Itrary mteger. 

Notice that neither the bare effective action (5) nor the renormalized one (7) are super
symmetric invariant. However, within our parametrization, it is easy to find another field 
redefinition such that the renormalized one-loop effective action becomes supersymmetric. 

Indeed, taking Z~ such that ZA Zo-1 = 1 !Ol - {1, ZG = Zc, ZcZc = 1 +{1-, and 

ZHZ? = 1 !Ol -" the resulting renormalized effective action can be written as: 

.;rloc + SGJ.'[<I>Rl 

+ ~ Jd3x [ik f J1PII ~ jabc AB Ah _ jabc Gap. Ab cD. + ~ jaoc HD.cb cc]
2 4:rr 3! RII Rp R np. R 2 1'1. R R • 

(8) 
It is a matter of simpie algebra to show that the latter action satisfies both the BRS 

identity and the supersymmetric WIs [10]. The effective actions (5), (7) and (8) 
manifestly the same values for the observables as function of k since they only differ by 
fiuite rescalings of the fields. Accordingly, the supersymmetric action (8) still leads to the 

shifted value k +Cv, de'3pite it is not as apparent as in (7). This renormalization program 
can be carried on at higher pertnrbative orders [6] under the only additional hypothesis 

that terms with fewer than 4 fields in r keep being local (that this is indeed the case has 

b~'en cheked up to two loops in [7]). More precisely, as at one loop BRS invariance requires 

that at any order rloc depend on three parametres, of which only one is observable as a 

shift of k and a finite renormalizatioll of only the fields can be performed so that rloc takes 
the supersymmetric form (8). So BRS invariance and the supersymmetry alone do not 

* The values given here for nCD+Pallli- Villars are those computed in [6J rather than those in [5J. where 

strictly speaking only Pauli-Villars filelds and no HeD are used. In [5] one gets Q = i. {3 "( = O. 
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impose any non-renormalization of k and finding no shift at two loops appears as a 
highgly non-trivial (though expected) result. 
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