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Abstract

The light front frame and Tamm-Dancoff method is reviewed briefly and
the light front Tamm-Dancoff method is discussed. The method is applied
to the hydrogen atom and the 2D Yukawa model.

The light front Tamm-Dancoff (LFTD) method is introduced as an alternative
approach to lattice gauge theory to understand relativistic bound states.!?

To alleviate the case the coupling parameter is not small, Tamm and Dancoff®
(TD) independently considered the possibility of expanding in terms of amplitude that
represent a finite number of particles, and solve the coupled set of integral equations
of a small number of these amplitudes. This method was applied to a variety of
problems in strong interactions, but it was unsuccessful.

In the light front (LF) or null plane formalism, a physical state is given by the
evolution variable that plays the role of time zt = (z° + z%)/v/2 = const, and
™ = (2° — 2%)/v/2, z, = (2!, z?) are spatial variables. There are seven generators

P, P?, P*, Mi;, My, M,,, and M_, that leave the LF plane invariant.*
The momentum of a particle of mass m is

P =(p* p~ = (m*+p%) /2%, p = (p',07)) & -t

W -

where p* = (p° % p®)/v/2 and p? = m? + p2 — p? = m?, where
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The p* and p, are conserved at each vertex and particles are on mass shell. We
require spectrum of p* be contained in the forward cone

p°>0, so pt = (\/m2+p32+p2l+p3)/\/§>0.

The advantages of the LF formalism is that® (1) If the LF wave function of a
system is known at rest, it can be obtained at other momentum by boost operators.
(2) The property p* > 0, and its conservation reduces the number of Fock space

“states needed to generate a covariant result. (3) The bare vacuum is equal to the
physical vacuum.

But these advantages are accompanied by some disadvantages, (1) It is necessary
to require for renormalization, mass and counter terms that depend on the sector
of Fock space within which they act. (2) Note if the momentum p? is cut off at A,

2
pt = (°+p%)/V2=(2A+ ﬁA) /V/2. There is an infrared divergence as p* — small.

So ultraviolet and infrared divergences have to be treated in a consistent manner.
(3) Renormalization ‘constants’ Z; and Z, are momentum dependent.® (4) How to
handle zero modes and gluons in QCD is not worked out.

Consider H; = g¢® as an example.”
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If one restricts the TD amplitudes to less than two particles, then the second Z
diagram is dropped. Both are needed for covariance in the equal time frame. In
the LF frame the Z diagram does not exist, as the leg going backward has negative
energy and pt = (—p° + p®)/+/2 cannot be positive. But in the LF the first diagram
alone is covariant

P11 = pr+py

P2 = P(1~$)+P2_L

P = p1t+pe P+ P2 =p1 =0
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M = lim g?
S (m2+p§l) 4ot (m2 +P§.L) _pt (ﬁ)
o ps p*

_ ga[ ! ]z s 1

(m*+pi)/z+(m*+pi)/(1—2)—m?| &% —m?

We begin with Einstein’s equation to consider the mass renormalization of the elec-
tron.

(M? + P2 —2P*Py) |¥ >=2P* P7 |V > (2)
We outline the calculation® for the hydrogen atom of state |H >
|H > = Co|Pe > +C1| Pey > (3)
Project out Cy amplitude from Egs. (2) and (3).

FC, = C/LOICI + 82/L0000 ) (4)

where Ly, represents the instantaneous photon exchange and

ki + Me20 + P.ZL + M}?’o
k+ pt '

F= [M2+ (pr+ k)" = (p* + KY) {
. Project out C; from Egs. (2) and (3), and obtain

HC, = eL1oCo + € / LuC, (5)
Eliminate C; from Eq. (4) with the aid of Eq. (5) |

FCO = CZ/Lng“ILwCo + 62/L0()CQ . (6)

In the nonrelativistic limit, |p|,|¢] < A <« M., after mass renormalization we

obtain, with M2 = (M, + Mp — B)’ = (Mp + M.)* —2(Mp+ M.)B

2
=, P a [ 5. P(k)
— P) = — &’k ——ts 7
(B+21“)®( =50 L. (p— k) 2
p is the reduced mass o = e?/4r. This is the Lippman-Schwinger equation and its
. . = a&pu
solution® is B, = pwcs

A poor person’s solution when p = 0 can be found by using the trial function
®(k) = C/(k? + a?)?, where a is to be determined.



We find B = g— a where a has dimensions of mass. Put a = /2By, then

2 2
B = QL _ M hydrogen =n=1
2 2
2
= 2 :’be positronium n =1 (8)

We consider next fermion-fermion interaction via meson exchange in two dimensions'®.
The fermions have equal mass, different flavor and are neutral. Expand the two
fermion bound state |3 >

¥ > = Co|ff >+ Cif b > (9)

It is shown in Ref. 10 that the self-energy corrections can be ignored in the following
approximation in the non-relativistic limit. We let the fractions of the momentum of
~ the two fermions be z and (1 — z), so that p* /pf = 1/z, p*/pf = 1/(1 — z) and
p = p1 + p2. We put P, = 0, project out Cy and C; from Egs. (2) and (9), and
obtain!®

(M? —m?/ (1 — 2) = m?/z) Co (1 — 2, )

e AR S RS RRVICEPE ENCEPy
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- N ARTTEICN —m,m—y,y)} (10)

(Mz ——mz/(l—a; '—y)—mz/w"sz/y) Cl(]- —Z —y,zc,y)

Am
o (VICE R PR VICES NGRS
+ e +1/ (2 + D] Col1 -2 - 3,2 +3)} (1)

Eliminate C, from Egs. (10) and (11),

[M2 —m?/(1—z) —mz/:c] Co(l—z,z)

2 3 1-2 . —z —T — T T
VI {/0 I Al R R VA € Rk ) VLR R VA G ) o

dry  M?-m?/(1-z —y)-m?/z —m}/y

cdy [1/(Q-2)+1/(e—y)[1/(1—-2)+1/(1~=+y)
o 4my M? —m?/(1—-2)—m?(z —y) - mp/y

Co(l—z+y,z—y)
(12)



Change variables in Eq. (12), 1 —z =2,z =23, 1 -z -y =y, 2ty =12

1 q 1 L
=11 —— = — 11 —_——
1,2 2( + 2+q2) Y1,2 2( + 2+£2)

6() = 4 "L Gy (i) $(0) = 4/ Coyva)

and the resulting equation with M = 2m — B, B = B — (B%/4m) is'°
2 2
¢ = A / 1
—+ B =— fdd —FFF— (4 13
(£+8) o0 [ # g ® (13)
This is remarkably similar to the hydrogen atom equation (7). The correspondence
de d*k

o - (2m)3

trial wave function ®(£) =

is and mp = 0 as expected. To solve the 2D Eq. (13) at ¢ = 0, choose a

c o _
JET o and minimize B with respect to a. The solution

where A has the dimension of mass in 2D.

2

is B= p—

One would like to regard the 2D Eq. (13) extended to 4D as 2 beginning equation to
calculate the deuteron bound state energy. But the problem is much more complicated
because of a repulsive core and D wave contributions. The relativistic limit of one

boson exchange in the Yukawa model is discussed in Ref. 11.
For fun if one substitutes in Eq. (13)

/ el a3t

— __.) ee——

2T (271')3

C C

Vire T g )2

one obtains after minimizing with respect to a

¢ =

— A?
B:§'7-r—2'm3.
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