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We consider a new Lorentz-covariant quantization of gay m T ~,, -
which overcomes the problem of Gribov copies and verify, by=explicit. .
one- and two-loop perturbative expansion, that the two-p t'r”fdﬁc% U rlia L 'X i’ ":
tion in the new gauge (maximal Landau gauge) agrees with tThe" cé'i’[""w .
ventional perturbative correlation function in the Landau gauge. It is

shown that this result can be extended, at least up to one-loop level,
to all correlation functions .
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1 Introduction

One of the main difficulties presented by QCD is that the quanta of the fun-
damental gauge-coupled fields are not particles observed in nature, but are
instead believed to be in a confined phase that is not described by conven-
tional renormalized perturbation theory.

In searching for non-perturbative results in continuum gauge theory a new
gauge (maximal Landau gauge) has been introduced [1, 2]. This replaces the
Faddeev-Popov quantization, which is not correct because of the existence
of Gribov copies [3, 4], and arises quite naturally from the necessity of quan-
tizing the gauge fields by integrating over the correct classical configuration
space.

We will review this aforementioned Lorentz-covariant quantization pro-
cedure in the following section. Then, to ensure consistency of the new
formulation, we revert to perturbation theory: first we derive the Feynman
rules in the new gauge, stressing the relationship enforced by gauge invari-
ance among the new vertices (secs. 3, 4) and then we explicitly calculate the
one- (sec. 5) and two- (sec. 7) loop corrections to the two-point correlation
function. These will be found to agree, in the limit in which the gauge-fixing
parameter is taken to infinity, with the conventional perturbative correlation
functions that one finds in the Landau gauge. We will also show that this
result holds, at one-loop level, for all correlation functions (sec. 6) .

2 The new gauge-fixing procedure

The expectation value of a gauge invariant observable O[A] is given by the
formal Euclidean functional integral

<0>= /DAe- a4 o[ 4], 1)

where Sy[A] = 18|F|* = 18 [ dPz(F2,F2,) is the usual kinetic action for the
gauge fields and the proper normalization factor is understood in front of the
integral; A is the unrenormalized classical connection and S is related to the
unrenormalized coupling constant g by 3 = 1/g%. Since the action S.[A] is
gauge invariant, the functional integration in Eq.(1) has to be restricted to the

physical configuration space; integrating blindly over all field configurations



would result in a divergence due to redundant infinite integrations, since the
gauge group is not compact in the continuum case. This is usually achieved
by gauge-fixing, i.e. by choosing a representative field on each gauge orbit.
The set of all these representatives constitute what is known as fundamental
modular region, and is the correct region over which one should integrate.

All gauge-fixing procedures have to face the problem that there is no
global section of the fiber bundle of connections! (on a torus), so that they
are locally correct, but globally they may contain gauge-equivalent copies
(Gribov copies) of the representative connection. A globally correct gauge-
fixing procedure that overcomes the problem of Gribov copies can be intro-
duced [1, 2]. The correctness of the procedure we are about to review rests
on some recent results that we are going to summarize first.

Let Q be the Gribov region, that is the region characterized by

Q={A€A:0-A=0,K[A] = -0 D[A] > 0} 2)

where A is the set of all connections for a fixed principal bundle P(M,G)
with gauge group G over a base-space M (M is to be identified with the D-
dimensional, usually compactified, space-time; in our case the D-dimensional
torus T'P). Let A be the fundamental modular region. It has been shown
that:

1. Every gauge orbit A%(g € G) does intersect {2, so that A C Q [7].

2. There are Gribov copies inside the Gribov region {2, i.e. some of the
orbits intersect {2 more than once, so that the inclusion A C  is proper
3, 4].

3. The region 2 is the region where the minima of the functional
Salg] = 147 = —tr [ dPaAy(e) A8a) 3)

lie [8]. For fixed A, S4[g] is a functional of ¢ whose domain is the orbit
through A. Its most important feature is that it reaches its absolute
minimum on each gauge orbit [7].

1This result was first proved by Singer for the case of a principal bundle over a four-
sphere with compact (non-Abelian) Lie group [5] and , more recently, by Killingback for
a principal bundle over a four-torus with any compact non-Abelian semi-simple Lie group
G, and even for the Abelian G = U(1) case [6] .
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In absence of degeneracy of the absolute minimum (outside of a set of measure
zero), the feature described in (3) makes it possible to choose the region of
absolute minima of S4[g] as the fundamental modular region, i.e. to choose,
for every fixed A, the absolute minimum of S4[g] as representative on the
orbit that passes through A. This in turn is achieved, given that the region
of absolute minima of S4[g] is not known explicitly, by adding a gauge-fixing
term M?|A9|? to the classical action (where M is a gauge parameter with
the dimension of mass) so that, as M — oo, the Euclidean probability gets
concentrated at the absolute minimum of |A?| on each gauge orbit, and the
path-integration is thus automatically confined to the interior of the physical
configuration space A.

Following the standard Faddeev-Popov procedure one defines the gauge
invariant function

1[A] = / dge~3MIAP (4)

and rewrites Eq.(1) in the equivalent form
<0>= [DacSaAOA17[4] [ dgem3oMIAT 5

By exploiting the gauge-invariance of the measure, of Sy[A] and O[A], we
can factorize out the (infinite) volume of the gauge orbits and include it in
the normalization constant so that Eq.(5) reduces to

<0>= / DA O[A]eSalAle=Sarl 4] 1] A])~ (6)

where Sgs[A] = 18M?|A]2. The (gauge-variant) gauge-fixing term e~Sos[l
gives a different weight to each point on a gauge orbit in such a way that
the points having the maximum weight are the ones inside the fundamental
modular region A: by taking the limit M — oo at the end of the calculation
the probability gets concentrated at the absolute minima of S4[g], i.e. inside
A.

To evaluate I[A] one takes the limit M — oo, so the Gaussian approxi-
mation becomes exact and one obtains

I[A] = e 2PM*1BP 4et~3(—§ . D[B]) (7)

where B is the configuration on the gauge orbit on which the absolute mini-
mum is attained.



3 The magic of gauge-invariance: Ward-Takahashi
Identities

Consider a gauge invariant functional F[A] of the gauge-field A and let us
assume that F' can be expanded in powers of A :

F[A] = / dPry ... dPe ™ (zy, ..., 2,)2 %" A% (3,) ... A% (z,)). (8)

What one can show is that the gauge-invariance of F' entails some relation-
ships among the coefficients F™ of its power expansion. Starting from the
condition which expresses the gauge-invariance of F'

6F

@527 =0 (9)

/ dD:x;D“b
and substituting for F' its power expansion of Eq.(8) one finds, after a little
algebra (and Fourier-transforming to momentum space)

_ikuF(n+l)(k’ kl, e, kn)am...an +Z faarcF(n)(kl’ e, k,--f-k, e, kn)al...c...a.,, — 0,

Bty o fin HYeeolir.cfin
(10)
which provides a recursion relation for the longitudinal part of these coeffi-
cients. At k = 0 this reduces to a condition among the coefficients of a given
order n:

r=1

S e F ™ (ky, Jkn)2iean =0, (11)
r=1
which expresses global gauge invariance.

One can now apply this general technique to our case and find relation-
ships among the vertices. Following the standard procedure, we rescale the
field A by g, the coupling constant, before deriving the Feynman rules. The
action S[A] = Su[A]+ S,¢[A] that appears in the functional integral in Eq.(6)
contains a term tha.t breaks gauge-invariance: S[A] = Sin[A] + $M?|A]%
Nevertheless, since

(D 2)S14] = M¥(-4) (12)



is linear in A, if one expands S[A] in powers of A and follows the pro-
cedure used above, he will find for the coefficients S,("l‘?f;;"‘"(xl,. ceyTp) =
6" S[A]/(6A% (z1) ... AS"(xn)) |a=o0 of the expansion the same relationship
we stated in Eq.(10); only the one pertaining to the linear term has to be
modified. We will find convenient, in the calculations that follow, to split
the action into two pieces

S[A] = §%[A] + SM[A] (13)

where the local part is defined by
1 1
She[A] = -§|F|2 + §M2|A|2 (14)

and the remaining part is

S™[A] = -.é-w |BIA]* — trin(—8- D[BA])) = S™ + S%;  (15)

Eq. (10) will hold separately for each piece. :
For example one finds that (for n = 2), in lowest order, the S7 contribu-
tion to the inverse gluon propagator®

. [ 62Sn
§A2 (z1)6 A% (,)

1

]= _MPPT(R),,, 6 (16)

A=0

and the non-local three-point vertex function
. [ 8250

8 A (21)6 A% (29)0 A% (23)

in

] = Vi k) (1)
A=0

are related by
V(b K k) — MPPT (k) 517 = M2PT (k) f2% = 0 (18)

Imyn

One can therefore extract the color dependence by defining®

2F[.] indicates the Fourier transform of the object in brackets.

3Clearly Eq. (18) gives a constraint only on the longitudinal part of V3, and one should
allow in Eq. (19) for a dependence on the totally symmetric tensor d*1%2%° as well. But, as
we will show in the next section, all non-local vertices must have at least two longitudinal
legs, so that the only dependence on the color indices that is actually allowed is the one
shown in Eq. (19).



Va(kus ko, ke )i, = i f 125V (kr, ka, ka)us o o (19)
and Eq.(18) gives '

k Vl(klvk%k?’)m.#z,#a = M2 [PT(k ) PT(k2)]u1u2' (20)

With the notation for the (non-local) n-point function

6n5nl
Vol(zy, ... x,)0 0 = g 21
l( 1 )m...pn 614211(171)“-51422(371») Ao ( )
Eq.(10) gives
ik Vit (ky by, ooy k)2t = Z il 2T O S R N Lo e (=)
r=1
(22)

‘4 Perturbative Expansion

The Feynman rules for the perturbative expansion can be read off, as usual,
from the generating functional Z,

21] = / DA oSl Al-SulAH(J,A)+ btr log(~0DIB[A]) (23)

where

SwlA] = SyyA] - 5 MBI = SMA(AR — |BIAID). (20

Since gauge-invariance enforces relationships among the vertices, as we
saw in the previous section, one need not calculate explicitly the expansion
of B[A] in powers of A; all one has to do is to find the lowest order term of
the expansion and make use of the recursion relationship given in Eq.(22).

To find this lowest order term let us denote, for a fixed A, by g = e“ the
gauge-transformation that brings A to the point B[A] where the functional
Salg] reaches its absolute minimum: B[A] = AY. The condition that B be a
stationary point of S4[g] is, for an infinitesimal gauge-transformation,

0-B=0=0-A=09-A+ 8- D[Alw + O(w?) (25)
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'Eq.(25) shows that w is of order AL (AL denotes the longitudina,l component
of the gauge field A). Expanding w in powers of A 2w, where
w(™ is of order O(A™) in the gauge field, and su’bstl)(g/a uting thls expression in
Eq.(25) one finds

d- AL 4+ 6% = 0. (26)

Solving for w(!)
w® = _—A"19. AL (27)

which gives the lowest order term of the expansion of B

B[A] = A+ D[Alw+ O(w?) = A+ 8w + 0(A?) =

A-0AT'9 Al =A—- AL = AT (28)
so that
|BIA]]? = |[AT]* + O(4%) (29)
and )
SmlA]= G M?|AMP ... (30)

From (30) one concludes that:

a) The quadratic piece of Sys gives a purely longitudinal contribution to the
usual Landau-gauge gluon propagator which vanishes as M — oo.

b) All vertices that one finds by expanding Su in powers of A [and that
we will sometimes refer to as non-local, since they originate from the
non-local part of the action S™[A] of Eq. (15) |, have the following
remarkable features:

1. They have at least two legs which are longitudinal.
2. They are related to each other in virtue of Eq.(22).

Inverting the quadratic part of the action S+ Sas one finds the zeroth-order
gluon propagator in momentum space

1 1

Dib(k) = 6% (5 P (k) + 275 PL (k) (31)
where
k.k, k.k,
PL(K) = 8, — 43¢ and PL(k) = T (32)

N



are the projectors on the transverse and the longitudinal subspaces, respec-
tively. The transverse part of D, which is the only one that survives in the
M — oo limit, is the usual Landau-gauge gluon propagator. However the
longitudinal part will contribute in diagrams containing non-local vertices,
which are proportional to M?2.

Summarizing: the cubic and quartic part of Sy[A] give rise to the usual
three- and four-leg vertices that represent the self-interaction of the gluons,
while the non-local part

SM[A] = —%BM2|B{A]|2 _ %tr In(~8- D[B[A]]) (33)

is made up by two pieces: the first one, proportional to |B|?, gives rise to
the new (non-local) vertices for the self-interaction among the gluons, while
the second one is just one-half of the usual ghost contribution, but with the
field B[A] taking the place of A. One apparently needs once again to expand
B[ A] in powers of A up to the required order in each perturbative calculation.

This expansion would produce new ghost-ghost-gluons vertices; from the fact
that B[AL = 0, AT] = AT and B[A] = AT + O(A?) it follows that

1. The lowest order vertex is the same as the usual Landau-gauge ghost-
ghost-gluon vertex.

2. All higher order vertices (i.e. vertices with two ghost lines and two or
more gluon lines) have at least one gluon line which is longitudinal.

Therefore, if one considers ghost contributions to the totally-transverse n-
point function, he will soon realize that, in any order in perturbation theory,
the diagrams containing higher order ghost vertices are O(33z), and will not
survive the M — oo limit.

One can therefore conclude that the ghost contribution to the totally-
transverse n-point function that comes from the S;,ﬂ part of the action is,
in the limit M — oo, ezactly one-half of the standard Landau-gauge ghost
contribution, and this is true in any order in perturbation theory.



5 One-loop correction to the vacuum polar-
ization

To understand the mechanism that makes the correlation functions in the
maximal Landau gauge coincident with the ones relative to the standard
Landau-gauge, let us consider first the simplest case: the first-order contri-
bution to the two-point function. The (totally-transverse) one-loop contribu-
tion to the vacuum polarization has the diagrammatic representation shown
in Fig. 1, where the “L” over a line indicates the longitudinal part of the

gluonic propagator and the dot on a vertex indicates its non-local origin.
We will label with TI7(p)2 (¢)( = 1,...,6) the contributions to II7(p)2}

coming from the diagrams of Fig. 1, and with Hf;,?T
gauge ghost contribution to the n-point function.

We are interested in the totally transverse part of it since the longitudinal
part does not survive the M — oo limit once the (full) propagator is put on
the external legs; therefore all external lines in the Fig. 1 are to be thought
of as transverse.

Since the three- and four-leg local vertices are the same as the ones one
finds in the Landau-gauge and the gluon propagator differs from the usual
one only by a longitudinal part that vanishes as M — oo, the contributions
coming from diagrams containing only local vertices (e.g. I17(1) and I17(2))
are the same that one finds in the Landau-gauge. As already explained the
“tr In” contribution is just one-half of the (totally-transverse) Landau-gauge

ghost contribution, IIT(p)2t (“tr In”) = 1 Hﬁ)(p);',’,, so that our claim is
equivalent to say that all contributions coming from diagrams containing
non-local vertices add up to give, in the limit M — oo, one-half of the
standard Landau-gauge ghost contribution.

Let us consider the contributions to the two-point function given by the
diagrams containing non-local vertices. Let us start with the contribution of
the fourth diagram, IT7(p)2: (4). The fact that at least two of the three-legs
of the non-local vertex have to be longitudinal forces the internal propaga-
tors to be longitudinal; but the longitudinal part of the gluon propagator is
proportional to 555 (Eq.(31)), while the non-local vertices are proportional to
M?, since they arise from the expansion of Sy[A] = I M?(|A|*A — |B[A]?).
Therefore HT(p)Z’,’,(él) is proportional to 35z and goes to zero as M goes to
infinity.

(P)Zf, the one-loop Landau-
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The third diagram gives*

1 dPk ac cs r Yn sr
HT(p);‘i(:}) = 5 /W ‘,;nl(p,k’m uai? DL(-k)a‘r 'DL(-m)go V:; I('-p) "_k, —m xbz'ra
(p+ k +m = 0).(34)

Substituting for the longitudinal part of the propagator DT its expression
(Eq.(31)) and making use of

ku V3t (kL m)gs, = iM2 f[PT(1) = PT(m)l,,  (k+14+m=0), (35)

uvp
one finds 1
7 (p)in(3) = —§t?‘(T“Tb)PT(P)uﬂR(P)ﬁrPT(P)w (36)

where
Rip)pr = dPk  kgk,
=) @n)P Bk P

The fifth diagram gives

(37)

ab 1 de nl abed N L be T ab
H(p)uu(5) = E/W V;; (p9k7"k1 —'p)yupaD (k)upH (p);w(5) (38)
Making use of Eq.(22)

k Vi (k, =k, —p, p)icte 6% = —tr(T°T) V3" (—k, —p, p+k) =V (=k, k—p, p)]pou
(39)

and one finds

PE(R),, Vi (ky =k, =, P) ey = —2%#(7’ *T*) M*[PX(p) — PX(p + F)luo-

(40)
. Therefore the totally transverse part of II(p)2: (5) is [changing the integration
variable k into —(k + p)]

7 (p)is (5) = tr(T°T*) P*(p) uaR(p)ap P (P)sy- (41)

“In the following we will always consider all divergent integrals regularized by dimen-
sional regularization. Actually we will never need to evaluate them and all cancellation
that we will find are true in any other regularization scheme that does not break gauge
invariance, so that the recursion relation (10) holds.

11
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Adding all the contributions coming from diagrams containing non-local ver-
tices together

lim [HT(p)(3) + HT(p)(5)]Zi = %tT(TaTb)PT(P)uaR(P)aﬁPT(P)ﬁu

—_ w
(42)
Now we have to compare (42) with H_gi)(p):f,. From
det(—d - D[A]) = e'mn(-2-DlA) - (43)

= [ DDy exp{- [ dedyi(a)(-0- DIAY*6(z ~ )r'(w)

one derives the usual Landau-gauge Feynman rules for the ghosts

ghost propagator Dg"(k) = 5 6°

ghost-ghost-gluon vertexr V9" (p, g, r,)"bc = zfabc = iT5q, (44)

Hence the usual ghost contribution to the transverse part of the two-point
function 1s

dPk (i)
o ot P P

= tr(TaTb)PT(p)umR(p)mm PT(p)nw (p+q=kF). (45)

so that, indeed

2 —_ 1 a |
19 = =25tr(T°T") P (P /

im (o) = ~02(). (46)

N 2

We can thus conclude that the first-loop correction to the two-point function
calculated in the mazimal Landau gauge coincides with the usual results one
finds in the Landau gauge.

6 One-loop correction to the totally trans-
verse part of the n-point function

Let us now consider how it is possible to generalize the previous result to

Green’s functions of every order n. A generic one-loop contribution to the
n-point function has the form of a loop with a certain number V of vertices

12



and n external lines. If we let v; be the number of vertices with (k + 2) legs
appearing in the loop, then V = 3"7_, vy and n = 3"7_, kvk.

Once again one has to consider only the totally-transverse part of the n-
point function, since parts containing one or more longitudinal components
can be written as linear combinations of totally-transverse parts of lower
order in virtue of a recursive use of Eq.(10). As we are going to see, these
transverse parts have a finite M — oo limit, hence the parts containing
longitudinal components will not survive the limit when the propagator is
put on the external legs.

Since we are considering the totally transverse part of the n-point func-
tion, all external legs are transverse; therefore both propagators originating
from a non-local vertex have to be longitudinal. Since the longitudinal part
of the gluon propagator is proportional to # while all non-local vertices
are proportional to M?, the only contributions that do not vanish in the
M — oo limit are those in which all the vertices in the loop are either local
or non-local.

In the case in which all vertices are local, all internal propagators can be
replaced by their transverse part (the only one that survives in the M — oo
limit), so that they all add up to give the usual (Landau-gauge) gluonic
contribution to the (totally transverse part of the) n-point function.

To show that the totally transverse part of the n-point function is the
same as the one that it is found in the Landau-gauge it is once again sufficient
to prove that all the contributions coming from loops containing only non-
local vertices add up to give one-half of the totally transverse part of the of the
Landau-gauge ghost contribution, the other one-half necessary to reconstruct
the standard ghost contribution coming from the “¢rIn” part of the action.

One can construct all possible diagrams with n external legs by consider-
ing all possible partitions ® ¥ = [1;...1,] of n. Clearly diagrams associated
to different partitions will be topologically inequivalent.

To a given partition ¥ = [1 ... v,] of n one can associate a certain num-
ber N[v] of topologically independent diagrams obtained by placing the V
vertices on the loop in different ways. N[v] is found by considering that,
of the possible V! permutations of the V' vertices, the ones involving only

5The standard way of writing a partition of n as a set of non-increasing integers I; >
l; >...> I, such that }"._, I, = n is obtained by defining Iy = 1_, vr.

13



vertices of the same kind do not give a distinct diagram, so that

|

Nv] = ;/j-v—y—n—' (47)

Finally each of these N[v] diagrams can be attached to the n external points
in ol

T

different ways. Of course we are overcounting both the number of topologi-
cally inequivalent diagrams and the number of different ways one can attach
them to the external points: diagrams obtained by a rigid rotation or by
reflection of a given diagram are not inequivalent. To compensate for this
overcounting each diagram should carry a symmetry factor 1/(2V'), where V
stands for the rotations and 2 for the reflection.

We will first show that each of these N[v]- C[v] diagrams gives a contri-
bution that is proportional to the contribution

Clv] = (48)

1
Lo (pn - opalian = —{T5 (pr- s pa)iiin +
+ (n! permutations of the n triplets (aipip1)...(anprptn)}  (49)

coming from the ghosts, so that the proof of our main claim is reduced to a
combinatorial problem.

Let us consider one of the v, non-local vertices with r 42 legs that appear
in the loop. Let us label with p;(z = 1,...,r) the external (transverse)
incoming momenta and with k, and —k, the (longitudinal) internal ones

"':-fiz(km P1ye.sPry —kr)bnah'%br = ' (50)

Bnpr..tirar

= PT(pl)uwx v PT(pr)ururPL(kn)ﬁanru(km P1s.. .5 DPry _kr)z:?.l.:;farﬁr-

By applying the recursion relation (22) and making use of the fact that a non-
local vertex must have at least two longitudinal legs (so that, for example,
X/r+1(p1a ceesPrs kn - k )le i:lzr = 0) one finds

bpaj..arby __
k )ﬁnm Hrar T

Vnzz(kmpla s Pry—

k n n
- )ﬁ ZPT(pl)mul --'PT(pr)urVr ,,vv;-}{l(pla” -9 Ps + krn' «e9Dry

14
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(51)

a1 ... Ve @yrby
VY aailg oo pQly



Repeating this procedure of pulling out one longitudinal projector and of
using the relationship (22) r times one finds

i bnay..arby __
K-ﬁq(kmpl:---’pn—kr) ; ~

Brnpy...piror

Y kn n k"' Oy a a: ar
= —(—i) Mz(—k%i%(T 1T T Yy,
[PT(1) - (kn+p1)] - [PT(00) - (kn+ P12+ 4 pr)]
1 1 1

- -+
(kn +p1)? (kn+p1+p2)® " (kntprt+p2t...+pra)?
+ r! permutations of the r triplets {(aip1p1)...(arprp,)}- (52)

Hr

The link of the non-local vertex V%, with the ghosts becomes apparent
by considering the Feynman rules of Eq.(44) for the ghost-ghost-gluon vertex
and the ghost propagator. Comparing the analytic expression of the diagram
shown in Fig. 2 with Eq.(52) one obtains the useful identity that is expressed
pictorially in Fig. 3, and which can be used to reduce each of the N[v]C[v]
diagrams that contribute to the totally transverse part of the n-point function
to the form of a ghost contribution. Let us consider the contribution to the
n-point function coming from a given diagram (i.e. given v) attached to the
external points in a definite way (i.e. fixed 7,7 with (1 = 1,...,N[p];j =
1,...,C[v]) ). By use of the identity of Fig. 3 one finds

TZ-TW(p1y. .., pa)2en = (=)VH! {r;;;--'-"(pl, cesPa)22m 4 TT (1) permutations

r=1
(53)
This is the contribution to the n-point function coming from a given
diagram attached to the external points in a definite way. Summing over the
C|v] different ways of attaching a given diagram to the external points gives

CV]
Liwl(py, - pa)ion = Zl Lii[v](pr, ... ypn)iiion =

= (=) Ton(p1,...,pn)sl 7o +

(54)

+ n! permutations of the triplets {(ai1p1p1),- .., (arttrpr)}]

= n(=1)""T%T(p1,...,pa)oom.

The sum of all the contributions pertaining to the N[v] topologically

15
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inequivalent diagrams (with the appropriate symmetry factor) gives simply

j=N[V]
Twl(py,-pa)iiian = 2 Tilvl(pn, .- opa)idin = (55)
J=1
1 V! . V- ~T..T ai...a
= QVHr—l(Vr')( 1) l'r'"]'wgh (pla ,p'n)u,ll ;4’,:
Finally one has to sum € over all possible partitions of n :
S T)(pr,- - pa)iiin = (57)
v
1 V! V-1
= n P vy Pn 81--Gn &
z:z»,. v (e M U e
=1 TVyp=n
1~ Q1.0
= §P§hT(P1’ «3Pn ,,,i u: (58)

which proves our claim

lim H( )(Ph .,pn) = HSJ?(PI, ‘7pn)' (59)

—_— X0

7 Two-loop correction to the vacuum po-
larization

One would like to see if what was shown to hold at one-loop level can be
extended to higher orders in perturbation theory: is it still true that the
contributions coming from the “new” diagrams, i.e. the one containing non -
local vertices, add up to give, once the limit M — oo is taken, one-half of
the usual (Landau-gauge) ghost contribution ? We will consider the two-loop
correction to the two-point function and show that this is still the case.

8Using the identity

V! vor 1
Y wames ) (%)

V1...Vn

n
rUe=n
r=1

which is proved in the appendix.
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By using the Feynman rules derived in Sec. (4) one can write down the
diagrams that contribute to the (totally transverse part of the) two-loop vac-
uum polarization, as shown in Figure 4. In that picture explicit dependence
on Lorentz and color indices has been suppressed for simplicity while the ap-
propriate symmetry factors pertaining to each diagram have been explicitly
shown. The vertices with three or four legs in each diagram can be either
local or non-local. Making use once again of the fact that each non-local ver-
tex has at least two longitudinal legs (and is proportional to M?), and of the
form of the propagator (31), one can extract from the list of Figure 4 those
diagrams which contain at least one non-local vertex and which survive in
the M — oo limit [whose sum we will indicate with limps __, o Anu(p)].
These diagrams are shown in Figure 6; the additional numbers in front rep-
resent a symmetry factor that arises when we split the propagator into its
transverse (T) and longitudinal (L) part. For example the factor two in the
first diagram takes into account that one has also to consider another dia-
gram where the L and T lines that join the same two vertices are exchanged.
Which lines are longitudinal and which are transverse is explicitly indicated
in the first three diagrams.

By using the fundamental identity shown in Fig. 3, one can reduce every
non-local vertex to a gluon-ghost-ghost vertex and every non-local diagram
to a sum of ghost diagrams i.e. of diagrams that contain ghost propagators.
The result of this operation on the non-local diagrams that contribute to the
two-loop vacuum polarization is shown in Fig. 6, where the value of every
non-local diagram is given in terms of ghost diagrams, as defined in Fig. 5.

Adding up all these diagrams one finally finds

_ 1
lim  Au(p) =7 {4A1 + 2h2 + 245 + 4Aq + As} (60)
— 0

This has to be compared with the usual Landau-gauge ghost contribution to
the two-loop vacuum polarization:

1

so that, indeed, one finds once again

im  Au(p) = 1 Agr(p) (62)

— OO0

[oM)
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and the same mechanism that was shown to work at one-loop level appears to
be still valid at two-loop level: the extra diagrams coming from the presence
of the non-local vertices add up to give a contribution that is one-half of the
usual Landau gauge ghost contribution; this together with the fact that the
ghost contribution coming for the “tr log” part of the action in the new theory
gives exactly the same result as in the usual Landau-gauge, but is reduced
by a factor one-half by the presence of a different exponent in the Faddeev-
Popov determinant, makes the two perturbative expansions coincident order
by order in perturbation theory.

8 Conclusion

It has been verified by explicit one- and two-loop perturbative expansion that
the two-point function in the maximal Landau gauge coincides with the one
in the ordinary Landau gauge. This result has been extended, up to one-loop
order, to all correlation functions. As a byproduct of the calculation it has
been seen that the gauge symmetry-breaking term S,y = 8M?|A|? is not
affected by radiative corrections.
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A Combinatorics

We claim that the following identity holds

1 !
W, = L
2 VLD

V...
n —
Sy o=

(- == (63)
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where V = Y7_, v,. To prove it let us consider the generating function for
the W,

= "W, (64)
n=1
so that
W, =+ 2 p(o) (65)
"= nldzn om0
Summing over all [v;...v,] with the restriction E" 1TV, = n and over all

n 2> 1 is equivalent to summing over all possible v’s without any restriction
(only the case in which all v’s are simultaneously zero is excluded), which
is in turn equivalent to summing over all possible v’s with the restriction

o2, vr =V and then over all V > 1; therefore
F(.’L‘) — Z (_l)t.q+u2+...+un+...—l(yl + Vo + . + v, + o 1)' H (;1;” ")
V]elnoee r=1 T
o V-1) =
= (v
VE=:1 Vl..gn... "=1(VT')rI—Il
:il vr=V
- (___l)V |4 2
= (-) g™
Vz=:1 | % VI--gn--- Vi...Vp.oo.
Z::l vr=V
oo (_l)V ) x v
V=1 k=1
o0
= —log {1+, mk)
k=1
= log(l — x)
= > = (66)
n=1 1
By equating coeflicients with thé same power of z it follows
w, =1 (67)
n

19



References

[1] D. Zwanziger, Quantization of Gauge Fields, Classical Gauge Invariance
and Confinement of Gluons, Nucl. Phys. B (1991)

[2] C. Parrinello and G. Jona-Lasinio A modified Faddeev-Popov formula and
the Gribov ambiguity, Phys. Lett. 251B, 175 (1990)

[3] M.A. Semenov-Tian-Shansky, V.A. Franke: Variational Principle for the
Lorentz Condition and Restriction of the Functional Integral in Non-
Abelian Gauge Theories, Steklov Institute, Leningrad 1982 (in Russian).

[4] G. Dell’Antonio and D. Zwanziger, Proceedings of the NATO Advanced
Research Workshop on Probabilistic Methods in Quantum Field Theory
and quantum Gravity, Cargese, August 21-27, (1989), Plenum (N.Y.),
Damgaard and Huffel Eds.

[5] I.M. Singer Comm. math. Phys. 60,7-12 (1978)
[6] T.P. Killingback Phys. Lett. 138B, 87 (1984)

[7] G. Dell’Antonio and D. Zwanziger, Every Gauge Orbit Passes Inside the
Gribov Horizon, Comm. Math. Phys. (to be published)

[8] D. Zwanziger Stochastic Quantization of Gauge Fields

[9] D. Zwanziger: Vanishing Color Magnetization in Lattice Landau and
Coulomb Gauges. New York University preprint (1990).

[10] G. Dell’Antonio and D. Zwanziger, All Gauge Orbits and Some Gribov
Copies Encompassed by the Gribov Horizon, in the proceedings of the
workshop on Probabilistic Methods in Quantum Field Theory and Quan-
tum Gravity, Cargese 1989

20



0 Figure Captions
Fig. 1: One-loop contributions to the vacuum polarization.

Fig. 2: A useful diagram and its analytic expression; it is understood that
there are no propagators on the external ghost lines.

Fig. 3: Relation between non-local vertices and ghosts.

Fig. 4: Diagrams that contribute to the two-loop vacuum polarization
and do not contain ghost propagators.

Fig. 5: Ghost contributions to the two-loop vacuum polarization.

Fig. 6: Non-local contributions to the two-loop vacuum polarization and
their value, in term of ghost diagrams.

21



I (p)i =

a_ P, ~ P b

7 -/ v
prb

a

e

L
a p P b
a p() p b

Figure 1:

O

=&

wloe

|
o

Qe
e

7 ( p);‘f,’, “trln”)

Rlo



T T T

ay p1 az pa an pn
y 250 D Pn
bn kn kl k2 k‘r ar .
ﬂ;»— L ol l ol - a, — (_Z)'r (TalTaz . 'Tar)bnb,-

[PT(P1) - (kn+p1)] - [PT(00) - (hn+ P14 P2t 0]

r

(kp +p1) 2 (kp+p1+p2)"? ... (kn+pr+p2+...+pro1)?

Figure 2:



T T T

ay {1 az f2 An fn
y 2 P27 Pn
b, knl k k k. a
— 2(k”) 2»—":—_.»_1-__’..2..—_.-_»: r
= (M5 g a

+(r!) permutations of the triplets (aq, u1,p1) ... (ar, tr,pr)} &;czht

Figure 3:



3b o

SEeYee¥s)
qod ¢






=2(A,+ A,)

D=

7S
opC

=2(A,+ 2A,)
L - _A,
4
L T
1 1
%200”4 2 =3% %

N
E
[\S1L
=

=
N =

ot
S
e
-

FpL
56 G

Figure 6:



