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FIELD THEORY ON THE RANDOM BLOCK LATL%ERMLAB
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Department of Physics, National Taiwan University,
Taipei, Tatwan 10764, Republic of China.

Abstract A & E gX

Field theories are formulated on the random block lattice in which the sites 'ar‘é tartesi
product of D sets of random coordinates, one from each dimension, where D is the dxm.ensgon fJf
the space-time. The gauge field, the scalar field, the fermion field and the vacuum polarization in

QED are studied respectively.

INTRODUCTION

A random-block lattice? (RBL) in D dimensional
Euclidean space is constructed by Cartesian prod-
uct of D sets of random coordinates, one from each
dimension. Each set of random coordinates are pre-
sumably randomly distributed on an interval [0, L]
with uniform probability. The separation between
any two neighbouring coordinates in each dimen-
sion thus obeys the Poisson distribution. It is of
course possible to impose other probability distribu-
tions. However I always refer RBL to those obéy the

Poisson distribution. An example of a 2-dimensional

RBL is shown in Fig. 1 of Ref. 2. My motivations of
formulating field theories on RBL are essentially : (i)
RBL as an alternative regularization scheme, (ii) to
circumvent the difficulties such as the fermion dou-
bling problem on a regular latticé, (iii) physical ob-
servables averaged over a large number of RBLs can
manifest rotational and translational symmetry and
(iv) field theoretic calculations on a random-block
lattice are much easier than their counterparts on a
random lattice®. In this talk, I review the present
status of field theories on RBL and discuss further
investigations.

GAUGE FIELD*

On a 4-d RBL, the link variable pointing from the
site ¢ to the site { + u is
m

It
U,(i) = expligl? A (z; + ..2'_)]

where ¥ = z;;, — z;. The action of the SU(N) pure
gauge theory is

e
S A

25198

: £ g .
I ideme
s SR B

where U, is the ordered product of the link vari-
ables around the plaquette p, # = 2N/¢? and w, is
the weight of the plaquette p, which is the ratio of
the area dual to p and the area of p, ‘

A,

w. =

r Ap

Ay = I
Al = PP

In the continuum limit, this action goes to the con-
tinuum gauge field action :
Ac = [ d* 1F o
C = z Z wod py
If O(U) is a function of the link variables U, then its
quantum expectation value is

ﬁ d‘a:-f HQ; dU(O(U)e"A(U)
U, dUeAW)

i=1

<O>=-%V~‘—/

where N, is the number of sites, N; = 4N, is the
number of links, N, = 6N, is the number of pla-
quettes and V is the volume of the lattice. The
observables calculated in Ref. 4 are the average en-
ergy per plaquette and its derivative, specific heat.
The results are similar to their counterparts on a
regular lattice, except the crossovers from strong to
weak coupling regimes in SU(2) and SU(3) are more
smooth on a RBL than on a regular lattice.

SCALAR FIELD

The action of real scalar field on a 4-d RBL can be
written as

1 1 =
AL = §ZZAeu(¢;-¢.~+y)’+5m22we¢? = oM
. LI i
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where ¢; is the real scalar field at the site ¢, A,
is the link weight of the link (¢, + )

M= [ B2 )
v

and w; is the weight at the site 7,
wi = H (xﬂ-p _2' xi-ll) (3)
m
In the continuum limit the lattice action goes to
1
o= [ d*3(0,40"¢ + m?¢]

The two-point Green’s function, scalar propagator is

1 N, 2
S(z) = m/ﬂ d*y; [T 6*(v; — ;)5 (31, v2)
=1 i=1
(4)
where z, = (z; — z,), and

SL(ylayﬁ) =< ¢y:¢v: >= (M—l)ynlz‘ (5)

In Fig. 1 , the massless scalar propagator is de-
noted by crosses which are calculated using 1000
of 20* RBLs with antiperiodic boundary conditions.
The result is quite independent of the actual lo-
cation of the two end points. This implies that
the translational and rotational invariance manifest
after ensemble averaging over a large number of
RBLs. It is compared to the continuum solution
S.(z) = 1/4n%z? which is plotted as the solid line
and the regular lattice propagator which is denoted
by squares. The scalar propagator in RBL agrees
very well with the continuum solution at large dis-
tances (z >1).

The scalar propagator in momenturn space can
be obtained by the following Fourier transformation

. 1 N, 1 v (zimz;
S(p) = VN, / II d4$ki7 33 wiw; P Em) Sh(g;, o)
k=1 i 5

where S¥(z;, ;) is given in eq.(5). In Fig. 2, the
massless scalar propagator in momentum space is
denoted by crosses which are calculated using 1000
of 20* RBLs with antiperiodic boundary conditions.
. The continuum propagator 5¢(p) = (p®)~! is plotted
as the solid line and the regular lattice propagator
SR(p) =[4 ¥, sin*(pua/2)]"! is denoted by squares.
The scalar propagator on RBL agrees with the con-
tinuum solution for all momentum values except the
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Figure 1: Massless scalar propagator in position
space.
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Figure 2: Massless scalar propagator in momentum
space.

small deviations at very large momenta. On the
other hand, the regular lattice propagator must be
in complete disagreement with the continuum prop-
agator in the vicinity of p; = 2nn/a,n = 1,2,3, ...
due to periodicity.

FERMION FIELD?5%

The action of Dirac fermion field on RBL can be
written as

Z Y Wil piy i — Piu) +m Z%'ﬁi'ﬁi

= Y[H'T* + mW]¥

AL

where 1; and ¥; are two independent 4-component
spinors at site 7, w; is the weight at site 7, K} is the
inverse of the distance between the sites ¢ + x4 and
i— gty K = (2i4, — 7i_,)7!, m is the mass and 4,
are the Dirac matrices. In the continuum limit, it



goes to the continuum Dirac fermion action
Ac= [ (@) (10, + m)p(=)

The two-point Green’s function, fermion propagator
is

- Sp(z) = So(z) + 71uSu(2)

1 N, 2 .
= VN2 /H d'y: 1 8*(vs — =5)SF(v1,92)

=1 =1

where z, = (21 — z,), and

SEw1,v2) = [SeTuaws + 7u[Sf]um (6)
= < wv: 'l()yz >= [7)1TI‘ + mwl;ilva
= [W"ll’(m - 'yuT:‘)(mz (")) W-Uz]mw

where T}, = W~1/2T,W-1/2; while for the massless
fermion,

S#(yl».‘h) =< 1/)!“!2’», >= 7#(Tu);,1y,
= 7#[(Tu)(Tz)~l]vam = 7;1(55)1/1:12 (7)

Results of fermion propagators in position space has
been described in Ref. 2, 5 and 6. In summary, the
fermion propagator on RBL agrees very well with
the continuum propagator for distances greater than
three average lattice spacings. In the continuum
limit @ — 0, the discrepancies at small distances
(z < 3a ) goes to zero. This can be shown explicitly
by increasing the number of sites in every dimension
while keeping the volume fixed®.
The fermion propagator in momentum space can
_be obtained by the following Fourier transformation

) gp(p) = SD(P) + .i7u§#(p)

1o 1 (i,
B W/ [] d'ar; 32 3 wiw;e? =) Sk (zi, z;)
k=1 i g

For the massless fermion, only the vector compo-
nents S,(p) survive. In Fig. 3, the massless fermion
propagator in momentum space is denoted by crosses
which are calculated using 1000 of 10* RBLs with
antiperiodic boundary conditions. For the conve-
nience of displaying results, I have chosen symmet-
ric momentum (p; = p2 = pz = p4) so that gu(p)
turns out to be almost the same for all u. The
continuum propagator S&(p) = iv,p./p? is plot-
ted as the solid line and the regular lattice propa-
gator SE(p) = iy,asin(pua)/|T, sin?(p,a)] is plot-
ted as dashed lines. The fermion propagator on
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Figure 3: Massless fermion propagator in momen-
tum space. ’

RBL agrees with the continuum solution for all mo-
mentum values, while the regular lattice propaga-
tor is in complete disagreement with the continuum
propagator except in the vicinity of small momenta.
One of the 15 doubled modes of the regular lattice
propagator at (1,Z,Z,Z) is shown explicitly. The
propagator of a left(right)-handed Weyl fermion is
Ser(p) = Sa(p) £i T3, 0;5;(p) where 05,5 = 1,2,3
are the Pauli matrices. Therefore Fig. 3 also demon-
strates that a single species of Weyl fermion is pos-

sible on the 4-d random-block lattice.

VACUUM POLARIZATIONS®

The vacuum polarization tensor is one of the most
important quantity to study since the number of
species of fermion must appears as a numerical factor
of it, and thus provides a good test for any scheme
of lattice fermion. Elimination of spectrum doubling
in the free field limit does not gaurantee the same
would hold in weak coupling perturbation theory.

The action of QED on a 4-d RBL can be written
as ‘

Ap = 30 Y wilt eraUn(isu—bima U (= )biza]

+m Zwﬂlj;’ljl; + ﬂz w,,[l —_ RC(UP)]

where B = 1/e? and other symbols have defined be-
fore. In the continuum limit, it goes to the contin-
uum QED action

Ac= [ d by r@u+igAu+m)(z) + 7 FuwFul



Figure 4: The Feynman diagrams contributing to
the lowest order vacuum polarization tensor on the
lattice. Diagram (b) does not exist in the continuum
theory. ‘
In the weak gauge coupling limit, the lattice action
can be expanded in the order of g to yield the Feyn-
man rules on the random-block lattice. The vacuum
polarization tensor which consists of two parts cor-
responding to Fig. 4a and Fig. 4b respectively.

In position space the seagull term Fig. 4b van-
ishes except at z = [z; — z;| = 0. For z > 0, only
the Fig. 4a contributes to the vacuum polarization
tensor and it is

(@)1l i Iy
L, [z + 2%t '2*]

=~ [TT(’Y,,.(5%’-);.4.,;4’7‘,(3;[:'\),4.,,;)
+ Tr(7u(sll5)i+u.j+V7»(S#)j,i)
+ Tr(vu(SF)ii W (SF)itvitn)
+ Tr(1u(SF)ii+s 1 (SF)jitu) + (1 & V)]

where Sk is the fermion propagator defined in eq.(6)
or eq.(7). For symmetric configurations ( end points
on body diagonal zy=z;=z3=z4 ), in continuum
QED, all diagonal components IIf, are equal, and
all off-diagonal components IIS, (4 # v) are equal.
For the massless fermion, the off-diagonal compo-
nents only have a sign difference from the diago-
nal components. In Fig. 5, components of II,,
of massless QED are calculated using 1024 RBLs,
each of 20* sites and with periodic boundary con-
ditions. The average lattice spacing is ¢ = 1.0.
The end points are lying on the body diagonal.
For point-splitting equal to zero, the results are al-
most 10 to 16 times of the corresponding values in
the continuum QED. The difference is mainly due
to the presence of the 15 species of pseudovectors,
arising from the chiral symmetry breaking of the
doubled modes?. The effects of these pseudovec-
tors can be suppressed by splitting the end-points

at the interaction vertices. For example, the end-
points ¢ = (x1,%2,%3,24) and j = (y1,Y2,Y3,y4) of
the forward-moving propagator, are split from the
end-points V' = (z; — €,22 + €,23 — €,24 + €) and
7= —e,y2+€,y3 — €,ya + €) of the backward-
moving propagator. The value of € can be taken to
be any fraction of the average lattice spacing a. The
results are very insensitive to the e value.
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Figure. 5 Vacuum Polarization Tensor of mass-
less QED in position space. The results with point-
splitting 1.0a are denoted by triangles which are in
agreement with the continuum QED (the solid line),
while those without point-splitting are denoted by
squares which are about 10 to 16 times larger than
the continuum QED. (a) the average of the diagonal
components II,,. (b) the average of the off-diagonal
components I1,,,, p # v.

In Fig. 5, the € value has been fixed to be 0.5a.
The average of the diagonal components of the point-
split vacuum polarization tensor agrees very well
with the continuum limit for distances greater than
two average lattice spacings. In Fig. 5b, the aver-
age of the off-diagonal components of the point-split
vacuum polarization tensor agrees very well with the
continuum limit for all distances. This clearly shows



that the leading order contribution of the doubled
modes to the vacuum polarization tensor transforms
like a scalar, and thus only affects the diagonal com-
ponents. It is well known that point-splitting at an
interaction vertex would violate gauge invariance if
the link variables are not taken into account prop-
erly. However in the weak coupling limit ( § — o0),
the link variables are almost frozen to one. More-
over we can always choose the temporal gauge and
restrict the point splitting only in the time direction.
Therefore it is plausible that the dynamical effects
of link variables would not change the above results
significantly. Nevertheless a dynamical calculation
including gauge fields must be carried out in order
to justify the above approximation.

CONCLUSION and DISCUSSION

In this talk, I have shown that random-block lat-
tice provides an alternative gauge invariant regular-
ization scheme for non-perturbative studies of field
theories and avoids fermion doubling problem with-
out explicitly breaking the chiral symmetry or intro-
ducing any non-local interactions. It has advantages
over the regular lattice and the completely random
lattice. The fermion doubling problem can be evaded
on RBL by using an ensemble of RBLs and evalu-
ating the path integrals on each one of the lattices,
and finally taking the ensemble average. I believe
that this is the right way of evaluating the path in-
tegral rather than just fixing it to a single ( regular )
lattice. Even in the case of scalar propagator in mo-
mentum space { Fig. 2 ), ensemble averaging yields
results in good agreement with the continuum prop-
agator up to very large momentum values while the
regular lattice propagator is in complete disagree-
ment with the continuum propagator in the vicin-
ity of p; = 2nn/a,n = 1,2,3,... due to periodicity.
This shows that physical observables averaged over
a large number of RBLs can manifest rotational and
translational symmetry.

The QCD scale parameter A is being calculated
on RBL. This can be determined by measuring the
heavy quark potential and the string tension. An-
other crucial task is to show that the axial anomaly
does have the correct continuum limit. The calcula-
tions of the triangle diagrams on 4-D RBL are very
time-consuming and are now in progress. At this

moinent, calculations of the standard model on RBL
seem to be remote, though in principle are possi-
ble. Since the chiral fermion does not have a proper
treatment on the regular lattice, the RBL could be
a useful tool for nonperturbative calculations involv-
ing chiral fermions.
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