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We give economical expressions for the hel1c1tu amplitudes of the processes 

e't e- ... Qqgg and e+ e- ... qq q'Q' includtng ~ and ZO contributions and apply them to 

the evaluatlon of the four-Jet cross sectlon;n e+e- annihilatlOn at lEP I and lEP 

I' enp.rg1es. 
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We present exact hellel ty amplItudes (or the processes et e - .. V .. 

QQgg,QQQ'Q' ('With both Q::Q' and Q01tQ') using spinor- product techniques 1). Here V 

stands for either photon or Zoo For such processes, \(1th many particles 1n the 

final state. the spinor-product method is ttlC: most tractable and most efficient 

t or ~umencal cal cul atlons of multi 1et cross sections. 

Simil ar cal cul at ions have been doneZ) using standard methods (vector 

products, Dirac' algebra and reduce program), 'Which, ho'Wever, result 10 

cambersome furmulas. We present our results 1n a concise form, 'Which can easily 

be used to calculate the complete four-Jeet cross sectlon 10 e+e- annihllatlon. 

The tree-level feynman diagrams contributing to e- (p, )+e+ (P2) ­

Q(P3)+Q(P4>+ g{P5)'" g{P6) are sho'Wn in FiQ. (1 a). These for e- (P1)+ ei (P2) ... 

Q(P3)+Q(P4)-tQ'(P5)+Q'(P6) are listed 1n fig.(1b), \(here onlu the first four 

contribute \(hen q01tq', 'Whereas all elght contribute 'When Q=q'. The general form of 

the amplitude in both cases (c=g or c=Q) is (1= 1,21' ..8) 

i TCI (a,p) = Sa L e2g 2 OV(a,p) D(p) MC,(a"p) 	 (1)s 
V=),S,Z 

\(Ilere iI=("1"2;"i'4nsn6) are the tlel1cltles of the external part1cles, 

0=(0.30.40.50.6) are the color Indices of the final part1cles and P=(P1P;?; 

P~IP4P5P6) are toe external momenta. 18 the appropnate color matnx for eachCa 

diagram and 

, )?Ov=~ (iI"p) = eq/s s='Pl't Pz .. , 	 (2&) 

OV=2 (iI ..p) = sm-2e-wcos-20-w Ce(t11)CQ(f1Q)/(S-M/+1MlMZ)' (2b) 
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The ant1particl e he11city sp1nors are eliminated by using V(I( - p) =U_ (I( p). Oef1n1ng .-~ 

\!(here the index Q refers to the Quar~ that couples to ~ or 2u and the couplings cf: 

and cQare Qiven in Table I. Also. 

2O( p) =01 - 4C 02- (2c) 

'Where 0, ,°2 are the momenta of the quark or 91uon propagators. Finally, lSeq 

the charge of the Quar~ coup1 ed to the photon, and S'W 18 the veak m1x1ng enol e 

Follo'Wlng the techmques developped in ref. 1) 'We reduce the spmor products 

In each ampl1tude MC1(;I ..p) by virtue of the 1denUUes 

f. =u_tp)u_(p)+u+(p)u.{p) (3a) 

rUit(pl)~~U(l( PJ> JolJ=2u(l{PJ)U(I(P,)t 2u_ (I{ Pl)U- (I( p) (3b) 

One further has 

Ut (Pl)U-(PJ) - Slj =-Sjl , u_(P1)u+(PJ) tij = 5.n 
ft 

I 
(4)IE 

,..here the quantity 

6,1(1= 1 1f (1=1 and 6t ,,=0 if (1='; • 'We obtain: 
'I 

Case (a): e-te- .. qqOO 


MOt=-2(P6°PaPsOP7)-1/2 0(11(12 0(13(14 


, x{ [2 ,~ L' 61' (13 (6-(16 $46 t81+ 6T (16 s48 t61) 
j:;315 i=4,i 

'X( 6-~'r'S't1 f2J+ 6+ (11 si2 t 1) 

~(6';~5~1~ t7~ t 6' i\5 sj7 t53)) + [6t~ 6-, s ~ tl) .. (6a) 

'Mg2'~ M'g'1' '('Ps ~ P6- P7 .. Pa- (15 .... (16 ) (6b) 
• ~ "'..... iO" ...... 

. . '. H1l3' ::2{P6~oP~P~':'p-;) -1/2 6(11(12 6(13(14 

.{[2 2' 6+(13 (6-(11 841 t21+ 61' ;11 s42t l1){6-(l6 $16 t8j+6"(l6 s18t6J) 
j=3,5 1=3;5,6 

. x (6"'~S SjS173+ 6+(15 Sj7tS3)] + [6+ .. 6- , s .. tJ) (6c) 

MO4 =M03( Ps ... P61P7 ... Pal "5" (16) (6d) 


MOS=M03 (P3'" P4IPS'" P6.D7 .... P8, .13 ... - i13. (14... -(14, i1S· (16), (6e) 


M06=MOS(PS - P6,P7 ..... Pa, i1s .,.. (16) (6f) 


Stt(pXlt1pYt) [(pOfPzJ)/(pO,-pZl)]1/2 - (px)1'1PYJ) [(pOl-p2t)/(pOfPzJ)} 1/2 

(5) 

1S expressed 10 terms of the components of the four-momenta Pi,Pj (ISljI2=2prPj)' 
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M07=2£flS'(fl6{[ 2: 6+ fl3 (6-fll S41 tZl+ 6+n1 S4Zt 11) 
i=3,5,6 

~ 81StS3-816t63)] + [6+ .... 6-, 8" t]) 

t z( [2: 6+ (l3( 6-n 1 $41 t21+ 6+ n 1 842 t l1){2P6'e:fls/vPe'P6) 
1:3~5,6 

x( 6- (16 s16t83+ 6+ n6818t63) 


- 2{P5't rt6'-/PS'P7) {6- (lS$15t73+ 6+ (l5317t53) ].d6+ .... 6-, s .. t]), 

(60) 

M98 = -M07 (P3 .... P4, rt3 ",-n3. rt4 --(14) (6h) 

In the above f ormuhs E~(l{p,Q) ls the gl uon pol anzation vector, 'tIhlCh 18 

owen by 

tlJfI(P#Q)=Ufl{Q)~IJU(l(p) / 2-IjFQ 	 (7) 

'w'here p ts the gluon (our-momentum and Q 1$ an arb1trary, aux111ary momentum 

restr1cted to be Q~p. Also P7,Pe are the aux111ary momenta of the polarization 

vectors of the 91uon8 'w'ith momenta PS,.P6 respectively. Exp11c1t1y 

(.15'(.16:: 2(pS"P7P6·P8)-li2 ([6tflS(6-(l6s76t8Stbtfl6 $78t6S)1+ 

[6 t ".. 6- IS .... tn , (8a) 

P6'(flS = 2(PS'P7)-1/2(6+(lS s76t6S+ 6-flS t7686S} (8b) 

PS'£fl6 = 2{P6'P8)-1/2~6+fl6 $8StS6+ 6-(l6t8S856) 	 (8e) 

, Case (b): e+ e- -- qq q"tr 

MQ1=46(11(126n3f146f1Sfl6 {[ 2: 6+ (l3{6- fl1 541 t21+ 6+ fl1$42t 11) 
1=3,5,6 

(6- flS31St63+ 6+ flS$16tS3)] + [6+ - 6- $'" tJ) (9a)I 

MQ2 = -MQ1{P3"" P4, (l3"- fl 3,(14---(l4) , 	 (9b) 

(ge)MQ3 = MQ1(P3 .... PS,P4toP6,fl3.. flS,fl4to(6) , 


MQ4 = -MQ3{PS" P6, flS.. -flS. fl6"'-(6) (9d) 


These are all the amphtudes for Q~Q'. If q=Q', in addHion to the above foul' 

amplitudes,. 'tie have four more,. 'Wh1eh are glve,n by 

MQ1+4=t-tq1 {P3 .. PS, (13 .... ns), ~=1 ,.Z,3,4. 	 (t 0) 

W1th the above expltcH expressions 'tie can caleul ate the averaged 8Quared 

amphtudes 
8 

Iml2QQgg :,1 18> 	 2: 2: Tg1 TIJ~J Cgl~1 

(rt,) 1,J=l 

4 

Imf~qQq'Q' :<1/4> L L TQ1 TQ lit J CQ'J I (q~Q') 	 (11 b)I 

(rt I) 1,J=1 
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8 

fm12qQQQ= (1/16) L L TQ,TQMJ CQ'J ( 11c) 
1,J=1 

The physical four-jet cross section 1s obtained from the above expressions by 

summmg over Quark flavors, and usmg the express10ns for the color matnces CQ 

and CQ glven 1n Table II. In programmlng these formulas the sum ov~r hehClty 

conf1gurat1ons need not exhaust the 'Whole set since TC1(a,p)= TCt( - a,p) due to 

pantu conservation. Note also that a considerable simpl1flcatlon results from the 

Kronecker functions 6illilj- 'Which come from the fact ttlat the hel1cHy along a 

massless ferm10n hne does not change. 

The fact that an auxil1ary arbitrary momentum enters the expression for E~il 

(see Eq.7) provides us 'W1th a pO'flerful check of the 'Whole numer1cal procedure. 

Namel V, the resul ts shoul d be independent of the partlcul ar cho1ce for the 

3uxi11aru momentum Q(P7 and Pe 1n our formulas). We have checked that thls 15 

the case 'Wtth several choIces for P7 and Pa (P7=P:;,P6 and Pe=P4,PS)' Th1S 1S a 

consequence of gauge lnvanance. Moreover1 'We checked that 1n the purel U 

electromaonetlc case (V=1:\') our calculation and that of A11 et a1 2) give the same 

results for ete- --qqgg. 

As an applicat10n of our matr1x elements \tie calculate the azimuthal-angle If> 

dlstr1but10n of four- jet events at LEP I and lEP II energies, 'Where (jl is the angl e 

of the planes formed by jets 1,2 and 3,4 respectively -See Fig.2. The jets are 

here numbered accordlOg to theIr total energlJ and these t'flO planes are 

convemently reconstructed expenmentallv. To ensure that all four Jets are 

I detectable at LEP 'fie applu the cuts nl < no (no=3) and mil> Ycs (Yc=O.02) 3), 

'fIhere mij 1S the mvar1ant mass of any pa1r of jets, ij= 1,2,3,4, and 1lt is the 

rapidity of jet 1. Note that this distribution 1s expected 4), to be significantly 

deformed, due to the presence of a non- abelian gl uon. The contributions of the 

various subprocesses to the total cross section are given in Table III. 

Finall y, in F1g. 3 'We present the x- d1str1butlon of the fastest jet, 'Where 

x={ hcosS)/( 1-C083) appluino the same cuts as above, at LEP I and LEP II 

energles. fhis distrlbution 18 expected to be deformed by the presence of ne\tl 

contributionsJ leading to relatively more sperical multi jet configurations.• such as 

those arising from (non-minimal) Higgs production or from a heavy dlQuar~ system 

or even from compos1te structures. 

We thank O. Korakianit1s for help \tilth Ithe compute,r cal~ulat1ons 
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TABLE AND 	 FIGURE CAPTIONS 

Table I 	 Hel1c1tu structure of the couplings of the 20 (eQ.2b) to the electron 

and the "up" - and "do~n" - Quark families. 

Talbe II 	 Products of colour matr1ces required for the construct10n of thfl 

averaged squared ampl1tudes (11). 

Table III 	 Absolute contr1buUons of the various final states to the cross 

section for e+ e- ... 4 jets (~ith the cuts defined in the text) at 

LEP I and lEP II. Mz=92.6 GeV, rz=2.55 GeV, s;nZsw=0.23. 

Fig. 1 	 (a) The eight d1agrams contrlbut1ng to V ... Q(P3)Q(P4)g(P5)g(P6) 

(b) The elght diagrams contributing to v ... Q(P3)"Q(P4)Q'(PS)'(f{P6) 

F1g.2 	 Azimuthal-angle. distribution of 4-jet events 

ng.3 	 Angul ar x- d1str1but10n of the 1ead1ng Jet for 4- jet events. 
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TABLE III 


F1nal state 

1. u,u1gg 

I') d1d1ggL.. 

3. U1u1dJdJ 

4. U liltJ1U1Uj Uj 

5. U1U1U1Ui 

l;1tj6. d1dtdj dj 

7. d d d
1 1 1

d1 

total 

13 

O::Mz 

o (nb) 

0.700 

0.923 

0.127 

0.0290 

0.00940 

0.0342 

0.0110 

1.83 

0::200 GeV 

o (pb) 

0.424 

0.247 

0.0414 

0.0124 

0.00398 

0.00830 

0.00267 

0.740 

1. -----~ I. -----~: , 
2. -----~ 2. -----~; 
-----~: 3. -----<{:3. 

4. -----~~ 4. -----<{: 
5 ____-~5 
'. 65. ----~; 	 , 


6. -----~ 6. -----4;; 
7. -----<!, 7. ----<1 
----<;, B.-----~
B. 

I.
(0) 	 (b) 


Fig. 1 
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