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ABSTRACT

A general scaling law (GSL) of the pseudoscalar decay constants is presented from
both a relativistic quark model analysis and a ‘soft-hard -compensating’ method. The
‘modified meson mass’ is found to play an essential role for GSL. It is also shown that
the ground state wave functions of the pseudoscalar mesons might be universal in the
limit of SUr(3) flavor symmetry and the binding energy of heavy mesons in the order of
QCD scale. Normalizing to the measured value fx = 162Mev, we find from GSL that

fs =113+ 14 Mev, fp, = 139 £ 17 Mev, fp = 165 £ 23 Mev, fp, = 203 & 28 Mev.
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; The leptonic decay constants for the heavy flavor systems are not experimentally
determined, but are of considerable importance in the hadronic physics of the near future,
they also enter crucially into many calculations in the heavy flavor sector of the standard
model. Examples are the mass and lifetime difference in B® — B° mixing and estimates
of CP-violating phase and top quark mass [1,2], Many theoretical efforts in determining
these decay constants have been made in the past thirty years, however, the range of
- the predictions is still quite large and spread between 50 ~ 300 Mev for B meson and

90 ~ 350 Mev for D meson [3].

Recently an effective theory [4-10 | based on the expansion in terms of inverse powers
of the heavy quark mass, i.e. 1/mg shows that the decay constant of a heavy pseudo-
scalar meson ( made up of a heavy quark Q and a light anti-quark g) satisfies a scaling
relation in the limit mq — oo [4,6] |

fr _ a(mo) -e/33-2n;) [Ma’ '
-}fy[a,(mg,)} 8/(3=any m‘; (1)

To apply eq.(i) to the physical systems, some extropolations are needed which could
be extracted from the lattice simulations of QCD (5].

As mp ~ mg in the heavy quark limit mg — oo , it is interesting to note that
eq.(1) reduces, up to logarithmic corrections, to the early quark model calculation [11]

fo = <2 (0) @
mp
and
fr _ [me
fp' "’ mP . (3)

It was known in the early 60’s that eq.(3) gave too small a ratio for fx/fr ~
(ma/mx)*? = 0.53, compared with the current experimental value of 1.23 [12]. Since
then one of the most challenging problems is to correct the eq.(3) for the ratio fx/fxr in
the standard quark model. Unfortunately, up to now little progress has been made.

Encoﬁragcd by the results obtained in the heavy quark sector we succeed in finding
a general scaling law for the decay constants including both heavy and light quarks. A
brief account of our analysis will be reported in this note. '




In the covariant quark model, the quark-antiquark structure of a meson state
|M(p) > with momentum p is described by a gauge invariant tensor wave function

83 (21, 22, 4) =< OT(F(z2)Pels “ Ayt w)M(p) > (&)

where u refers to the quark-antiquark operator normalized at the point of order of the
binding energy of the corresponing meson, i.e. g ~ R™, R refers to the ‘size’ of the
meson. In the absence of external fields, by translational invariance

837 (21, T2y p) = e P * 852 (z,p, p) (5)

where

T =2z — 23, X =mzy + 727 (6)

with 7, + 72 = 1 governing the centre-of-mass prescription. The corresponding tensor
wave function in momentum space is defined by its Fourier transformation '

@;f(z;p, p) = A e-ik.zé?dﬂ(kyps P-) (7)

where the momentum k governs the relative motion between quark and antiquark.

In this note only the ground state pseudo-scalar mesons will be considered . Lorentz

invariance and parity conservation imply that

®p(k,p, p) = —Npivsdp(k,p, p) — Npiv1sdp(k, p, 1) (8)

In terms of the divergence condition between the current js, = oY, ¥s¥1 and density
7s = Y3531, which is also valid in the presence of strong interactions [13]

< Olss(W)IP(p) >= — < Olis(1) P(p) > pu/rmep | ©)

where



mp = mMpZp, l/zp = (m1 +mg)/mp =1~ Amp/mp

Amp = mp— (m1 + mg) (10)

~m; and m; are the bare quark masses. We may call p a ‘modified meson mass’ which
will be seen to play a crucial role. Applying above constraint to the tensor wave function,

with this constraint and Lorentz invarance, the Eq.(8) can be rewritten

®p(k,p) = -2\;5{(15 ‘+ Th?y)‘fsfﬁp(kz) + (¥ - 152;2&)75451(’“:?) +Eea(K)}  (12)
where the normalization constant Np in the Eq.(8) have been choosen so that
L Tr(Bp7u85)/ Ji $b8p = 2pu (with Tp = 71°81°).

As a first sii'nple application, we now consider the matrix element of the axial current
Jsw = Y2v, 7591 between thé ground state pseudo-’scala.: meson P and the vacuum, which
is known to be parametrized by the decay constant

- < 0ljsu|P(p) >=ifpp, - - (13)

In this definition the current operator js, refers to the normalization point u =
maz|my,m,, R™']. Therefore for the current operator js, containing both heavy quark,
¥ = Q with mass mg 3> R™! and light quark, ¥; = ¢ with mass m, < R™?, fields, it is
necessary to take account of the evolution of the operator js, from p ~mg to u ~ R},
or the exchange of hard _gludns with virtuality R™? <« p? <« “mzq before a.ppljring the
covariant quark model estimate [4,6]. The relation of the matrix element between the two

scales is

< 0ljs.(me)|P(p) >= C(k) < Oljsu (k)| P(p) > (1)
In leading logarithmic approximation, it is given by [4,6]
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Olw) = (27 (15)

where b = 11 —2ny/3, and ny is the number of “unfrozen” quark flavors. v is the so-called
- “hybrid” anomalous dimension with the concrete value v = 2.

In general, one may write
< 0l7su(mQ)|P(p) >= C(up/u) < Oljsu(p)| P(p) > (16)

here up = maz[mp, p|. With these analyses and definitions of decay constant in Eq.(13)
and wave function in Eq.(4), it is not difficult to establish the relation between the decay
constant and the wave function ’ ' :

= —ic(ER)E =0,p,u) = C(EB) 1
fp = —iC(Z L) 5Trms@e(z = 0,p,4) = O(ZF) 2= Trs20 (0, p, ;f) (17)

Substituting Eq.(12) into above equation and performing the simple trace calcula-
tions, we find that the decay constant is given by a new scaling in terms of the ‘modified
meson mass’ "p rather than the meson mass mp in Eq.(2)

fr=C(E)—= [ 4o (18)

which modifies the early quark model results [1 1] (see eqs.(2) and (3) ) by formally mod-
ifying a renormalization constant C(up/u) as first observed by Shifman and Voloshir [4]
- and replacing the meson mass mp by the ‘modified meson mass’ 7ip. The latter modifi-
cation is substantial important for the light mesons which can be see explicitly from the
numerical values, 7, ~ (10 ~ 14)m, and g ~ (3 ~ 4)mx. |

Note that introduce of p is acturally natural when one defines the pseudo-scalar
‘meson decay constant by considering the matrix element of the pseudo-scalar meson into
the corresponding pseudoscalar current. Based on this new scaling the wave functions of
both heavy mesons containing a single heavy quark Q and light mesons are then described
mainly by the components of the pure light degrees of freedom (i.e. light quarks and soft
gluons). For heavy mesons it can be understood from the heavy quark effective theory
where the heavy quark acts, in its meson’s rest frame, like a spatially static source of
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color field. In the heavy quark limit (fap ~ mp ~ mg > Agcp), the heavy quark’s
couplings to the gluon degrees of freedom are independent of its mass and spin [4-10]. For

light mesons it could be shown from PCAC and soft pion limit that only scaling out the

scaling factor in terms of 7ap by the SU(3) chiral symmetry rather than mp one could
then express the light meson wave functions in terms of the fields of the pure light degrees
of freedom (for explicit results see below Eqs.(27-28)).

From flavor independence of the Q’CD, strong interactions the confining force , and
thus the wave function [, ¢p at p ~ R™1, is not expected to be much different for the
various ground state pseudo-scalar mesons. Even though at least the radius of the -
meson differs somewhat from the radius of the other ground state pseudo-scalar mesons,
we take for gra.nted Ji #p to be universal for all pseudo-scalar mesons and will estimate
the deviation from SUr(3) flavor symmetry in latter discussions. The consequence of
this ansatz leads to the following general scaling law (GSL) for the decay constants of

pseudo-scalar mesons

frp o, (pp) *6/(33—%,)' ﬁ?-P-' ;
fe _ e 19
frr aa(ﬂp')] Y me | (19)

For further understandings of this general scaling law, we now make an alternative
derivation. As well known that for light mesons PCAC [14] and soft-pion limit [15]
provide a powerful approach for realistic calculations. Numerous remarkable results have
been derived. A well-known result relevant to our present discussions is the well known
CTMOP relation [16], showing that the ratio between 7- meson decay constant f, and
any other pseudoscalar meson decay constant fp is related to their transition form factors

as

L pedyeremd) (20

on the other hand, if pseudoscalar meson P is a heavy one containing one heavy
quark, @, and one light quark, g, it was shown that the heavy quark pole dominance (for
brevity’s sake we shall refer to this as HQPD) hypothesis in the heavy quark limit leads
to another similar ‘compensated’ relation [17]

f" m* &,(mq) -2v/b __ .
fp mp[ a,(,u.) ] = f"'(m?) + f—(mP) mp 2> My (21)

Comparing eq.(20) with eq.(23), one reads off
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Note that in the heavy quark limit mg — oo, one has

zp — 1, Mp ~ mp ~ Mg (23)

One obtains again eq.(19) applying to the special case of K-meson.

In fact, for both heavy mesons, P and P/, with mp‘ > mp: and the same spectator
quarks, one can also directly applying HQPD in twice to P and P’ and obtain two similar

‘compensated’ relations [17]

%%[ff%%l""’”’ = f+(gmas) + f-(ghnes) =

and

L Fol@a) + Fo(dhe) (25)

with ¢2__ = (mp — mp/)?. Equating these two relations, one arrives at

fr - [as(mQ)]--r/b | e o (26)
fP' C!.(me) . mp ’ _ -
which coinsides with the well known scaling relation of the heavy mesons in the limit
mq — oo i.e. zp — 1 and p ~ mp ~ mg (see eq. (1))

We hope that this alternative method ( for brevity's sake we may refer to it as a
‘soft-hard-compensating’ method) has further illuminated the reliability of the genaral
scaling law (GSL) of eq.(19). It implies that the introduction of the “modified meson
mass” might be essential and the ansatz of the universality of the wave functions at the

origin is an approximation valid up to SU(N)s breaking. For more explicit, it may be
helpful to represent another well-known result [18] obtained from PCAC, i.e.

= ‘/__(_ < G+ dd >)? (27)



and
e = 771*?‘?(" < Tu + 55 >)12 | (28)

where < §g > (q=u,d,s) is the vacuum-to-vacuum matrix element, i.e. the so called quark
~ condensates, and has been known for a long time [19]. Its‘non,vanishing is the simplest
manifestation of spontaneous chiral symmetry breaking. Comparing with eq.(18), this
explicit result might implies that the universal wave function is relevant to the quark

condensates and given in the order

/k¢p(k,p, B) ~ *\}3(- <V<7<1“>)1/2 (29)

If SU(3)r flavor symmetry is assumed then

< tu>=< dd >=< §s > , (30)
“which leads to
fK ﬁl-x )
K . [ 31
fr mg ( )

and again back to the GSL of eq.(19).

Apply the general scaling law (GSL) to the physical meson states: 7-, K-, D-, B-,
D,- and B,- meson, it is possible to calculate the unknown decay constants from the
measured ones. ’ ‘

Taking m, = 0.140Gev, mk = 0.498Gev, mp = 1.87Gev, mg = 5.27Gev mp, =
1.97Gev, mp, = 5.38Gev and my + mq = 10Mev, m, = 125Mev, m. = 1.46Gev, mp =
4.8Gev and Agep = 100Mev, R™! ~ 0.5Gev, we obtain from eq.(19) |

fo _ fo _ o |
fo=070, 2 =102 (32)

and




I, _ I, _ fx _

= l.Q, o = 0.99, 7= 1.0 (33)
Here all decay constants are scaled to the experimentally known one fx . In addition
“these ratios could be determined by lattice calculation using the “fp/fx” method [20],
which is considered to be fairly reliable. One may notice that although our prediction
of fx/fx from GSL has improved significantly compared with the one obtained from the
early quark model (fx/fx = 0.53), it is, however, still smaller than the current data
by about 20%. The deviation might be understood by SUr(3) symmetry breaking, i.e.
S 9x/ i ¢ ~ 1.23 rather than 1. Similar considerations suggest that the symmetry
breaking effect is also about 20% in the case of heavy mesons. For convenient we take

A

With these considerations and taking into acount of the errors from the ratios of
the quark masses, we then get, by inputting the measured value fx = 162 Mev, for our

'J};’-‘%‘ Ik (34)

final answers

fB = 113&:14M€‘U, fB, =130+ 17TMev ’
fo = 165+23Mev,  fp, = 203 £ 28Mev (39)

where the errors mainly come from the strange quark mass [21], we choose here m, =
(125 £ 25) Mev. -

For comparison we list below the results obtained by other methods, namely

fs = 105+17+30Mev, fs, = 155+ 31 + 48Mev
fp = 1T4+26+d6Mev,  fp, =234 + 46 + 55Mev (36)

fs =~ 120Mev, fe, =2 150Mev
fp = 194*£15Mev, fp, =215+ 1TMev (37)



by lattice calculation [20,22] and

fs =130 £20Mev,  fp =170 £10Mev (38)

" By QCD Green fﬁnctidn approach [23] and QCD sum rule [24]

We would like to point out that bigger values of fp have been presented from
the recent lattice computations (25, 26, 27| in the static approximation. While a detail
calculation [28] from QCD Green function approach based on sum rule shows that the
predicted values of fp are very sensitive to the binding energy (meson and quark mass
differences). For example, for my = 4.9Gev,then fg = 121Mev and for my; = 4.5Gev,
* fp = 200Mev, the corresponding values of fp in static approximation are fz = 129Mev
and fg = 242Mev, the latter is consistent with the lattice computations where a'big
binding energy has already been taken in fact. We then conclude that for a precise
prediction for it one would need accurate values of the ,b-'qua.rk mass as input. This

problem is under investigation.

To summarize, We have presented a general scaling law (GSL) of the pseudoscalar
decay constants by using two approaches: relativistic quark model analysis and ‘soft-hard-
compensating’ method. It has shown that GSL provides the most simple and available
way to extract the unknown decay ccinstants from the measured ones. The numerical
results obtained in this way are consistent with those found by other methods. The
‘modified meson mass’ "ap has been found to play an essential role for GSL. It has also
been guessed that the ground state wave functions of the pseudoscalar mesons at the origin
might be universal in the limit of the SUr(3) symmetry and heavy quark symmetries.
These observations might be useful in the treatment of other related problems.
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