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ABSTRACT
A method of developing algorisms for a general second-order differential
equation of the elliptic type is given. Application is made to the development
of algorisms for an FFAG magnetostatic guide field. Algorism modifications
are found for points near a two-dimensional edge of ideal iron that removes
the analytical difficulty occasioned by the presence of infinite fields on the

edge.
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INTRODUCTION

This report contains a general description of the method of con-
structing algorisms suitable for the iterative calculation of a general three-
dimensional Poisson equation. An application is made in finding the algorisms
for a three-dimensional magnetostatic field in a coordinate system suitable
for an FFAG guide field. The results for the FFAG field are available in
various MURA reports but the general development is believed to be new.

II. ALGORISM FORMATION

The general problem of finding a suitable algorism to be used in the
solution of a second-order partial differential equation by an iterative or
relaxation process may be stated as follows. Suppose it is desired to find
a solution of the linear partial differential equation

F (V) = &, (1)

where

3
3(U> ZgAﬁmx %ZB +C‘U" (2)

The functions A]-_J-, B;, C, and G are given functions of position and Aj ijj 1

assumed to be symmetrical (A; ij Aji),, In general a mesh is set up such that

where I; are pure integer numbers. An algorism will have been found if it is

possible to find a set of weights (&) and a linear operator ﬁsuch that

2 LI I, UIIAI’ = ﬁ&(U) (4)
In particular we shall restrict the weights to the neighboring points sur-

rounding the standard point (0, 0, 0). Thus, in Eq. (4) Iy, Iy and 13 may
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have the values + 1, 0. In Eq. (3), however, since XZ, may occur in the given
coefficients, I; may have any integer value.

A Taylor series expansion of UI LT about the standard point
3

(0, 0, 0) is carried out to the desired degree of approximation

L=y $=)
3 3 3 :
A : U
+3!§ é éa MMMLZ Iy L«axim ¥

3 3 3 < WF

3t d= Kzt L= X BX‘;}XK 3%y (5)

g—

it is understood that [J , .é._, , etc. are to be calculated at the standard
2 X

[

point (0, 0, 0).

Next, an operator ﬁ is formed as follows

ﬁ >\ 2)\5% +22>\“2x3)§° T (6)

é =4 L2l =i

where Xl& is symmetrical ( xi& = >‘in, ). From Egs. (2) and (6), it is found

that
TFHV) = [)\C*E)‘L)x‘ = “M?X lU
2P0 By DiC vF 2R 5 + 2 Ao S §
+§3>\A;; N By +h; C +2<3\K %ﬁ“ m?f&) +2 As ﬁxfﬁi& igxé
+3 (N Aseth,Bu+23 i if;“ 953%9%
oS A, DY . ;

K
A 1 ax, 9%, 9%, 9%,

{7)
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Multiplication of Eq. (5) by wr, I,I,> summing over Iy, Iy, I, and using

Eq. (4) yields the following equations for the moments of Wy T, T
' 3

sz.r,_r =XC + thgz +3> )‘“axaxé 5 (8)

9

h ST Wrz, = B +hC +S(NSE ) + 30, 5

PiihhZ I,T HI_OJ{MNA:B +Au(;+§(x )Au_‘_l)\“%)

(10)
p) Au
+§ >\K2 3XK3X2} p
QA
P L b h ST LL by = {) g+ M By +2 2 kcz—axzx} J "
@Z‘—S %ihihkhlzli KI*Q IaI;.I 03 X‘-J AK& > (12)

where &) is the permutation operator. On the left-hand side, use of the
permutation operator results in multiplication by the binomial coefficient
corresponding to the complexion. For example, in Eq. (12} @ gives 6
for the hlhlhzhz complexion. On the right-hand side 0) results in
summing all terms that lead to the same derivative of U .

There is one equation in Eq. (8), three equations in Eq. (9), six

equations in Eq. (10), ten equations in Eq. (11) and fifteen equations in

Eq. (12) yielding in all 35 independent moment relations up through the
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fourth-order derivatives. For Iy, 12 and I3 ranging through + 1, 0 there
are 27 weights U)I. Ia-Ia . There is one A , three >‘i, , and six )\“
required to produce a resultant operator ﬂ} up through the fourth deriva-
tives. Thus there are 37 unknowns - too many for a unique solution.

Since the weights are relative, a solution may be obtained if 36 unknowns
are to be determined by 35 equations. Thus one weight or A\ -coefficient must
be chosen arbitrarily. The question as to the best choice for this auxiliary
relation is not investigated, but presumably one corner point weight might
be set equal to zero or one of the )\‘3 coefficienis representing a derivative
that has a small Aij’ coefficient might be set equal to zero. The best practical
procedure can only be determined when the actual operator &}’ is known since
many symmetries may then be in evidence.

III. ALGORISMS FOR FFAG MAGNETOSTATICS
A. EXAMPLE
As an example of the general procedure outlined in Section II, consider

the potential problem that results from the use of the following differential

equation.

X &
>'u 2 U P
Fo)= S (e D p o5 <din,

)U U _
-\—‘9201 + 3ﬂ 4 é 3
(13)

where a, b, ¢, e, f, and g are constants.
B. SECOND-ORDER ALGORISMS
Initially, consider only terms up through the second-order derivatives

in Eq. (5). To be consistent with this approximatior, the operator ﬁ must



be taken as

J =X

Comparing Eq. (13) with Eq. (2) one finds

Ay = A=
Ail
Bi = 0 13’--—-

one has for Eqgs. (8), (9), and (10)
> Wiy = 0
hSTw = 9°

AS T wrsk =244

PpSKWesg = 9

2 =
;'{}‘aSI Wryk = M

—
—

\
z&9

dufb«ﬁl

‘,‘11’12‘ Frwrge = M(a+bgh)

. 2 -
5 P"E K™ @25k = \e

WS ITWrpe = M€Y

AP TKWrge= 0

Y
A‘S“}c
A’.a-zo
Ags= C
33:0
h, =4

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

(22)
(23)
(24)

(25)

(26)
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At this stage there are 27 independent &g gk and one A\ or 28 unknowns

with only 10 moment equations given by Egs. (17) - (26). To obtain a solution

one notices that the following relations are consistent with the symmetries in

Eq. (13).
Wige = Hy50 (27)
Wooy = Wopp.y (28)
Wo= W 1o=—Wijo = =%y (29)
W = Wyouy ="~ Weoey =~ Py (30)
Woy = ooy =~ Wy =Wy =0 (31)
w,, = W, =%, = “ 4 =9 (32)
— - - = O
YWin = "—J-u-/ - Lq-l—l/ Ayt (33)

These restrictions on W reduce Eqs. (18), (20), and (25) to identities.

Thus, there are seven independent moment relations and eight independent

unknowns ( Wg,, 0 “or0 “yto “ooy 9o “ioi and X ).
This permits a solution for the weights in terms of A . Thus
u 1T I or 7

| 2 1 I L o} o Y00 ©

o o £ -4 o) o o w;go )g ¥

o b o6 o o o © Wy, o A

Lo LpA o = . (34)
6o o zd* (0" 0 o o W,y Marbq")
o o o o lfl“'L ° ° w Y4
ool
6 o o o o ahl o Wy, ¥heg




Equation (34) may be solved to obtain

_ )«f )‘8‘3 )c
wlal T o4 P W, = 4hl w,. =3
Wioo = 2 oio zi(a"*b‘i) + Xy}

Ay _ A A\ _2a\c

These results are seen to be identical with that presented in MURA-591 after
identifying a, b, ¢, etc.
C. IMPROVED ACCURACY FOR ALGORISMS
If it is true, as it is in the case of the FFAG magnetostatic problem,
that the principal contribution to Eq. (13) consists of the diagonal second-
order derivatives, then an improved algorism for Eq. (13) may be obtained

by first obtaining an algorism for the operator

3 = ‘Ax*“"ﬁl t €97 (36)

where the quadratic term in y in the coefficients is also dropped. The
improvement will consist in finding an algorism for Eq. (36) good to the
fourth order in the Taylor series of Eq. (5). Comparison of this improved
algorism with that obtained in Eq. (35) will then permit the effect of the
smaller terms that were dropped to be again added to second order.

For Eq. (36)



A, =\ A,=0
Ap, = @
'Bizo szo

To be consistent with the operator 3 , let the operator

i
°

>
»
(-]
I
o

3’~ a2 31
T=\+ X"fi" + Xl,_f—%-a + Nyy 372

Again making the substitutions of Eq. (16), one has for Egs. (8) - (12)

2 Wiz =0
f.:h’Z Twig = A

A o -
LS T wrgy = N

a
if’lzK Wi = he

b W -
3};’,‘\ ZI wIJK"' >‘u

L pte T4 =
3t 27 “rp =

7

a1 &

q
B P E K @ =N, c

2t 2.2
#hl S 1w,
XTIk

L 2P 3 it

I N |
#LPZIK“JIIK

i

Ik Mo+ dgy

M + gy

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)
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The equations that reduce to identities under the following relations have been

omitted.
Wioo = “ige woio = wc-lo Door = Yoo (49)
W= Lo = a)/—zo = W, (50)
Wiop = Yoy = Yoy T 20 (51)
Wop = Yoty = %) = “ouis (52)
w,, = W, w/-—u = w,_ ,, =0 (53)
w o, =4,z = °o (54)

These relations are consistent with the symmetries permitted by the operator
in Eq. (36). There are thus seven independent weights & and four A -values.

Thus the ten equations, Egs. (39) - (48) admit of a solution for the weights

in terms of, say, )\ . Thus
i 1T T [ L0
I L A A 4 4 4 o o o @y 0
o h* o o al o .Z},l 6 o o Wy \
o o 2% o a8* 2% 0 o o o @, \z
o o ° Fl o lPA J"Pl o ¢ ° W0y %C
14 L # Lya
o ih o Zh* o EN A o o fu, | _|o
o o ;&l* o é—.ﬂ* & o © -a o w,, o
. Lot L 4
© o © P ° TP TP & 9o ¢ |w, °
0 o o o h“,@” o o —-a —| ¢ k“ 0
o o ©o o o £1P1 o o -C -a Ao, o
o o o fe] o (o] ka‘p‘l -C o -l ;\33 o J55)




The solution of Eq. (55) yields

Ny = k)

= w = L
lo =i-1o ‘ul-/o T e T g (,g:. + h") X
wou = wo-l-l = W = W = -'-(

= = = = LfE 4 L
Wio) = Yyouy = Yoy = “ioy = 73, Fﬂ'+ h’*)x
2 _ &
Wooy = wOD_I (3 '7’“ ¢ L> Gha‘) )‘

The operator of Eq. (36) treated to the approximation of Section II B

gives
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(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)
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iL’uo = aﬁ,_,o = a)/-lo = bq_uo = o (66)
W,, = et = Wy = wh“ = 0 (87)
- (68)
w“, = o6 = .E.Si_ (69)
- )‘ /9 (70)
wom Oo=io = _,e—f
W, == = -}‘- (71)
iog -l 60 h&

(72)
Subtraction of the weights in Egs. (66) - (72) from the weights in Eq. (35) gives

the second-order correction weights.

- - )egq
A wno - ~-to ~-A ‘dl"'lo ==A —to — 4h£ (73)
AW, =AW, =-AW, =-AW, = 0 (74)
_ . _ > f
A, =AL,,, Aoy = A%, = 4hp (75)
Aw, = AW, =0 (76)
2
Al = Abyghy dgy (77)
L2 248
2
Aw,,, = ﬁ’j_ - )_‘Lﬂ_
AW, =AWl = 0 (79)
a\kb 4t
AW = o S

(80)
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D. COMPOSITE SYSTEM OF ALGORISMS
Adding the corrections of Egs. (73) - (80) to the weights in Egs. (59) - (65)

gives, after letting,

\ = 3
A= ‘28,2 (81)
= (82)
=5
8 = -‘-e- (83)
'O
w, = Lo & _ est (84)
{00 -l60 T AL ¥ ' g
X 9 34
| - a_ ¢ —
@o0= y(a-tr ";&*%}"3) Ty ®5)
2 AL
t S S T N ) ’-) ~ 323
Wonio = .f‘<a' l * *3b9 s y (86)
= A_ <« 2
Wog) = Wpomy = F €S = = oF (87)
= = L % gre
Wyo = Yito = /6 (a'+r §+ /¢ 4 (88)
- - L W . 3dre
Wisto = Wio = A (a'+r ) /G B (89)
won - wo-g-; - oi-) wo-li /6 CQ’ tes ) (90)
_ L/ 3.) 3rs f 91
Wioy = Hoy T UC (7‘ rest) + ¢ 1)
. - = L (> 2 3Irs§
Wyou = Hyoy = 7¢ (Y‘ *cs ) Y (92)
- - = = 93
Wy = w;t-a w/-u )i (93)
“oin = “_).u-; = QI—H = w-i-l-l = 0 (94)

- w, = a,+v-°*+cs"‘+g-b39‘ (95)
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Since convergence difficulties are experienced when any of the weights
except @,,, take on negative values, it is important to determine the

allowed values of r and s for positive weights. To estimate the range the

2

small effects due to the presence of y and y“ terms may be neglected. Thus

for positive weights

A
2 a cs
iy e (96)
\ SR IRt S PP
._i.q, yr ch b (97)
! A _a _ L. A
In particular, if
r =l a = | Cc =1 (99)
then
L ¢ s*¢3

(100)
is the condition on s.

If s is chosen to be unity indicating that one expects the =z-variations
of the potential to be as strong as the x- and y-variations, the above set of
weights is an appropriate set.

On the other hand, as sometimes occurs, if one expectis a weak
z-variation, the mesh spacing p may be chosen larger. If, for example,
S = 3" . then the condition of Eq. (100) is not met. In this case one takes
advantage of the weak z-variation to reduce the problem locally to a two-

dimensional problem. This may be done by summing the weights over the

z-index. Thus
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= {
W= Wrom +Ypp + 4y, = ¥ (67 ~a) (101)
= (
W= ¥, 0y T e T Y, = P (\f'r’*-—a,) (102)
Woy = Dorog ¥ Woyo + Woy = —(d‘a.-r*)+lbgi + 3439
& (103)

0—j o-l-l*wo-/a"'wo-u" ?C‘rd‘ r )"'%bﬂ = —Fg q

(104)
w, = w = 4 . . dre
T et ¥ Cpo+ Wy = gz (a+rt) + e 4 (105)
= W - - a sre
iy = Ly * Lo+ @y = o (2T ) + T (106)
= w = L 2y . 2re (107
Wy it T Yo T4 =2 (a+rt) /c )
= = L 2 - 3re 108
Wi = Wy v vy, = ic (a+r¥ e d (108)
= - & - A EN
— Wy woc-l"dooo =~ ey = o> (a+r } 3 bﬁ (109)
For positive weights the condition now becomes
i a
FLre<sa (110)

which is easily met for r »» a v 1.

The algorisms are thus used as follows. It is assumed that the x- and
y-variations of the potential U are equally strong. This suggests that the
unit meshes in these directions be chosen about equal, i.e., % W/@ or

Y1 . If one expects that the z-variation of the potential U is about as
strong, then one must use Eqgs. (84) - (95) for the algorisms with 2 w g

or § “| . Onthe other hand, if a region of weak variation of the potential
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U with z is expected, the iteration time can be decreased without appreciable
loss of accuracy by increasing the unit mesh distance in the z-direction, say
for example P “3l or §w -é— . In this instance, the use of the algorisms
in Eqs. (84) - (95) leads to some negative weights. This seems to lead to non-
convergent iterative processes. 2 However, the use of algorisms in Egs. (101) -
(109) is consistent with a weak z-variation of the potential
E. INHOMOGENEOUS ALGORISMS

The final weight system which may be utilized in an iterative solution of

Eq. (1) is given by Eq. (5). After substituting for (7‘(0') from Eq. (1), one

has

% @51, U At = J6 (111)

In the example of Section III A, the weights gy have been determined to
the desired approximation. In addition, the >\ -coefficients of the operator

ﬁ have been determined. Thus

— 2 29" W ers i
J= 31 [l + ik v gl s s P 321] (112)

P

Notice that the term in Sa is missing. This is due to the assumption that

it was more important to improve the accuracy of the second-order terms.

Since G is a given function at the (0, 0, 0) or standard point, the inhomogeneous

algorism becomes

2 wl'IK TIK 06: (113)

For magnetostatics, the inhomogeneous contribution is generally a small

effect since practical current distributions tend to have a uniform density.
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F. SURFACE ALGORISMS

Magnetostatic3fields differ from electrostatic fields in that a supplementary
but known term must be added to the gradient of the potential U . The supple-
mentary term exists.in the regions of current. Therefore, as one passes from
air to current regions, surface layer discontinuities in the potential U are
required to take into account the discontinuity in the supplementary term.

These discontinuities, which are of both the single layer and double layer type,
are responsible for the major contribution to the source of the potential U
The inhomogeneous term represented by G leads to a much smaller source
contribution.

As an example, suppose the interface between the air region and the cur-
rent carrying region occurs on a y = constant surface. Continuity of the normal
component of H and the tangential components of ﬁ (excluding the case of cur-
rent sheets) yields, via the discontinuity of the supplementary term, the dis-
continuity in the potential (double layer) and the discontinuity in the normal
derivative of the potential (single layer). Both the single layer and double layer
densities thus are known as functions of the surface coordinates x and z.

If A is the potential discontinuity on the surface

A=W-U, (113)
where W is the potential function within the current carrying region and U
is the potential function in the air region. In particular, for the example
chosen A(X,Z) and A‘J(X,Z) are known functions. It then follows that all
derivatives are known because either they can be found by differentiation of
A(X,2) and A,Zs (X’Z) or by differentiation and subsequent use of the

differential equation holding in each region.
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If all derivatives are known,then a Taylor series expansion can be

carried out to yield W "U for the points (Il, Io, 13)
wW-U = A+3hI A, +LS I
Y_ :]I‘I’.IB ‘2 L= X(: 1§§ "s‘ "\i Il: ls sz Axé

+30 2 hibh LT Ay

LIk

! s
"';'! “szl"ah.s hn.thiI.st L Axaxj XX g

(115)

The central point (0, 0, 0) is understood to reside on the interface.

After multiplying Eq. (115) by the weights to give

2, Wyt 3[W‘ U]

a term is obtained which must be added to the left-hand side of Eq. (4) in

ISI’.IJ ,

order to subtract out UI .T in the region of the current and replace it
[ Radv § 3
by W, in this region. Thus if " [J " designates the potential
y I'I" I.S g UEBIJS g p
for the air points and W. for the points withirn the current,

Eq. (4) becomes

W o ) - 1 1
5 e[ Ui, + O] - 6. o

The supplementary terms are called the current Va.lues5 and are given by

Eq. (115) on any surface for which /\ and its normal derivative exists.
There is at least one other surface on which current values must be

introduced. This surface is any surface in the air that may be used to cap

a current carrying coil thereby preventing more than one passage completely
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through the coil. On this surface a constant potential discontinuity or
double layer is introduced whose magnitude equals the potential rise i1
passing once around the coil through the interior region.

The specification of the problem is now complete in the sense that a
unique solution may be obtained if boundary conditions on the potential are
given. If a coil does not touch the iron, its potential may be taken as zero
ideally. If a coil touches the iron, the variation of potential on the iron may
be found from the correéponding tangential derviatives of YA

G. ALGORISMS AT EDGES OF IDEAL IRON

It is not sufficiently accurate to expand a potential in a Taylor series in
the neighborhood of a point for which the field becomes infinite such as at the
edge or corner of the ideal iron. In order io understand the nature of this
difficulty, only a two-dimensional Laplace equation for which a mesh having

h =2 or Y =1 will be used. Also only expansions of the potential up
through second-order terms will be considered.

For ideal iron corners the expansion of the magnetostatic potential in

powers of the radial distance @ from the corner is

U= A +A;§’3S‘h)‘9 +A 'Y ,Sn39 +A3Q oni@ B oo s oes (117)

Let (@) designate the central point and (i, j) the neighboring points. Then

. 3
(,/3) ¢ a) ERN
Z B A (B = € Sminey) (e

L.Sn

The problem is to find an five-point algorism for which
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4 v (B)
z w‘-:) V,ﬁ = 0

ol . (119)
iy

Theweights are then determined by demanding that Eq. (119) be independent of
A,. Since a five-point algorism is desired, four conditions are needed plus,

»
say, the arbitrary choice that wrf ==} . Thus, the conditions are

s) @
2 W, Bt.s,o =0 (-Bl-w = ) (120)
i

B ()

w,! _

Z B‘“ = 0 (121)
2 w“ B,,= ¢ (122)

(A oy (Y (123)
2 w“ B&JB = 0 .

L3

For a typical corner shown in Fig. 1,

° ®
G

° ®
{a)

® ™

) O (d)
o ) ®

® [ ® [
Figure 1. Mesh Near Ideal Iron Corner

(A
Lan

the B

given by Eq. (118) for central points 3 = @, b, ¢, d e

are shown in Table I.
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(R)
TABLE I. TABLE OF Bif , COEFFICIENTS

>

a b C d e
B10,1 0.0000 -0.6300 -0.8660 -0.5207 0.0000
Boo, 1 -0.8660 -0.8660 ~-1.2599 -0.6300 -0.6300
B_10,1 -1.3747 -1.2599 -1.6708 -0.8660 ~1.1503
B01,1 -0.6300 0.0000 -0.8660 0. 0000 -0.5207
BO-l,l -1.2599 -1.3747 -1.6708 -1.1503 ~0.8660
Bio, 2 0.0000 -0.6873 -0.4330 -0.8513 0.0000
Boo, 2 0.4330 -0.4330 0. 0000 -0.6873 0.6873
B—10,2 1.0911 0.0000 0.6076 ~0.4330 1.4620
Bo1, 2 0.6873 0. 0000 0.4330 0.0000 0.8513
Bg-1,2 0. 0000 -1.0911 -0.6076 -1.4620 0.4330
B10,3 0,0000 -2.0000 0.0000 ~4.0020 0. 0000
BOO, 3 0.0000 0.0000 +2.0000 -2.0000 -2.,0000
B.10,3 0.0000 2.0000 4.0020 0.0000 -4.0020
BOl,S -2.0000 0. 0000 0.0000 0. 0000 -4.0020
By-1,3 2.0000 0. 0000 4.0020 -4.0020 0.0000
Point a:
W+ W, + Wo +W,_, = 4
~1.3787W,, ~.6300W, —.2599 e, = 3 ke
.09l w,, +,658734,, =1.,7320

)|
M
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Solution (Point a):

W= €974 w = 1,269
= 123
W= 7988 w = 12849 (123)
wﬂa =~
Point b:
Wio + by +w,, + 0, = 4
~.6300 &), ~ [.AS9Iw,  —~1.3747 @, , =—3.4C4]
~ 6873w, ~1.0% w,_ = —/.7320
A, +aw,, =0
Solution (Point b):
w,, = [, X819 ‘Uo,- = + 0974
w-‘o = 1,269 w, , = 7988 (124)

wﬁo = — 4
Point c¢: Determinant of coefficients is zero, hence homogeneous form
for algorism is not suitable. See later.

Point d:

W ’ ) —
ot W, T Yo + &, = 4

e W~ oW, —~i.i503 @, _, =-2.879§

—.8613 4, — 43300, —l4brod, , = ~L: 7492

-, 0000 W @ _ = — & s000
: *o & * 0030 4,_,



-23-

Solution (Point d):

Ww,,= .98%o0 @, =1l,68¢
w,, =.950¢ w = 1.6%i0 (125)
R
Woo = — 4
Point e:
w'o'f'a)_'o-i- wal+ wa._J = 4
—l.1503 %0-_,6‘107%{_ cSblow, |, =-2.6197
» = A 7*
loablo W, + . 8613 w, + 4330, 2 7L
, - -8 dcs0
— — + 60 ¢ 4
“,000u, “4,6000 t’dd,
Solution (Point e)
wwzl,o&*al w‘” =z 9580
- - (126)
W, = I,0410 w, = . 9809
oy = "
Point c:

Since Eq. (119) cannot be used, try to find weights such that

e (¢)
S WU, =LA, (127)

&

The conditions then are that

¢y (&)
%: Wiy B,, = K (128)
1 ) Ce) A
Z w; B, = © (129)
¢i

ey _ <)
z Wi Bi, = © (130)
i3

©) ¢
S Wl By ~ o 131

D
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From the symmetry of this point, one expects that &4 = @ and

[+ 3] Lo
Yo = U, . The equations then become
AW, vaer,, = 4+
’ . = lo
[,732%0 &, + 3.341¢c &, 60397
) = &, 006060
¥,0040 w_’w

Solution (Point c¢):

- = Y
w,, = ' T 8In ::um g oy
w,,= 9998 A ERRAL L (132)

The results in Eqs. (123), (124), (125), (126), and (132) provide an im~
provement in the weight system that would have been obtaired using a Taylor
series expansion ( &,, = W, = ag_lo = wa_lzg 5 W, 3t j. This leaves
the weights in the neighborhood of a three-dimensional corner to be investigated.
This problem seems too complicated to handle for the moment. Notice however
that in practice there are many more points associated with a fwo-dimensional
edge thanwith a three-dimensional corner. Presumably the use of two-

dimensional weights near a corner will give some correction. The weights
as determined in this report have been used by R. S. Christian in the iterative

calculation of FFAQG fields using the program UNICYL. 6
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