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ABSTRACT 

The effects of a perturbing field on the linear 

properties of an accelerator with a general magnetic field 

are calculated. The perturbing magnetic field in the median 

plane is assumed to have only a vertical component and to 

contain no harmonics having the same periodicity as the 

unperturbed field. Results are found for the change in the 

equilibrium orbit and in the betatron oscillation frequencies 

caused by the perturbation. This paper is a continuation of 

a previous paper in which the perturbing field was assumed to 

have the same period as the unperturbed field. 

*AEC Research and Development Report. Research supported by 
the U.S. Atomic Energy Commission, Contract No. AT(ll-1)-384. 

**On leave from the University of Notre Dame, Notre Dame, Indici0a, 

-1-



MURA-667 

This paper is a continuation of the report MURA-634 on 

the effects of a perturbing field Hz on the linear orbit 

properties of an accelerator with a general magnetic field. 

In MURA-634, the perturbation H2 was assumed to have only 

those harmonics Gn, for n = 0, =N, =2N; that is, the 

perturbation has the same period, 2~/N, as the unperturbed 

field. We now treat the case where the perturbing field has 

all the harmonics Gn for which n*o,.=N,···. 

It will be found that the perturbing harmonics Gn, 

n*o, =N,· ·=2N···, will produce a second-order shift in the 

tune in contrast to the first-order shift produced by the 

Gn, n=O, =N, ~2N···, The higher order of the shift in tune 

is counterbalanced to some extent by the resonance effects 

that enter here, particularly for harmonics whose n is near 

the tune of the unperturbed machine. 

I. Equilibrium Orbit 

The first step is to find the effect on the equilibrium 

orbit. Expanding around the equilibrium orbit of the 

unperturbed machine, rs(Q), we writer= rs(Q) +f, where 

satisfies 
2 2 

F
" f - er H (er H ) ----z---z pc pc rs 

(2.1) 

We expand in powers of f keeping up to linear terms in 

f, and writing f = xR, where R is the average radius of the 

unperturbed orbit with the same momentum, we find 

'l1'11 + 1'\'( Q) x = A. f ( Q) ' ( 2. 2a ) 
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ii'( 9) = -[L dr 
2 - 0 (il- H ) pc z 

rs 
1 

- - er5 EH + 2Hz]r -1 -·-pc z,r 

Dr 
s 2 

= _ eR 
Hz,r + 2Hz )R + x (R Hz,rr pc 

+ 4 r Hz,r + 2H2 )~ -1, 

1 er2 
c~ H] rs f(9) = Rpc 

:± il [Hz +x(r.dHz,r + 2A H2 )] R' pc 

We solve Eq. (2.2) is a similar way as was done in 

MURA-634. We write n(9) as 

n( 9) = Es - g( g). 

We note that E5 = E0 , since Gn = 0, for n = 0, 

:!;N, 2:2N · · · , and x n = 0 for n+O, !N, !2N · · • . Also 

(2.2b) 

(2.2c) 

(2.3) 

9m=gm+6gm (2.4a) 

9m = - eR (R 6.G 1 + 26.Gm), (2.4b) pc m 

9m = - ~~ (R ~ + 2 Gm). (2.4c) 

The harmonics of 1::i f(g) are given by 

f s = O; 

fm = eR [-Li G pc m 

( 2. 5a ) 

(2.5b) 

In Eq. (5) we use the notation that the subscript s 

takes on the values 0, !N, !2N···, while the subscript m 

takes on all values except m = 0, !N, !2N···· 

We expand x in the set of function un(9) which are the 

solutions of the equation 
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The En are chosen so that the ~n(9) have the tune 

V = 0, ±1, ~2, =3···. We write 

x = L: an un(Q), 

when 

a = n 

n 

MURA-667 

( 2. () 

(2.7} 

If an is computed to first order in the perturbation, 

then it is sufficient to compute Es, En and un without 

including the effect of the perturbation. Thus 

un(O) = ein9 [1 - L (s+n~2-E ei•Q 
s=+N n 

{2.9a) 

En = En = 02 L [;:l:2 
s=+N 

{2.9b) 

Eqs. (29) are clearly not valid when n = N/2. We will 

assume that an for n = N/2 ts not important and can be 

neglected in the following, which is usually the case. If 

this is not the case, the procedure can be modified to handle 

this case without a great deal of trouble. 

Now since E0 is related to the unperturbed tune by 

Ea - V 2 
+ L l9sf {2.10) 

- r s=+N s~-4r2 

we find that 

(2.11) 

-4-



MURA-667 

Thus the solution given by Eq. (2. 7) exhibits a resonant 

behavior for n~~r· We find for 

an = -Y-r .. 2-~-n .... ). Afn -L (s+~~2-E l s=+N ·n 
(2.12) 

Thus 

(2.13a) 

2 1 2 [ eR ~Gm + eR ' m - p pc pc {__ 
r . s=~N 

(2.13b) 
'\- 9s eRLlG ... 

+ L (s+m)2_r:u pc m-s 
s=+N -m 

We write Eq. (2.13) as 

(2.14a) 

(*)L [%- (R~G~-s+2.dGm-s) 
s=+N 5 

a 6 = 0 

am = 1 \ eR ~ G + 
m2- vr2[ pc m 

}. (2.14b) 

We have further assumed in Eq. (2.14), th.atY)o\<N gives the 

interesting am. 

x(Q) 

The harmonics in 

inQ [ ane 1-

x(9) 

L 
s=+N 

may now be found, 

gs isQ) 
(i+n)2-En e . ) (2.15) 

and thus 

9s ~(s+~',n), 
$(s+n') 

( 2 .16) Xn = an -
n' s=+N ' -
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where b(s+n',n) = 1 if s+n' = n and vanishes otherwise. We 

still assume that the largest x0 occurs for the value of n 

closest to Vr which will be called n = )I. We then find that 

l eR Ll 
x JI = }J2- ')!_ 2 Pc G JI 

r 
(2.17a) 

x = 2 1 ( eR) AG 
m m _ 'I 2 pc ~ m 

r 
(2.17b) 

~ r 9s r f__ a>' s(s+2)1) d(s+')l,m) 
s=+N 

for mti). One may note that the second term in Eq. (2.17b) 

only contributes when m = N.±_ \). 

Equations (2.17) give the shift in the equilibrium order 

correct to first order in the perturbation. It will be seen 

later that the shift in tune is a second-order effect being 

proportional to the square of the perturbing field. In order 

to be able to correctly calculate the shift in tune, it is 

found necessary to compute the xn for n = 0, +N correct to 

second-order terms of the perturbation. We will now retrace 

·our steps in order to get the second-order terms in x0 and 

Keeping up to second-order terms we find for f(Q) 

f (Q) = 1 ~r2 
H + 1 ~ 2 

( er2 
R Lpc- ~ z 2 ~r2 ~Hz) 

f(Q) 
(2.18) 

f(O) 
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The presence of the x2 term in .llf(9) makes Eq. (2.2) a 

nonlinear equation in x which we solve by successive 
2 approximations by substituting for x in the x term the first-

order solution found for x above. 

We then find for the harmonics of ~f(Q) 

=~ pc 
s',m,m' 

(R2G~ ,+4RG~ 1 +2Gs, ).6xm L)xm' ~ (m+m'+sisl 

(2.19) 

~ 
s:m,m' m2- ~2 

r 

d (m+m'+s!s). (2.20) 

In Eq. (2.9) for un we must keep up to first-order terms, 

and we find for the an to replace Eq. (2.12) 

L 9n 11 Afn• LHn - _,__....,.....-( n"+n') 2-En' 
n 'n" 

and the Xn are given by 

Thus 

xn = 

gn" ~ (n 1 +n!'n) 

Xn is given by 

~fn l '\:""" 
y 2_n2 - '; 2_n2 L 

r r n'n" 

9n 11 .i'.ifn 1 

2 E n - n' 
~ ( n' +n !' n) 

' 

L 
n' n 11 

~ (n '+n','n), 

A fn L gn~ Afn• J (n'+n\'n) Jlr2-n2 - -n'2 rr 
n!,n" 

xG 1 Vr 2_n2 + 
Jlr2=n•2] 
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(2.23b) 



MURA-667 

We find then for x5 , 

'V-~r 2'""'='"-5-2- ~~ r-
s ,111,m 

( 2. 24) 

{ ( m+m' +s I s ) 

II. Tune Shift 

We now find the shift in radial tune, Yr· We proceed as 

in MURA-634 to obtain the linear equation for the oscillations 

around the equilibrium orbit 

r . + nu ( Q ) = 0' 

- ( ) e [ 2..... -J n Q = - ~ r H +2rH -u pc z,r z rs -1, 

(3.la) 

(3.lb) 

where is(Q) is the displaced orbit found in section I~. We 

expand nu in powers of x(Q), and keep up to second terms in 

~::Q~e:t:r~:t{o~~"H,,,+2rH,1,, ( 3. 2) 

2-
( r H +2rH ) R x z,r z rs 
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In Eq. (3.2), the coefficients of the powers of x are to 

be evaluated on the unperturbed equilibrium orbit 

rs(g) = R(l+x(9)). We expand these coefficients in powers of 

x and obtain 

- - ~ R Hz r+2H2 +x(R Hz rr+4RHz r+2H2 ) eR [ 2;-; - 2;-; - -
pc ' ' , (3.3) 

- [ 2:-: - - 3- 2:: - ] . + x R-Hz,rr+4RHz,r+2Hz+x(R Hz,rrr+6R Hz,rr+6RHz,r) 

+ ~ -;;
2
{R3Hz,rrr+6R2Hz,rr+6RHz,r+x(R4Hz,rrrr+8R3Hz,rrr 

+12R2H°z,rrl] J 
+l. 

In Eq. (3.3), Hz and its derivatives are to be evaluated at 

r = R. We write nu as 

where E
0

+AE
0 

is the average value of nu over the period of 

the magnetic field. We find for A.E 0 , 

A E - eR ~ x (R G" +4RG 1 +2G ) (3.4) ~ o - pc {_ -s s s s 

l} gm 

s 

+ .!.B ~ l ;- x I (R3G"'+6R2G11 +6RG') a.· (m+m•+s,o) pc [__ 2 m m s s s 
m,m!s 

We find for the ..llgn, 
eR~ 
pc L 

s. 
(3.5a) 

_ eR ~ 
pcL l;;; ,(R3G1", +6R2G11 ,+6RG' ,) ~ (m+m'+s' ,s) 

2 m m · s s s 

eR 
pc 

nun's' 

(3.5b) 
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One might notice that to get an answer for the tune 

shift which is correct to second-order in the perturbing 

field, one has to calculate ~E0 and A9s correct to second-

order while4gm is required only to first-order. For 

simplicity, terms proportional to x have been omitted in 

the expression for A E0 , Ag5 • 

The perturbed tune 'Yr may be found from 4 E0 and .49n 

according 

"2_y2 
r r 

to (see MURA-634) 
- ~ 9s .ll9-s +g_s A9s 

=A Eo + L-
-'- s(s - 2'V r) 

STO 

~ \.09m\ 2 

+ 2 L 2 ·\1 ~ 
m>o m -4 ¥r 

where 'I_ is the unperturbed tune. r 

(3.6} 

We now find the shift in the vertical tune, Y z. We 

proceed as in MURA-634 to obtain the linear equation for the 

vertical oscillations around the equilibrium orbit 

z" + ~z(Q) z = 0, (3.7a} 

e = - -pc (3.7b) 

where r 5 (G) is the perturbed equilibrium orbit found in 

Section II. We expand n2 (Q) in powers of x(9) and keep up to 

(3.8) 
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Again we write the unperturbed orbit rs(Q) = R(l+x(9)) 

and expand in powers of x, 
eR [ - - 2:: -nz(9) = - ~ -RH +x'H A-x(R H +2RH ) pc z,r z,~ z,rr z,r (3.9) -r 2- _ 3- 2- . 

+ x -R Hz,rr-2RHz,r-x(R Hz,rrr+4R Hz,rr 

+ 2RHz,r) +x' (RHz,9rlJ 

+x'(R2H ) z,9rr 

+ x x' ~-
We write nz as 

~z ( Q ) = E' + .::I E ' - ( f ( Q ) + ..:1..f ( Q ) ) , 0 0 (3.10) 

where Eb +aEb is the average value of nz over the period 

of the magnetic field. We find for AEb, 
eR ~ ( 2 ) Eb = pc {__ x_s -R G~ - 2RG~ (3.11) 

s 

+ eR ~ 2 - G pc L_ s x_s s 
5 

+ eR ~ 1 - - (-R G" 1 -4R G"-2RG'). pc .f__ 2 xmxm' s s s 
m,m! s 

$ (m+m's,o) 

+ eR 
pc L (-ms ) 7m;'m, R G' s 

m,m! s 
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We find for the 4fn 

/\ eR 
u f 5 = pc L. 

s' 

+ eR ~ 
pc L-

mm IS I 

(+R3G" 11+4R2G11 -2RG' ) S SI SI J (m+m'+sls). 

eR L ms' ;m;m1RGg, ~(m+m'+sls) +Pc 
mm 1 SI 

L1 fm = eR (R OGJi) pc 

+ eR I. x (R G"+2RG') ~ (m•+s,m) pc 
ffi IS 

m1 s s 

+~ 2= m's i(m,Gs ~ (m' +s, m). pc 
m's 

-

MURA-667 

( 3 .12a) 

(3.12b) 

The perturbed tune Y2 may be found from AE0 , .6 f n accord-

ing to 

'Jz2_yz2 = ,6 E' +[ f 6 .lif_ 6 +f_ 6 ,4f6 (3.13) 0 s(s-2 )/
2

) 
s:j:o 

+ 2 I { .4fm) 2 

m2-4 )/ 2 
m)o z 
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