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I. INTRODUCTDN 

A. Brief Description of Space Charge Effects 

Particle accelerators are constructed to produce beams of 

charged particles which have sufficient kinetic energy so that they can 

be used as projectiles on targets in particle scattering experiments. 

The purpose of such experiments is to induce nuclear reactions, either 

for their direct interest or for the purpose of generating secondary 

beams of particles for other scattering experiments, or to probe the 

interaction forces between particles. The desired reactions or events 

created in the target occur at a rate measured by the number of events 

per unit time. In order to perform an experiment in a reasonable 

amount of time or to obtain a desired degree of statistical accuracy, 

the number of events per unit time must be sufficiently large. General­

ly the number of events per unit time is a function of both the energy 

and the intensity of the accelerator beam. Here the beam intensity is 

the time-averaged number of particles per unit time supplied by the 

beam to the target area. For a fixed energy of the beam the number of 

events per unit time is directly proportional to the beam intensity. 

Hence, an understanding of the factors which may influence the beam 

intensity is desirable. 
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The types of accelerators specifically in mind are the cyclotron, 

the synchrocyclotron, and the synchrotron. The particles are con­

strained by a magnetic field to move in orbits which are near a closed 

reference path lying in a horizontal plane; the reference path mayor 

may not be a circle, it may change size slowly in time, and the orbits 

themselves need not be in the horizontal plane. The beam then sur­

rounds the closed reference path as shown in Fig. 1. The beam as a 

whole is contained within a vacuum chamber so that the particles are 

impeded as little as possible by gas scattering. 

For any particle at a given time there is a nearest poiDt on the 

reference path. Let the vertical plane containing the particle and this 

nearest point be called the "transverse" plane. The transverse plane 

is perpendicular to the reference path and it is unique if the particle ia 

not too far from the reference path depending on how much the curva­

ture of the reierence path varies from point to point. The direction 

perpendicular to the traIlBVerse plane is called the "longitudinal" direc­

tion. Any motion or force in the longitudinal direction is referred to 

as a "longitudinal" motion or force, and any motion or force perpendic­

ular to the longitudinal direction, and thus lying in the transverse plane, 

is referred to as a "transverse" motion or force. 

The forces acting on the particles may be classified into 

"external" forces and "internal" forces. The "external" forces are the 

forces produced by the magnetic field which constrains the particles to 
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the vacuum chamber and the forces produced by the electric fields 

which are used to accelerate the particles. The "internal" forces are 

the interaction forces between the particles of the beam# the interaction 

forces between the particles of the beam and residual gall molecules in 

the vacuum chamber# and the interaction forces between particles of 

the beam and charged particles created by ionization of the residual gas 

by the beam. The total force acting on a particle of the beam caused 

collectively by all the other charged particles within the vacuum cham­

ber (i.e e. # the other particles of the beam and cbar&ed particles created 

by ionization) is referred to as the II space charge" force. It may be re­

solved into two components: the longitudinal space charge force and the 

transverse space charge force. 

For a first approximation the internal forces may be neglected 

to predict the behavior of the beam. Deviations from this behavior# 

when they are caused by space charge forces# are called "space charJe" 

effects. In general# if these effects are serious# they result in beam 

instabilities which cause a loss of particles and therefore a reduction 

of the beam intensity. UsuallYI for simplicitYI space charge effects 

are ana~zed as two separate effects. Under appropriate assumptions 

the influence of the transverse space charge force can be decoupled 

from the influence of the lDngitudinal space charge force and converse­

ly. Then the space charge effects separate into two independent effects: 

the "transverse space charge" effect and the "lDngitudinal space charge" 
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effect. Of course, such a separation is an approximation; the two 

effects are interdependent and the true situation is more complex• 
• 

To obtain a qualitative picture of the transverse space charge 

effect, consider a beam of charged particlea which is a torus with a 

circular cross section and let the particles be uniformly distributed 

within the torus. The particles have the same charge so that the elec­

trostatic force between them is repulsive. TbiB tends to make the beam 

expand transversally and produces a transverse defocuaing force on a 

particle. The longitudinal motion of the particles gives an electric cur­

rent which creates a magnetic field surrounding the center of the beam. 

This produces a transverse force tending to contract the beam and gives 

a focusing force on a particle. The electrostatic force is always larger 

than the magnetic force but the two nearly cancel one another at rela­

tivistic energies. Thus the net transverse space charge force is de-

focusing. (This result is not necessarily true when account is made of 

additional charged particles due to gas ionization.) Increasing the num­

ber of particles in the beam increases the space charge defocusing 

force. The space charge force thus modifies the focusing force pro­

duced by the external magnetic force resulting in a net focusing force 

which depends on the number of particles in the beam. Since the focus-

inc force determines tb.e frequency of betatron oscillations, increasing 

the number of particles changes the frequency. This can put the oscil­

lation on a resonance which causes the betatron oscillation to increase 
.., 
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in amplitude driving a large number of the particles into the walls of the 

vacuum chamber. 

One type of longitudinal space charae effect called the "neptive­

..	 mass" instability can be described as follows. Consider an accelerator 

operating above the transition energy so that df/dE <0 where f is the 

particle's frequency of revolution around the accelerator and E is the 

particle's energy. Let the beam be monoenergetic and loqitudinally 

bunched. A particle approaching a bunch from behind ill repelled by the 

elec~ic field of the buncR and the particle loses kinetic enerQ. Con­

sequently the particle's frequency of revolution increases so that the 

particle catches up with the bunch,· just as if it had a negative mass. 

This situation i8 unstable and will cause the beam to collapse into small 

bunches. 

B. Metb0d8 of Accelerator Theory 

Various methods of developing the theory of accelerators may 

be used depending on the approximations made and the degree of ac­

curacy desired. Their usefulness rests on whether or not the equations 

which are llet up can be solved, at least, to some approximation. A 

complete theory, after solving t~ equations of motion, would describe 

the motion of each particle of the beam under the influence of all forces. 

Thi8 is Dot possible because of the complexity created by the interac­

tions of such a large number of particles (the number of particles in the 

10
beam is of the	 order 10 to 1015). Even if it were possible to give 
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such a description, by itself it would not be useful since one cannot 

10read and interpret 10 items of data. Some statistical measures of 

the data would be needed. 

One method of approaching accelerator theory i8 to assume that 

the internal forces are negligible. In this approximation each particle 

then moves independently of the others and its equation of motion is 

that for a single particle under the influence of the external forces. 

This method is called the "aingle-particle" theory. With various addi­

tional simplifying assumptiona the single-particle theory has been used 

most extensively; it is now well developed. 1, 2. The fault of the single­

particle theory iii that it ignores the internal forces which can have a 

large influence on the beam. 

An approach which attempts to account for the internal forces 

is to assume the particles are distributed in the beam :in IIOme malUler 

and calculate the internal force on a single particle which results from 

the assumed distribution. The calculated internal force is then inserted 

as a correction into the equation of motion in the single-particle theory. 

Investigations of the transverse space charge effects have been made 

primarily in this man.ner. 3, 4, 5 In thia method the effect of the internal 

forces 18 only partially taken into account since no allowance is made 

for the change in the distribution of particles brougtxabout by the inter­

nal forces. 
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Another method, more general in that an attempt is made to 

describe the collective motion of all the particles, is based on a statis­

tical approach. A distribution function is defined which specifies how 

all the particles are distributed in position and momentum; i. e., the 

distribution function gives the density of particles in the pllaiJe space. 

This approach seeks to determine how the distribution function changes 

in time starting from some initial distribution. The distribution func­

tion satisfies a partial differential equation known as the Boltzmann 

equation which depends on the forces acting on the particles. 6 

Besides the Boltzmann equation, equations governing the forces 

are required. In particular the equation for the internal force is func­

tionally dependent on the distribution function. The Boltzmann equa­

tion and the force equations together form a system of equations which 

completely determines the distribution function at any time. Solving 

the system of equations is generally impossible; simplifying assump­

tions are usually necessary to obtain exact solutions or to obtain approx­

imate information concerning the distribution function. 

Investigations of space cQarge effects by means of the Boltz­

mann equation have heretofore been almost exclusively on the longi­

tudinal effects. 7,8,9 The present investiption of transverse space 

charge effects is made through the Boltzmann equation for the purposes 

of putting previous results on a firmer theoretical basis and obtaining 

a better understanding of beam dynamics. 
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c. Previous Investigations of Space Charge Effects 

The transverse space charge effect bas been studied by a num­

ber of people. Kerst made calculations for the maximum beam current 

which could be contained within the dimensions of the vacuum chamber 

of a betatron by the external focusing force against the electrostatic re­

pulsion force of space charge. 3 The calculations. were based on assum­

ing a uniformly distributed beam of circular cross section and the mag­

netic force of the space charge was ignored because he waa interested 

in conditions at the injection energy at which it was negligible. How­

ever, he mentioned that the magnetic and electrostatic space charge 

forces nearly cancel at relativistic energies. This calculation was re­

fined by Blewett who showed that a uniformly distributed beam in a 

betatron would have an elliptical cross section for the particular form 

of the external magnetic field. 10 

In a study of injection processes Judd stated that the transverse 

space charge force would change the frequency of the betatron oscilla­

tions. 4 He suggested that this was the reason why some betatrons 

which had been designed to operate on a resonance worked better than 

had been expected; namely, the space charge effect took the frequency 

off the resonance. Barden bas discussed the limitations placed on the 

beam intensity by the space charge force changing the frequency to a 

resonance in alternating-gradient synchrotrons. 5 Jones investigated 

the influence on the transverse space charge effect due to the variation 
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of the beam I s cross section produced by the alternating gradients in an 

alternating-gradient accelerator. 11 This was found to be small. Modi­

fications of the space charge force created by the charge and current 

induced in the walls of the vacuum chamber by the beam have been con­

.	 12 13
sidered by Mllls and by Cole et al.' These are small unless the 

beam nearly fills the aperture. The change of betatron oscillation fre­

quency for a uniform beam of elliptical cross section tm. been studied 

by Teng. 14 

None of the above-meationed studies of transverse space charge 

effects made use of the Boltzmann equation. An investigation which did 

was made by Courant. 9 He investigated the stability of a beam when it 

is uniformly distributed longitudinally but distributed transversally in 

such a manner that the density of particles oscillates coherently with 

the betatron oscillations. He concluded that the beam would be stable. 

Nielsen and Sessler have studied longitudinal space charge ef­

fects with radio-frequency acceleration, and, for this case, have ob­

tained a stationary solution of the BoltzmaIUl equation. 7 Longitudinal 

instability (1. e., the negative-mass instability) has been investigated 

by Nielsen, Sessler, and Syxnon by means of a linearized Boltzmann 

equation. 8 It was found that this instability will not occur if the energy 

spread of the particles is sufficient. 

D.	 Ex'p!rimental Observations 

Experilnental observations of transverse space charge effects 
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15 16
have been reported by Haxby et al., and Kerst et al.' The meas­

urements were made on an electron spiral sector fixed-field alternating-

gradient (FFAG) accelerator at the Midwestern Universities Research 

Association. An injection current greater than the calculated space 

charge limit was injected over a relatively long period of time and the 

output current was observed. Over the time of injection the output cur­

rent behaved roughly as shown in Fig. 2. The initial output current 1
0 

was found to be about 30 to 50'0 of the calculated space charge limit. 

Then ions formed in the residual gas begin to be collected in the beam 

and neutralize the electrostatic space charge force but not the magnetic 

space charge force of the beam. The current then builds up to ~ 

which perhaps represents the maximum current available from the in­

jector. The measured frequencies of the betatron oscillations were 

found at the time of 10 to be lower than for small injection currents and 

to increase as ions were collected in the beam. This is in agreement 

with the qualitative picture of space charge effects. Eventually enough 

ions are collected that the frequency of betatron oscillations increases 

to a resonant value and the beam is lost. In a short time enough ions 

migrate to the walls that the beam is again established at Imax. This 

process keeps repeating as shown in Fig. 2. 

Measurements of longitudinal instabilities in tl1e Cosmotron 

have been reported by Barton and Nielsen. 17 The results are in agree­

ment with the linearized theory of negative-mass instability in the 



---

-lZ­

~ ------ ( , ("' "' Io

J \. J t J l 
Time 

Fipre 2. OUTPUT CURRENT FOR mGH INJ'ECTDN 

CURRENT 



-13­

range where it is applicable. 

E. Outline of Inve stigation 

The following chapters present an analysis of transverse space 

charge effects by a method using the Boltzmann equation. Various 

simplifying assumptions are made so that the general Boltzmann equa­

tion can be reduced to a one-dimensional. collisionless Boltzmann equa­

tion. A technique for solving the reduced Boltzmarm equation by using 

moments is developed which gives an infinite set of moment equations 

to be solved. In general a finite number of the moment equations do not 

form a closed set but instead they are coupled to the remaining set of 

.equations. By means of two essential approximations a closed set of 

moment equations is obtained. The first of these approximations is 

that the forces acting on a particle are linear with respect to its posi­

tion. The second approximation' is that the space charge force depends 

on the beam distribution only by being dependent on the position of the 

center of the beam and on the width of the beam. The behavior of the 

beam is then described by the resulting closed set of moment equations. 

It is found that the motion of the center of the beam is independ­

ent of the space charge forces and that space charge effects cannot put 

the beam onto an integral resonance. Conditions are obtained for an 

approximate stationary solution for which the center and width of the 

beam remain constant. In the absence of field errors and if the condi­

tions for a stationary solution are not satisfied. the beam width per­
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forms oscillations which are always stable. A linear theory for the ef­

fect on the beam width due to gradient errors in the external magnetic 

field. indicates that unstable resonances may exist. 

Chapter II gives an elementary treatment of transverse space 

charge effects. In Chapter III some considerations of the Boltzmann 

equation and the initial assumptions are presented which allow the gen­

eral Boltzmann equation to be reduced to a one-dimensional Boltzmann 

equation. The technique for solving the Bolt~equation by using 

moments is developed in Chapter IV and a linear approximation for the 

space charge force is obtained which enables one to aet a closed Bet of 

moment equations. The behavior of the beam described by tIE moment 

equations is discussed in Chapter V. Finally. in Chapter VI. some of 

the limitations of the results arising from the initial assumptions are 

discussed and possible ways of extending the analysis are presented. 

Gaussian units are used throughout the analysis with the unit of 

electric current being statcoulomb/sec. All integrals without specified 

limits are over the complete range of the integration variables. 



II. ELEMENTARY THEDRY OF 

TRANSVERSE SPACE CHARGE EFFECTS 

A. Review of Single- Particle Theory 

An elementary treatment of transverse space charge effects is 

presented in this chapter. Before doing so, a brief account of that part 

of the single-particle theory needed for understanding in this and the 

remaining chapters is given without derivation. The literature can be 

consulted for details concerning derivations and justification for the ap· 

proximations. 1, 2, 18, 19 

The single-particle theory is based on ignoring the internal 

forces and considers t~e motion of a single particle. For a particle of 

charge q, velocity~, and momentum p, the equation of motion is 

taken to be 

(1) 

where t is the time, E is the accelerating electric field, ~ is the 

magnetic field for constraining the particle within the vacuum chamber, 

and c is the speed of light. An approximate analysis of the transverse 

motion is made by assuming that the effect of l' on the transverse mo­

tion is negligible and that B is constant in time. Then 

~ ~ x~; ~ constant in time. (2)c . 

-15­
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Consequently 6 the magnitude of the momentum and the energy of the 

pa.rt~cle are constants of the motion. 

Consider a cylindrical coordinate system r 6 8 6 z with the 

r - 9 plane horizontal. As an idealization it is assumed that the mag­

netic field B is such that Ex- • Be = 0 on some horizontal plane which 

is called the "median" plane. Let z = 0 on the median plane. For a 

particle of a given energy, or momentum p, there exists an orbit 

which lies in the median plane and is closed; i •.e., the orbit is specified 

by r :II R (8), Z:ll 0, where R (8) is periodic in 9. 'I'b.i8 orbit is called 

the "equilibrium" orbit of the particle corresponding to ita momentum 

p. 

Now consider the motion of a particle of momentum p which is 

not necessarily on its equilibrium orbit. It is convenient to describe 

the motion in terms of a new coordinate system defined with respect to 

the particle's equilibrium orbit in the following way. For any point P 6 

let Q be its vertical projection onto the median plane (see Fig. 3). ~t 

x be the perpendicular distance from Q to its nearest point 0 on the 

equilibrium orbit. x will be taken positive when Q is outside the area 

enclosed by the equilibrium orbit. Let z be, as before, the distance 

P is from the median plane. Let 5 be the arc length along the equilib­

rium orbit from some arbitrary point to O. Then P ill uniquely spec­

ified by the new coordinates x, s, and z, provided that Jxl is less 

than the curvature of the equilibrium orbit at O. Let @x' @'S6 and t z 
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Figure 3. COORDINATE SYSTEM x. s. z 
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be a right-handed orthogonal set of unit vectors at O. Equilibrium or­

bits will be used for the closed reference path discussed in Chapter I 

and the x - z plane then becomes the transverse plane. 

The magnetic field is specified by giving B z on the median 

plane. For constant gradient accelerators Bz on the median plane is 

usually taken to be 

where B is a constant, r is a reference radius, and. 0 ( n <1. Foro o 

most alternating gradient (AG) accelerators the median plane field is 

taken to be 

with respect to a parUcular equilibrium orbit. Here Bo is constant 

and B1 (s) is periodic of some square-wave form. For a fixed-field 

alternating-gradient (FFAG) accelerator the median plane field can be 

written 

r r)kB z = Bo ( r= f (K 1n r - N9)
o . 0 

where Ho,. K, and N are constants, r o is a reference radius, and f 

is a periOdic function of periOd. 2 .".. In most machines n, k, and K 

are independent of r. Along an equilibrium orbit in an AG or FFAG 

~B . 
machine Bz or .-f- as functions of • are periodic with a smallest 
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period T < L where L is the length of the equilibrium orbit once 

around the machine. The basic periodic structure is called a "sector" 

and the number of sectors N is LIT. 

Within the vacuum chamber. .. x ~ = 0 and fl. B = O. These 

relations and the knowledp of ~ on the median plane make it possible 

equilibrium orbit in a double power series in x and z with coefficients 

which are functions of &. Substituting these expressions into equation 

(Z) and making a chanle of variable from t to 8 for the iDdependent 

variable. the equations of motion in x and z. including relativistic 

effects, take the form: 

(3) 

K 1 and K Z are periodic functions of s with period T. M1 and Mz 
are funct~ns which make the above equations nonlinear. These equa­

tions give the motion of a particle relative to its equilibrium orbit. 

The x- and z-motions according to equations (3) when the acceleration 

process is ignored are called "betatron" oscillations. Although the x-

direction iB not the same as the r-direction. x-motion is referred to 

as "radial" motion. and naturally z-motion is referred to as "vertical" 

motion. 
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Let 9 be an "angle" variable defined by 

9 = 2-,rs (4)
L 

Here 9 is not the azimuthal angle used initially for the cylindrical co­

ordinate system. However # if the equilibrium. orbit does not deviate 

too much from a circle# 9 is very nearly equal to the azimuthal angle. 

TraDSforming from s to 9# equations (3) can be written: 

d
2
x + Kx (9) x =
 ~ dOl 

(5)
2d z + K (0) z = Mz•dOl Z 

,r--.. 

Kx and Kz are periodic functions of 0 with period 2"'-/N. ~ and Mz 

are the nonlinear terms. 

The linearized approximation is obtained by ignoring the non­

linear terms and solVing the equations: 

dZ,I + ~ (9) x = 0 (6). 
dOl 

(7)9 + Kz (8) z • O. 
d8 

Consider equation (it) for the radial motion. Its solution can be written 

in the form 

x = 



x 
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where hI and h2 are periodic functions of 9 with period 2Tr IN and 

Y is a constant. By listable motion" it is meant that the motion is 

bounded. The motion is stable only if V is real and Y ~ inNx x 

where n is an integer or zero. The value of "x is determined by K.x(8) 

which depends on the parameters of the accelerator. A typical stable 

solution has the appearance shown in Fig. 4. It looks like a sinusoidal 

oscillation of "x oscillations per revolution around the machine with a 

superimposed ripple which is periodic with period 2Tf IN. .,Ix is the 

number of radial betatron oscillations per revolution; it is also called 

the radial IItune • " 

Similar results hold for the vertical motion given by equation (7). 

Namely# 

z = 

where h 3 and h4 are periodic with period 2."./N and Y is a constant. z 

Again the motion is stable only if )liz is real and V ~ 1:. n N where nz 2 

is an integer or zero. Yz is the number of vertical betatron oscilla­

tions per revolution and is called the vertical IItune. " 

When the effects of the nonlinear terms ~ and Mz in equa­

tions (5) are considered# it is found that resonances exist which may 

create unstable motion if Yx and )liz satisfy the relation: 

nx Vx + nz ..,) z = n N. (8) 



x 
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Figure 4. TYPICAL STABLE BETATRON OSCILLATION 
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where nx # nz, and n are zero or positive or negative integers. These 

resonances are called "essential" resonances because they arise out of 

the idealized magnetic field assumed for the machine. When n =0#z 

relation (8) gives the resonances of the x-motion which are independent 

of the z-motion. Similarly, when "x =0, relation (8) gives the reso­

nances of the z-motion which are independent of the x-motion. When 

I1x and nz are both nonzero# the resonances given by relation (8) are 

called "coupling" resonances because they occur when the x-motion and 

the z-motion are coupled together. Those resonances for which Dx and 

nz have the same sign are known as "sum" resonances and those for 

which nx and nz have opposite sign are known as "difference" reso­

nances. Not all of these resonances generate unstable motion. The 

difference resonances are stable and also# if the amplitude of oscilla­

tion is not too large# the resonances are stable if Inxl + Inzl > 4. Al­

though a particular resonance by itse If may be stable # it can cause 

trouble by making the amplitude of oscillation large enough to drive the 

particle into the walls of the vacuum chamber or by making the ampli­

tude large enough to put the oscillation on another resonance which is 

unstable. The latter possibility comes about through the fact that the 

tune is a function of the amplitude of oscillation when nonlinearities 

are included. 

Resonances can also arise in an accelerator because the actual 

magnetic field, in practice, cannot be made exactly as desired. These 
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resonances are known as "imperfection" resonances. Because of the 

deviations from the desired field, the actual magnetic field, in general, 

has a periodic structure with a period which is, at most, one revolution 

around the machine. This is equivalent to saying that the machine has 

one sector. Thus the possible imperfection resonances occur when Vx 

and V satisfy relation (8) with N = 1.z 

Suppose A B z is the deviation from the desired B on the me­z 

dian plane. Let A B z be expanded around the equilibrium orbit in a 

power series in x. Taking the two leading terms gives 

.6Bz = A (9) + B (9) x 

where A (9) and B (9) are periodic with period 27r. A (9) is referred 

to as a "field bump" and B (9) as a "gradient bump." In the vicinity of 

the equilibrium orbit the influence of these terms on the radial motion 

is usually larger than the ignored terms and therefore the resonances 

whieJ1 can be excited by them should be avoided. A (9) can be expanded 

in a Fourier series and, if V is equal to the frequency of a nonzerox 

Fourier component, a resonance is excited. The possible resonances 

excited by the fie ld bump are 

V = nj n = 0, I, 2., ••• ,x 

and are called "integral" resonances. Similarly, B (9) can be expand­

ed in a Fourier series and it can be shown that, if ~x is equal to half 
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the frequency of a nonzero Fourier component# a resonance is excited. 

The possible resonances excited by the gradient bump are 

V = 1
2 n; n = 0 # I, 2., ••• ,x 

and are called 11half-integral" resonances. Similarly# in considering 

vertical motion with x = 0# the deviation ABx in the field Bx from the 

desired value can be expanded in z and the two leading terms give a 

field bump and a gradient bump. Again the possible integral resonances 

tIz = n; n = 0 # 1 # 2 , ••• 

and the possible half-integral resonances 

.,Iz = 1 n; n = O. 1, 2. , ••• 
2 

are to be avoided. It is to be noted that an integral or half-integral 

resonance is not excited unless the proper Fourier component of the 

field or gradient bump is nonzero. The integral and half-integral reso­

nances are imperfection resonances but not the only ones since there 

are others given by relation (8) with N = 1. 

The essential and imperfection resonances given by (8) can be 

plotted on a V - V plane to give a diagram like that in Fig. 5 whichx z 

shows only some of the resonance lines for N = 6. An accelerator is 

designed so that its tune or operating point on the diagram is well away 

from the important resonance lines as illustrated by pOint P in Fig. 5. 
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If the tune should vary during the operation of the machine and pass 

through a resonance line, it must pass through rapidly enough, depend­

ing on how serious the resonance is. that too many particles are not 

lost. Since most AG and FFAG machines are designed 80 that the tune 

is relatively constant, the major cause of a change in the tune is the 

transverse space charge effect. 

The above discussion dealt with the transverse motion. The 

equations of motion also give the longitudinal ve locity v 8 =ds Idt as a 

function of t, S, or 9. When a particle is on its equillbrium orbit, V s 

equals the velocity v corresponding to its momentum p. If a particle 

is executing betatron oscillations, Vs varies with the amplitude and 

ripple of the betatron oscillations but generally vs is much greater 

than the transverse velocity and since v is constant, VB is very nearly 

equal to v. 

B. Elementary Treatment of Transverse Space Charge Effects 

The following elementary treatment of transverse space charge 

effects gives some quantitative insight into their nature. It is based on 

the method of calculating the space charge force and inserting this into 

the single-particle equations of motion. 

Consider a beam of particles, all having mass m, charge q. 

momentum p, and velocity v. The particles all have the same equilib­

rium orbit which is surrounded by the beam. Assume that the cross 

section of the beam in the transverse dimensions is a drcle of radius 
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a and that the density of particles, n, within the beam is uniform. As 

an approximation take the longitudinal velocity v s to be v for each 

particle. 

In an accelerator the average radius of the equilibrium orbit is 

much greater than the dimensions of the beam crOSB section and the 

deviation of the equilibrium orbit from a circle is small enough that to 

a good approximation the beam can be treated as an infinitely long cyl­

inder of radius a filled uniformly with charge moving with velocity v 

for the purpose of calculating its electric and magnetic fields. Let E 
and ~ now be the electric and magnetic fields, respectively, produced 

by the beam: 

­E =
 

it =
 

where now the coordinate system x, 5, and z is treated as a rectan­

gular coordinate system. The cylindrical symmetry and uniform charge 

distribution give Es = Be = O. 

To determine t12 electric field apply Gauss' law to a cylinder 

coaxial with the beam of unit length and of radius y <a. Let En be the 

outward normal electric field on the surface of the cylinder. Then 

Z.". yEn	 = 41T· charge in cylinder
 

= 4"'. T1' y2 • n ~
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or 

= 27f"qny.En 
Then 

= En .! = Z'7'rqnxEx y 

E Z.". q n z. (10)= En; = z 

For the magnetic field apply Ampere's law to a circular path lying in a 

transverse plane with its center on the central axis of the beam. Let 

the path have a radius y < a and let B t be the tangential magnetic field 

on the path. Assume the longitudinal velocity is positive. Then 

= .!.rr.. . current through the area enclosed 
c 

= .!.!!:... •current density • area 
c 

= 4 -rr • n q v • .". y2 
c 

where c is the velocity of light; or 

where ,= vIc. Then 

(11) 

(lZ)- ~ Ex· 
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....
 
The space charge force F acting on a particle in the beam is 

F:;;qE+S~xit 
c 

From this, 

After substituting equation (12), 

2 
Fx :;; q (Ex ­ f Ex) :: 

Similarly, 

q (1 -
2f ) Ex· (l3) 

After substituting equation (11), 

Equations (9) and (to) put into equations (13) and (l4) give 

(14) 

(15) 

(16) 
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Now consider the linear approximation for the radial motion of 

a particle ignoring, for the moment. the space charge force Fx • The 

equation of motion (d. equation (6) is 

.. 
~ + 1Sc (9) x :: 0 
di 

where 9 :: 2..". s I L and L is the length of the equilibrium orbit. In 

general the oscillations consist of a ripple superimposed on a basic 

oscillation of frequency ~x. For an approximation, let the ripple be 

ignored. Then the oscillation is sinusoidal of freqWlncy V and thex 

equation of motion can be written: 

dlx + vol x == 0 (17)
dQ l ~ 

where ~ is replaced by ~o to indicate the radial tune when no space 

charge forces are present. The space charp force is now taken into 

account by insertinl it into the equation of motion. To see how this mod­

iUes equation (17) suppose a force F0" in general, is actina in the x· 

direction. The equation of motion would then be 

wWeI'e	 Y:;; 1/ j 1 - , -,; and ,:.;; v lee 

Assuming that the variation of Y is negligible, this becomes 

F o • 
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To a lOod approximation vs :: V is constant aDd • =v t. Tranaforming 

from the variable t to the variable s. the equation of motion is 

But 9 =l-rrs/L =sIR where R is an equivalent radiua defined by 

R • L/ l""'. Making a change of variable from .. to '. the equation of 

motion becomes 

or 

Thus equation (17) is to be modified to account for the space 

charge force Fx by inserting 

in the right-hand side which gives 

Substituting equation (15) for Fx results in 

or 
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dlx 2 
+ V. x =	02 x

d9

where 

y2 ~~	 _ 27T q2 n R Z (1 _ ,2) • (18)x = 
m c 2 ypZ 

Here ~ is the radial tune under the influence of the space charge
x 

force. Instead of measuring the beam intensity by the number of par­

ticles per unit time, let it be measured by the beam current I in e. a. u. 

(i.e e. I statamperes). Then 

I = current density· cross sectional area of beam 

= n q v • 7T a 2 

or	 n= __l~_ 
21Tq a v 

Inserting this into equation (18) gives 

v.l.	 = ~o 
2

-
2 ge R 2 I (1 - 1 2)
 

x 2
m c 3 a p3 Y 

Z 2 qR2 1 
= V -	 (19)xo 3 2 ~ 3 ')'3 m c a 

In a similar manner for the vertical motion, 

2 2 q R Z I (l _ ,Z)
\1.2 = z \{o 3 a 2m c p3 Y 

Z 2 ge R 2 I=	 , (20)"0 -mc 3 a Z ,,3 y 3 

where tl	 is the vertical tune when no space charge force is presentzo 



and Vz is its va1ue otherwise. 

Several conclusions can be drawn from equations (19) and (20). 

Both the radial and vertical tunes are lowered by the space charge force. 

The amount of reduction increases with beam current and is stroDlly 

dependent on the energy d. the particles. As the energy :iIr::reases, the 

factor 1 - ,Z --+ 0 because the magnetic force becomes larp enough 

to cancel the electric force. Consequently the space charge forces 

which limit the current are dUally dominant at the injection energy. 

According to equations (19) and (20), if the space charge forces are 

large enoUCh, )),Z or yZ is neptive which would result in an exponen­x z 

tially-growing (unstable) motion for the particles; thus the beam would 

blow itself apart in this picture. This is an erroneous concluaion phys­

!cally which arises out of the fact that the above analysis does not allow 

for the change in the density of particles in time under the influence of 

the space charge forces. In a later chapter it is shown under suitable 

assumptions that this type of instability does not exist. 

Suppose one of the tunes, say V ' has been decreased by thex 

space charge effect to an integer which is an integral resonance being 

driven by the proper Fourier component of the field bump. The nature 

of the resonance is such that, at a given longitudinal position, a par­

ticle experiences a transverse perturbing force which is always in the 

same direction on each successive revolution so that its transverse 

poBition becomes larger and larger in the direction of the perturbing 
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force. This occurs regardless of which side of the equilibriwn orbit 

the particle was initially. Then# if the space charge forces create an 

integral reaonance# the above picture implies that the beam as a whole" 

including its center# continuously moves away from the equilibrium or­

bi1) resulting in an unstable beam. 

But a dubious light can be cast on this conclusion. Consider the 

beam initially when it is centered about the equilibrium orbit and as­

sume one of the particles is going aroWld on the equilibriwn orbit. 

Since this particle is centra~ located with re8~ct to the charge distri­

bution# there are no space charle forces acting on it aDd" therefore" it 

cannot be put on an integral resonance in this manner. Thus the center 

of the beam would remain on the equilibrium orbit instead of moving 

away as indicated earlier. The contradiction suggests that something 

is wrong w:lth the modified single-particle equation of motion. A closer 

look at the situation reveals that the difficulty arises from two sources. 

One has been mentioned already; namely" that no allowance has been 

made for the change of the beam in time. The other, which is essen­

tially the same, is that the above analysis expresses the space charge 

force in terms of the particle's displacement from the equilibrium or­

bit whereas, since the beam may move away from the equilibrium or­

bit, the force should be in terms of the displacement from a suitable 

point within the beam which measures the transverse motion of the 

beam as a whole. Thus there is doubt as to whether or not the space 
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charge effects can induce beam instability through an integral resonance 

in the manner described above. This question is examined more thor­

oughly in a later chapter. 

Suppose now one of the tunes, say Vx, has been lowered by the 

space charge effect to a value which is an half-integral resonance being 

driven by the proper Fourier component of the gradient bump. The 

nature of thi~ resonance is such that the strength of the perturbation 

WIDe h a particle experiences is proportional to its distance from the 

equilibrium orbit so that particles on the equilibrium orbit are unper­

turbed. Furthermore, consider two particles. having the same longitu­

dinal position and the same amplitudes of betatron oscillations but com­

pletely out of phase. Then, when one is on one side of the equilibrium 

orbit, the other is on the other side by the same amount. Their ampli­

tudes of oscillation grow because of the resonance 80 that when one is 

making a larger excursion away from the equilibrium orbit than before, 

the other is also but in the opposite direction. Thus the partic les on 

the equilibrium orbit remain there while those off the equilibrium or­

bit oscillate with growing amplitudes so that the beam as a whole re­

mains on the equilibrium orbit but steadily spreads out in the transverse 

dimension. No serious criticism can be made of this conclusion as in 

the case of an integral resonance. 

Ignoring the questions raised above and assuming that increas­

ing the beam current I decreases V and V until one of them is on x z 
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a resonance causing particles to be lost. the value of I corresponding 

to this situation is taken to be the space charge limited current. Let 

be the change in tunes for current I. Using equation (19) for VI,. put 

• 
3 2 B3 ",3 

mea r ' 

Solving this for I, 

3 2 d 3 Y 3
I = m c a V:X;Q b Yx • (21) 
. q RZ 

Similarly. from equation (20) for V •z 

3 2I :;; m c a fJ 3 )' 3 Yzo b~z • (22) 
q R2 

The maximum allowable values for S~x and ~ J can be determinedz 

from a resonance line diagram and the initial operating point depending 

on which resonance lines are important. I can then be calculated for 

$ VI, and ~ .,Jz. and the lower value is the space charge limit. 

To illustrate the use of the above formulas. consider the 50 Mev 
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electron FFAG machine at the Midwestern Universities Research As­

sociation. At injection at 100 Kev, ~ = 0.548, Y:= 1.196, and 

R = 128 em. The beam is roughly elliptical in cross section with a 

radial half-width of about 2. 5 cm. and a vertical half-width of about 

1 cm. As an approximation, take a to be the average of these: 

a = 1.75 em. Then (21) or (22) gives 

I = 9.01 x 102 V ~ Y (milliamperes),o 

where ~ is either ~xo or Yzo and G.J is either GYx or S.J •z 

The initial operating point is approximately v =4.42 and v'zo:= 2.75.xo 

Two resonance lines which are near the operating point are the lines 

.2 V - Y = 6 and .2 J - ~x = 1; however, it is not certain howx z z 

serious these are. On the basis of thel:$e resonance lines an estimate 

for the allowable change in tune is ~ V = h,,)z =0.05. Sincex 

Vzo ~..>z <Vxo ,,)x' I is determined by the vertical tune and the 

result is 

1= 125ma. 

The measured space charge limited current is approximately 100 mae 

The agreement between the two values is much better than that usually 

obtained. If the resonances used above are not really serious and other 

resonances were used for the calculation, the estiInated current would 

be larger by a factor of two or three. In more careful measurements 
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on the MURA spiral aectorelectron accelerator ·the e&t!mated space 

charge limited currEmt is generally greater than the measured value 

by a factor of the order of three. 15 

The above elementary treatment exemplifjea the usual diBcus­

Z 5 
sian of transverse space charge effects. ~ RefJDemema can be made 

such as considering different shape. for the beam cross Bection~ effects 

of ionization# and longitudinal bunchini of the beam; but these are not 

very important with regard to the followinl inve~ion.13~14 



III. FUNDAMENTAL EQ"CATIONS AND INITIAL ASSUMPTIONS 

A. Preliminary Considerations 

The elementary treatment of transverse space charge effects in 

the preceding chapter raised questions concerning its validity in some 

situations; the basic difficulty appeared to be that no allowance was 

made fol' the change of the beam with time. Conceivably the single­

partlcle approach could. be modified accordingly but that would seem to 

be pushing the method rather hard. Furthermore, since such a modi­

fication would require a more detailed description of the beam's behav­

io1'. one might as well drop the single-particle approach and start from 

the beginning with a more fundamental approach based on describing 

th(' behavior of the beam; i. e., a many-particle approach. The general 

Boltzmann equation for the beam is considered first. By using some 

simplifying assumptions this equation is reduced to a one-dimensional, 

collisionless Boltzmann equation for the transverse space charge ef­

fects. Additional assumptions are made to obtain relatively simple 

equations for the external force and the space charge force. In Chap­

ter IV the reduced Boltzmann equation together with the force equations 

are transformed into an infinite sel of moment equations. Then, by 

assuming the forces are linear functions of the transverse position and 

utilizing a suitable approximation for the space charge force. a finite 

closed set of moment equations is obtained which describes the behav­

-40­
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ior of the beam. 

Let the beam be described by a distribution function G (t, p, t) 

such that G (I, ~, t) d~ r d 3 ~ is the number of particles in volume 

element d 3 1 located at 1 in position space and in volume element d 3 p 

located at p in momentum space at time t. In other words, G is the 

density of particles in a single-particle phase space# the r ~ - space. 

G must satisfy the conditions: 

G(1, p, t) ~ 0, 

and 

where N (t) is the total number of particles at time t in the system. 

N (t) is finite except in some idealized situations. Furthermore G ...., 0 

as Ipi~ QQ and also# when N is finite, G'-' 0 as I -rl --* QQ. G can 

be normalized to unity by dividing it by N so that 

The function G IN can then be considered a probability distribution 

function. 

With suitable asswnptions, Borne of which are mentioned below. 

G satisfies the partial differential equation, 

~G (23)
TI 
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6 Z@ Zl 
known as the Boltzm&ml!l equatw>KlI." Beret! 'f 18 the velocity cor-B D 
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.d> ~ 

tiele at the point r p in the phute space ..t time t" In .nli~ral" 

., '" F (fB '8 d" The ~bDrt=>r~ ~J!fecu are in the term (~ ~Lu 
which ia defined sl.!ICh that (,~ ~) d3 if d3P eft w tlM mt mC'l"''UtM m 

. ,," Ilo c@U 
tM numMr of p,vticlell in dS l' do~~ m time cit dl_ to C\tlJ~~M.. More 

aDd injectWIA or C1"e1atitm FOC_U<lil.. 

In pneral, ., ilM (j~ ' ue fwlct~~epelJdem on G fADdIc@n 
approF1a~ expres8101m&'l fer thltm mtWt be o~ Fer the preMnt 
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and the internal electromagnetic field created by the particlesc One 

assumes that F can be written 

~ ':i' a"" ...F=q.ti+,.vxBc 

where E and B are the macroscopic electric aDd magnetic fields, 

respectively, and are functions of r and t, in general. q is the char,e 

of the particles., The term "'p" (F G) in the Boltzm.&ml equation can 

be written 

and with the assumed form (24) for F it is easi~ shown that Vp II ..,. =: 0.• 

So now the Boltzmann equation is 

(Z5) 

Put 

(l6) 

where Fe is the external force and Fi is the internal force (t. eo, the 

space charge force)., It ia assumed that the external electric field is 

zero and that the external magnetic field is krwwn and constant in time. 

"'" Then Fe is known and does not depend explicitly on t" Hereafter, 

there will be little need. to use symbow to designate the external elec­

tric and magnetic fields and unless otherwise stated, E and It are used 

to designate the internal electric and magnetic fields created by the beam. 



Then 

(Z7) 

The fields E and 13 are taken to satiafy Maxwell's equation. 

(in Gaussian unit. with electric current meaaured ill eta.tcowlgmba/sec. ): 

.."., 
(l8) 

where f is the cbarp denaity and 1is the electric curreDt deaiv in 

the beam. (c is the speed of ll&ht.) r.- 1 are defiDed •• followa. 

The integral of G overall p-apaee is the denaity of particles ill 1'­

space; therefore f ia taken to be 

(l9)r· q 5d 
3 lG. 

Tbe integral of ~ G ever all p-apace is the particle current denaity; 

... 
ao j fa taken to be 

(30) 

... 
The set of equationa (25) to (30) with Fe being lmown form a 

closed system which determmea the behavior of G. That the forces 

can be aparated as d••cribed and the above system of equations de­

fiDed depend OD some tacit assumptiol18 which are _t pen here but 

ZZ 
are briefiy diacuaaed by Drummon4. The.e equatiolUl are far too 
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complicated to solve in general and additional assumptions are needed 

to get a simpler system of equations. 

B. Simplification of the Boltzmann Equation 

The system of equatiDD.8 (25) to (30) 1.8 broad ellOup to include 

transverse effects. longitudinal effects. aDd the coupUna be+.ween both 

effects. Since this investigation is concerned with transverse effects. 

simplification is obtained by obtaining a Boltzmann equation for the 

. transverse behavior which is decoupled. in a certain senae, from the 

longitudinal motion. The decoupl.ina will not be complete-becauae 80me 

upecta of the transverse motion depend on the ~ motion. 

Let the coordinate system be the x, s, z coortUnate system 

defined in Chapter n relatiYe to one particular equilibrium orbit. Let 

'x. ~.. and t be the \Ddt vectors corresponding to x. s# and z. andz 

put
 

~ 2: X ax + z ~z
 

for the position vector in a transverse plane. One also has 

with Vx =dJt./dt, va = c:la/dt. and Vz • dz/dt, and 

where Y = 11 .{1 - , 't and ,. ~. Put 
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In addition, write 

and similarly for Fi and .,.. 

Let the distribution function be G:= G ~ • '.a..' ". Ps. t). Thia 

is periodic in Ii with period L (L :: the !ealth of tIM: equ.1librblm orbit 

by the amoWlt L, the IIoUDAI point in the beam w&pin~. Tbe 

Boltzmann ..uticn (equation (l5~) CaB now be writt.. 

(31) 

where 

(3Z) 

and mtegrate eqU!&tion (31) ORr all p.: 

~+ Slipa~' ~G+ !pa Va ~~+ SdPa~' VP.L G 
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The particles in an accelerat..or are usua.U;y distributed over a 

narrow range of pse For simplicity ullume 

. where Pao is a definite momentum and Sis tile Dirac r -function. 

Then the second term in equation (33) may be written 

where ~ 18 Yevaluated for PlIO. "Yo 18 still dependent on P andx 

P,) however # it ill alJlo usually trlillt that IPxI and Ipzl are much leBs than 

Ip~ so assume that the dependence of Y on Px and Pz may be ignored. 

Then Yo is a constant. 

The third term in equation (33) becomes 

where Tao is the value of, v. corre8JPOnding to psoG The fourth term .. 
in equation (33) is 

where F is F evaluated for P := P • The fifth term in equation
J.o.J" 80 

(33) is 



-48­

The magnetic part of F s depends on Ps through Y. For example, a 

typIcal t.ern. of F s ,·,;ould be 

q	 P:x B z 1F' :: - 3 vB:: sex ;<. 
me 'Y 

and 

q	 Px Hz
 

me
 

Thus, if the longitudinal magnetic force is zero or very small, 

~ F s / 4lPs may be ignored. The assumption that all partie les have 

Ps :: Psa carries with it the assumption that F s :: 0 for ot~ r wise Ps 

would vary. Assume therefore that the longitudinal electric and Inag­

netic forces are small enough to ignore their effects. Then 

(.lFs) - 0
 
~ ps =Pso ­

and, putting the above results together, equation (33) becomes 

v (j, = O. (34)
P.1. 

It is possible to develop an equation a little more general than 

equation (34) by using definition (32) for Gland defining average 

quantities, <VJ,.> and <~ >, such that 

G 1 <~> = Sdps ~J.. G
 

G j <~ >= Jdps ~ G .
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Assuming the dependence of F s on Ps is negligible, equation (33) can 

then be written 

This is quite a bit more difficult to use than equation (34); one would 

need some way of estimating the average quantities and the term on the 

right-hand side. IT this could be accomplished, it would give a way of 

estimating the influence of longitudinal effects on the transverse mo­

tion. Suppose the particles are distributed with some spread in ps. 

Since F s is negligible, there is just streaming motion in the longitu­

dinal direction. After a sufficiently long time in which the particles 

have made many revolutions around the machine, the longitudinal dis­

tribution becomes smeared out so that it is uniform. Then G is inde­

pendent of s so that ;'G/ ~ s = 0 and the right-hand side of equation 

(35) vanishes. In addition, if G may be written as a product of G1 and 

a function of Ps' equation (35) can be put in a form quite similar to 

equation (34) but without the term V so ~Gl/)8. For simplicity the 

¥U1alysis hereafter is based on equation (34) and the assumptions which 

go with it. 

The x, s, z coordinate system was defined relative to an equi­

librium orbit. Let this orbit be the one corresponding to momentum 

p = Po with Po = Pso' Although thi~ stipulation is not required at the 

moment, it will be convenient later for calculating the external force. 
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The particles are all moving along the longitudinal axfa with 

velocity vso. Let the point 8 move along with the particles; i. e. # let 

s • V 80 t. Let GZ ~ the value of G1 as the point II moves alone. 

Then 

and 

I ~8 ~G IaG 
~ •• v t "'JT + -j71 .=vlIOt 

80 

= vao ~G11
 
~ a=v t
so 

or 

(36) 

Evaluatm, equation (34) at II. v.o t and inaertinl equation (3')~ equa­

tion (14) becomes 

~Gl 1 ..... -* ~ 
(37)~ t + PJ, • '{ GZ + FJ.o· V ft' GZ iii O~ 

" m~ a-

where F fa al80 evaluated at a = v.n t. Thi8 i.a a Boltzmann equa­
.Lo ..... 

Uon applied to a trannere slice of lon,itudinal width dB which is 
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moving longitudinally with t~ longitudinal velocity of the particles. 

Then G., ds is the density of particles in the "1 p - phase space for the 
" .l .c. 

particles in the slice. No particles enter or leave the slice so the total 

number of particles in the slice is constant. 

The assumption that all the particles have the same longitudinal 

velocity so that no particles enter or leave the slice will be referred to 

as the 11 slice" approximation. Ignoring the transverse space charge 

force. there are two factors which influence the validity of the "slice" 

approximation. One 18 that the magnitude of the momentum of a particle 

is constant and therefore. if the particle is performinl a betatron oscil­

!ation of some amplitude. its longitudinal momentum or velocity will 

vary. The second factor is that the particles cannot all be injected in­

to an accelerator with the same energy or total momentum and conse­

quently. even if there were DO betatron oscillatiou. the particles bave 

clifferent longitudinal velocitiea. 

To investilate the influence of betatron oacillations assume that 

the particles have the same total momentum and. for simplicity. that 

the equilibriwn orbit is a circle of radius R. For particles starting on 

the equilibrium orbit at 8 =0 and t =O. the radial motion is awroxi­

r = R + A sin Yx 8 

where r is the radial coordinate and A is the amplitude of the betatron 
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oscUlation with A <<R. Let S be the path length along the particle 

orbit. The lonl(itudinal velocity is 

dS 

va =* = R ~ R;­= a1- (R 9) =
(Jf 

Rv = <IS 
di 

where v =:~ =the total velocity which 1.8 the aame for all particles. 

Here 

Expanding by the binomial theorem and keeping the lower order terms 

2 )l,2 Z ~ 1 1 [A 1 A . 2 . J 9 1 x A cos2.J 9 ...~ R 1 - Ir sin "'x 8 - "! i? am .,..< -"! 
R 2 "x· 

Then 

_ [ A _) 1 A 2 2. J 1 v..Z A Z Z II 
v. • v 1 - R sin V x 8 - ! R1 sin Vx 9 - 2 ~z cos J 9x J 
Averaging this over many betatron o8cillations# the contribution from 
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the second term in the brackets is negligible and the long-time average 

longitudinal veloc ity <v s ~ is 

At time t the particle's position 8 is 

Let a s be the difference in s for a particle havinl A:; 0 and a par­

ticle having A = O. Comparing A s with s evaluated for A = 0 gives 

As ­-= s 

-3
Typical values are AIR =5 x 10 and l{ =5 giving 

As a criterion for the validity of the "slice" approximation take 

I A aJ.« ). = ~ = the wavelength of the betatron oscUlation where 
x 

L is the length of the equilibrium orbit. 

Then 

I~l ~< L 
s V;S 

or 

..!..« 
L 

1 s 
V; IAsl 

where slL is the number of revolutions over which the "slice" approxi­
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mation is valid. Using the t1Pical value. abaft 11ft. 

On this basis the approximation 18 vaJJd for approximately 100 revolu­

tiOI18. 

The above eatimate 18 baaed on a long-time averap; bowe'!/er 

there is another effect included in the apre••ion for T.. Over a short 

time the second term in the bracket 11 mare important than the third 

and fourth terma ill producinl variaU41U in v. ablce A «R. Averag­

ing over the interval 0 ~ 8~"" and iporin, the third and folrth terms 

in the brackets, the sbort-time averap loJllitudJDal velocity <vs>s ia 

Let As be the dUference in position of two particle. after a balf-cycle 

of oscillation where ODe baa amplitude A and t_ otber l&aa amplitude 

- A. The two particles taJat .pproximat.~ the aa.me time t to make a 

balf-cycle with t.~. Tben 
T 

4. a v t • .. A 1iI .. >. A
 
-rr "x T .,...~ "It".
 

AM a criterion for tile validity of the tlslice" approximation take 

A. « ~. 

Subatitut1nl for A. th.ia becomes 



-55­

<< 1. 

Using the typical values cited above, the left-hand side of this is approxi­

mately 10. 3 which satisfies the criterion. A similar analysis for the 

vertical motion gives the same result. 

Now consider the effect arising from the particles not having the 

same total momentum. ASMume the particles are on their equilibrium 

l)rbits with no betatron oscillations. Consider a .-rtiele with velocity 

v and momentum p. In time t it travels a distance B along the equi­

librium orbit given by 

s = v t = ....2...!­

mY
 

The corresponding value of 9 is 

1.""8 _ Z'"pt
8 ;; - ­

L mLY 

A second particle of momentum p + dp with an equilibrium orbit of 

length L + dL will have "angle" 8 + d8 in the same time t. Using the 

above relation for Q one obtains 

dL- -- dY := U- 1 )!!f.<.!2:... 
L y «p y 

where 

'" ~ ~/¥' a the .....mentum compaction factor. 
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2
It can be shown that 

~= -I. x 

Using this and the relations between p. Y. and the kinetic energy Ek • 

the above expression can be reduced to 

y 
Y+l 

As the criter ion for the validity of the If slice" approximation take 

L L
R Id9f = - . 

2~ v'x 

With the above expression for d9/9 this criterion becomes 

9 1 Y+l 
Z.". IdE;k I~ Y 

« 1

1~2 -7-1 x 

where 9/2"fr is the number of revolutions over which the "slice" ap· 

proximation is valid. A typical value for dEk/Ek at iDjIIction is 

5 x 10.3• Suppose Y= 1 and a.J = 5. Then the right-hand side of thex 

inequality is approximately 80 indicating that the "slice" approximation 

is valid for about 10 revolutions. 

Tbe above numerical estimates for the situations considered 

indicate that th.e "slice" approximation is valid for approximately 10 

revolutions and that the energy spread of the beam is the dominant 

factor. In other situa.tions the approximation may be valid for longer 
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periods of time and the betatron oscillations may be the dominant factor. 

Actually, the criteria used above are much more 8tr1npnt than required. 

The time rate of change of the number of particles in an element 

d ~J. d lil of the moving slice is determined by 

5 ~G
dps (Va - v 80) h 

where here is the velocity of the slice. This rate of change of t;'eVso 

number of particles not only depends on the distribution in Ps but also 

on ~GI )8. Thus, if G does not vary much with 8, the "slice" ap­

proximation will be valid for longer periods of time than estimated b:; 

the criteria used above. WUh these remarks for justification it is as~ 

sumed that the "slice" approximation 18 valid and that therefore equa­

tion (37) may be utilized. 

Further simplification' is obtained by making idealizations so 

that the radial and vertical motion can be studied separately. The beam 

in an accelerator usually has a radial width greater than its vertical 

width. To study only the radial motion, assume for a model that the 

beam haB an infiniteaimal vertical width, that it lies in the median 

plane. and that the vertical forces are zero. Take 

(38) 

Insert this into equation (37) and integrate over all z and p z • The re­

sult is 
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cl03 1 () G3 ~G3 
~ + Px ~ + F _. O~ (39) 
<1t m"Y (Ix x aPx o 

where Fx is the x-component of FJ.O evaluated for z· Pz =O. Let 

(40) 

N3 i8 the number of particle B per unit of loqitudinal beam lencth in 

the moving transverse stice; it is conatant in time aince DO particles 

enter or leave the slice. Define a probability distribution function 

f x (x~ Px~ t) by 

so that 

Substituting the above expression for 03 into equation (39) and dividing 

by N gives3 

(41) 

To inveaUcate the vertical motion separately assume the beam 

baa some vertical width which is small compared to its radial width. 

Let -
G" • G" lx. z. Pz. I). ~dp" GZ' (42) 
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~ 

x- ,.ltd ~-I.\:.lmp)nen.ts of FJ.oz 

,_u·._.... T 

(} 

ln~(:gl'a:.t' thib aver ali px. The firl:it term gives d G4 / ~ t" The second 

tel in g ,vet; 

1 

r~efim: (fix> such that 

~ 

li4 (px ) ::: JdPX Px G l • (44) 

Then the second term can be written 

1 ~ SId G 4
Pz .,.- dpx G2. = - - p ~z-. 

V AZ ill "V Z d Z m '0 u "0 <) 

Consider the integral of the fourth term. Fx has a dependence on Px 

through Y I in general, but it was assumed that the dependence of 

on Px is negligible. So F x can be taken outside of the integral and one 

gets 

F 
r 

at) 

~G~ 
= Fx [GzJ Px ::: ~ ::.: 0,

x \ dPx "J ~ . Px~-~ 
v 
-fI:ii 
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Bince G z ~ 0 as lpx! ---I> QQ'. Similarly. for the last term, F'z can 

be taken outside the integral with the result: 

~ S dGF C1 dp G = F 4.•z-;rp; x 2 z~ 

ThuB equation (43), afier integration. becomes 

Assume 

J <Px > 
+ G4 (46)

dX 

One way of accomplishing this is to assume G 4 is independent of x in­

side the beam. Then dG 4 / ~ x = O. This and definition (42) imply 

~Gll d x =0 since G z ~ O. Hence, by definition (44): 

J x 

So relation (46) is satisfied an(i equation (45) becomes 

~G 1 dG4 ~G4
4+ -p-+F -0 (47)
~ z z ~ - • 

tJ t m 'Yo d Z 0 Pz 

Since G4 is assumed to be independent of x. let the variable x be 

suppressed and write G4 ~ G4 (z, pz, t). Let 

(48)
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N.. ia the number elf PSi,"; tJc1e~ ,per 1lAnit of longitudimll. M9ID length and 

per unit of radial hea.rn~idth.; it is constant in time" Def:lne a, probi\biHty 

distribution function fa; b, Pz~ t) by 

80 that 

Substituting the above expression for G4 into equation (47) and dividi.ng 

by N 4 gives 

(49) 

EqU&tione (41) and (49) Wfe the basic Boltzmann equations fer 

It ia now necessary to obtllW suita.bLe expreasioruJ for the apac~ 

charge forces to be able to get information out of the reduc~d Boltzmann 

.equations developed in tbe w,§t 8~ctionQ T'bese forces are deteI'JJIlinl!d 

~ ~ 

by the fU:?lds E and B ~~ing M~W'ell'~ ~quations ~Z8~~ A8SUm\!; the 
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...,..... E x E 0v := 4~"'~ V -:: 
" 

(50) 
-i> ~ -a>'""'" 4-rr 

~V B V x B :: j fj - 0 
c 

with 

f' = q SlI
3 PG (51 ) 

1 :: q raSp v Gt> 
~ 

ABt3UIne also that the ~ffl!!cts of charges and curr~ll1tilf induced in the 

'\~acu\lm chamber walls a:~e Mgliiible; L e., ~ that there 18 no vacuum 

chamher ~ the lM~am is in fr~e 8pace~ 

Consider first the case for rad.ial motion olli.y. Let Fix be the 

~ charge part of Fxo FTom equation (Z7)& the forc!! ~qua.tion is 

By the definition of Fx' it is ~'~lua.t~d for v 8 = V 80" and it was assunu~d 

that the belUTl is fJ.at in the m~dian plaxle so that V z :: O. Then 

(53) 

-




.Ex and B z ue to he ~vaJ.uated on the median plane a,t the longi­

tudinal position of tlhie ~vw.,; tranaverae slice~ Assume that the gen­

,nfal CllI"1d.ture of th~ eq~j..librium orbit in bending around ~he machine 

1M' coordinate system IW.d the be&m as an infinitllly 10111 ~am in this 

r . If"f " q I d 3 -p G ~ q , a3 'p G~ (Zg PxJ t) $(z)~(Pz) S(ps ~ poo) 
0;.tI ~ 

" '! ~ (0) SdPx GS l>;, i>x" tl " q G(zl f dii'x fJ: t>:. Px. d,NS 

Let 

;", 

Ox «x~ t) \' ril~ fx ~» Px" t)&8 

~ 

(55) 
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The cu.rrent density 1 i8 

...
 3j =: q Sd H G " ~Jd
3 P+G 

=~Sd3 P t <Px ~ + p. (;. + P.t.)Gslx. Px· t)S(z) S(P.) SIp. -P..,) 

= m qyo S(z) [ :,. SdJlx Px G3 + NS Pao Dx lx. t) f. ] 

Since fPxl is small compared to Ipsa& for the particle81 the contr:.lbutkm 

of ix to B z is assumed. to be negl.i&1ble; so take as an approximation 

(56) 

The beam may now be cOlUlidered u a dUrtribution in x of in­

finitely long line charge. and line currents. The line char.. clenaity 

per unit length at x' in dx' H 

(51) 

and the line current at x' in dx' is 

(58) 

The contribution to Ex at x in the median plane from T(x') is 

Z ""(yl) Ox (xII t) 
dEx·~ = Z q N3 x _ x' dx'.,­ x - x'
 



Integrating oyer all x i ~ 

£~ (xl, t) 

x - Xl • (59) 

Let 

Dx(xl,t) 

X - x' · (60) 

-", 

Then 

(61) 

The contribution to Bz at x in the median plane from i (xl) is 

and 

(62) 

Then, by equation (53), 

(63) 

where '0:: vole. Let I be tm beam current: 

(64)
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Fix ;::an now be wl"ittf:r} 

(65) 

where 

N (l - A 2) = _2 q I (l - ~i) = = 2 q'"
') (66) 

3""0 c ~o c 

Now consider th,e case for vertical motiun. Let F. z be t': 

space charge part of F z. From equation (27). the force equatior :.0 

F·lZ 

This is to ht evaluated for Vs = va. Since it was assumed that j Pxj and. 

iPzl are much sma1hr th.an iPsoi > Bs and "'x are small so that the 

contnbt.tioT.l f:~"'om Vx B s IB ll';;gligible. Then 

(67) 

Apt;]. Let the lJa.me asswnpticns be made as for the case of radi­

a1 motion to calculate the fields; io~., the beam is treated as an in.fi­

nitely long beam in a Tf';c·tangular coordinate system, ttz number of 

particles per unit kllf1.:~il.udin.a.l J.ength is consta.nt, and longitudinal varia~ 

tiona in the transverse diBtribution at a given time are ignored. In 

addition, asaUIT1!e th~ tJe,ii.ZZ! is IJ.1Uch wider radially fhi2:.[1 vertically such 

that, .~.t a point x wen i.llt5I.l,;rle the b~arn, the beam can be treated as 

being infinitely wide ra,dially. Recalling the definition of G4 and that 
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it was assumed to be independent of x inside the beam, the charge 

density is 

= q Jdpz G4 (z, PZ. t) = q N Sdpz f z (z. Pz, t) •4

Let 

(68) 

Then 

(69) 

The current density is 

= ix ~x + is ~s + i z ~z • 

Since IPxl and Ipzl are relatively small, the main contribution is js. As 

an approximation take 
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Using 

and that ~Exl dX = (J Es / ~ s =0 by symmetry ~ one has 

Integrating gives 

z 

Ez = 4 ..... q N 4 5dz' Dz (z'. t) + const. 

-~ 

Assuming the vertical width of the beam is finite .. symmetry requires 

Ez at z =- (J{} to be the negative of Ez at z =+ QO. Also using the 

fact that 

ClQ

5dp~ f z (z', p~. t) = 1 • 

-01 

one obtains 

z 

Ez = - Z Trq N 4 + 4 7T q N 4 S dz' Dz (z', t) . 

-III 

This can be wr itten 

c» 

Ez = Z7f'q N 4 dz' S (z - z') D z (z', t) (71)J
-0tJ 
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where S (z - Z I) is a step function such that 

s (z - Z I ) = 1• for z - z I ) 0 

~ - 1, for z -z' < o. 

Let 

~ 

(72)hz (z, t) = rdZ' S (z- z') Dz (z'. t) • 
v 

~-
Then 

(73) 

From the equation 

and symmetry, there results 

4Tr j 47T D ( )
-~ s ~ - q N4 Vo z z, t • 

C C 

Integrating and proceeding in the same way as for Ez , one obtains 

(74) 

Substituting ~quations (73) and (74) into equation (67) gives 

22 2F iz ;; 2 Tf q N 4 hz - 2"," q N4 Po h z 

(75)
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Letting W be the radial width of the beam, the beam current is 

1 = q N 4 Vo W = q W N 4 c ~o • (76) 

F iz can then be written 

(77) 

where 

= 2"fT' q I (l - At) = 2 Trq I 
(78) 

w c 110 W c Po )'0
z . 

P, The External Force 

Besides the space charge forces, suitable expressions for the 

external force produced by the accelerator's magnetic field must be 

employed. Let F ex and Fez be the x- and z-components of the ex­

ternal part of F x and F z, respectively ~ for the two cases being con­

sidered. It is assumed that F ex is independent of the z-motion and 

that Fez is independent of the x-motion. It is also assumed that F ex 

is independent of Px and that Fez is mdependent of Pz. Then 

F ex =Fex (X, 9) and Fez =Fez (z, Q) where 9:: Z-rrs/L. In part of 

the discussion in the next chapter these forces will be considered as 

general functions of x or z and 9, but later it will be assumed that it 

is sufficient to use the linear approximations. 

Consider Fe:x. It was seen in the elementary treatment of 

Chapter II that a force Fo is related to its corresponding term in the 
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equations of motion after changing from the variable t to the var iable 

9 by a factor ill Yo v;
., 

IR'-
} 

; i. e •• 

ill Yo v;
:; --~.....::.- x corresponding term. 

R 2 

R is the equivalent radius of the equilibrium orbit. It will be conven­

lent to keep this factor separate because it will cancel out later. For 

the idealized magnetic field of the machine. the linear approximation is 

F ex ::; Kx (9) x 

where Kx (9) was defined in the discussion of betatron oscillations in 

Chapter II. When field and gradient bumps are also present. the Ime­

ar approximation becomes 

(79)[ bx (9) + [- Kx (9) + Ix (9)] xl 
where bx (9) and fuc (9) are due to the field bUffilJ and the gradient 

bump. respectively. and are periodic in Q with period 2.,.,.. bx and 

Ix are usually small. As was done in Chapter II for an approximation. 

it will be assumed when desired that the ripple in the betatron oscilla­

tions may be ignored and therefore that KJ( (9) may be replaced by an 

effective constant. namely. 

Similarly. the linear approximation for Fez is 

Fez ::; (80) 
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where bz and iz are due to the field bump and the gradient bump, 

Z
respectively. Kz (8) will be replaced by an effective constant )lz as 

an approximation when desired. 

E. Summary of Assumptions 

Various assumptions were made in the previous sections 

which are now summarized. In the preliminary considerations it was 

assumed that 

1) the beam can be described by a distribution function which 

satiafies the Boltzmann equation; 

2) absorption, injection, and. collision processes may be ignored; 

3) the fields and forces satisfy Maxwell's equations and the 

Lorentz force law with the charge and current densities 

suitably defined in terms of the distribution [unction; 

4) the external electric field is zero and the external magnetic 

field is constant in time o 

To obtain a simpler Boltzmann equation it was assumed that 

1) the longitudinal forces are negligible and the longitudinal 

momentum of the particles is constant; 

2) 'Pxl << j psJ ' (Pzl << tpsol , and the dependence of Y 

on Px and pz is negligible; 

3) for studying radial motion. there are no vertical forces on 

the beam and the beam is flat in the median plane; 

4) for studying vertical motion. the beamls vertical width is 
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much less than its radial width and the distribution is uni­

form in x. 

For calculating the spaee charge forces the assumptions were that 

1) the propagation time for the electromagnetic field is 

negligible and the effects of clwrge and current induced in 

the vacuum chamber walts are negligible; 

2.) the coordinate systern may be approximated by a rectangular 

one; 

3) the longitudinal variation of the number of particles per unit 

of longitudinal beam length is negligible; 

4) variations of the transverse distribution with longitudinal 

position at a given time may be ignored; 

5) for studying vertical motion, the n~dial width of the beam is 

much larger than the vertical width. 

For calculating the external forces it was assumed that 

1)	 the force in a given transverse direction is independent of 

the motion in the other transverse direction and of the mo­

mentum in its own direction; 

2)	 the linear approximation may be used when desired; 

t2 l3) K:x (9) and 1< (9) may be replaced by ~_ and V ,--z x z 

respectively, when desired. 
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.F. Summar~' of E!luatiDns 

A set of basit.: equations WOolS obtained in the prececl1n1 sections 

for radial and vertical motion» separately. The radial-motion equa­

tions and the vertical~motionequations are IItructurally aim.ilar. For 

brevity the two motions will no longer be distinguished except when nec­

essary and the same set of equations will be used where poes ib1e for 

either motion. Let x now represent either the radial coor4lincte or 

the vertical coordinate, as the case may be, and p repre8ent tllae cor­

responding momentum. Let the x- and z-sub6lcriptB be dropped; it 

being understood which coordinate motion is under inve6ltiaation. 

A tran.AilVe.rse distribution function G (x. P, t) (not to be confllsed 

with the original G ) was obtained such that, for radial motion, G is 

the density of particles in the x p-sp/il.ce per unit of lonlitudinal beam 

length and, for vertical motion, it is the density of particles in x p. 

space per unit of longitudinal beam length and of radial width., A prob­

abUity distribution function f (x~ p, t) in x and p was defined.such that 

G = N f (81) 

and 

S<I>: dp f = 1 (82) 

where 
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:--.; ;;: number of ].k:i.rtides lunit of longitudinal beam length, 

Cor the c,-~se of radial motion 

= number of partlcles/umt of longitudinal beam length/unit 

of radi:J.l beam WIdth, for the case of vertical motion. 

Each of the reduced Boltzmann equations, (41) and (49). can now be 

written 

~ r ~f 
(83)~x+F"1P==O 

where F is the transverse force ill the direction represented by x and 

F == Fe t F·1 (84) 

with Fe and l<\ being. respectivel.y, the external and internal (or 

space charge) parto of F. 

The internal force F i is given by 

(85) 

where 

00 

h (x, t) == x') D lx', t) (86)Sdx' Q lx, 

-011 

and D, Q. and C are defined as follows: 

Dlx, t) = fdPf (X, p, t) (87) 

and, by relation (82), D has the property 
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(88)fdxD = 1. 

D (x, t) is the probability distribution in x. Q (x. Xl) is 

1
Q (x, x') = for the radial motion (89)x - x' , 

= s (x - x') , fOl: the vertical motion (90) 

where S is the step fWlction: 

S(x-x');: 1 for x - x' >0 

= - 1, for x - x' <0 • (91) 

The constant C is 

) q2 N (1 _ Aol.) __ l q I ~ C = " ,., - ~' for radial motion (92) 

c ~Yo 

2 -rT'q I 2' for vertical motion (93) 

W c '0 )'0 

where W is the radial beam width in the latter case and I is the beam 

current. q is the charge of the partle les and 

_ v 0 
- - . ~ = 1 (94)

o c~ o 0-;:::1=_=~:;P! 

where V is the longitudinal velocity of the particles.o 
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The external force Fe = Fe (x~ 9) is~ in general~ a function 

of x and Q. In the linear approximation: 

m~ v;{[ .1 _1
Fe = R Z b (9) + - K (8) + g (8~ XI (95) 

where K (9) is due to the ideal magnetic field of the macWne~ b (9) is 

due to a field bump~ and g (9) is due to a gradient bump. m is the mass 

of the particles and R = L/l."1f' is the equivalent radius where L is the 

length of the equilibrium orbit. As an additional approximation. when 

desired~ the ripple in the motion produced by K (9) will be ignored and 

then K (8) will be replaced by an effective constant ". 

It will be convenient later to compare the beam ,behavior with 

the betatron oscillations and~ therefore. to use the variable 9 instead 

of t. In all the functions above which depend on t, change from t to 9 

by the relations 8 = Vo t = R 9. Let the same SYmbols be used to rep· 

resent the new fWlctions after the change of variable as before; e. g. ~ 

f (x~ p~ t) becomes f (x~ p" 9) ~ h (x~ t) becomes h (x~ 8). etc. The 

Boltzmann equation (83) becomes 

~f + R p ~f + R F ~f ._ 0 (96)
TI Po P vo 7P 

where Po = m Yo vo · 

This last equation and the equations giving F i in terms of f 

form the basic set of equations to be solved for f or from which in­
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formation c:oncerning f is to be obtained if f cannot be obtained exact­

ly. A techni.que for doing the latter is developed in the next chapter. 



IV. THE MOMENT EQUATK>NS 

A.	 The l\tlethod of Moments 

The	 problem has been reduced to one of solving the equation 

df R ~f R ~f 
-rn-+ -p-+ V F"T"::' = 0	 (97)
119 Po ax 0 (I p 

for f (x, P, Q) with 

(98) 

where F i is related to f by 

F i	 = C h (X, 9) , (99) 

S
OC'

h (x, 9) = dx' Q <X, x') D (x'. 9) , (100) 

-011 
00 

D (X, 9) = ) dp f (x. P. 9) • (101) 

-OCJ 

and where Fe and Q are known functions as described at the end of 

Chapter III. A method is now presented which allows information con­

cerning f to be obtained even though an exact solution for f cannot be 

obtained; it is based on what is known as the Tlmethod of moments. II An 

infinite set of moment equations is obtained which is equivalent to the 

Boltzznann equation. These equations are in terms of "moments" which 

are defined later. A finite number of the equations do not, in general. 

-79­
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form a closed set whio'.,:h ,can be SJ1:llved frar the unknown "moments. II A 

finite closed set of m.om0iD."t~qu.atiQ,mjiB obtained by means of two ap= 

proximations, Th.e ftJ:'Bt lippr<tndmation is the assumption that the 

forces a.loe linear 0 The second approximation is a "best" linear approxi­

mation for :he Spth:e charge f((J)Y'ee which is shown to depend on only two 

of the "moments." 'I'h~ r~~ultirn[{ closed set of moment ~quations forms 

the basls for the analysis of the beam behavior which is presented in 

the next chapter. 

The "method of moments" is to multiply the Boltzmann equation 

F can be expressed 38 a power seri:ea in x. the integrations can be 

performed and there results" fm' variouB values of j and k. a sequence 

of differential equations for the !!moment~i1 which are now defined. .Let 

f (x) be a function of x ~fGJl th~ pr~Bi!nt f 15 any function; it need not be 

tn'2 f in equation (!.i'i B. Tti!~ q'IJ.antity Mk , defined by 

~ 

r 1

,Jax x 
i 

.{ f (xi • k ::: O. 1. 2., (102) 

~(t9 

is called the "kth moment" (vi f with respect to x.. If f (x) is such 

that 

5x axe f (xl) 

~~ 

is ,jj). mever decreasing function of x and is bounded for all x and if f (x) 

satisfies other suitable conditions J then ail the moments Mk li theyJ 
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exist. completely determine f (x); i. e.. if all the Mk exist and are 

known. then one can determine f (x) in principle. Z3 It is assumed in 

what follows that the functions for which moments are used are deter­

mined by their moments. If f (x) is also a function of another var:l..able. 

say 9. then M k is a function of Q, in general. 

Suppose f (x) is a probability di.stribution function such that 

f (x) ~ 0, f (t.. ~ ) = O. and 

GO 

5dxflx) = I. 

-t» 

Then M = 1 • M 1 is the average or mean value of x. MZ is the mif;ii>lno 

value of x Z• etc. 

In general. the value of Mk depends on the location of the origin 

of the coordinate system. The central moments M~ are defined by 

011 

M~ = Sdx Ix - MI)k f (x). (103) 

-IJ/I 

If the origin of the coordinate system is such that Ml = O. then 

c
Mk = Mk • In particular. no matter where the origin is located. 

M e 0 and (104)1 = 

The above concept of moments can be extended to functions of 

two variables. Let f (x. y) be a function of x and y. The quantity 
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till of) 

= J fdx dy xi l' f lx, y); j, k ~ O. 1. l. ..• • (105)Mik 

- D1I - '" 
is the jkth moment of f with respect to x and y. If f also depends on 

a parameter Q, then Mjk is a function of 9 in general. With suitable 

conditions, f 1S completely determined by a knowledge of all M jt and 

this is assumed to be true in what follows. 

In particular now. let f be the probability distribution function 

f (x, P. 8) in equation (97) and define its moments with respect to x 

and p by 

., 01 

~k = ~ fdxdPxipkflx, p.II); i. k = 0.1, l, ....(106) 

_III -I» 

Consider the first few moments. 

(107)1\,\0,0 = Sdx dp r = 1 

by equation (82). 

Q1

dx x D lx. II) =mean value of x. (108)M 1• 0 = ~:x xf: f = J
_011- I» _ (J# 

;; x (9) 

'i' (9) gives the mean position of the beam as a function of 8 • 
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-MI 

• the mean value of xl ::z ;i (8) (l~) 

cw 011 • otI
 

Mo,l = Sdx Sdp P f = fdp p Jdx f •
 

-Ol' -011 _*,-01 

S., 
Since dx f is tile probability distr lbutinn in p,-. 

MO• I == mean value of p = P (8) • (110) 

P (8) is the mean transverse momentum in the beanl as a function of 8. 

Similarly. 

Me 2 == mean value of p2 = ~ (9) • (111) 
# 

M1 1 = mean value of x p :: "i'P (9) • (11Z) 
# 

Let central moments with respect to x be defined by 

" 0­S Sdx dp (x - Ml , O)k f =
 
- 'til _ III
 

OIl

(l13)fib< (x - 'ilk D (X, &) • 

... tII 

havlnl used equation (101). Central. moments with respect to p will 
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not be needed. In particular. Mf = () and 

- ..,c - -2. z_w
M Z = M Z 0 - Mi 0 ::: X - X • (114) 

M~ gives a measure of the spread in x about x for the beam. 

is the root-mean-square width of the beam in the x-dimension; for 

brevity hereafter. it will 'be referred to as the "width II w of the beam.• 

Then 

(115) 

Since f (x, p. 9) L. 0 I it follows that 

Mjk >O. for both j. k = even integers, (116) 

and 

M{ ~ 0, for k = even integer • (117) 

A relation which will be needed later is now derived. Consider 

01 011
 

J (GO.. <Ix dp (x + 0( p)2 r
S S
-011 _IW 

where « is real. Since (x + de p)G ~ 0 and f ~ O. J (<<) ~ o. Ex­

paading the intearand: 

J = f<Ix Sdp (x2 + 2 D( x P + cl p2) f 

= MZ.O + 2. « MI. 1 + 01 MO, Z (118) 
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The value of « which mininlizes J is given by 

dJ
d« = 

or 

Substituting this into equation (118), the minimum value of J is 

J >0 since J (<< ) ~ 0 • mm 

Thus 

(119) 

Th.is is the desired relatIon. Using equation (114), this relation can be 

written 

or 

(120) 

As stated before, the method of moments is to multiply the 

Boltzmann equation (97) by xJ pk and integrate over all x and p. If F 

is known as a power series in x, the integrations can be carried out 

and one obtains, for various values of j and k, a sequence of differ­
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ential equations in 9 for the moments i. e., a set of "moment;'Mjk ; 

equationt:i, which is equivalent to the Boltzma.nn equation. If the 3et of 

differential equations can be solved, then the Mjk are known and, neace, 

in princlple, f can be determined. Even if the set cannot be solved, if 

in.formation concerning the mean position x and the width w as func­

tions of Q can be obtained, then this tells one quite a bit about the be­

havior of the beam. 

In using the method of moments. integrals of the form 

(Ill) 

and 

(l Zl) 

need to be evaluated. From the definition of the probability distribution 

function f, it has the property that f -1/1 0 as Ixl ~ 0t1 or IpI -+ 0- • 

Assume, in addition, that f -# 0 as Ix l ~ «I or JpI -+ 0# faster than 

any negative power of x or p; i. e., xk f -+ 0 as Ix I -. I» and 

pk f ---. 0 as 'pl-... 0It for al1k ~ o. Also assume that the order of 

integration may be interchanged. Then. integrating by parts. 
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ljk = 

= 

a(J 0C1 

Sdp pi< 
r
Jdx xi ~ 

~x 

-01 -M 

Q:J 
M 

fd
Ppk [1: Ix (xi f) 

-DII 

-

.,} 

i S..dx xi - 1 I 

= 

= 

OC) 

SdP pk 

-DtI 

\:- j 
.J 
-011 

[ [xi r]_: ­i ~:~-Jr} 
-Of' 

GOrdp xi - Jpk r 
-O(J 

~k = j M j _ L k • (1Z3) 

Similarly I 

J jk := 

Of) OIl 

rdx~ Sdp pk 

-01 -DI 

~ r
dP 

= 

= 

= 

0tJ 01 

S:p pk-l lSdx xi { Sdp lp (pk f) - k 

-01 -l/1li -OIl 

~:Xi f[pk~: - k S:p pk-l f] 
_IJ(J 

(011 f:' j pk - 1 f 
- k J dx 

-Dt1 -00 

) 

J l};'J . ." jf~ Mjl k -1 • (ll4) 
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B. Gener'dol. MOffit'nt EquatiDns_ 

The method of moments will now be used on the Boltzmarm 

equation to obtain a set of moment equations. Put 

= R :: H. (125)
m Yo Vo Po • 

'Using this and relation (98), the Boltzmann equation (97) becomes 

~ f K" ;, f + H ('t;. + F) d f 1\"7'i TIP (fX Vo f' e' i TI ::; ". (J. 26) 

Fe is a function of x and Q. Assume it can be expanded in a power 

geries in x about the equilibrium orbit and write 

<:II:' 

=: L Anx
n (127) 

n=o 

where the An are knO'N'1l functions of Q. By equation (99), Fi is a 

function of x and 9. Assume it can be expanded in a power .series in 

x about some point X which may be a fWlction of 9; i. e., xo :: Xo (9).o 

Write 

~F. (1 ZS)
V 1o 

where the B n are functions of Q and the Cf are the tlsuai binomi.."ll 

expansion coefficients. Consider equation (99) more c1oseJ.y. It :.::on­

tams h (x, 9) which depends on D (x, Q). D (x. 9) 18 completely deter­

mined by its moments with respect to x. But. by equation (101) and 

the definition of Mjk. the moments of D are the M j ? o' Therefore. 
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the 'Bn are completely determined by the Mj, 0; i. e., each Bn is, in 

general, a function of the Mj,o with no explicit dependence on Q. The 

i-dependence of the Bn arises from the dependence of the Mj,o OLl 9. 

Substituting equations (127) and (128) in equation (126), multiplying by 

xj pk, and integrating over all x and p, gives 

where it is understood that the sum on n is for all n ~ 0, and that the 

sum on n and i is first on i from 0 to n and then on all n ~ O. The 

first term on the left is 

where the prime indicates differentiation with respect to Q. Using this 

and definitions (121) and (122), equation (129) becomes 

~ n n- i n- i 
+~BnCi(-l) xo Jj+i,k = O. (130) 

n,l 

Substituting relations (123) and (124), the above equation can be written 
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(131) 

For the various values of j and k, this gives the set of moment equa­

tions. 

, 
For j =k =0, the above equation reduces to M 0 = 0 which iso , 

to be expected since M.a 0, = 1. Therefore, this particular equation can 

be ignored hereafter. 

Consider j = 1 and k = 0; equation (131) then gives 

or 

R'il = ----po (l3Z) 
m Yo Vo 

If one makes the transformation back to t by the relation v0 t = R9, 

this becomes 

m""" c:m = -p (133) 
'0 dt • 

Thus" if x is considered as the motion of a particle, then 15 is its mo­

mentum, keeping in mind that this result is dependent on the approxima­

tiona which have been made. A closer look shows that it depends on the 

assumption that the dependence of Y on p may be ignored; in general, 
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P is not the momentum of a particle with motion x. 

Now consider the case j == 0 and k == 1; equation (131) becomes 

(134) 

or 

(135) 

where 

;k == Mk,o == the mean value of xk • (136) 

Suppose 'i' is the motion of a particle with momentum p. Then equation 

(135) is the equation of motion for the particle and the structure of the 

equation shows that it depends on the detailed behavior of the beam. 

Suppose there were no space charge forces (i. e., all B == 0). Thenn 

equation (135). after transforming back to t, is 

v~ -xn~ == 0 A1f n •
dt n
 

- n
U it were true that xn == 'i for all n, then by equation (l27) this could 

be written 

~ == F (X, 8) (137)
dt e 

and one could say that the motion of x is that of a particle under the 

force Fe' But;n == ~ is true only for n == 0, 1. Thus, if Fe is linear 
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in x~ equation (137) holds when the space charge force is ignored. Now 

let F'e be linear and include the space charge force. Again, since 

X'D. ~ 'In in general.. one has 

but~ if the space char,e force is linear H. e. ~ Bn :: 0 for n >1). then 

Xo is an arbitrary function of 9; let Xo ::: x. If B ::: 0, theno 

!!l ::: Fe (X.. Q) • 
dt 

Thus .. if Fe and F i are linear in x and Fi is zero at x (Bo ::: 0), then 

i' beb.aves like the motion of a particle under the external force F in­e 

dependently of the space charge force F i. 

In general, the moment equations (131) are coupled; an equation 

for Mjk is usually coupled to one for higher values of j and k. Some 

approximation is needed to obtain a closed finite set of equations so that 

they can be solved for the lower-order moments. The number of equa­

tions must be small if they are to be handled analytically. Assume Fe 

and Fi are linear in x <Au ::: Bn :::: 0 for n >1) and put xQ :::: x:::: M1 O• .. 

Equations (131) become 
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Mjk - j Kl Mj _ I, k + 1 - k [(Ao + Bo-B 1 MI,O) Mj, k - I 

t (AI t Bl) Mj + I, k _ 1] = O. (138) 

Consider the set of equations (138) for j and k satisfying 

1 ~ j + k ~ 2. Using the fact that Mo,o:l I, one obtains the following 

system of equations. 

(139a) 

(l39b) 

(l39d) 

U3ge) 

The An are known fWlctions of 9 and tIE are functions of the Mk o.Bn , 

If Bo and Bl were functions only of MI,O and MZ,O' then the system 

(139) would be closed. In particular, M1 0:: 'i and MZ 0 = xl could be , , 

obtained, thus giving considerable information about the beam behavior. 

Also, il B o were small enough to ignore. equations (139a) and (139b) 

would form a closed system which could be solved for Mt,O and MO. 1 ' 

and these could then be used as known functions in the remaining equa­

~ tions of the set (139). 
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Intuitively one feels~ if the distribution of particles in position 

x has a certain amount of symmetry about x = x~ that Bo would be 

small. Furthermore it would seem reasonable that B 1 would be deter·· 

mined essentially by the width of the beam; i. e. ~ to a good approximation 

as some function of w = Y'MZ~ 0 - Mt 0 =1;2 -yZ • Therefore an 

investigation is made of a linear approximation for the space chaqe 

force Fi and the dependence of the corresponding Bo and B1 on t.hF' 

moments Mk 0 • 
~ 

c. Linear Approximation for the Space Charge Force 

A method is now developed for approximating the space char:"c 

force Fi by a polynomial of finite degree in x and then applied for a 

linear approximation. It will be found that the linear approximation 

depends almost entirely on M1 0 and MZ 0 and thus, to a good approxi­
~ ~ 

mation, the set (139) becomes a closed set. The pertinent relatlOns 

needed ar~ equations (99), (lOO), and (l01). Let the variable 9 be sup­

pressed for now and write for these equations: 

F i = C h (x) , (140) 

h (x). 

~ 

fdX' Q (x, x') D (x') , (141) 

-DtI 

D (x). ~:, f lx, PI. (142) 

_Off 
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where Q (x, x') is given at the end of Chapter ITl. D (x) is the proba­

bility distribution function in x for the particles. Instead of dealing 

directly with Fi' let h (x) be the function which is approximated since 

C is just a constant. 

Let ha (x) be the function which is to he used as an approxima­

tion in place of h (x) and let it be a polynomial of degree n: 

n 
j (143)ha (x) =L h:i x 

j=o 

where the hj are the (:oefficient~ of the polynomial. The criterion for 

choosing the ~ to give the "best It approximation is taken to be tba t ti-,e 

hj make the quantity 

-. 
J. Sdx [h (xl - ha (x~ Z D (xl (144) 

-Of) 

a minimum. Since D (x) ~ 0, J ~ o. J is zero only if ha (x) = h (x). 

Hence, the smaller J is, the better is the approximation. Using D (x) 

as a weight function makes ha (x) a better approximation in the regions 

where there are more particles than in the regions having fewer par­

ticles. This seems to be a reasonable procedure to use for studying 

the over-all behavior of the particles. A figure of ment 'l for the 

~ ­
quality of the approximation is '? =(J jh!-) 1 where hl is the average 

z 
value of h (x) with respect to D (x). '1 is a sort of fractional errol' of 

the approximation. Since ha approximates h. let h be replaced by ha 
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in the definition of " for the sake of simplicity; i. e ... take 

1:1 Yz. , = (J h ) wherea


~ = 5dx h; (x) D(x) ,
 

J is a function of the hj; the condition for a minimum is 

)J = 0,· k 0 1 Z (145)~ = .. , , ..... n •
., hk 

Substituting equation (144) into equation (145) lives 

011

(146)Sdx [h (xl - "a (x)] ~~ D (x) = 0, 

-01 

From equation (143), ~ hal ~ hk = xk• Putting this and equation (143) 

into equation (146) results in 

., 
) dx [h (x) - f hi xl] x

k D (x) = 0 

• 0tI 

k~ dx x h (xl D (x) - ~h;j 5dx x:l + k D (x) = 0, (147) 

-114 -0# 

But by the definition (14Z) of D (x) and the definition of the moments, 

011

Sdp xi + k f lx, p) = Mj + k,o • 

-fJ# -. 
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Rearranging terms and usinl this last result, equation (147) can be 

written 
at) 

1('1 M j +k.o" Sdx xk h (x) D (x) 

-tJI) 

or 

nr: ~ ~ + k,o = Hk ; k = 0, 1, Z, ••• , n (148) 
J=o 

where, using equation (141), 

GO 00 0() 

Sdx xk h (x) D (x) .. 5dx Sdx' x k Q (X, x') D (x) D (x'). (149) 

-0# _OIl-till 

With Buitable restrictiollB, an arbitrary D (x) can be written as a uni­

versal function of its moments in terms of Hermite functions. 24 It 

follows then that for a liven Q (X, x'), fIt is a univeraal function of 

the moments for arbitrary D (x). If the Hk can be found, then the equa­

tions (148) give the hj a8 universal functions of the moments for a given 

Q (x, x'). 

From Chapter W, equations (89) and (90), 

Q (x, Xl). 1 , for radial motion (150) 
x - x' 

• S (x - Xl), for vertical motion (l51) 

where 
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s (x - x') = 

= 

1, 

- 1, 

for 

for 

x - x· ) 

x - x' ( 

0 

0 • 

(152) 

For either type of motion Q (X, x') has the property: 

Q (x, x') = - Q (x', x) • (153) 

By equation (149), 

Ho 

0/) 01 . 

= Sdx Sdx' Q (X, x') D (x) D (x') . 

-011 -011 

Interchanging x and x' : 

04 

Ho = Sdx' 

_011 

Ol)5dx Q (x', x) D (x,) D (x) • 

_til 

Inserting relation (153): 

Ho = 

~ 

QD OD 

- Sdx' Sdx Q (X, x') D (x') D (x) 

_#6 _ til 

-s= 
-011 

005dx' Q (x, x') D (x) D (x') 

#OOIJ 

= 

Thua Ho = 0 • 

Consider Hk for radial motion and k >o. Equations (149) and 

(150) give 
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x k D (x) D (x') 
x - Xl 

Put 
k 

"'"'" k k - i X l1.~Ci (x - Xl) 

i=o 

where the cf are the binomial expansion coefficients. Then 

=t c~ Sdx Sdx l (x - XI)k - i xli D (x) D (Xl) 

i=o x - Xl 

= (......,t:-tCkS
i dx Sdxl (x - Xl)k-i- 1 xli D (x) D (Xl) 

1=0 

lk 
+ Sdx Sdxl x D (x) D (x')

x - Xl • 

By interchanging x and Xl it is seen that th.e last integral is - Hk • 

Solving the above equation for Ilk and putting 

k-i-l 

(x_xl)k-i-l:1: LC~;i-l(_l)k-i-m-lxmxlk-i-rn-l 
m=o 

gives 

k-l k-i-l 

=.!.~c~ or-'C k - i-l(_Ok - i- m -1 M 1'v1. • (154)
Z 1 L..., m III 0 k-m-l,o 

=0 m=o I 
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In this case it has been possible to work out a general expression for 

the Hk in terms of the moments. In particular, for radial motion, 

1 = and (155)2' 

Consider the linear approximation. n = 1 and equations (148) 

give 

= 12·
 

If the origin of x is shifted so that x= M1 0:: 0, then the moments in , 

these equations are central moments M~ (d. equation (113» and the 

equations become 

110 :: 0 

1 
or 

ShiftinC the origin of x back to its original position, one obtains 

ha (x) = (156) 

In general, in a power series for ~ in non-negative powers of x - x, 

the leadin, term is not zero except in the linear approximation. 
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As an example, suppose D (x) is a parabola in the interval 

- d <x <d and zero outside this interval.. Let 

":!D (x) = - 3 ( 1 - x
2

) for - d <x <d 
4 d d 

= 0 for lxl > d. 

M 0 M e Th1 dl.Thiki has MO 0 = 1. 1 0 =, M 2 0 = 2 = - • en , , , 5 

5=- x =~ (x - x) since x = 0 • 2 2d 

Also, 

2 d 

J cannot be determined exactly but an estimate can be made and it is 

Consider now the case of vertical motion. Equations (149) and 

(l51) give 

011 ttl 

dx' x (157)Hk = S<Ix 5 k S (x - x') D (x) D (x') • 

-OIJ -., 

It does not appear to be possible to develop a general expression for 

Hk in terms of the moments as in the previous case. Examples have 

been worked out to determine the approximate dependence of ho and hI 
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on the moments. Consider the linear approximation with n =1. Equa­

tion~ (148) are 

Shifting the origin so that 'i = M1 0 = 0, these equations l>ecome ,
 

ho = 0
 

(J. 58) 

or 

Shifting the origin back to its original position, one has 

(159) 

Shifting the origin in the abo\.-e manner is permissible because HI is 

invar iant under a change of the origin. 

Consider the linear approximation for some examples now. 

The details of the calculations are not given; only the results are quoted. 

In each example HI is calculated and then expressed in terms of M~. 

This is an approximation since HI depends on all moments in general. 

Let 

D (x) = 1 for - d < x < d 
ld 

= 0 for IxJ > d • 



-103­

This is a uniform distribution inside - d <x <d aDd bas 

MO 0 = l, M1 0 = 0, M II:! d Z 
, , Z,O 3 • 

Inside the interval, h (x) ia exactly linear: 

1 
h (x) = d x • 

In this case the linear approximation 1.8 the same as h (x). One find. 

ha (x) III d1 
x • 

1 
x • 

~~ 
1 _ 

= ~ (x - x) • (160)
t'3 VMZ 

Also, J = O. 

For another example, let D (x) be a parabola a8 used before: 

2 
3 ( x )D (x) = - 1 - ~ for - d <x <d 

4d d 

III 0 for, xl >d • 

It is found that 

ha. (x) = 9 (x - i) , (161)
7.;r YM~ 

-3 2J a" 2. 7 x 10 and 'J. 9 x 10- •I 

Finally, let D (x) be a triangular distribution: 
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D (x) ::: -
Z. 

X for o <x <d 
dZ 

::: 0 for x <0 or x >d • 

It i8 found that 

z.Jf 
h (x) ::: ~,- (x - 'i) , (162) 

a 5~ 

-2 -1and .,,:1' 1.. 1 xJ • 1. 36 x 10 , 10 • 

From equations (l60), (161), and (16Z). the con_ants of 

proportionality are 

1 9 

or 

0.578 0.576 0.566
y'M; .YM~ , ~' 

t.. 

These differ from one another due to the fact that the constant of pro­

portionality actually depends on higher moments as well as M~. But 

the examples show that the dependence on higher moments is rather in­

csensitive and the conatant depends essentially on MZ • As an approxi­

mation for the vertical motion, take 

O. 57 1_ -)ha (x) :: _~\A-x. (163) 
Vl\Q 
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Equations (156) and (163) will be used now for linear approxima­

tions for h (x). Replacing h (x) in equation (140) by its linear approxi­

mation. F i can be written 

C k (x -)F i = - - x (164) 
wIl 

where 

w • V'Mf == the width of the beam, 

and 

k • 0.5, n. Z for radial motion 

k == O. 57, n == 1 for vertical motion. 

Comparing equationJI (128) and (164) with X =Z , o 

Vo C k Kzand B 1 == --::;,.-- = - (l65) 
R wD ..,n 

where 

Vo C k 
K (166)Z == •

R 

Relations (l65) will be put in the moment equations (139) for the linear 

approximation. 

D. Approximate Moment Equatioll8 

A cloud set of approximate moment equationJI is obtained from 

the aet (139) by using the linear approximation for 1"1 developed in the 
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preeecUq sectioD and the liDear apprOXimaUoa (85) for Fe. TIle 

(t5) aU (117), 

Ao • KS b (I) (16T) 

(161) 

(161) 

To eliminate uaJa& the double nbacript IIOtatMaa for tile moments, let 

'i' :: M1,0' .,. 110,1 

(170)11 • iP • 111,1' y Ii ;J • Il1o, z 

u.tae thia .-tatlDn uti relat'" (1'5), (167), ... (1'-8), ••t of approxi­

mate mom.eDt eqatiou 18 obtIUMcl from till 8et (13.) wbicb caa be 
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(l7la) 

p' + K3 (K - g) x - K 3 b = 0 (l71b) 

(l71c) 

(l71d) 

(l71e) 

where K. b , and g are functions of Q. 

This is a closed system of equations in the variables Y. 15. xp, 

;i, and w where the prime denotes d/d9. The first two equations are 

closed and give the motion Y as the motion of a particle under the action 

of the external force alone as diacu8sed earlier. These approximate 

moment equations form the basis for an analy81s of the behavior of the 

beam presented in the next chapter. 



V. BEllAVIOR OF THE BEAM 

A.	 Stationary Solution 

The approximate moment equations (171) obtained in the last 

chapter will be used now to determine the behavior of the beam. They 

are 

(171a) 

pi + K 3	 (K - g) 'i - K 3 b • 0 (171b) 

I	 () (Xz z) Z - n _u - K1 v + K3 K - g + w - KZ w - K3 b... = 0 (171c) 

(l71d) 

Vi + Z K3 (K - g) u - Z KZ ~ + Z KZ tl- Z K3 b 15 = 0 (171e) 
wu wn 

where	 K, b, and I are functions of i and a prime indicates d/di. K 

is tbe focusing term of the external magnetic field, b is the field bump, 

and I	 is the gradient bump, &8 defined in Chapter lll. 'f' is the mean 

Z =position, Ji is the mean momentum, u. =Xii, v =?, and w ;Z - xZ• 

The constants are 

Vo C k	 1K	 =w­Z =	 R ' 1'\.. ' 1 

where	 C is liven by (8Z) or (93) in Chapter m. Also 
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k = 0.5, n = Z for radial motion 

k • 0.57, n = 1 for vertical motion. 

A stationary solution of the Boltzmann equation ia a IIOlution for 

which ~ f l4lt is identically zero. In the present case th1a corre.ponds 

to baving ~ f I ~ i identically zero, or equivalently, to havinl all Mjk 

vanish identically. Putting all derivatives equal to zero in equation.8 

(l71) will then live the necessary coDditiolul for a IltatioDary aolution. 

With ~' • 0, equation (171a) givea , II: O. From equation (171b) with 

15' • O. one obtains 

(K - g)x • b 

which cannot be satiaf:led by a constant X, in pneral. when b -; O. So 

..aume b!! O. Then i ~ 0 satiafies the above c<mdJ.Uon. Putting the 

d..tntivea equal to zero in equation (l71d) Jives u = O. v' II: 0 in equa­

tioIl (l'11e) 1a COIW1atent with u • x • , • O. The conditions so far ob­

tan.d and equation (l71c) give, after multiplying by K1 and using 

K1 KS • I, 

SiDee K aDd I are functions of 9, th.ia relatton caJ1llOt be aatiafied by 

conatant v aDd w. Eve with I ~ 0, a stationary _lution 18 not possible. 



-110­

Assuming g =0, an approximately stattonar,. solution exists if one as­

sumes that the ripple in the betatron oscillatJona ~ be tenored. In 

this case K is replaced b,. an effective conataat "U described in 

Chapter ill which for brevity will be denoted by Ko; i.e e., Kg:l ,.10
Z 

where "0 is V or Vz , u the caae may be. Tben, in this approxi­x 

matton, the above relation becomes 

(17Z) 

wllere 

U73) 

v and w must satisfy tbi8 relation to haft a atationar,. solution. Re­

versing the arpmenta abow that theae conditions are alao sufficient in 

tile sense of the approximations.. Hereafter, these conditions will be 

Used for the stationaI7 _lution with the approximation beiDl under­

stood. Summarizing, the coDllitiDlu for a stationary solution are b, I, 

X, aDd u vanish identicaIq, aDd 

KfY.(Ko-~)W2 (174) 

where Ko. ~ .. 

SiDee wZ 18 the mean vahle of (x - f)Z, it follows that .,z! 0 

IUIII w. -{;! ~ o. Sjmilar~, y 2 0 siDee T is the mean ft.1ue of pZ. 

n. quantity Ka. ~ KZ, since it c011taina C by definitioD (166), 18 a 
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measure of the space charge force or" more precisely, the apace 

charge effect for a fixed w. It i.8 directly proportional to the beam cur­

rent or the number of particles. In the limit in which space charge ef­

fecta are negligible, K.a:;: 0 and equation (174) give. a non-zero v&.lue 

for v. Since 1i ;; 0, V lives a measure of the spread i:a the transverse 

momentum. As the beam current is increased while holding w fixed, 

Ke increases and (174) abowa that v must be decreased to maintain 

the condition for a stationary solution. If Ka 18 made larp enough, 

(174) would ,ive v ( o. But v < 0 i. not poaaible. hence (174) can no 

lDnpr be aatiBfied. The lim1tinl value of K. for a stationary solution 

is the value which makes v. 0 in (l 74): 

(175) 

For vahle. of K. greater than thia. no stationary solution is possible. 

Tbe limit.. value of K for a stationary solution occurs when thes 

space charge defocusint force just cancelJl the effective focuaiDg force 

due to Ko resulting in a net transverse force of zero. 

The m.a.ximum value of v for a stationary solution occurs when 

~ • 0 aDd 1s liven by 

_K,.wZ ~ 
Vmax - Z· Z·
 

K 1 K 1
 

Comparinl v~ with the longitudinal momentum. 
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~o w	 
(176)= = K1 Po 

For the MURA 50 Mev electron accelerator and for radial motion at in­

jeetion, v'x = 4. 4, W::= 1. 5 cm., and R = 128 em. which gives 

'Iz. 
Vmax :::: 5 x 10- 2 .
 

Po
 

B. Reduction of Equatiol18 

The set of equations (l 71) can be reduced to two differential 

equationa in Y and w. Differentiating (171a), Bub8tituting (l71b). and 

, " + (K - g) x = b.	 (177) 

Althoup not necessary for obtaining an equation for w. it is assumed 

for simplicity now that K may be replaced by Ka. Then by differenti ­

ating (l71d), eliminatin& u' with (l71c), differentiating again. eliminat­

ina v' with (l71e), elimiDating u with (171d). and finally eliminating p 

witb (l 71a). one obtains 

2 
(Wl )'" + 4 (~ - g) (w2)' - Ka (4 - n)	 (W )I - 2 g' w 2 

wn 

= - (iZ)"1 - 4<Ko - I) (12)' + l g' xl	 + 6 b I' + l h' "i . (178) 

The initial conditions are specified by givmg the initial values 

of x. r', w. w' and w". From equations (171). the last two quanti ­
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ties can be written 

K 1 u - ix' 
w' (179)= w
 

Z Z 2

K 1 v K1 uwit + K wI - n - (Ko - I) W= 3 sw w 

(180) 

in terms of X" Xl" W'" U. V, and g. 

c. Motion of the Center of the Beam.­
By definition let 'f be called the "center" of the beam. The equa­

tion of motion for the center is equation (177): 

x" + (K - g) ~ = b. (177) 

Here K is the focusing term of the external magnetic field. g is the 

gradient bump" and b is the field bump. This equation shows that the 

motion of the center is independent of the space charge effects and is 

the same as the motion of a single partic18 under the influence of only 

the external forces. This result has been previously conjectured but 

now the above derivation brings out the assumptions that are needed. 

These assumptions are that the forces are linear in x; and that the 

space charge force depends only on x and W liB described in Chapter IV. 

Since equation (177) can be bandled by the usual methods of the orbit 

theory for betatron 08G::illations. tb.~re U 00 need to discuss it in detail; 

the behavior of x is just like that fot' betatron oscillations. 
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b and g are functions of 9 of period 2"" and can be written as 

Fourier series. Furthermore, in the construction of an accelerator, 

b and g are made as small as possible. Suppose I is zero and write 

imS
b = Lbm e ; m :.: 0, ... • 

m 

For a particular value of m, if bm " 0, equation (177) hall a resonance 

if ,)0. m. Thus the possible resonances are integral resonances w\1i_cb 

are not influenced by apace charge effects; i. e., the tune for the motion 

of the center cannot be put on an integral resonance by space charp ef­

feds. Since the operating point of an accelerator is designed to be ndn­

integral, such resonances do DOt occur to create difficulty. Then tbe 

effect of the bump b is to produce a small variation in i' which is usual­

ly ignorable since b ia small. 

SUppoae DOW b is zero but g is not necessarily zero. If the 

beam is launched so tbat 'i =~, .0, then equation (177) shows that x 

remain8 zero thereafter. Since lenerally this condition cannot be sat­

afied exactly, there exists the possibility of half-integral resonances 

which are indepeRdent of space charge effects. Since these resonances 

are also a~ided in design and g is small, such resonances do not oc­

cur and the result ill to produce a small variation in x which is usually 

ignorable. 

Thu., in 8ummary, it is seen with regard to the motion of the 

center of the beam that transverse- space charge effects do not produce 
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integral or half-integral resonances. 

D. Elimination of the Field Bump 

The field bump b can be eliminated from the equations in the 

following manner. Ignoring the space charge force, the equation of mo­

tion for a aingle particle can be written 

XII + K (8) x • b (8) + g (9) x + A (8) xl + B (8) x 3 + ... (l /)1) 

w.ere non.liDear terms Ax2, Bx3, ••• have been included. There 

exists a periodic solution Xo (9) of equation (181) with period ZT. 

Let this orbit represent a new equilibrium orbit and define a new trans­

verse coordinate y with respect to this orbit by x =Xo (8) + y. Sub­

stituting this for x in equation (181), using the fact that "0 (8) satisfies 

equation (181). and dropping the nonlinear terms in y gives 

'1" + K Y = (I + l A leo + 3 B x; + ••• ) y 

for the linear equation of motion in the new coordinate system. 

The new equation of motion does not contain a field bump but 

doel1 contain. new gradient bump, g + Z AXo + 3 Bx;. + ••• , which 

is the original p-adient bump modified by additional terms. Replacingt. symbol y by x and letting I represent the modified gradient bump, 

the entire analysia giving the final moment equationa can be repeated 

with respect to the new equilibrium orbit with the result that the field 

bump b ia removed from the equations. With the understanding that 



-116­

this has b€'en done. the field bump b is now dropped from all equations 

(i. e.. iJ =0) and g is taken to represent the modified gradient bump. 

Equations (177) and (178) become 

i" + (K - g) x = 0 (182) 

and 

(w l )' " + 4 (K - g) (w2)' - K (4 - n) (w
2

)' - 2 g' w2 
o s 

"n 

= - (22)'" - 4 0<0 - g) <xl)' + 2.' ~2. (183) 

E. Linear Theory of Free-Beam Behavior 

Equation (182) shows that, if tb.e beam is launched so that 

initially x= i' = O. then x remains zero. Generally. tbis condition 

cannot be satisfied exactly and thus 'i contributes a driving term in the 

right-hand side ot equation (183) for w. Furthermore the presence of 

g in the left-baud side of equation (183) makes the behavior of w more 

complicated. To consider the simplest behavior of w. assume that 

there is no gradient bump (t. e., g = 0) and that the beam' is launched 

so that x vanishes identically. In this situation let the beam and its be­

havior be described as "free." For the free behavior of the beam. 

equation (183) becomes 

(184) 
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Equations (179) and (180) become 

(185) 
w 

1 ~ lw" (186)=WL Kl v-

A possible solution of equation (184) is (w l ) 
I =0 or w =a 

constant which requires w' = w" :: 0 and hence, by equations (185) and 

(18b) , 

U :: 0 

and 

These relations just state that u and v must satisfy the conditions for 

a stationary solution (cf. equation (174». If Ks is larger than the 

limiting value given by equation (175) for a fixed w, then these condi­

tions cannot be satisfied and w:: a constant is not the solution. The 

limiting value of Ks for w:: 0 is Ks :: 0 and therefore, since Ka > 0, 

w ,. 0 cannot be a solution. 

The differential equation for w is nonlinear. Let 

y :: w l or w:: y y,& • (187) 

Equation (184) can now be written 
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,
y'" + 4 ~ YI - Ka (4 - n) ..L- = o. (188)

ynfl 

For small perturbations about a stationary solution, a linearized ap­

proximation can be developed as follows. Let 

Yo = :z a constantw; 
be a stationary solution and put 

y = Yo + e 

with Ie' <<Yo. Substituting for y in Y-nil. expanding this in a power 

series in e about Yo. and keeping terms only up to first order in e. 

gives 

Z 
1 1 n Yo-= e • 

yn/Z Z n+ l
Yo 

Inserting these relations into equation (188) and retaining terms only up 

to first order. one obtains 

e I " + 4 ~ e' _ K s (4 - n) I = 0 
yl}/l e 

or 

e'" + n.Z e' :II 0 (189) 

where 
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Ks (4 - n)
= 41<0- (190)

y:;/2 

Integrating equation (189) once. 

e" + .it e :: C :: a constant (191) 

where c is determined by the initial conditions. If .rt > 0, (191) is 

the equation for a simple oscillator driven by the constant c. For 

rt < 0, the solution is exponential. The solution can be written 

c 
e = 7i2 + E sin ( .JlQ + a) (192) 

where E and a are constants. Then w Us given by 

and, to first order in e, 

'4 + 1 e 1 e 
Yo 

I: WoW II +2 'Ii' 2 WoYo 

c E:: W + + sin (.tl9 + a) • (193)o 
2 rewo 2 Wo 

Assuming n 2 ) 0, 12 is the frequency of oscillation of the beam 

width w. With Ko = ~, equation (190) gives 

Yz. 
.fl. 2 Y [1 _ Ks(4 - n)] . (194) 

o 4 _al n
V Woo 
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If the space charge effect is negligible (Ks ::: 0)6 the frequency .n. is 

2. V ; i. e. 6 twice the betatron oscillation frequency. As increases6o� K s 

n� decreases towards zero and6 for large enough K s6 11 becomes 

imagmary giving an unstable solution for w. However the value of K s 

which decreases 11 to zero is greater than the limiting value of K s for 

a stationary solution6 as given by (l75L by a factor of 4/(4 - n). This 

means that the situation is far from a stationary solution and so (194) 

is applicable' only for Ks less than the value given by (175). If the 

limiting value of Ks for a stationary solution is inserted in (192), the 

result is .fl.::: n VJ.l{6 or 11::: ¥2 ~ for radial motion and 11::: Yo 
for vertical motion. 

The above result points out an aspect of the beam behavior which 

did not show up in the elementary treatment of Chapter II; name ly I that 

the beam width can oscillate. Let equation (193) be written 

W ::: 'No + ~1 + ~ 2 sin (.QQ + a) • 

Differentiating twice and evaluating the various expressions at Q::: 0 

gives 

wi :::.f2 ~ 2 cos a 

::: - .fl2 l:! sin a
2 
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where the subscript i indicates the initial values of the variables. 

Solving these for 4 1 and ~ Z : 

A1 1 (195) 

(196)~Z 
Z 

:: 11
1 

4 

Suppose that before Q = 0 the solution is stationary and the perturba­

tion is applied at 8 = O. The values of wiI and wi" are liven by (l85) 

and (186) with u and v equal to their new values. ui and vi. just after 

the perturbation is applied. Assume wi :: .0 and l1;::z ~o. Before 

the perturbation. u =0 and v is given approximately by (176). Suppose 

the perturbation is such that u is unchaneed and. v is doubled so that 

the change Av is (using (176»: 

~Z ~Z wZ00Av:::: 2 •RZ 

Then from (186). 

K1
Z llvw" ,.,

f- Wo 
• 

Now (195) gives 

Z Z z.!J.. _ K 1
Z 

Po ~owo1 

"'0 - 47; wJ R
Z 
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Similarly ~ l is about the same. In this case then w oscillates with 

an amplitude of about Z5~ of Woe Equation (l96) indicates that when 

.n. is decreased by space charge effects. a given change in u or v in­

duces a still larger amplitude of oscillation. 

F. Nonlinear Theory of Free-Beam Behavior 

·A more complete theory of the free behavior of the beam than 

the linear theory iJI developed in this section. After substituting (187): 

y = wZ 
• (187) 

equation (184) for VI transformed into equation (188): 

, 
y'" + 4 ~ y' - Ks (4 - n) ..L- = o. (188)

yn/2� 

Define� 

y = y' (197) 

and 

z = yl. (198) 

Then Z' =y'". Substituting these relations into (188). the resulting 

equation and the definitions (l97) and (198) form the following set of 

three firat-order equations: 
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yl = y (199a) 

yl = Z (l99b) 

Z I + 4 Ko Y - Ks (4 - n) -± = O. (l9Se) 
yll/l 

Using (199a), one can write 

~ = ~..!!.. = yl d = (lOO)
d9 de dy ay 

Applying (lOO) to (l99b) gives 

Y~ = z 
dy 

or 

(lOla) 

Doing the same to (l99c) gives 

y ~ + 4 I<o y - Ks (4 - n) ~ = 0 
dy yll/Z 

or, after dividing by Y, 

~ + 4 ~ - Ka (4 - n) ~ = O. (lOlh)
dy yn,Z 

Rewritinl and summarizing.. one has from equations (lOla) and (lOlb) 

the followina two equations: 
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(20la) 

dZ 1 
- :I K (4 - n) ~ - 4 K • (20Zb)s ody yn" 

Equation (202b) can be integrated to give Z as a function of y. After 

substituting this for Z in (202a), a second integration can be made to 

obtain yZ as a function of y. In integrating y-n/2, the case 01 n = Z. 

is different than when n has any other value; 80 the CaRS of n I: 1 

and n. Z must be treated separately. 

Consider first the case for vertical motion with n = 1. Equa­

tion (ZOZb) becomes 

(203) 

Integration with respect to y gives 

(204) 

where Dl is a constant of integration. Substituting this into (202a) re­

8ults in 

(205) 

and intelJ"atinl, one baa 

(206) 
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where E 1 is a constant of integration and. by definition. 

p = .!.2 y2 . (207) 

The constants of integration" Dl and El" can be found by evaluating 

equations (204) and (206). respectively. in terms of the values of the 

variables at any point 9. 

In analogy with particle mechanics. consider y as the position 

of a fictitious particle. Y = y' as its momentum. and P = y2/ 2 as its 

kinetic energy. Then equation (206) can be written 

E1 :: P t UI (208) 

with 

U1 :: - D1 Y - 4 Ks y.1/z t Z K.o y2 • (209) 

Equation (Z08) can be interpreted as an energy equation of a particle 

moving in a potential energy well U1 with total energy EI. Since 

Ks >0 and Ka 2 o. U1 can have the forms shown in Fig. 6 depending 

on the sign of Dl . (209) applies only for y ~ 0 since physically 

y = w2 l O. For the situations shown in Fig. 6. y oscillates between 

the values YI and YZ. The stationary solutions occur when E 1 equals 

the minimum value of U1 so that y land y 2 co inc ide. 

The allowable values of D1 and E 1 are restricted as will now 

be shown. From the definition of Y and (l85). 
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y 

y 

Figure 6. CURVES OF VI 
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y = y' = <w2)' = 2 w Wi = 2 K1 u 

y = 2 K1 u • (lID) 

Similarly, from the definition of Z, (185) and (186), 

z = y! = y" = 2 (w WI)' = 2 w wIt + 2 (w l )2 

(211) 

From (204) and (206), 

(212) 

(213) 

Substituting (212) in (213) gives 

= 1 y2 _ w2 Z + 2 K w3 - 2 l(" . W 4 (214)2 s A~' 

SUbstituting (210) and (211) in this gives 

2 Z 2E1 = 2 K 1 (u - v w ) • (215) 

From Chapter IV. the inequality (120) with x = 0 is 
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or 

This and (lI5) imply 

(l16) 

'Thus the behavior of y is as shown in Fig. 0 with E1 on or below the 

y-axis. 

Let U1min be the minimum value of Ul' Then. sillce y 21. O. 

U1min;S E1 ~ 0 or 

Putting (209) in this gives 

'.t. z 
- D1 Yo - 4 Ks Yo .. + 2 KO Yo ~ 0 

where Yo is the value of y correspondin, to Since Yo> 0,U1min0 

the above inequality can be divided by Yo and rearraaled to live 

The minimum value of the right-hand side of this relation occurs at 

'IzYo = KalKa and consequently 

(Z17) 
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By differentiating equation (Z09) for U1 it is easily verified that the 

above value of Yo minimizes U1 when D1 is given by the equality in 

(217); hence the equality in (217) can actually occur. 

The values of D1 and E1 for a stationary solution Yo can be 

evaluated from (21Z) and (Z14) by using the fact that Y =y' =0 and 

Z = y" = O. Then 

'Iz.
Dl = 4 Ko Yo - 6 Ke Yo (218) 

(Z19) 

for a stationary solution Yo. 

The behavior of y can be described by trajectories in the phase 

plane of Y = y' versus y as shown in Fig. 7. Y as a function of y can 

be obtained from (206). The trajectories are symmetric about the y-

axis. The expresaion for U1, (Z09), shows that the only effect of in­

creasing Ka is to lower the curve of U1 as y increases but eventually 

the y2 term dominates and U1 becomes positive. Hence the motion is 

always bounded since E1 ~ 0 and the beam never blows itself com­

plete~ apart no matter bow large the space charge effect is. 

Since Y:. y' = dy/d9, 
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y 

J.+.+-----+--+----+---------y 

y 

I------+l-+------+-t-----+----- Y 

In each case the physical region corresponding 
to E1~ 0 lie. on or interior to the curve for E1 = O. 

Figure 7. PHASE PATHS 



-131­

from (206). Let ~ 9 be the change in 9 as y goes through one oscil­

lation. Integrating the above expression and using the fact that the tra­

jectories in the phase plane are symmetric about the y-axis l 

Y2 

=,.p ~El· • (220)S + D1 Y + 4 

dy 

~ /Iz - Z KO ylJ"Z
Yl 

The frequency of oscillation Jl is then 

(221) 

It is possible to express A8 in terms of elliptic integrals of the first 

and third kind but these are of little use for the present purposes. For 

the case where D1 <0 and E1 =0 1 A 8 can be evaluated exactly with 

the result 11. II: Yo' 

Now consider the case for radial motion with n = 2; the treat­

ment is similar to the above. Equation (Z02b) becomes 

~ = ZKa -41<0 
dy y 

and integration gives 

Z = DZ + 2 Ka ln y - 4 Ko y (222) 

where Dz is the constant of integration. With thisl (Z02a) becomes 

and integration gives 
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p == 1. y2 = E Z + (D2 - 2 K >y + z Ka y In y - z Ko y2 (223)
S2 

where EZ is the constant of integration. Considering EZ as the total 

energy and P as the kinetic energy of a fictitious particle~ this can be 

written 

EZ = P + Uz (224) 

where 

u z = - (DZ - 2 Ks) y - 2 ks y 10 Y + Z Ko r 
is the potential energy. The shape of the U2 - curves have tht!,:i>l',,( 

general characterh:itic s as in th,- IJl'CviolJ.5 ca'.:;e. In the same manhC'l" 

as the previous case it can be shown that 

(Z26) 

and 

DZ ~ 4 Ks - 2 Ks In ( ~) • (227) 

The motion is apin always bounded. For a stationary solution Yo- the 

values of DZ and E2 are 

D 2 = 4 Ko Yo - z Ks ln Yo (Z28) 

EZ = Z. K s Yo - 2 Ko Yo 
2 

• (229) 
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An intep-al for 49 can be written but it appears to be nonintegrable. 

The above nonlinear theory for the free-beam behavior shows 

that the beam width oscillates if the conditions for a stationary solution 

are not satisfied. Furthermore, the oBcillationa are always bounded. 

It is also apparent that the amplitude of oscillation may be quite large. 

This could result in the loss of particles either by making the ampli­

tude of oscUlation for sinile particles laree enoUCh (1. e., exceed their 

stability limits) that their betatron oscillations are unstable or by 

directly drivinl the particles into the vacuum chamber walla. 

G. Linear Theory of Reaon&nces 

A linear theory of beam resonances driven by the gradient bump 

is now developed. For simplicity aasume the beam is launched so that 

i • O. After puttinl 

y = .Z, (Z30) 

equation (183) becomes 

y'f1 + 4 (~ - I) Y' - Ks (4 - n) :lTz - 2 " Y = o. (231) 
y 

Now linearize the above equation by considering small perturba­

tiOns about a stationary solution. Assume that 

y lIZ Yo + e (232) 
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where Yo =wei' = a constant is a stationary solution and Ie' << Yo' 

and also assume g and g' are small of first order. Substituting (232.) 

in (231), using the first-order approximation for y-nll given in 

Section E, and keeping only terms up to first order, one obtains 

e"' + .n.1. e ' = lyo g' (1.33) 

where 

Yz 
12. = 1. V [1 _ICe (4-n)] (1.34) 

no 
4 ..to w0 

is the free-beam oscillation frequency as obtained in the linear theory 

of Section E. Integration of (1.33) gives 

e" + .ft e = l Yo g + C (235) 

where c is a constant of integration. This is the equation of a driven 

simple oscillator. The gradient bump g can be written as a Fourier 

aries: 

m = 0, ... (2.36) 

Then, if 11. is an integer m and the corresponding gm·~ 0, the oBcil­

~tor is being driven on a resonance and e will contain a sinusoidal 

term baving an amplitude which growB linearly with Q. Thus reBO­

nances which cause the beam width to grow can occur when 11 is equal 

to an integer: 



-135­

Il = m; m = 0, 1, Z, •••• (Z37) 

When the space charge effect ia negligible (K =0), (234) givess� 

11 =2 ~ and (Z37) becomes Z V =m. This is the usual relation for�o 

half-integral resonances obtained from the single-particle theory when 

space charge effects are ignored. When ~ is retained in (234), then 

11 decreases as the beam current is increased and a resonance is ob­

tained when 11 has been decreased to an intep'al value. This result 

agrees qualitatively with that of the elementary treatment of Chapter II 

where the effect was to put each particle onto a half-integral resonance. 

In this linear theory the beam grows indefinitely on the reso­

nance because 11 is constant. Eventually it must stop growing because, 

by loss of particles, the beam current is reduced thus taking Jl off the 

resonance. Another mechanism for stopping the growth of the beam 

width may exist. Expression (Z34) for .n is based on the linear theory 

but, in the nonlinear theory of the free beam, a preliminary examina­

tion of .Cl in terms of integrals such as (ZZO) indicates that 11 is a 

function of the amplitude of OBC illation. Therefore it is possible that 

after a certain amount of growth 11 will be removed from the resonance 

thus stopping further growth. A nonlinear theory based on equation 

(Z31) is required to determine how serious the resonances are. An at­

tempt in this direction has been made but with no success. In the next 
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chapter an approach for a nonlinear theory of resonances is sketched 

out which may be successful in the future. 

H. Summary 

The following results have been obtained for the behavior of the 

beam. The motion of the center of the beam is independent of the space 

charge forces as previously conjectured; it is the same as the betatron 

oscillations of a single particle under the influence of only the external 

forces. Space charge effects therefore cannot put the center of the 

beam on an integral or half-integral resonance. 

An approximate stationary solution exists for the free-beam be­

havior. If the conditions for a stationary solution are not satisfied 

under free-beam conditions. the beam width oscillates; however. no 

matter how strong the space charge effects may be. the oscillations 

are stable (i. e •• bounded). The amplitude of oscillation may be large 

enough under appropriate conditions to cause the loss of particles. 

A linear theory for resonances driven by a gradient bump incii­

cates that resonances exist in qualitative agreement with the half­

integral resonances predicted by the elementary treatment of Chapter II. 

The seriousness of these resonances cannot be determined from the 

linear theory and the solution of this problem awaits the development of 

a more complete nonlinear theory. 



VI. CONCLUSION� 

A. Limitations of the Theory 

A theory of transverse space charge effects in particle accel­

erators has been developed in the preceding chapters which is based on 

several assumptions. Therefore, there are limitations on the theory 

depending on how closely the assumptions are satisfied in actual ac­

celerators. Some of the limitations are not discussed at all or in de­

tail because to do so would require the solution of problems vm ich have 

not yet been solved. The theory may be extended by dropping assump­

tions in order to remove some of the limitations but it may not be clear 

how to obtain an adequate solution. Some of the possible extensions of 

the theory are briefly discussed in this section but the more immediate 

extensions are sketched out in more detail in the next section. 

In the last chapter a linear theory of resonances driven by a 

Fad1ent bump was developed. Since it applies only to small perturba­

tions about a stationary solution, it does not tell whether the beam 

width continues to grow indefinitely or not. To remove this difficulty 

a better method is needed to investigate the solutions of equation (231). 

An approach which may be useful is discussed in the next section. 

Consider the assumption that the longitudinal variation of the 

traIlBVerse distribution at a given time is negligible for the calculation 

of the internal force. If the transverse distribution in every transverse 
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slice is initially the same. then the free behavior of each slice is 

identical; each slice olilcillates in synchronism and there is no longi­

tudinal variation in the transverse distribution. But, if the initial 

transverse distribution varies longitudinally in the same manner as the 

transverse distribution varies in one slice while the slice is moving 

longitudinally. then the assumption requires Aw «A where ~ w is 

the variation in wand 

A lIIl ~ R = the wavelength of the beam oscillation. 

Using n = Z V for the maximum value of 11, the requirement be-o 

comes 

~w« no 
R "'0 · 

For values of ~w of interest, this criterion is usually satisfied. 

Another assumption for the calculation of the internal force was 

that the longitudinal variation of the longitudinal distribution at a given 

time is negligible. Suppose the beam is bunched longitudinally by the 

accelerating electric field. Let 1 be the longitudinal length of a bunch. 

Then, for a transverse slice well away from the ends of the bunch. the 

above assumption requires w« ~. In many cases this will be satisfied 

but then the space charle factor Ka must be calculated on the basis of 

the local beam current, not the time-averaged beam current. 
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A third assumption for the calculation of the internal force was 

that the propagation time for the electromagnetic field t. neglicible. If 

the fields created only by the charge near the slice are considered to be 

important, then the assumption requires that the tim. to propapte the 

field over the width of the beam be much less thaD the time for one 

oscillation of the beam. width; 1. e. , 

• 

Even for '0. 1 this is usually satisfied. However.. if fields produced 

by the char,e as far away as .>. from the slice are important, then tbe 

propagation time is comparable to the time for one oscUlation unless 

Po «1. So for relativistic energies there may be important effects 

which have been ignored. 

Now consider the assumption that the exterD&l force is linear in 

x for one-dimensional motion. The s1nlle-particle tbewy of betatron 

oscillations (ignorin& space charge forces) indicates that, 11 the non­

linear forces are included, the oscillations are unstable when their 

amplitude s exceed the stability limit. Hence a criterion for the linear 

~s.umpti.on is that the beam width be much les. than the stability limit 

which, in many case. of interest" is not satisfied. One way of possibly 
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removing this limitation approximately is to asaume that the particles 

are instantly lost from the beam when their amplitude. exc." tba ala­

bility limit. This would result in dealing with a BoltzmaJIIl equation in 

which the number of particles is not constant aDd 18 d!K..... in the 

next section. A more exact approach would be te incb_ tJw ..,nliDear 

forces in the force term of the Boltzmann equation and" .imUar~" 

higher order terms in the power series eXpalUlion for tbe ..-c:. char.. 

force could be included. 

Two idealized modelB of the beam were ..aUJnelll for at1.1dytq 

the radial and vertical motion separately. Each lllOdel ja '"I\dV&lerrt to 

aaauming that the vertical extent of the beam 18 much lea. tbaI1 the 

radial extent. In general" this assumption is poorly aatlafietl. ODe way 

of approximately removing this limitation would be to u. the two­

dimensional Boltzmann equation (37) and define averap quantWe. by 

integratinl over the poaition and momentum of one tranavers. direction 

to obtain a one-d.imeulonal equation for the other tranaverse direction. 

Some method of approJdmatina the average quantities would tllen be 

needed. A better way would be to use moments with respect to the polli­

tion and momentum of both transverse directions and apply the method 

of moments to the two-dimensional Boltzmann equation. 

The validity of the "slice" approximation baa been discussed in 

Chapter In. The removal of this limitation would require considerable 

modification of the theory. The general Boltzmann equation (Z5) would 
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have to be used. If suitable approximations could be made. some sirn­

plification might be attained by reducing the general Boltzmann equation 

to two coupled Boltzmann equations, one for transverse motion and the 

other for longitudinal motion. The first equation would be obtained by 

integrating the general Boltzmann equation over the longitudinal mo­

mentum. The second equation would result from integrating the gener­

al Boltzmann equation over the transverse position and momentum. 

Without carrying the program through in detail, it is difficult to tell 

how far this approach would get. 

Finally, consider the assumption that the number of particles 

-" is constant. Let N be the density of particles as defined in Section F, 

Chapter Ill. and let ~ N be the change in N in the time of one turn or 

revolution around the machine. The longitudinal rate of change of N 

is 4N I L where L is the length of the equilibrium orbit. A criterion 

for satisfying the above assumption is that 

AN « N = Nll 
L A L 

or 

AN (.< 11 
N 

During the time of a multiturn injection process. this criterion will not 

be satisfied. at least not during the earlier turns of injection. Conse­

quently. the oscillations of the beam will be influenced by the rate of 
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injection. This aspect of the beam behavior can be included in the 

theory by modifying the one-dimensional Boltzmann equation (83) to 

allow foJ' changes in the ~umber of particles. 

B. Some Extensions of the Theory 

In this section some extensions of the theory are sketched· out 

which. in the future. may allow the investigation to be carried out far­

ther than it has been. In Chapter V a linear theory of resonances was 

obtained by linearizing equation (231): 

I 

y"l + 4 (Ko - g) y' - Ks (4 - n)� ~ - 2 g' Y = 0 (Z31) 
~/Z 

where y =w2 and g is the gradient bump. Instead of linearizing. a 

different approach is needed to investigate how serious the resonances 

are. With the definitions Y = y' and Z = y'. equation (Z31) is equiva­

lent to the following system of first-order equations: 

y' = y� (238a) 

y' = z� (238b) 

z' = Z g' y + K s (4 - n) -1rz -4 (Ko - g) Y •� (Z38c) 
~ 

For g =0 equations (238) are the same as equations (199) for 

the free-beam behavior and. for this case. it was possible to find two 

inteerals of the system. For the moment consider the case of vertical 

motion with n. 1. The two integrals are equations (Z04) and (206) 
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which contain the constants D1 and El- Let Dl and E1 be replaced, 

respectively, by variables , and at in equationa (204) and (206) and 

cOl18ider these equations as the definitions of the new variables p and 

oJ: 

./;& 
Z =- P + 6~7 -4K.oy (239) 

(240) 

TransformJag from the variables y, Y, Z to the nr1abJeIll y, ot , , 

equations (l38) with n. 1 become 

y'= y (241a) 

, ' ac =-YI' (241b) 

I , 
(241c), = 4Yg+ZYI, 

wbere Y is a f\D1ction ot fit, ~, aDd y by equation (240)_ If I !II 0, 

t I
equatiDu (241) give « • , =0 or « and, are constants of the mo­

tWa correspondinc to the constants E1 and D1- Equation (240) for 

varioua fixed vahles of ot and I' specifies a family of trajectories in 

the Y- Y phase plane_ A point in the phase p1aDe can be specified by 

living the values of «, ~ , and y. With the perturbation g applied, 

at and , will vary with' as determined by equations (241). 
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Similarly, for the case of radial motion with n =1., the inte­

grals (Z22) and (223) can be used to define new variables -' and fI by 

replacing E Z and Dz by OC and ~, respectively. Equations (238) 

then transform into equations (241) as before, the only difference being 

the functional dependence of Y on ., p, and y through equation 

(223) with E2 and DZ replaced by « and ,. In either case Y is a 

function of « , , , and y: y:: Y (<<, fJ, y). 

An "angle" variable Y is now defined as follows. Let 

y 

(242)@ = @ (til.. fl' y) = S de 
Y (fit, ~ , ( ) 

and 

11;1 .fl. (C" f) = 2"" [S dl 1-
1 

(Z43) 
Y (ot, ~ , ~ )J 

where the latter integral is taken over one complete circuit of the 

trajectory in the phase plane specified by at and p.. Then ")' is 

defined by 

y = 1l@. (244) 

This relation can" in principle, be solved for y as a function of « , 

~ " andY which can be used to eliminate y from equations (241) to 

obtain equations for at, fJ" and Y. These new equations can be 
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written in the form 

QC I = A (c¥, f ' )' , 9)� (145a) 

IfJ' = B (<<, , Y I 9)� (Z45b) 

(Z45c) 

where A, B, and C are periodic with period Z'" in both Y and 9. 

Theae equations can then be written 

, • ~ A l(mY -nt) 
(246a)ot L...J mn e 

,
m,D� 

I \' B i(rnY- ni)�
e� (Z46b)= L...J mn 

m,n 

)" = ..n. + L C ei(mY- n9) (Z46c)mn 
m,n 

where the Amn, B , and C are functions of ~ and ,. Supposemn mn 

the system is near a reeonance being driven by the Fourier components 

+ i(m'Y- ne)
e-

where m and n are fixed. Transforming to a new variable 

'YII y- 1!.. 8,_ m 

the Fourier components which are not driving the resonance become 



-146­

rapidly fluctuating terms compared to those driving the resonance. It 

is assumed as an approximation that the rapidly fluctuating terms 

average to zero and may be ignored. Then, after transforming to Y 
• 

and dropping the rapidly fluctuating terms, equations (246) take the form: 

0( = a cos (m:t + ~1) (247a) 

I

b cos (m!, + S2) (247b)fJ = 

y' = n- ~+ c cos (m! + S3) , (247c)n 

where a, b, c, and 11. are functions of 0(, and ~. ~ l' SZ' and 

G3 are constants. 

The system (2.47) is to be investigated for stability. It may be 

possible to do this by an extension of the Moser technique. 25 Moser's 

method applies only to Hamiltonian systems. To illustrate, suppose 

there were just two equations: 

otI = a cos (mY + ~ 1 ) 

where a, c, and n are functions only of Q{. If f 1 = G3 and 

c = - -k- J:, then the system is Hamiltonian with a Hamiltonian 

function of the form 

H (ot I r ) = F (0{) + G (<< ) cos (m 2: + 83) 



-147­

which is a constant of the motion; i. e., independent of 9. Using polar 

coordinates with of being the radius and Y being the angle, constant 

values of H ( at, X ) define trajectories of the system. By means of 

• these trajectories and transforming back to the original variables it is 

possible to determine the stability of the system. Moser's method con­

sists of finding the transformation from the original variables to the 

new variables which results in a Hamiltonian function which is a con­

stant of the motion. The transformations from equations (Z38) to equa­

tions (247) is, in fact, Moser's method except that a constant Hamilton­

ian is obtained. 

The equations (247) are not Hamiltonian. An extension of 

Moser's method would be to find a function of tJJ, , ' and r which is 

a constant of the motion. If this could be accomplishe.d, then trajecto­

ries of the system could be obtained with which to determine the sta­

bility. If a constant of the motion cannot be found, it may be possible 

to investilate the stability by a topological study of equations (Z47). 

From these equations one could determine trajectories in the Ol r1' ­
. '" space along which at = 0, p = 0, or ~ = O. From a study of these 

trajectories and equations (Z47) it may be possible by topological argu­

ments to show when system trajectories are stable. If none of the 

above methods work out, one could investigate solutions of equation 

(Z3l) numerically with computer studies. 
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Now consider the extensions of the theory which are obtained 

when nonlinear forces are allowed in the one-dimensional Boltzmann 

equation with all the other assumptions still retained or by using the 

two-dimensional transverse Boltzmann equation. If the space charge 

force is allowed to be nonlinear, an approximation for its dependence 

on some of the higher moments may be needed. If the two-dimensional 

Boltzmann equation is used, then moments with respect to position and 

momentum in both transverse directions are needed. In all thebe cases 

a closed set of moment equations could be obtained if appropriate ap­

proximations could. be made but there would then be a larger number of 

moment equations than before. This set of equations would probably be 

too difficult to handle analytically but a numerical investigation with a 

computer could be made. 

Finally, consider the situation which results when the assump­

tions in the previous chapters are retained except that the number of 

particles is allowed to vary. Equa:tion (83) is then replaced by the fol­

lowing one-dimensional Boltzmann equation: 

(248) 

where G (x, p, t) is the distribution function and H (x, p, t) deter­

mines the time rate of change of G due to the injection or loss of par­

ticles; i. e., H (x, p, t) dx dp dt is the number of particles added to 

the sy.tern in time dt in the element dx dp of the phase space at the 
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point x. p. Let 

G (x. P, t) = N (t) f (x, P, t) (249) 

.. 
where 

N (t) = Jdx dp G 

and 

Sdx dp f • 1 • 

N (t) is the same as defined in Chapter III but now it may vary in time 

and f is again a probability distribution function. Substituting (249) in 

(248). dividing by N. and rearranging terms gives 

l.!.+..JL.~+F~= ~H-.,l.~f. 
~ t m Yo • X tI P l... J:'I 01 

Changing from t to 9 by the relation V o t = R9 and using the same 

symbols f , N. and H after the change. the above equation becomes 

~f + K P )f + R F ~f = .!!.. ...!.. H - N' (250)
~9 1 dX V;; "JP Vo N N" f 

where N' = dN/d9. This equation is the same as equation (126) from 

which the moment equations were obtained in Chapter IV except that 

now there are additional terms on the right-hand side of the equation. 



-150­

So the moment equations will be the same as before except there will 

be additional terms on the right-hand side and the factor K Z (d. (166» 

for the space charge force will be a function of 9 through the depend­

• 
ence of KZ on N (9). Let Ljk be the jkth moment of the right-hand 

side of equation (Z50): 

R 1 N'S . k= -
Vo 

- dx dp xJ p H - -N MjkN 

(Z51 ) = N
1 
~k - N

N' 
M jk 

where 

R r . k (Z5Z)Hjk = V J dx dp xJ pH. 
o 

The moment equations (171) are now modified by placing ~k with the 

proper values of j and k on the right-hand side. There must be added 

to these the equation for j = k = 0 which is 

,
M' R - N M 

0,0 
=1... 

·~,o N 0,,0N 

or, since Ma"o =I" 

, 
N = Ho"o-

The new set of moment equations can be used to investigate the 
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effects of the injection process. In this case H (x, p, 9) is a specified 

function. Equation (Z53) can then be solved for N (Q) which can then 

be inserted in the remaining moment equations. The quantities Hjk 

are known and the modified moment equations still form a closed set. 

This set of equations would probably be too difficult to handle analyti­

cally but computer studies could be made. 

The new moment equations perhaps could be used also to in­

vestigate the effect of the loss of particles when their amplitude of 

betatron oscUlations exceeds the stability limit. As an approximation 

asswne a particle is lost instantaneously when its position x becomes 

equal to Xl or Xz where Xl and Xz are fixed positions on each side 

of the equilibrium orbit. It can be shown then that 

(254) 

and that consequently 

> .f 1kHjk 1: 2 K 1 N (8) Ly-'x1 dp p + f (Xi' p, Q) • (255) 

In general, the Hjk are functions of all the moments and hence the new 

moment equations do not form a closed set. Perhaps it may be possible 

to approximate the Hjk by assuming a definite form for f in (255) 

which depends on· only the first few moments so that the set of moment 

equations becomes closed. This would certainly be crude but might 

give useful qualitative results. 
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Some ins1Cht into transverse space charge effects in particle 

accelerators has been obtained in this investigation but there are 

several limitatiollB which were pointed out above. Thus there is a 

strong need for the theory to be extended and it is hoped that this is 

accomplished in the future. 
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