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ABSTRACT 

The problem of determining the pressure in a circular cylindrical 

cavity of radius e. connected to a circular input waveguide of radius "­

is formulated in terms of an integral equation. Values of the reflection co­

efficient in the guide and of the pressure in the cavity are given in terms of 

the frequency and of the dimensionless ratio ~/-&. The problem of the 

cavity with an input and an output waveguide is also analyzed, and values 

of the transmission coefficient are obtained. 
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L Introduction 

The two configurations of concern in this paper are shown in Figs. 

la and lb. The first configuration is an acoustic resonator with an input 

waveguide in which a pressure wave of amplitude ~ is incident from the 

left. The second configuration is the acoustic filter formed by the same 

cavity provided with an input and an output waveguide. In both cases it is 

desired to investigate the characteristics of the cavity over a frequency 

range which extends through the first resonant frequency. We are particu­

larly interested in the pressure in the resonator, the reflection coefficient 

in the input tube, and the transmission coefficient of the acoustic filter. 

More specifically, we want to determine the behavior of these various 

quantities as the radius of the waveguide approaches zero. The observa­

tion of this limiting process will give an idea of the accuracy of an approxi­

mate method of analysis given elsewhere. 1 

II. The Integral Equation for the Velocity in the Aperture 

In the frequency range of interest the input tube can propagate only 

one mode~ the lowest one~ and the other modes are attenuated. The lowest 

mode is characterized by a constant pressure throughout the cross section 

of the tube. This property implies that the 'f -independent modes are the 

only modes to be excited in the waveguide and in the resonant cavity. The 

. general form of the pressure in the input waveguide is therefore 
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(1)~ 
reflected wave distortion around the aperture 

£.. /AI lrr 
where "1(: '" :. T t( is the reflection coefficient in the input tube, 

and..x is a zero of J (1) • In the aperture: 
- ocI xl. ~.i 

~~I=-ik('-I<)1'"L. B (~- .. ) "J(x ~) (2)
P 1) :i Q ""'" tJ!- 0 -- t>-­
o ~ 0 ,""," 

The quantity.2.. ~ I will be denoted by I('\.) . It is the main unknown p 1)t t l 
0 

• 
of our problem, and is proportional to the normal component of the velocity 

in the aperture. 2 In terms of (r/l.) , the pressure in the aperture is, on 

the waveguide side, 

(3) 

We now turn our attention to the pressure in the resonator. The 

'-f -independent Neumann functions for the resonator are 

The corresponding "resonant" wave numbers are given by 

(=(T)~(tl 
The lowest mode corresponds to either the 1. -independent eigenfunction 

4>
10 

= (with ,= f )or the t -independent eigenfunction 



¢ _ j (3.,~) (with *-=!.:!..). The pressure in the circular cylindrical
0'- 0 '" " 

cavity can be evaluated by the usual waveguide methods. ~om~entedby 

the requirements that 

1. 

2. 

Calculations similar to those performed for the input waveguide yield 

(4) 

where 

()..
«) 

= 
i ~ ~1. ( e,_ZJ"L _, )� 

,. ,� 
(5)J1(":) J;,(x_ : r: ~ 

• 

In the aperture. in particular, 
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Equating the right-hand side members of Eqs. (3) and (6) gives the desired 

integral equation for i ("1.) • 

III. Some Numerical Results 

The integral equation for ((JL) has been solved on an mM 704 com­

puter for a few representative values of the parameters. One of the inter­

esting quantities to plot is the reflection coefficient K in the input tube. 

From Eq. (3). I< is given by the relationship .. 
1(" , + _".l. ( (C'L)'L""'- =1- f!-E ~ (7)

d 0.:: J() 0 

Figure 2 gives some typical results for a cavity whose ratio L/.,. is equal 

to 2. The lowest two modes for this cavity correspond to X = 0 and to 
s 

"" :.. and to, =02 respectively. The general trend of the results for de­

creasing values of 'Y~ confirms the predictions of Fig. 4 of r . Curves 

for other values of the parameters show the same general aspect. and are 

not reproduced here. Figure 3 shows the frequency variation of the average 

air velocity in the opening. again for Lj~ ~ 2 . It is interesting to check 

how the slope of these curves at t. compares with the value predicted by 
'0 

the "small aperture" approximation. The latter yields 
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2.
"CW" :� 'tW":: ~- fe, ,..,..{€)_ 1- ~o l. 7f I (8)

;;;IPo/roC� It, ~, - f,D 

for the mode� The following table presents~ ..(;.:.i:! e- 'r;' 
values calculated from Eq. (8) and actual values obtained from the curves 

of Fig. 3. 

Calculated Curves 

1 6.28� 5.65 

0.75 11.15� 10.25 

0.5 25.12� 25. 

".....,� The validity of the approximation clearly improves as ""4 approaches zero, 

and is already quite good for 0.4 ::: O. "" • 

Another important property which should be investigated is the "e­

quency variation of the pressure in the resonator. and particularly the pos­

sibility of resonance phenomena. In Fig. 4 the pressure at point F (see 

Fig. 1) is plotted for LIt::.t and for several values of the ratio t).,!j. • 

The apparent Q. of the cavity is difficult to read from the figure for 

"/, :: o. I • but for A~:: O. ~ and ().5" the curves indicate ~ =.J. < and 

S.7 respectively. The "small aperture" approximation predicts a 

value of .".,th ().2. • that is. 2.8 and 6.28 for CYf =O.7S and -'4:: o. S 

respectively. In Fig. 5 the pressure is plotted at three points on the axis 

for A~:: a.S. We notice that the resonance phenomenon does not occur at 
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t = Li.z • The reason is obvious: the "resonant" eigenfunction has a node 

at that point. 

IV. Transmission Properties of a Filter 

The filter of concern here is the "expansion chamber" structure� 

shown in Fig. lb. We are particularly interested in the transmission co­�

efficient T of that filter. 3 It is shown in the Appendix that� 

T::: i.
I 

(I<.
J
-1<) (9) 

where I< is the refiection coefficient at f= 0 in the presence of a rigid wall 

~;, , 
at Soa L. (boundary condition 0 ) and where K is the reflection coef­'S =

ficient at ~: 0 in the presence of a!2!! wall at t: L (boundary condition� 

/J =0 ). The method of calculation of I< bas bee. given above. The� 

J 
evaluation of J< proceeds along similar lines. The only difference is in� 

the form of Eq. (4). which must now be modified to take the new boundary� 

condition into accoWlt. Both reflection coefficients in Eq. (9) have unit� 

magnitude. and can therefore be written as� 
-8 

k = e ~ 
t 

'9 
1<'= t J 

from which we deduce that 

, 
Curves for 8 are given in Fig. Z. Corresponding results for e are� 

given in Fig. 6. We notice that the "soft wall" cavity has a resonance at� 

that is, at half the lowest resonant frequency of the "rigid wall"�f,././. , 
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cavity of length L . Curves for the transmission coefficim t are given in 

Fig. 7. These curves are for L/4 = 1.. • but the results for '4;; I and 

L/4 :: /D are practically the same. The mode which resonates at ~. /.2
2)- .! 

is characterized by the e1&enfunction 1J:{1T' IJ .l ~ 7rt 
L 

Equation (ZO) of Paper I then predicts the following small aperture limit of T: , 
T =-,-....-i-!!~1;Orr--C"I,
 

.2. 0. ~
 
For --4. 0.1 • for example. the formula gives LJA a _'_1_= G, 031't fro .". 

for the ratio of the /0 4 baDdwidth to the resonant frequeacy. The curve8. 

(which are rather difficult to read) live O. 03" for that ratio. 
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APPENDIX
_jAJ 

A wave A e incident from the left (Fig. 1) lift- riae to a 
-;., .. i lt S 

pressure A(. ... A K e in the left-baJId pide,and to a pressure 
~.~ jAt

A; to in the right-hand guide. Similarly. a waft 8 t!. 1Dckfeat 

jltt. -jlt t. 
from the riJbt produces a pressure B (... + B I( 

I' 

e in the right­
-*f 

band guide. and a pressure 8 T f..~ in the left-band guide. In the 

presence of both incident waves. the pressures are 

.i'l " ~RS jAt
Ae. Q 

TRK(, +8T~ in the left arm (10)'I ·At ·k,
~ T i J ·+8 1. •-+ B 1(" t:d ~. in the riPt arm. (11) 

If " 1: f> • the preSJN.re is 8J1D.D1etric with respect to the median plane� 

r- L • It follows that 1>r'f. 0 in that plane. Under these circum­, 
stances. the reflection coefficient in the left-band tube is k . But Eq. (10) 

implies that this reflection coefficient is equal to K 
))

+ T. In coDsequence4O 

II , 

K .... T:= K (1Z) 

If A. - 8 • the pressure is anti-symmetric with respect to the median 

plane t= L. • hence ;::0 there. and the reflection coefficient in the left-

band tube I< . From Eq. (lO).therefore. 

K"- T:. k (13) 

Subtraction of correapoDdinc members of Eqs. (lZ) and (13) gives the de­

sired. relationship. Eq. (I). 
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LIST OF CAPTDNS 

Fig. 1. Acoustic resonator and acoustic filter. 

Fig. Z. Argument of the reflection coefficient in the input waveguide for 

a "rigid wall" resonator. 

Fig. 3. Average air velocity in the couPlini aperture. 

Fig. 4. Pressure at a point in the resonator. Resonance phenomena. 

Fig. 5. Pressure at various points along the axis of the re80nator. 

Fig. 6. Argument of the reflection coefficient in the input wavepide for 

a "soft wall" resonator. 

Fig. 7. Mapitude of the transmission coefficient of an acoustic filter. 
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