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ABSTRACT 

The problem of calculating the effect of field perturbation on the 

linear orbit properties of an accelerator with a general magnetic field is 

treated. The perturbing magnetic field in the median plane is assumed to 

have only a vertical component and to have the same periodicity as the un

perturbed field. Results are found for the change in the equilibrium orbi t, 

and in the betatron oscillation frequencies caused by the perturbation. 
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I. Introduction 

This paper treats the problem of calculating the effect of field 

perturbations on the linear orbit properties of an accelerator with a 

general magnetic field. We will consider the case where only AH 1=- 0 z 

in the median plane. 

We write the field in the median plane as 

Hz = Hz + ~Hz (1.1a) 

in9
Hz = - L G (r) e (1. Ib)n n 

6Hz = - LL\G n (r) e inQ 
(1. Ie) 

n 

in9
Hz = E G (r) e (1. Id)nn 

Gn = Gn + ~Gn . (1. Ie) 

The unperturbed field Hz has the periodicity 2 7[ IN. so that G = 0n 

unless n =0, + N. + 2 N • •• • 

The effect of the perturbing field 6Hz may be broken into two 

parts, the effect due to the harmonic s AG for which n = 0, + N. + 2 N • •• •n 

and the effect due to the harmonics ~Gn for which n =1= O. + N. + 2 N ••• • 

In this paper we will consider the effect of the harmonics for which 

n =0, + N, + 2 N .•• , and the effect of the harmonics for which n :f 0, 

+ N. ±. 2 N •.. will be treated in a later paper. 

We will also make the same assumptions about the unperturbed field 

as were made in MURA-397. 
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Il. Effect of the Harmonics n =O. + N~ + 2 N ••• 
= 

We treat the effect of the harmonics of the perturbing field corre

sponding to n = O~ + N~ ::t. 2 N •••• 

The Equilibrium Orbit 

The r-equation of motion may be written (see MURA-397) 

2 r" - r = ~ Hz • (Z. 1)pc 

We put r = r s (9) + f ~ where r s (9) is the equilibrium orbit of 

the unperturbed field corresponding to the same momentum p. r s (9) is 

given in MURA- 397. 454. 

Then f will satisfy 

2er
 (Z. Z)f"- f·pc H z 

where (Hz}r means Hz (r ~ 9) is evaluated at r = r s (9). We expand the 
s 

right side of (2.2) in powers of f ~ keeping up to linear terms in f and 

find 

(Z.3a) 

or 

x" + ii (9)x = ~f (9) • (2.3b) 

where 

(2.4a) 

(2.4b) 

3� 
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1Af (9) = R (2.4c) 

eR = pc 

R is the average radius of the unperturbed orbit, and we have put 

r s (9) = R (1 + x) and expanded in powers of x to obtain the last forms of 

Ii (9) and fif (9). 

To solve equation (2.3), we write it as 

(2. 5) 

where ii (9) =E s - g (9). E s is the average value of ii (9). and we expand 

x in the set of functions un (9) which are the solutions of the equation 

d 2 \i
~_nt.L + (En - g (9» 'IT n = O. (2.6) 

d9 2 

The En are chosen so that the Floquet functions un (9) have the tune 

11 =n where n =O. + N. ±.. 2 N . •• • We write 

(2. 7) 

where the an are given by 

2 ifC/N

a = 1 N 6f (9). (2.8)n -- 5d9 Un* (9)
E s - En 2'TC 

o 

The En depend on the harmonics of g (9). gn. A relatively simple 

expression 'for En is 

E = n 2 
 (2. 9)n 

L
N 

where means m = N, 2 N • •. • 
m>o 

We find for E s from (2.4b) 

(2. lOa) 

4� 
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eR r 

pc (R Go + 2 Go) - 1 (2. lOb) 

R N 2 " + (ec) LX.m (R Gm + 4 R G~ + 2 Gm) # 

p Ill-FO 

eR 1 = pC (t::.G + 2 OGo) + (2.10c)o 

N 

+ (~~) ~ x_m (R
2 6G~' + 4 R ~G~ + 26Gm ) 

where the x m are the harmonics of the unperturbed orbit. We find for 

gm = gm + Agm # (2. lla) 

eR 
gm = pc (R G~ + 2 Gm )# (2. llb) 

Agm = -eR (R 6G~ + 2 6G ). (2.11c)
pc m 

We may note that Eo is related to the unperturbed radial tune 

'J{. (see MURA-397) 

(2.12) 

If, in calculating E - En # we neglect the terms of order 6Hs z 

which would give an error which is second order in 6H in the a n # then z 

we can put 

E s - En = Eo - En # (2. 13a) 

~V2_n2. (2. 13b}
r 

are given by (see MURA-397) 

in9 ~ gm= e 1- ~ ------ (2.14)[ 2 m-;:o, -2 n (m + n) - En 

5 
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We find then 

r2 'fC/N * 
N-27f \ d9 un 6f (9) (2. 15) 

J o 

the Afn are the harmonics of Af (9) and are given by 

N 
eRA eR~ I

~fn = - pc L.1.Gn - pc G X_ m (R AGn + m + 2 .6G + m) . (2.16)n 
m 

Thus we have for the an~ 

I 6f - ~ 2 
[ n m#o, -2n (m + n) - En 

N 

eR A G + eR l: x (R ~ G' + a ~ G + )
pc n pc - m n + m n m 

[ m 

N 2 ' }L (eR) (R G_m + 2 G_ m ) £lG + n . 
m+ mt" 0 ~ - 2 n pc (m + n) 2 - En 

(2.17b) 

We find then that� 

= __1_ [eR AG + (eR)2� (2. 18a)ao 112 pc 0 pc 
r 

L
N 

[G-T (R 6G~ + 2 D.Gmx > 
mfo m 

1 eR ~G 
n' n+ 0 (2. 18b)

2 2 pc • 

n - Ur 

Since the an for n =t 0 are smaller than a by about ( ~/N)2 ~ we keep onlyo 

the first term in (2. 18b) when n +0. 

6 
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The harmonics of x (9) may be found using (2. 19) and (2.7) 

N 
in9 im9'i (9) = L an e [1 Z gm 2 e } (2. 19a) 

n - m#o, -2n (m + n) -En 

gn - m 
(2. 19b)2 •n - Em 

We find then, keeping only dominant terms, 

(2.20a) 

Xn = an - ao g~ , n 4= o. (2.20b) 
N 

Since a » an' we keep the second term in xn ' n +0, but not in x •o o 

The Tune Shift 

We now find the shift in the tune 1{., - J due to the harmonics~vz 

,r" n =0, + N, + 2 N ••• of the perturbing field. 

To find the radial tune, we expand the r-equation of motion around 

the shifted equilibrium orbit found above. The r-equation may be written 

as 
2er 

r" - r = -- Hz. (2. 21) pc 

We put r = rs (9) +f' where rs (9) is the perturbed equilibrium 

orbit, and get 

" _ _ [1.- (er
2 

H \] (2.22)f f - Ldr. pc Z) r s r'� 
or� 

f" + iiu (9) f = o. (2.23) 

ii (9) = _[1- (~r2H\] -1, (2. 24a)'rU pc Zj-r s 

7� 
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-1fi (9) = - -e [ r 2 -Hz r + 2 r Hz _ - 1 , (2. 24b) u pc I r slriu (9) = - -e (r 2 -Hz r + 2 r -Hz)r (2. 24c}
pC's 

+ L (r 2 H + 2 r Ii) . R X + ••• ] - 1 , 
~r z,r zrs 

where in (2. 24c) we expanded n in powers of the orbit shift x.u 

We can also write for~, by expanding in powers of x, where 

r s = R (1 + x) is the unperturbed orbit, 

nu = -pceR f(R Hz, r - (2.25)- + 2 HZ)R 

2
+ x (R Hz, rr + 4 R Hz, r + 2 HZ)R + ••• 

2+ x [(R Hz, rr .+ 4 R Hz, r + 2 HZ}R 

2+ x (R 3 Hz ' rrr + 6 R Hz, rr + 6 R Hz , r)R+ ... ] 
+ .•• - 1 • J 

If we now write nu as 

(2.26) 

where Eo is the average value of Ti (9), andu 

Eo = Eo + ~Eo' 

gn = gn + .ogn, (2. 27b) 

(2. 27c)AEo = ~~ f(R AG~ + l aGO)R 

+ L: x_m (R 2 AG':n + 4 R AG~ + 2 AGm)R 
m 

- [ 2 " I+ Xo (R Go + 4 R Go + 2 Go)R 

~ 3 2 1II, II 
+ frt x_ m (R Gm + 6 R G m + 6 R G'm)RJ 

+ ~ x (R 2 G" + 4 R G'm + 2 Gm)R] ,mm::lo m 

8 
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A . = - eR [ (R 6 G' + 2 6 G ) (2. 27d)
gn pc l n n R 

+ XO (R 2 G~ + 4 R ~ + 2 Gn)R ... } . 
Given ~Eo and ~gn' the change in the r-tune may be found according 

to (see Appendix A) 

gm 6g. m + g-m Agm 
(2. 28) 

m 2 - 4 7,/2 
r 

Equation (2.23) is correct to first order in the perturbation. More ac

(Ollrate expressions are given in Appendix A. 

We now treat the shift in the z-tune, "/z. The z-equation of 

motion may be written 

z" = er [ r' He - r Hr 1 (2. 29a)
pc� 

er • z • (2. 29b)�= pc Hz , e - r Hz , r] 

We can write the z-equation as 

(2.30a) 

(2. 30b) 

(2.30c) 

+ :r' lr' Hz,9 - r Z Hz,r)r R i' + .•• }s 

where in Eq. (2. 30) we have expanded ii in powers of the orbit shift x.z 

We expand now the coefficients of this expansion of llz in powers 

of x, where r s =R (l + x) is the unperturbed orbit, 

9 
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nz = eR [- pc ,(x Hz #9 - -R Hz#r)R (2.31) 

+ x (- R 
2 Hz#rr - 2 R Hz,r)R 

-[ 2+ x (- R Hz #rr  2 R Hz #r)R 

+ x (- R 
3 

Hz#rrr - 4: R 
2 

Hz#rr - 2 R Hz#r)R 

+ x' (R Hz # 9 r)R + .•• ] 

+ x' [(Hz # 9)R 

+ ••• 

+ x' (R Hz #er)R + ••• ]

J. 
If we now write liz as 

-
nz (9) 

-,= Eo - f (9) # (2.32) 

-,
where Eo is the average value of llz (9) and 

-, E' AE'Eo = o + '-I 0 (2. 33a) 

~ = f n + Afn (2. 33b) 

bE I = eR f R (AG ') (2. 33c)
o pc lOR 

~ 2 21\ "� ,+� frt x_m (- Wm AGm + R uGm + 2 R AGm)R 

2" I'+ X o [ (R Go + 2 R GO)R 

'" 3 II, 2 II ,2 .' 1+ fr: X_ m (R Gm + 4: R Gm + 2 R qm - W Gm)RJm 

+ 6 X_ m (R2 G~ + 2 R G~ - w~ Gm)RJ
mto 

4fn ~ ~~ [ R (4G~lR	 (2. 33d) 

+ X (R 2 G "n + 2 R G 'nlR 
+ ••• } .O 

The change in the z-tune may then be calculated from 

N 
-2.,;2 ,
V - = AEo + 2 E� (2.34)z z� m)o 

10 
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Beat Factors 

The Floquet function giving the linear r-niotion is given by 

uJl = e iV9 [1 - t;N u ... J e in9J (2. 35a)
v,n

o 

g
liz) = n (2. 35b) 

, n (n + V) 2 - Eo 

The change in the uti is then 

.c. U J/ = •~ 2 [A gn + Uti n r; (n +tI) AV - 6EJJ. (2. 36) 
, n (n +V> - E ' L' o 

The radial beat factor is given by 

B = 1 + l u 11, N+ u ~ - NI 
r 

1 - IU~N + ul/,-NI 

The change in the beat factor is then 

"B :: ~uJ/.N + uv.-NI~ (1 + B ) • r 
r 1 -I utI,N + u~_NI 

The results for the z-motion are similar to the above. 

Appendix A 

We treat here the problem of finding the tune change when the change 

in the linear equation of motion is known. We write the linear equation of 

motion as 

(A.la) 

(A. 1b) 

g (9) = g (9) + ~g (9) . (A.lc) 

where g (9) has the period 21'C/N and Ag (9) has the period 2 'ff . 

11 
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We consider the following eigenvalue problem. The unperturbed linear 

equation has the eigenfunction un (9) with E-values En which are solutions 

of the equation~ 

[::2 + (En -g (~) )} Un = 0 (A. 2) 

and which have the tune tJ=n. 

The perturbation Ag (9) will shift the E-value Es~ which corre

sponds to the tune V= s to the E-value Es~ and E is given bys
2 

E - E + (Ag) + ~ J(6g~sl (A.3a)s - s s~ s L.... -Irs E s - Et 
~ 

211: 

(L)g)4 = 1 r d9 ut (9) A g (9) Us (9) ~ (A.3b)
Sh 21'C J ,.

o 

,l =.s + n~ n =0 ~ ~ 1 ~ + 2 . •• • (A.3c) 

Equation (A. 3) is the usual quantum mechanical perturbation theory result 

for the shift in the energy levels. 

We now evaluate (t\g)s s and (4g), • Us (9) is given by 
~ /"'~ s 

N 
is9 ( ~ im9 )Us = e 1 - ~ e . (A. 4) 

m:po 

Thus we find� 

2'fC/N N�L e
(Ag)s~s = 2'if I d9 [1 - (A.5a) 

im9 
g~lN rn+o (rn + s)2 - E s 

x e im9 gm~g [1- L 
N 

mt o (m + s)2 - E 
~1s 

N 
g-m Agm + gm Ag- m

(Ag)s s = -2:' (A.5b) 
~ mfo (m + s)2 - E." s 

12 
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We find for (A g),t. s 

27[ 
im9 e gm -~9(Ag)t. s = -...!.... ( d9 - * J ~A (A.6a) 

2'" J (m + ,/.,)2 _ E~ e 
O 

x Ag f1 - 't _e_i_m_9--.;.g;;.;:m~__ 1e i s 9 • 

l m,...o (m + s)2 - E J s 

(~g~. s = 

where t = s + n. n = ±. 1. ±. 2. ..• • 

In many instances one can put simple 

(A. 7) 

One may also note that if 6 gn f 0 only when n =+ N. ±. 2 N. 

then the contribution due to (lJ. g),l may be neglected if (11 g) does
• s s. s 

not vanish as (£l g) I.. s gives a second-order shift in tune. whereas (~g)s. s 

gives a first-order shift. 

If l\gn f 0 only when n f +N. + 2 N. then (.1 g)s. s = O. and only 

(6 g)j. s contributes. To find the tune change from (A. 3). we observe that 

in our problem s =lJ and E is known being Eo =Eo + AEo where fT i.s s 

the perturbed tune., We also note that if zJ is the unperturbed tune. Eo =E". 

(A. 8) 

or 

(A. 9) 

t = iJ + n. n =+ 1. + 2,� 

13� 
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N 
g-m Agm + gm Llg- m 

= - L: (A. lOa) 
m-j=.o (m + V)2 - Eg 

6g - Z. g-m Llgn + m + Ogm g-m + n1. (A. lOb) 
n 

mjo (m + £. )2 - E..t (m + ii' ) - Ei1 

One can often put 

EiJ - E V = z) 2 - zJ, (A. 11a) 

E,t - Eo = (iJ + n)2 - -z}- . (A.11b) 

Using (A. 10), one can write 

2 2 Ag-m gm + ~ gm g-m 
(A. 12)iJ - V = 

(m + tJ )2 - Eo 

14� 


