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ABSTRACT -

A comparison is made between the electromagnetic fields in a
circular accelerator, and in the linear accelerator obtained by
“developing" the circular structure. In both cases the fields are
excited by a narrow gap perpendicular to the axis, and across which

a constant radio-frequency voltage is applied.
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I. Introduction

Circular accelerators of the type shown in Figure 1 are often
excited by a radio=-frequency voltage applied across a narrow radial
gap g. A typical method to generate this voltage consists of
incorporating the gap into a surrounding resonant cavity, which is .
then excited at one of its resonant frequencies. The resonance
phenomenon creates a large voltage across the gap. The resonant
mode is commonly chosen to vipld a practically constant voltage (in
phase and amplitude) all along the gap contour. The tangential
electric field in the gap will, in these circumstances, be described

be the formula

_ E,= .._,i.cf(ce) X (1)
where Ugf is a unit vector in the direction of increasing
azimuth (P . It is our purpose to calculate the fields inside the

“doughnut" volume for such a field configuration. Furthermore, it
is our intention to investigate the validity of the approximation in
which the circular accelerator is replaced, locally at least, by a
straight duct of identical cross=section., This simplification
results in the replacement of the circular accelerator of Figure 1 .
by the rectangular wave-guide of Figure 2, excited by a periodic
array of gaps. The spacing between gaps must be equal to the

average length of a circular path. The field in the gap now becomes

ig;:=.\/ 52}3) CL%} (2
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It is our goal to calculate the fields in the linear accelerator,
and to compare them to those of the circular accelerator of similar
cross-section, Our final purpose will be to get an idea of the

error committed by neglecting the curvature of the vacuum chamber.

II. Fields in the Circular Accelerator

The accelerator of Figure 1 is nothing but a coaxial cavity with
a given impressed tangential electric field across its boundary sur-
face., The fields inside such a cavity can be calculated from a
knowledge of the resonant modes, which can be written down explicitly

for the coaxial geometryl. The relevant formulae can be found in

2, and will not be reproduced here. Alternatively,

the literature
the accelerator can be looked at as a coaxial wave-guide with given
tangential electric field across its cylindrical wall and terminal
flanges. Both approaches very naturally yield the same results.
The second approach, which is perhaps less classical but more con-
cise, is presented in some detail in the appendix. We only wish to

quote the final results here. The formulae involve the following

two kinds of basic functions:

1. See, for example, C.G. Montgomery "Technique of Microwave
Measurements" Ch, 5 McGraw-Hill Book Co., 1947.

2. J.C. Slater: "“Microwave Electronics® Ch. 4. Van Nostrand and
Co., New York, 1950.
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linear combinations of Bessel and Neumann

/~ (a) Functions Rp (fAmpr)’
ions, vanishihg at the insi
R (Pog2= L (g™ + Ry No (™)
where Amp and /Amp are determined by equations
3&\(rkn$j%) — :I; (Pﬁmrak) _»_,fq
e N (e @
w\(P2¢ ” F%“P

(b) Functions Sy ( Vmpr)
E%A(Lthl)=='q;_(k&rﬁL)-k:E%“r'A(ﬂ()equt)

h vanish at the insi

funct de and outside radii.

the first derivative of whic de and outside

radii. .

j; (),)M,.’ﬁ') — j-m: (\)w*) - B
N (Y, %) N2, ) wmp (4)
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y sketchy, and a program to

Tables of roots of (3) and (4) are ver
With

T on an IBM 704 was written by Dr. J. McNall.
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In a similar manner, the magnetic field turns out to be:

R
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III. Fields in the Linear Duct

Expressions for the fields inside the rectangular duct of
Figure 2 are available for a structure with a single exciting gaps.
The field of an array of gaps can be found bf simple superposition
of solutions. With the parameters indicated in Figure 2, where the

y = 0 plane is half way between two gaps, one finds:

™ 4n ‘n'j
..|) 2+ . x ¥ (l;w‘ wa-v\ A D o
%Z& e e T - - -3 494
st S D
N*V\ 2 ' aw ).d
Y 2 Ly
Ef——"‘ZZ(———‘) b Coo T 2 conmTT S orh Sn &
T 135> Swm L KV'V‘AS ™o
D= X o % sk s 5;:"
A X . Sk S,
2' -y %’2;: P uow‘n'd SuanTr -
Swak Son
ZA
+h
¢, PVA ! n
MZE € s T X ot 3 ot SW*_'\L
w24
v+
\ W o ") \
Hs;: Lﬂzz(' .Sww‘rri.m“‘"'i m‘& S
— Y

(7)

3. J. Van Bladel "Fields in Gap-excited Rectangular Ducts"
J. Appl- Phys. 22' 1479‘1483, 19570
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Notice that E, and EZ are antisymmetric (and the other components

symmetric) with respect to the plane of the gap.

IV. Longitudinal Enerqgy Kick

Instead of plotting the fields at each point in the vicinity
of the gap (a most formidable task indeed, in view of the double
infinite sums involved in the formulae for the various components),
it is preferable to calculate some "integrated" effects of the
fields on the particle trajectories. We start with the energy gain
per turn associated with the azimuthal component of the electric

th

field. We shall assume that the radio-frequency is the m~™ harmonic

of the angular velocity of the particle, and write
w
¢= ¢, +t =4+ =F

The azimuthal component is of the form E(': 2 Av (4.,%) ch( W)
Vv

This gives an enﬁfgy kick of the form
L

Ai-_-.qu.d-S :_(/L Hw(,nwc( m(wf—w%)dh’““m T conmf,
0

Introducing the actual value of Am’ taken from (5), one finds:

* R
2 g ety [
Vemrte po Pop byl ("R aan
2 1.
. AS0) v,,? -ﬂsw{\?‘gﬂw&qpuﬁ]_ Sm‘f‘fﬁ"‘F%“&ﬂ')
LS v Cop S T L S Si AL
b (8)
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loss of energy due to transit time effects through the region-

, 1.e. the transit time factor, is the

The quantity

occupied by the fields. It is plotted in Figures 3 to 6 for a few
representative values of the parameters, Patameters:of interest are:
(a) The velocity of the particle, as‘measured by A= %g ,
and which determines ,12. and W) . Our plots refer to a value
of (3 constant throughout the cross-section. This means that the
radio frequency must be proportional to %: .at the various points
to maintain constant velocity wa .
(b) The geometric dimensions of the vacuum chamber, as
measured by the relative curvature p= a-6
g a-4 gm+§]z

T of the cross=-section,

It is, of course, too much labor to cover the whole range of

and the aspect ratio

parameters. We have, consequently, restricted ourselves to those
values which show relevant trends. One can, for instance, expect
the transit time effects 1) to increase with frequency (i.e. with
harmonic number m) 2) to increase with penetration of the fields
in the vacuum chamber (which will be particularly large, caeteris
paribus, for a square cross-section) and 3) to decrease as the
particle accelerates. Figure 3 refers to a set of parameters for
which all these effects are important, and makes it clear that
higher speeds mean a better transit time-factor. Figure 4 shows
that the transit time factor improves when the harmonic number m

decreases, and Figure 5 confirms that it also improves with a more
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' elongated cross-section. We have also Computed the energy kick for
an accelerator of relative curyature F=-Va D but the transit time
factor for the range of parameters used in Figures 3 to 5 is
practically one (with a maximum excursion of 2.5% from that value),
and has not been plotted. Figure 6 gives an idea of the influence
of velocity on the transit time factor.

The effect of curvature is apparent in the lack of symmetry of
the curves of constant A% with respect to the center of the
cross-section, and is evidenced by a general shift toward the center
of curvature. In the linear accelerator of.Figure 2, the energy

kick from gap to gap would be, for a particle following a trajectoryﬁ

Y = V(f—t’o) _ (w(tL fog %
I and where y is counted from the gap: 2 ﬁ
min . __EL
AE by ) o T ot § (1 4) 1y R s TR IS
Venf, TG w4 2 S S wohS 2
q (fo }.’) '.3 AM“ + (ﬁd/ﬁ) . mnM LS 10‘

A comparison with the transit time factors of the circular
accelerator is given in Figures 3 and 4, where the distance D
between gaps in the linear accelerator was taken to be the length
of the average circle of the corresponding circular accelerator.
More precisely, we took D to be 277’{"\:?-77'/"(,4-{’.) . The resulting
graphs show that the worst transit time factors are almost the same
in the two cases considered, but that the effect of curvature has

been to shift their location toward the axis.
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V. Lateral Electric Forces

The radial and Z components of the electric field, as given in
equation 5, add up to a term of the form
A EV (2,3) s V‘fuowl,"
A particle travelling on a circle, its azimuth given by ¥= %-rgt’,

will be subjected to a lateral electric force
92 é:»‘“"“("ﬁ +%uf)mut=% > E; s.'m[v(ﬂ .,.(;-tw)wk]
+ 3 2 [y +(£-0wt]
| _ (10)

The various terms of this force are oscillatory in nature, and their
angular frequencies are given by (i&'ﬁl  )oJ . One of these
frequencies could very well coincide with a betatron frequency.
Also, notice that a time-independent force arises from the term

Y = m. For these and other reasons, a knowledge of Eb’ (r,z) would
be highly desirable for a whole range of geometric parameters and
values of L) , Explicit formulae for E,, can easily be deduced
from equations (5), and will not be reproduced here. The corres-
ponding quantities for the straight tube .can be calculated in a

similar fashion. The transverse electric field in that tube is of

the form
CE=ZZ 9 (%3 wh $ . T weut
e Lol A A ,

10
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With the help of the expansion
: T r . :
k(T bF i 6 ) T
r m t”o +'>vw~ ';T.)
this formula can be rewritten as

— oo V
= Z 2 € o L1I'—1 CMWL’
V=1 4 >

where
W\Q‘h
- vV 1 -
2, =- C? ) o TE o nTE anVT n
l W Mn'v\ A"
_ otV (-t) ol VT
th'—-Sw"hTf W
L EE A L otet D8 .
n - (11)
Let us now change variables, and write .
= - D ‘ Y fo
Yevle-toy+ 2 Lk b, -2 (12)

With this notation, and a radio frequency w-:m_%z‘ﬂ' equal to the

mth harmonic, the lateral electric force becomes
s ) 'Z‘HJ re V t.
WA - N ——— wt -t- ? — \) " CM“'

Here again the force has components of frequency ud(eé;t]) . It

can indeed be put in the form

2‘ E ;w\[vc/ + H)ul‘] +_ b2 E\) sw[v‘fo-r -l)wt':l (13)
&,

—_— The comparison between lateral electric forces
tn VT

where Ev =

in circular and linear accelerators evidently reduces to a comparison

11
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between the two EV appearing in (10) and (13). Differences should
result from curvature effects. Figures 7 to 10 show some data on
the radial component of Ev . The differences between the curvengor
the circular and linear accelerators are quite noticeable for)square
cross-sections and strong curvatures, but have become almost ”
negligible by the time the curvature has decreased to pf= '/[ , as
can be inferred by looking at the field in the equatorial plane. |
The radial electric field along a perpendicular to that plane at the
center of the cross section is zero for the linear accelerator. It
does not vanish for the circular configuration,.and its magnitude,
compared to the magnitude along the equatorial plane, gives another
estimate of the curvature effect. Some data on the Z component of
the electric field, which vanishes along the equatorial plane, are
presented in Figure 11. Notice that the curvature has less influence

on the vertical fields than on the horizontal fields.

12
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VI. Lateral Magnetic Forces

The meridian components of the magnetic field in the circular

accelerator add up, from equation 6, to a vector of the form
A particle travelling on a circle, and with azimuth given by {=¢,+%t

(i.e. with a linear velocity-ﬁin, ), will be subjected to a lateral

magnetic force

\J - . % 94V Mo TR 1%
1 Llft' T (&, < H)sim [ Ve, (2 )ut] - R 7 @« H))oim[g, +(Z-1)t]
- (14)
It is desirable, in order to calculate this force, to have plots
of H\) or, more conveniently, of U)*.,L* xH,--\)'fA,, o~ -&'\J'/*o %u.h' .
In a similar manner, the transverse magnetic field in the straight

tube is of the form
Z2Z 9 (x3) woh & Td v wt

Using the expansion

o
Y tnpTD S -m;
b (S T4\ R S S W AL ot Td
( Lo —di)‘ %D ¢ A4 4}611-51 —D_). ( ) }0
r LAWE
where £,=o0 1r»b:o)zkr| f@(k:hl'.. , we obtain the magnetic

field in the form

2:_0 «&V Y — Comwt

13
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where e
- o D ) 4 vir -
= — 32 2.V w :i(') a«ovwﬂiFQQAMHZQ co> "
L EERS g, [w+s =
4
)1
-1
+§£§i%22- Zié———————f&»wwﬂgi-un?ﬂﬁé;. “”v"'
m 1> 1,3 » A L g [l.”) +S :l :’5
(15)
For a particle whose motion is governed by equation (12), the
magnetic force is given by
'v' - bery . \v vV Ao - - ' _\{ _
Y 2 2 (ixyxH, )[4, + (5, +1)ut]- ilﬁ' )2 (“z"HV)“““[Wo +(%) “'k]
_ %
where H =—— ., It is desirable, to calculate this force, to
YV (VT .

have plots of
vpe By 1B ey H, By v, T
Figures 12 to 14 display these components for a few typical para-

meters. They afford a comparison with the corresponding values for

~ the circular accelerator. We shall call the vector VM, (\ra x-ﬁ/)

which has the dimension volt/meter, the "equivalent electric field"

——

Eg“ . Figures 12 and 13 display the horizontal component of
this field along the horizontal axis, and show the importance of
curvature effects. This component vanishes along a vertical axis
through the center for the linear accelerator, but not for the
circular accelerator. The values shown in Figure 14 will conse-

quently provide another measure of the influence of curvature.

14
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The various graphs which have been displayed cover a father
restricted range of parameter values. They will, however, allow a
few qualitative conclusions which are quite valuable. Taking the
most unfavorable cross-section, namely the square, and assuming a
velocity of the order of the velocity of light, we find that, for

f::%g for example, the curvature effects are of the order of a
few percent for V=! , but become quite important for Y= o,
For a relative curvature of f==zg , we can go up to V = 4 before
curvature effects become noticeable. Generalizing, we advance the
opinion that, for the conditions mentioned above, curvature effects

become noticeable for azimuthal numbers V of the order of the

i - . -
g%%ig%%—fﬁgifi-g . i.e. for fields having an azimuthal wave=-

length _L;T_R_ of the order of 174" (*q-z,d) . For flatter cross-

ratio

sections the effects are reduced.
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rm APPENDIX

A derivation of equations (5) and (6) can be outlined as
follows. The accelerating structure of Figure 1 (also appearing in
Figure 15) is really a flat coaxial line. The fields in a wave-

guide of any cross-section,
excited through a hole in the
Seo Fp. 15

cylindrical boundary surface,

4
can be expressed as

E_ W A W, x
A E=Aret§,+22 € 14 WZZ A Wand P +ZT AT 14t (16)

H=20) gxw%mgaz)‘ﬂr 3+§§.1~$)w3 Wﬁfz’%‘(&w@)wﬁk(m

where the 43/5 and the ¥'S are the eigenfunctions of the two=-
dimensional Laplacian in the cross-sectional plane, corresponding

to Dirichlet and Neumann boundary conditions on the limiting contour
(i.e. ¢=o0, %’i\f:o o~ Gea-dG), ¢ , in particular, exists in doubly
(or multiply) bounded cross-sections only, and is the electrostatic

potential obtained by applying a constant potential difference

4 J. Van Bladel “Normal Modes Methods for Boundary-Excited Wave
Guides" Zeit. Angew. Math Phys IX a), pp. 193-202, 1958

16
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between the two boundary curves. For a coaxial line, the eigen-

functions are,

where the Ry and Sy have been defined in (3) and (4). The still
unknown Z-dependent coefficients can be found from the following

differential equations, taken from Reference 4,

Aﬁc Ado . -"
W% +jv1r~-lo- 23 +jwia,=0 |
._.i“b ) A =°z _iic =

i Ay Gy e R g G

A 48

Ak e 8 = o e fymo
: B ) _d:’j"zx,."'} ] \/ % o

o Y, 2 A

o e 08 (Y

and where we have made use of the fact that 53=‘O and ch:;i— J/V)
at r = a,E}z %.5799 at r = b along the cylindrical boundary. To
solve these differential equations, we still need boundaxry con-

ditions at Z = 0 and Z = L. For these values of %» , the

17
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'S tangential electric field is imposed: it is 'E% J(q) E:? . If
we set Z=0 and Z =1L in (16), and equate the transverse part of
the right hand side (i.e. all terms but those of the form ¢:¢ 3} )
to \;’-L ((\{) K? , we find

ﬁ°=0 J& @M An
waV ¢ »
ﬁw {0)=H (L)—_—.
U S T
m* ~p O
o
8 {0)"8 (L)- ’
S T § v 4)
Yy o)-
T LA ERCIO ALY
— These relations., allow the determination of all Z dependent coef-
| ficients in (16) and (17), and lead, after a few trivial analytical
steps, to equations (5) and (6) of the text.
'

18



Fig. 1
Fig. 2
Fig. 3
Fig. 4
Fig. 5
Fig. 6
Fig, 7

LIST OF CAPTIONS

Circular accelerator with radial gap.
Linear accelerator with periodic array of gaps.

Distribution of the transit time factor throughout the
cross-section {Qx f==5§ and a square cross-section
(i.e.d=! ) for (a) the circular accelerator (b) the
linear accelerator. The gap is excited on the third
harmonic of the angular velocity, and velocities %tl

and Z>C. are considered. For a velocity equal to C, the

factor is practically equal to one.

Transit time factor in the same conditions as in Fig., 3,

except that the gap 1s excited on the second harmonic.

Transit time factor for a circular accelerator in the same
conditions as in Fig. 3, except that the cross-section is

rectangular with aspect ratio two.

Transit time factor as a function of velocity for a circular
accelerator of square cross-section. The particle is at the

center of the cross-section.

Radial component of E,. in the equatorial plane (i.e. along

3

line AB) for a square cross-section and f= o .

19



Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

8

11

12

Radial component of Eé along a perpendicular CD to the

equatorial plane at the center. Relative curvature/%=$g .

For f= /4 , 7=/ this component is less than 1073,

'

Radial component of El in the equatorial plane (i.e. along
line AB) for a square cross-section and f = 2/3, @ = 1.
The curves for @ = 1/3 are very close to those for

F = 1, and are not shown explicitly.

Radial component of Eé in the equatorial plane (i.e. along
line AB) a) for {S = 1/3 f’ = 2/3, and a rectangular
cross-section with T = 2 (curves for {3 =1 are
undistinguishable). b) for (Q = 1/3, a square cross-

section and weak curature ( ‘f = 1/6)

Vertical component of ES along a perpendicular CD to the
equatorial plane for (3 = 1/3. For JO =1/6 and T = 1,

the two curves are undistinguishable.

Radial component of E3m along the horizontal axis for a
square cross-section, a curvature .Jf = 2/3, and two

values of the velocity.

Radial component of E3m along the horizontal axis for a
square cross-section, the velocity of 1light and two

different curvatures.

20




Fig. 14 Radial component of E® along vertical axis through center

for fS = 1 and a variety of conditions.

Fig. 15 Short coaxial line,

21
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