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ABSTRACT

The magnetic field of a spiral sector FFAG magnetic guide
possessing integral scaling is calculated with the aid of scalar
functions representing the fields and the current sources. 1In
particular, the spiral sector magnet considered possesses equally
spaced radial cuts into which RF cavities may be inserted. The
distributed pole face windings are located in spiral slots and are

connected along the radial cuts.
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I. INTRODUCTION

Since radial cuts must be provided in an FFAG magnetic guide to
permit the insertion of rf acceleration cavities, it is of interest
to calculate the magnetic field of an integral scaling structure
in which the scaling property is maintained periodically but
violated locally. This magnetic field will then permit a careful
study of the orbit dynamics to ascertain the usefulness of the
structure. In the following, a spiral sector structure is used
in which the pole face windings are located in spiral slots and
are connected periodically along the radial cuts to form complete

loops.

II. GENERAL MAGNETOSTATIC PROBLEM

Figure 1. illustrates schematically the general nature of
the pole face windings and of the radial cuts. The surface shown
is a section of the top pole face where any flat surface imagined
actually represents a surface of a cone. The pole face windings
are not necessarily flush with the iron surface. Similarly the
zero potential poles between the excited poles may lie on different
conical surfaces. All windings, however, lie between two distinct
cones. The nature of the integral scaling contemplated is such
that the field under any cell is known once it has been found
within one cell. A typical unit cell is given in Fig. 2, in order
to show the coordinates employed. Since the field is to possess
scaling properties on the average, the coordinates employed are
those used in similar calculations of differential scaling problems.
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The method of scalar functions employed previously is again used

here, for the magnetic field

H= smtr #—Y?XJTII) (1)
and for the current density

J=Lo +IxI 7, (2)
where

The operator ,L is taken to be

where 'ﬁ is the unit vector along the cylindrical coordinate

z-axis. In this case, Egq. (1) has the form

— ra = 2U
H= 47r.Cr—t+7rka-—Va—z- ()
from which it is natural to choose
2U

as the potential function. Since, in the free space region, W
reduces to the magnetostatic potential.
The coordinates useful in scaling problems are

pa

=_L r _ = = = 7
S=fdnf-N6 , $=6 , 1= % s (7)
where r, e, z are the cylindrical coordinates and the z-axis is the

axis of the magnet. Thus

3. 2 2
2 — g2 .2
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and
2 _ 2
rsz “oy ° : (10)
The operator I? of Eq. (4) becomes
- ~w(}+N¢
— l — et
L=—¢ )[2 (Wg-5) +Ts (wag ’lan)J (11)
-]
and
X 2 1
2pd_ 1 NZ A T g0 ( (12)
FL= () o s 9f”‘+)79'z o),
In addition
a =z =l 2 N -2 (13)
BAP Sl By e 9‘<’Lanﬂ [ZM Bf’r»z] el
As in the case of the previous differential scaling
problems,l’2 sufficient flexibility in the expression for the
current density is obtained if the source densities g and 7

are restricted to

~w(}+N7)

T=re fGx9), (14)

i

and

gy e, (15)

where it will be noted that the constant k has been set equal
to =1 indicating the absence of potential grading on the pole
face. If, in addition, the current in the slots is restricted to
flow in the conical surfaces,

=21d,. (16)
Equation (16), using Eqs. (11) and (13) for the operators and
Eqs. (14) and (15) for the source densities, results in the following

restriction between the functions f and gq.

2f 29 _ P
Néa'gi—a__ +'l:—l‘.5€_ (w2+N1)§_—.1'. 97,3,\ +)\N2;§f 0. (17)
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The current density, under the conditions imposed, becomes

— -2w(2+N -
3o G ”{(hﬂzk)[N?; 3;*3 wa§] (18)

3 L 2f
R Y

or

- e-aw(kﬂf‘?{(z oL Jpenk LN f_2f _ 123 ...3]

_2‘9[$+WN - 5l -’\T&)a'v;fi w.‘nbf 5¢ }

A degree of flexibility in the formulation of the magnet-
ostatic problem is introduced if the potential W

w=TU-c,

is written as

(20)
in Eq. (1). The
may be chosen to simplify the matching of the

where the UJ has no direct relation with the U
function (C

—

tangential components of M at the copper-air and copper-iron

interfaces.> Equation (5) becomes
ﬁ=%c_w<§+ﬂ¢){? IWN n(N23 L3C_,2C
+29[47Tr ’l( #.ﬁ)_NiQ 2C -rN—;-g-—M]

+
,__Tiilfrnf{ 2C 1-212] }
where {J , from Egs. (3), (6

mv=mc¢.
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In Eq. (22) the function C is assumed to be given and the linear

operator ZQ

.5 _an TR Pl
M= 157~ w 5pm + ()

3 A A (23)
p) Nl
(10 ¥5gE — AN

It is desirable to select the functions f and g in order

that the current flow in the spiral slot is along the direction

- | - - -
e (vl 1), @)

and in the radial returns along the direction

—
m—_

(2 +7k) (25)
1+n1
Thus from Eq. (18), if the excess ©O- component is set equal to

zero, the f and g 1in the radially directed regions are

subject to
1.2f _ 29 _ 23 _
wsy ~TrNsy —59 =0, (26)

From Eq. (19), if the excess o~ component is set equal to zero, the

f and g in the spiral slots are subject to

\c*zfu N(w*N)gg wNBD;f*éa_i"o- (27)

The simultaneous solutions of Eqs. (17) and (26) and of Eqs. (17)
and (27) subject to the condition that ﬁ-‘f and ﬁ-j" depend

only on ) except for inverse square factors gives
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1 in region I

3; O in region II

% = UN -1 in region III
O in region IV,
and
-90 in region I
. 9, in region II
j o g in region III

-gl in region IV

The current flowing in the spiral slot is given by

I =:"$S7;‘j=iWVLZ =n—qujqu( 7;.j’chv(E*ﬁqf»

which after using Eq. (19) may be written as

I="’"’rfﬁ[‘f +$§-§£+N§9§. —,59_3]4,“;1 .

Inserting Eqs. (28) and (29) into Eq. (31) gives

9,
T = %ﬁ (E,’go)(n&_ll)

In a similar manner the current in the radial return is

1= J{T-Trdedz =g (4-9)n,-n),

Since the two currents are equal, the relation between

becomes
9

3.(3,-¥) =9 N(#-7.) .

&gqu

(33)

(34)
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ITI. BOUNDARY VALUE PROBLEM

The tangential components of H at the interfaces between
the various regions must be continuous. In addition, the normal
component of B  must be continuous at the copper-air interface.

From Eq. (21) and Egs. (24) and (25) the various components are:
U_2U .
° N +N> !
oﬂ,’? _N QC NjU ;U l'n IL.
kY ij , ~w(§+N9) S 3 f
o =1¢ _ N2 ac U _Ju (35)
o ‘*Wfﬂo’Z § +N5—$_ 671 in TIT
> 2C L aC U _ DU |
4T g —NZ= +25 ¢ N2U QU T
2§ 2¢ oy o¢ P
#rr3y 2 oU
—let —_— e — in I
wN an an
2 oU -
- =+ n I 36
TRY (36)
k F—I‘=--'-e_w(§w4) 2
o8 — 43, _ _9__C_ + g_g in I
wN I on
—2C 4 U in 1L
- 1 3
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d_2¢ 20
/ w39 wNdy T
| - #TRen L 2C 3T o
-'W(§+Nt=f) wN wN 2¢ WN 29 |
- - e
n-H = Trager L9 LU L
LY 1+ (ar) +7 wN 29  wN2¢
s R T T-I S (37)
WN wN 3¢  WN 39 3
dnd
_wregon 4 3C 23U ¢
wN W 2% w 2%
L é__c_ - L Q..E v IT
- e—wé"l\’?f’) w 33 w2y
meH = W \ (38)
43,0 L, 1 3C Lol o oy
v N w J3% w 2
Leg 2V
oy w2y T ,

An examination of Egs. (35-38) aided by a comparison with

the corresponding scaling problem

can be introduced if (:

- wro;"); {

FGy-3)

3, (‘f:—*)

C

ETORE
1, (4, +g)

is chosen to b=z

3 shows that much simplification

H

H H H
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Equation (39) substituted into Eqgs. (35-38) results in

— —W(gtﬂf)
29.H ?:;_e <N ok gg) in I,II, .]I[J dnclm, (40)
f+7rr g°<§ §) L éU in T
31’
A+-Trr‘ 3, (99 4?) -5——- (n IT (41)
- A | —W(§+N¢)
k.H:—}_e r,{ ‘
° l+77' 4T 15 9 (\§ E) _,_av iw IO
»-‘rryfg' ({)‘-.-4?) +§-—)-1U- in TV 5
] ———————-——. s — ,  C— I h
e e (42)
and
~w(}+N
-Y;n“--l:|=—(3 70)—'-—9—9' 'n IJI[J]]IJ&“AE. (43)

In the space outside the currents and the iron, the distinction
between the various regions disappears because the source terms
are zero. Letting \/. designate the magnetostatic potential

in this region, the various components become

- = -w(§+Ng)/ IV _ 2V

orH =17 e (V5y 31’), (44)
. (e

KH =-Le Figy (45)

- 10 -
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—"—H‘ C‘W(E*N‘p) CdV
Cha W -
and
mH=— "= 3% T (47)
AEFTEC S

Equations (40-43) used as tangential components are equated to
the corresponding Eqs. (44-47) at the copper-air interfaces or to
zero at the copper-iron interfaces. The resulting relations may be
integrated and, if the pole poténtial V; = 4TI is used
through Egs. (32) and (33) to replace g, and gy, the following

boundary conditions obtain

U(i\§°?¢)=U(§’Zf¢a)=\C%}7}zl g (48)
and
Uy n9)=U(3n,9)=0 (49)
at the copper-iron interfaces.
V(tyng) - U@ e)=0 | (50)
Vnes)-UQrzd)=0. (51)
V(iyn#)-U@n$)=20:> (52)
and
Vin,4)-UQne) =0 -

at the copper-air interfaces.

- 11 -
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In addition, matching the normal components of T? at the

copper-air interfaces gives for é = + E’ after using Eq. (50),
EC[ —_ .gll =0
BE PR . (54)
Similarly, along the,faces“f = + 4% after using Eq. (51),
N
Finally, at N = )2’ and N = 72& after using Eq. (43),
Jo .
T B
YW ,) =9 oI (s6)
— = = = 4Tr
N

[ .
%<§,+§) in IIT
30('?:"’4’) in IV .
In order to match the normal and tangential components of H
at the interfaces between the spiral and radial current flow, it is

first necessary to choose these surfaces in a definite manner. From

Eq. (41) it will be noted that

2V
g

is continuous (57)

through the surfaces

/

- )
FF=3%~ |: A —A RN P+ -,, P|1=0 (58)
- |

if the relation between 9, and 9; is chosen to be

ﬁ '\l—;‘a"-Na 30 = Nﬂ, 3 | (59)

- 12 -
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where the column matrix elements to be used refer to the surfaces in

the following order.

I-1II
II - III
(60)
III - IV
IV - I

Thus Eq. (58) is a convenient definition of these interfaces.
The quantity /Q may be chosen to vary the width of the radial
return current region relative to the spiral slot. When /3 =1,
these two widths are approximately equal. The other tangential
component of 7? orthogonal to 'I on these surfaces is proportional
t° N |
| [ -,l -] ;qwl_q)) N
A - T ] P}
- R e i SR
! — d o 3.1 y

where the last column matrix refers to the regions I, II, III, and

IV in descending order. Equations (57), (58), and (59) reduce the

expression (61) to
—) -l

TR €1 IR ey Rl 1 (62)
w) (39  w fud ' 2% 3
-] l_
which must be continuous at the surfaces of Eq. (58). Expressions

(57) and (60) may both be satisfied by the requirement that
U is continuous function across surfaces, F = O. (63)

Continuity of the normal component of TT at the surfaces,
F = 0, requires that

- 13 -
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- % - -
"I W—(E'-Ei\ /—I W '__.l W
| 3!(4’:—4)) BU W | =/
L ‘HTP:l — —|INS )~ .,.Ng‘ B_I_Z_gy (64)
(] %‘;(é;r%)> why on , Pl 111N5E ~5%
-|
L 3Kﬁ+ﬂJ Jd L 1) Ia

be continuous. Expressions (57), (58), and (59) reduce Eq. (64)

to the requirement that

—] - |

| 42U -l 2U (65)
N (2} —F i\ o7

._1 /
be continuous across the surfaces, F = O.

Finally the differential equation for U becomes

/(Eéim)q(ééw) m I

N .
CRACN R)n(‘f -7 S (66)

V. |
; é TSTw "1n
(§0—§o)(nz—ﬂl> )Z< | é ) -

. |
N )7, L (#+) =

In principle the boundary value problem is now completely

specified if v (‘/’—;”” % lﬂ"ij) designates the-solution in

which the potential is set equal to zero on all surfaces outside of
the cell (i,j) including the median plane (Q::o ) and is set equal

to unity on the (i,j) pole. The resultant potential is then given

by

Vis)=3 3 V, v (- y-amiyn) | (67)

(== j==ab
- 14 -
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where i is the potential on the (i,j) pole. The ¢ -coordinate

at the center of the pole is

é:ﬂi

L M .
The é -coordinate at the center of the (i,j) pole is

-~ .='2TI'JJ

- J

and the I' -coordinate at the center of the (i,j) cell is IKLJ,

where
1 ) Ry _ NATE
AT P IV

o
The solution in Eq. (67) will possess integral scaling if
- N .
am (k) (J+ 4 )

V=V e

This property of integral scaling may be used to simplify the

boundary value problem by noting that
AT(kur(J +8 0)

V(R v, )=T e TV LA, sl ]
o (keyw(n+4
Ar(k+l)w(n+2=

V(PR e gm0

The integral séaling property expressed in Eq. (72) may be
used to specify a boundary value problem in one cell, say the
(0,0), the solution of which via Eq. (72) permits the solution in
any cell to be obtained. Thus, instead of using the solution ZG-
in Eq. (67), one can obtain a solution by requiring on the cell
boundaries that

- 15 -
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3~'1T(|(+|)’wﬁ -
Vighn)=¢ Vis3s7), (73)
and that
‘ ' ar(k+)w
V(#:m7) =e Vi#:-mox) (74)

As in previous problems the solutions are required to be odd functions

of n

- 16 -
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