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ABSTRACT 

The magnetic field of a spiral sector FFAG magnetic guide 

possessing integral scaling is calculated with the aid of scalar 

functions representing the fields and the current sources. In 

particular, the spiral sector magnet considered possesses equally 

spaced radial cuts into which RF cavities may be inserted. The 

distributed pole face windings are located in spiral slots and are 

connected along the radial cuts, 
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I 0 INTRODUCI ION 

Since radial cuts must be provided in an FFAG magnetic guide to 

permit the insertion of rf acceleration cavities, it is of interest 

to calculate the magnetic field of an integral scaling structure 

in which the scaling property is maintained periodically but 

violated locally. This magnetic field will then permit a careful 

study of the orbit dynamics to ascertain the usefulness of the 

structure. In the following, a spiral sector structure is used 

in which the pole face windings are located in spiral slots and 

are connected periodically along the radial cuts to form complete 

loopso 

110 GENERAL MAGNETOSTATIC PROBLEM 

Figure 10 illustrates schematically the general nature of 

the pole face windings and of the radial cutso The surface shown 

is a section of the top pole face where any flat surface imagined 

actually represents a surface of a coneo The pole face windings 

are not necessarily flush with the iron surface. Similarly the 

zero potential poles between the excited poles may lie on different 

conical surfaceso All windings, however, lie between two distinct 

coneso The nature of the integral scaling contemplated is such 

that the field under any cell is known once it has been found 

within one cell. A typical unit cell is given in Fig. 2, in order 

to show the coordinates employed. Since the field is to possess 

scaling properties on the average, the coordinates employed are 

those used in similar calculations of differential scaling problems. 1 ,2 
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The method of scalar functions employed previously is again used 

here, for the magnetic field 
.-.lro. -... _ 

H = 4-.".1..,.. -t- \1 xl. u~ ( 1 ) 

and for the current density 

.-J>...... _ 

J = La- + "I xi. '" (2) 

where 

(3)-The operator Jt is taken to be 

...a. ~

J..:= k)(\7J (4) 

where -k is the unit vector along the cylindrical coordinate 

z-axiso In this case, Eqo (1) has the form 

(5) 

from which it is natural to choose 

W - dU 
- dZ (6) 

as the potential functiono Since, in the free space region, W 

reduces to the magnetostatic potentialo 

The coordinates useful in scaling problems are 

~ =..J....J/flJ"r:. - NGJ f =a .J '2: 2:.. J (7)
'lV ~ J r 

where r, 9, z are the cylindrical coordinates and the z-axis is the 

axis of the magnet. Thus 

'd '0 (8)r fr. - if~ - itdli -' 
D ~ d 

d9 - -llif +~ ~ 
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MURA-583 

and 
~ -1.

r~ - d'Z • (10) 

of Eq. (4) becomes 

(11) 

and 

As in the case of the previous differential scaling 

problems,1,2 sufficient flexibility in the expression for the 

current density is obtained if the source densities cr and ~ 

are restricted to 

(14 ) 

and 

(15) 

where it will be noted that the constant k has been set equal 

to =1 indicating the absence of potential grading on the pole 

face. If, in addition, the current in the slots is restricted to 

flow in the conical surfaces, 

J'z = ~ Jr # ( 16 ) 

Equation (16), using Eqs. (11) and (13) for the operators and 

Eqso (14) and (15) for the source densities, results in the following 

restriction between the functions f and g. 

£f _.ll J.. h _(.1.. +.N"\ d~ - ~ ~ _ (17)
N~~ df -t"1.Cf ~~ 'Uf!J. )~~.a. d f" +J...N~k~f - O.� 
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MURA-583� 

The current density, under the conditions imposed, becomes 

(18 )� 

or 

-" -"'Ur(~"i".tff)r (r -r-' l' -+-1l "k)lN ~ - d f _...L ~ + qJJ= e 2 ~ '"Jqfi IJ d~ ~cf 'Wd~ .J (19) 

-1 \f T.i. - 1.(.1.. +.N.2.\!1-..L li -t- !.1J 7 
IJJ L 'lJrJil .N rwJ. )d~ ?¥.)1 d f ~ 1 s. 

A degree of flexibility in the formulation of the magnet

ostatic problem is introduced if the potential Vf is written as 

W= ll-C 
.J (20) 

where the 1J has no direct relation with the lJ in Eq. (1). The 

function C may be chosen to simplify the matching of the 

tangential components of 
-'"H at the copper-air and copper-iron 

interfaceso 3 Equation (5) becomes 

H=..Le.- tUr(§TJ:11){f\ 4-7T"r~'17.(Ndj _~j)+1. dC _>I de -..!. 'J'U +"il~] 
~ r L /) i1~ iif 1q ~t 'f. ~Yl. W' d~ d'>t 

(21) 

+1'e r't71"r.J.>z (-~ -r1.. 'J~) -N dC -+- "OC -t-N ~ - dUJL /) 1V~~ d~?Jf d~ df 

- ~r *7rr:.tf - de T ~J )l /) d~ dlt J) 
where lJ ' from Eqs. (3), (6), (14), and (20), satisfies 

(22) 

tnU=tnc. 
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In Eqo (22) the function C is assumed to be given and the linear 

operator 'in is 

~ JZ ~~ / I :1.) ;}2. 
+ \.~+.N)~

W' d~d~ 
(23) 

d~ d~ d~
+( I +~1)~~ -to d f). - :J.N~~~f • 

It is desirable to select the functions f and g in order 

that the current flow in the spiral slot is along the direction 

;:_ I (7 I") -) (24)
/1 - ../ (' ~ i! (r -r- ?AIR ( 8 + >t. k rJ + iiNJ +>z , 

and in the radial returns along the direction 

~ I (-10 -)m=1 I l, + ~ k (25) 
1+ >t:a. • 

Thus from Eqo (18)~ if the excess G- component is set equal to 

zero~ the f and g in the radially directed regions are 

subject to 

_'ll-f+N.# -~=O.
'W'd~ d'§ "1 (26) 

From Eq. (19)~ if the excess e~ component is set equal to zero~ the 

f and g in the spiral slots are subject to 

f +!N -;'(i-:£-rN'')~ -~.N:: Tit = O. (27) 

The simultaneous solutions of Eqs. (17) and (26) and of Eqs. (17) 

and (27) subject to the condition that and depend 

only on ~ except for inverse square factors gives 
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1 in region I 

0 in region II30 (28)-f WN ~l in region III 

0 in region IV, 

and 

-go in region I 

in region IIgl 
- (29) 

g in region III 
0 

-g in region IV
1� 

The current flowing in the spiral slot is given by�sr ~ .l.H ~ ~ ~'1Jr(~".JJf)I =- 29 ·J eLrc:iz =- 'Ur ro ) 9· J e ~ £cl.'ZJ (30) 

which after using Eqo (19) may be written as 

(31) 

Inserting Eqso (28) and (29) into Eq. (31) gives 

I = ro')..~ (~ -~ )(n -it) (32) 
0

N ' 13 '" ,. 

In a similar manner the current in the radial return is 

( 33) 

Since the two currents are equal, the relatiDn between g and 
o 

becDmes 

(34 ) 

r'. 
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III. BOUNDARY VALUE PROBLEM 

The tangential components of 
~ 

H at the interfaces between 

the various regions must be continuous 0 In addition, the normal 

component of 
~

B must be continuous at the copper-air interfaceo 

FroID Eqo (21) and Eqs. (24) and (25) the various components are: 

1fT r.J.~ ,,_N~ + de +N dU _ aU ll'l Io 0 d~)f ~;}1 

-WirY'") 'l -N"q£ + de +.N ~u _ dU In J[ 
(J I d~ df d~ ;;1 

..... ~ I -w'(~+Nf)
2 -H=-e (35)@ r -4-7T"~'j 'I _.tJ JC +dC -t-NdV -~. i~ III0

o ~ a~ d'f ~ 01 

~t1rr~~ 1£ -!'l~ +~ -t-N~ - d V \~ N 
o I - d~ ~ f d~ d1 

-' 

-de 
+ ~ In I 

dit.. d/1, 

de JU in J[- T (36)
~JL. )1 

de dU \1'1 JJr+ 
~Jt IJIl. 

.2>C + dtT In Ill: 
J~>t dlt. 

- 8 
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( ..L ~C - -.L eQ 
!VI I'MJ.1i1 af 1ArlV ~1 

! 0t!+.L.~ --- ,"1'\ .rr 
wN af 'JVn Ii f 

! dU (37) 

?q,JoJ ~1 

dhd 

- ~rrr"o~ fJ 'L ' I de ..!.. d U ,'" .r-i"" 
?II' 'W" J ~?u.N ~~ 

;,VI ~G I 
\\'1 11'" 

-?v(~"'.Nf) 'W" ~ 'W' ;:,~ 
~

m·H = 
e 

roY 1-1"11)..' (38) 
~ 

If IT r;, ~ j) >z + ..L de _ ...!.. ~u Dr~h 

1q~.N 'W d~ ~~ 

i Je ! ~u -- --- I~ 1Y 
'W''hi" ~ \ d~ 

~ 

An examination of Eqso (35~38) aided by a comparison with 

the corresponding scaling problem3 shows that much simplification 

can be introduced if C is chosen to bE 

1f(~,-~ ~ ~) iYl I 

Ih~! (f, - 'f) IT 

I'~;;(~,+§+~) :n:r (39) 

11'1 IL"'51(t:P,+~) 
- 9 
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Equation (39) substituted into Eqs. (35-38) results in 

(40) 

(41) 

,+vr:<io (~ .... ~) 1-~ in m 
.N I an, 

wrr~~~1 ({J, -r4) ..... ~~ in rr J 

- w(§ +.N ep) 
I dU- -- e --.n·H = -

wfl I J .IT J lIT J d.hj IT -' (42)r;,Y,+(,),flr"T ~~ , df 
In 

and 

-W"(~;-Nef) 
e J "dV (43)-- --. .-. 11'\ I -' JI.1 ill.J 4hJ II .m·H =

W' d~r;,-V' +~,,-I 

In the space outside the currents and the iron, the distinction 

between the various regions disappears because the source terms 

are zero. Letting \f designate~he magnetostatic potential 

in this region, the various components become 

(44) 

(45) 
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.-I -dV ,
'UrN dcf (46) 

and 

• (47) 

Equations (40-43) used as tangential components are equated to 

the corresponding Eqs. (44-47) at the copper-air interfaces or to 

zero at the copper-iron interfaces. The resulting relations may be 

integrated and, if the pole potential v = 4- TT" I is used 
o 

through Eqs. (32) and (33) to replace go and gl' the following 

boundary conditions obtain 

= v: 'Yl; -J'lu(-to \0 ~ 1') =- U(~ ~ :t fD) (48)J 
n~-'J1., 

and 

V(:t\,llf) = U(~'l,,1)=O (49) 

at the copper-iron interfaces. 

V ("t ~l YI. f) -11 (:t~, ~ f) =0 
.J (50) 

V('§)( 1: ef,) - U(% 't :tcP,) = 0 J (51) 

V(~ >7, f) - U (~ '1, f) = 0 ~ 
(52) 

and 

0y (§ 'tl~ 1) - V(§ >2" ef) (53) 

at the copper-air interfaces. 
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~ 

In addition, matching the normal components of H at the 

copper-air interfaces gives for ~ = ~ ~, after using Eqo (50), 

?Jy aU - 0 
~ (54 )~
 

Similarly, along the·faces f = + - (JI 
after using Eq. (51), 

aY 
df 

~1Jaf - 0 - (55) 

Finally, at 17 = ~, and n = 'll. ~ after using Eq. (43) , 

;; (~,-~) In I 

rt_ ~U- -- '+7Tr..~ 
S, (f,-tf) it'! ]I: (56 ) 

d~ dYl " 
1f(~/+~) lrl m 

S, (1, -rep) i~ II 
In order to match the normal and tangential components of -H 

at the interfaces between the spiral and radial current flow, it is 

first necessary to choose these surfaces in a definite manner. From 

Eq. (41) it will be noted that 

is continuous (57) 

through the surfaces 

(58) 

if the relation between go and gl is chosen to be 

(59)(31~ +N~' 50 = Ng, , 

- 12 
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where the column matrix elements to be used refer to the surfaces in 

the following order. 

I - II 

II 
(60) 

III - IV 

IV - I 

Thus Eq. (58) is a convenient definition of these interfaces. 

The quantity;9 may be chosen to vary the width of the radial 

return current region relative to the spiral slot. When;9 = 1, 

these two widths are approximately equal. The other tangential 
---" .... 

component of H orthogonal to k on these surfaces is proportional 

to 
~~t~) 

_/ -I -) 
I -) S,{4,-cf) I dU ~U 

---+>1- (61): [N;~ -~~ ] - N / +fJi~+~i I ~(~,~~) 'l4rd~ ~ 
-I -I I 

SI(ti,-tet1 
where the last column matrix refers to the regions I, II, III, and 

IV in descending order. Equations (57), (58), and (59) reduce the 

expression (61) to 

-'f-:}~ + .!l. t ....N2.·f=:l ~'Ill: ~ f 'IV :J (J ~ j 

(62) 

7JI" 

which must be continuous at the surfaces of Eq. (58). Expressions 

(57) and (60) may both be satisfied by the requirement that 

1J is continuous function across surfaces, F = 0. (63) 

.-..
Continuity of the normal component of H at the surfaces, 

F = 0, requires that 

- 13 
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1fC~.-~\	 -I 
~,(<P,-f) ,� I dU ;)U 1 

(64)'fTn':~	 - N'W'� - 'l(r ~ +itc)>t;;(~I"'"~)	 
1 

-Ig, (ef, +4/) 
be continuouso Expressions (57L (58) , and (59) reduce Eq 0 (64) 

to the requirement that 

-I-I 

J dU -I ~U	 (65)- -(3 
df~~	 I 

I 

be continuous across the surfaces, F = O. 

Finally the differential equation for If becomes 

(~I-~~'1~-1f/) ~ Ol-~+..:r) 

% Yl (f, -f) I~ lC (66)
(f, -tfD'I.:'l'J.-ll,)mu=

Yo Il(~,+~-~) ·11'\ m
(~,- ~o)(n"-ll,) 

('I', -f.~~~-l[/) ~ ('P. +f) 
In principle the boundary value problem is now completely 

specified if 7J' (f- ~:;'i." ~ -'-Trj"j~1) designates the.·-solution in 

which the potential is set equal to zero on all surfaces outside of 

the cell (i, j) including the median plane ('1. = 0) and is set equa 1 

to unity on the (i,j) pole. The resultant potential is then given 

by� -e> 00 

V(f~1.)=Z :z ~j1r (f-~)~-_urjjll)J (67)
i.: -..0 j :-..0 

- 14 
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where Vi,j is the potential on the (i,j) poleo The f -coordinate 

at the center of the pole is 

~ = rJ.7T" i (68)
'1:l .M 

The ~ -coordinate at the center of the (i, j) pole is 

. = .17T J (69)-j .J 

and the r -coordinate at the center of the (i,j) cell is 11 Lj9 

where 

. 
(70)'"TrJ 

The solution in Eqo (67) will possess integral scaling if 

.11r(k-rI)w-( J+: i) 
(71)V·LJ =Yno e • 

This property of integral scaling may be used to simplify the 

boundary value problem by noting that 

J.11'(k+l)ur(J -r!i. L)
V(ft-"~trlJ~T"1TnJ~)==V~e 11 11 [f-!J(i-m) ~-).7T(J-n) n] (72)

()ij 1'4' ,t, 

or 

The integral scaling property expressed in Eq. (72) may be 

used to specify a boundary value problem in one cell, say the 

(0,0), the solution of which via Eq. (72) permits the solution in 

any cell to be obtained. Thus, instead of using the solution ~J 

in Eq. (67), one can obtain a solution by requiring on the cell 

boundaries that 

- 15 = 
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).1T( kTI) 'W .N 

V(~J§,~)=e liV(-:'~J~)J ( 73) 

and that 

(74) 

As in previous problems the solutions are required to be odd functions 

of >'l 

- 16 
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