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ABSTRACT

Schwarz-Christoffel transformations pertaining to the following two-
dimensional electrostatic or magnetostatic situations are presented and

simple formulas given for the consequent field in the median plane:

la. Thin, parallel electrodes
b. Thick, parallel poles

c. Step poles
d. Neighboring, opposed magnet poles
2. Field between parallel poles in the presegnce of

a magnetic shunt.
In Figs. 1-4 graphs are shown to illustrate, in representative cases, the

spatial variation of the median-plane field in these various situations.

* .
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A. INTRODUCTION

It has proven of interest on occasionin the past to write down Schwarz-
Christ..cl>ffel transformations pertaining to two-dimensional electrostatic or
magnetostatic situations descriptive of MURA technical problems. Among
" the possible applications may be mentioned the evaluation of the fringe field
at a fnagnet edge or of the shielding provided by a magnetic shunt ("peeler")
of assumed high permeability. It is thc purpose of the present report to
record the transformations which have been obtained and the specific relations

for the median-plane field which follow from these transformations.

B. THE TRANSFORMATIONS

1. Field Between Magnet Poles (or Electrodes) of Various Shapes _

(a) Thin, parallel electrodes:

+V

A -
MEDIAN _fL 2 __‘Av — —
TPLANE 28

¥ —_

Vo

In this case, which has also been treated by Jeansl, the appropriate

transformation for the depicted configuration is

_h [ Tw _ -Ttwlvo]
Z = —q—r- [T (1 "‘e ) )
where z = x + iy and W = U + iV;
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hence h (& wU/v
X = —= L "'_L -1 -y 0 cos 7'CSZJ
T V0 Vo
h [ TV -MUIV_ .. WV ]
y = — + e o sin ——
T v o
The magnitude of the field strength is
-1
dw dz
ml = (M| - [, |
dz dw
) V0 1 ) Ho
| 1ee”TC W/V, | |1+e— T w/vo

where H0 denotes the limiting value of the field as attained at points well to

the right between the plates. The field strength in the median plane is,

specifically, H 1
H, |1+e-1l'U/V0|
and
x  _ 1 [’ITU -(I+e-7EU/V°)J
h 7T v,
=_1[£‘(1-H/Ho)+ 1
T H/Ho H/H,

A graph of this relation, showing H/Hg vs. x/h, is given in Fig. 1

[curve (a)] .
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(b) Thick, parallel poles: i

i
4FZ_ZJ.__
PLavE 2; -
.-V -

In this case we make a transformation to an intermediate, z, ~- plane

Zz-L[z 1-z, vy Y17 -1 :l
@ Y1-3z, +1

!

for which the connection with the potential function (W) is

VO
W = - ('{nz-i’TE).
7-[ /4

The field strength, then, is

| - law/az,| v, ) . Hy

[dz /dz,| ~ h WVi-z| |/1-7

Accordingly the relation between the field and the location in the median

plane may be expressed in the form

= =-_1_[,Zy,,( 1-H /[ Ho ) + _2._]
h T 1+H / H_ H/H,
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This relation in plotied in Fig. 1 jcurve (p) j . Thne resuit may be
helpful in providing information concerning the fringing field at the edge of
magnet poles which can be treated as individually at constant magnetostatic
potential .

(c) Step - poles:

/
“
/
J
/'_7_ED//9N _ _ ‘L _ X _ %J, _ _
PLANE
? 27
A
— =TT ITIIIIIII?

This problem first arose in the MURA work in connection with tests
2
of a Hall-effect field-gradient meter. The same pole configuration has

3
been treated by Ramo and Whinnery. We introduce a transformation to

an intermediate z, - plane
z = l: cosh ! - &cosh a- 1/

X - 1/

and relate z, to the potential function by

v
W = 7(_0 jn.zl

!

The field strength is then found as

|H|= ldW/dz]_': Vo [zt 1/ o z, + 1 /e ’
|dz / dzl| h z; + o - o Zy + &

-5-
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where H denotes the field strength prevailing well into the gap of half-

aperture h. By elimination of z;, a direct relation is obtained between

the position and field in the median plane:

x 1 [cosh'l 1+ (H/Hg?
n T 1- (H/HO)Z
1 an-H/Ho . m,&m
s 1+ H/H,

21 (H/Hg)?+1/a?

Q. cosh > >
(H/H)) -1 foc
H/H, + 1 }
H/H, - 1

Ford—» 00 , this relation approaches, as it should, that found in (b) for

thick poles. Results are plotted in Fig. 1 Y_curves (c)] for &= 2,4, and 10.

(d) Neighboring, opposed magnet poles:

MEDIAN  _
PLANE

This configuration may be considered as representative of adjacent

magnet blocks in a reversed-field structure.

one quadrant of the z-plane into the (upper half) of the z; - plane, 3

It is convenient to transform

and to

shift the origin of y and V to avoid inconsequential additive constants.

-



l
IAE: 2-ﬂQne
! origin
_,iﬁ k\/ o V=0
| T -
| P Y c
B .
Ry= A

We then find

z=i-—};[—le

with

For the region of interest,
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vzl/a+1 + Vzlla 1{/3 - 2 tan

Zl/a+1

convenient to introduce

Then

=

| dw/dz, |

t

w

Vo
T

Ao 22

a

- © 4:%3'

-~
z1/a - 1/£

/

z1/a +1

in the median plane between B and C, it is

- zlla, with 0< t£1.

v,

Idz /dzll

h

zy + a -
oz ®

Vo 1-t
1+/a t
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1 1/1+,Bt |-t Bt VL [ A
1/1+/92t 1/1—t /Ban /6 1-t

1-H/H -1 1
z" 1+ H/H + 2ftan B(H/H ) )

and

It is seen that with /3 -»00 , this result correctly approaches that found in (b)

for thick poles. Results are plotted in Fig. 2 forﬁ: 0,1,2,4, and 10.

ﬁ Field Between Parallel Poles in the Presence of a Magnetic Shunt

(a) General case:

BN VI 7T IIIN TIPSV ININd T INIIZI WY IIIIIVIIFIIFFY, ”\5

. B
Z-plane <
7

g --
Sy M=o
MEDIAN £ . L 1 -'ff_)x__ «y, £
PLAaNE

AN LT

— = VYTTVPYIIIIITT S T T

VPTTTIPIPT 27 72277 PP 777727 20 22227777 I_I’II- -

[+

In this situation the material at V = 0 may typify a magnetic shunt or peeler,

into which a beam may be driven to implement extraction from a circular

4
accelerator.

B plne
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It is convenient to transform the upper half of the region of interest into the

upper portion of an intermediate, z, plane. A suitable form for the trans-

1

formation appears to be

2 _ Z. _9a _ - z, -a
zZ = —g— X cosh 1 —1—— + (l'ﬁ) cosh lv\/fp 9 ) 1
y[A (1-q) z; - q Z1 - pa

with

P p
Then
|| = jow /da| ¥, 1 = H %1 |
|dz /dzll g 1/zl-a ¥z1-qa ° ¥zi-2a ¢21-qa

Again, since the median plane is the region of primary interest, it is
convenient to introduce the real, positive variable t = - zq / a; we thus
have the following relationships, connecting parametrically the field

strength and location in the median plane:

H t
Ho V(t+1) (t+q)”

-0~
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X 2 -1 t + -1 /5= !
X - % J acosh _t*4d ¢+ ) cosh q .t
g T { l/ 1-9t /9 p
- cosh” 1]/
1-q

Graphs of this relationship are presented in Figs. 3 and 4, for #-x =0.05

s
-

(s
-+

and /9= 0.50 or 0.10, respectively. Values of q and p for some represen-
tative values of & and /3 are given in Table 1.

(b) Special cases:

The result just obtained may be checkedin certain special cases.

(i) &= 0:
1

q= 0, p = > N
1-(1-A)

%: _TZT'{(I-JP ) cosh“l t+1 - COSh-lﬁ/t*‘l ﬁ'
[1-a-p2)t+1

-2 -1 , v -1/
= (1-A) cosh / cosh }
T
i 1-(1-8)% (u/H)? 1-(H/H,)2

-1 -1
=% {(1 -/8) tanh [a-A) @/H)] - tanh (H/HO)}.

A graph illustrating this special case, for /8 = 0.10, is included on. Fig. 4

(dashed curve).

(ii) €= 0 and A=1:
From the above, by setting fS= 1,

x = - 2 tanh”! (H/H).
g m

These special results may be checked by an independent direct calculation.

(iii) A& =/3 (i.e., shield is of zero thickness):

qQ = 1, 'P = 1/ =1//9 ;
1 -
>g<_-_-? [(1-«.){,,& -o:.lm:l
/H
= 1 (1-0&.)&,, l-H/Ho -y H/H ]
7T[ 1 3 -H/H, % 1 - H/H,
ITaC

-10~
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(iv) d:ﬁ , with L0 and xg - h
(corresponding to thin sheets serving as shields at

distances + h from the median plane):
X _ _1 1 . 4’ H/H, B
h T 1 - H/H, 1 - H/H,

[It may be noted that if we take a uniform field, of strength H,

directed downward, and substract from it the fields of the last special
example (iv), we obtain a situation of the type described earlier (in Sect. la)
under the designation "Thin, parallel electrodes™. Mathematically, we

may make this correspondence by replacing H/Ho in the above by 1 - H/Ho’

to obtain
_’é_ = - 1 ( 1 + tv« 1 - H/Hy ), as found in Sect. la.:l
’m‘ H/HO H/Ho

(v) o and A-»0, with pe = H and ag = ¥ H:

¥ - o&//g =21/(r s p —» ©0

q+ 1
x = - ?2[ Yt+1l « 9/t+q + cosh’?t t*l-fcosh-l/ t+l
H q+1 t-q (I=qJ' ¢ 5

as may be derived directly by an independent calculation. [In the limit that

Y»1 (d.—-’ﬂ and q -> 1), this last result reduces to

1 _
i = ~—— (t+1+ ‘gtt)
H x
= -_1 ( 1 + ,en, __HEQ_ ), in agreement with example (iv).]
# 1-H/H, 1 - H/H,

-11-
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TABLE 1.
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P A= « ; F

1 0 1 1 1
0.05 0.95 0. 9025 1
0.5 0.5 0.25 1
1 0 0 1

0.5 0 0.5 1 2
0.05 0.45 0.506691915 1.58182878
0.1 0.4 0. 354463995 1.48842197
0.25 0.25 0.118426251 1.37652462
0.5 0 0 4/3

0.25 0 0.25 1 4
0.05 0.20 0.293547024 2,70899300
0.10 0.15 0.137611531 2.47306854
0.25 0 0 16/7

0.1 0 0.1 1 10
0.05 0.05 0.078468102 5.60243170
0.10 0 0 100/19

-12-
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6. Y MEDIAN~ PLANE FIELD IN FRESENCE oF PEELER

@) for do = 0.05 ﬁ‘/ﬂ:-' 0./10 (so/¢cd cwrve) and
s/ Z,’m/z‘,'v case of =0 § B=o0.10 (dashed curve).
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