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ABSTRACT 

Schwarz-Christoffel transformations pertaining to the following two-

dimensional electrostatic or magnetostatic situations are presented and 

simple formulas given for the consequent field in the median plane: 

lao Thin, parallel electrodes 
b. Thick, parallel poles 
c. Step poles 
d. Neighboring, opposed magnet poles 

2. Field between parallel poles in the presence of 
a magnetic shunt. 

In Figs. 1-4 graphs are shown to illustrate, in representative cases, the 

spatial variation of the median-plane field in these various situations. 
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A. INTRODUCTION 

It has proven of interest on occasionin the past to write down Schwarz-

Christoffel transformations pertaining to two-dimensional electrostatic or 

magnetostatic situations descriptive of MURA technical problems. Among 

the possible applications may be mentioned the evaluation of the fringe field 

at a magnet edge or of the shielding provided by a magnetic shunt ("peeler") 

of assumed high permeability. It is the purpose of the present report to 

record the transformations which have been obtained and the specific relations 

for the median-plane field which follow from these transformations. 

B. THE TRANSFORMATIONS 

1. Field Between Magnet Poles (or Electrodes) of Various Shapes 

(a) Thin, parallel electrodes: 

+~ 

'i-x -rr~--
.2,~ 

----*---
":"'~ 

In this case, which has also been treated by Jeansl , the appropriate 

transformation for the depicted configuration is 

h [7rW _ (1 + e-1f.W!Vo)] .
z='7( ~ , 

where z = x + iy and W = U + iV; 
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hence 
h x ::: 

r 1tU 1 - e - rru Iv 0 cos 
1 

7[ ~JL Vo Vo 

y ::: 
h [ 7[V + e- 1rTJ/Vo sin 1[V 1V .1t' -V o0 

The magnitude of the field strength is 

I I 1-1IHI = 
dW

= 
dz 

dz dW 

V Ho 1 o= = 
h 

\1-te- 7C W Iv0 11 +e - ;( W Iv 0 

where H denotes the limiting value of the field as attained at points well to 
o 

the right between the plates. The field strength in the median plane is, 

spec ifically, 
:::------H 

11+ e -

1

7C UIv 0 I 
and 

x = 1 [1rU _ ( 1+e - 7C U Iv0)J 
h 1T. V o 

= __1_ [..en ( 1 - H IHo ) + 11 
it H/H H/Ho o 

A graph of this relation, showing H/Ho vs. x/h, is given in Fig. 1 

~urve (a>] . 
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(b) Thick. parallel poles: 

-II-
D 

In this case we make a transformation to an intermediate. z, - plane 

+ J" .y'l - z, - 1 ]y'1 - z, + 1 

f or which the connection with the potential function (W) is 

W = (~Zl - i7t'). 

The field strength. then. is 

tdW/dz, I 1 == = 
(dz /dz, I IiI - z,1 

Accordingly the relation between the field and the location in the median 

plane may be expressed in the form 

x 1 [IJ I-H / Ho 
= - '"" ~(----) + 

h II. l+H / H 
o 
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r ,.. ",This relation in plotted in Fig. 1 Lcurve \OJ J The re sult may be 

helpful in providing information concerning the fringing field at the edge of 

magnet poles which can be treated as individually at constant magnetostatic 

potential. 

(c) Step - poles: 

r"»,»,»,"':!- II." 

- - 1'7':)'1"'::1)'''')'''''')'''''')'''''7'''',,"7)'77)''T.7T.l;lnj-Tj 

This problem first arose in the MURA work in connection with tests 

2
of a Hall-effect field-gradient meter. The same pole configuration has 

3 
been treated by Ramo and Whinnery. We introduce a transformation to 

an intermediate z, - plane 

h [ -1 2z, + ex.. + 1/Ot.. -1 2/z, + 0(..+ I/ot.. ] 
z - -- cosh - otcosh- 7f a. - IleA. 

0<.. - l/~ 

and relate z, to the potential function by 

V ow = 
7[ 

The field strength is then found as 

v z + 1/0(. 
o 1 

h 
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where Ho denotes the field strength prevailing well into the gap of half-

aperture h. By elimination of z1 J a direct relation is obtained between 

the position and field in the median plane: 

1+ (H/H )2 I 2 2x 1 o -1 (H H o ) +1/cx.[ cosh-1 <X. coshh = 7! 2 2 ]1- (H/H )2
o (H IH ) -1 lex..o

= -.2. [t. 1 - H/Ho H/Ho + 1 ] 
+ ~4 

7C 1 + H/H H/H - 1o o 

Foret..... 00 this relation approaches. as it should. that found in (b) forJ 

thick poles. Results are plotted in Fig. 1 l;urves (c)J for c(= 2.4. and 10. 

(d) Neighboring. opposed magnet poles: 

-~ 

..........--+- 

-~ o 

This configuration may be considered as representative of adjacent 

magnet blocks in a reversed-field structure. It is convenient to transform 

one quadrant of the z-plane into the (upper half) of the zl - plane. 3 and to 

shift the origin of y and V to avoid inconsequential additive constants. 
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We then find 

. h -1 
Z ::: 1- - 2 tan j8.7C 

with 

W ::: 

For the region of interest. in the median plane between Band C. it is 

convenient to introduce t ::: - zl/a. with 0< t~l. 

Then 

IdW/dzllIHI :::: 2£\~- IIdz /dz1 / 
::: 

f2 z1

""" 1 - tV 

h

o 11 -
- a 

::: t ::: 
-h- 1 + fZ t Hoi 1 + fd2 t 
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and 

x 1 t' + yi'~ 1 
= [~ 0 + 13 2	 

2ftan- ; j ;~?/11 1t"	 VI + /32 t' - {l - t'
 

- H/H 1 1 

1
o + 2~ tan= - ~ [k 1	 

1 
1 + H/H	 PCH/H )0	 o

It is seen that with f "'00, this result correctly app~oaches that found in (b) 

for thick poles. Results are plotted in Fig. 2 for fi= 0, 1,2,4, and 10. 

2. Field Between Parallel Poles in the Presence of a Magnetic Shunt 

(a) General case: 

~ IJ dU//ljII//1 ///f//////./..... " ,U', // ut'u/....../////...../Lh'UU,; 

~.;lt("e	 '11'. 
___ L:{ 

-- .,•• ;.;;"""""",>,. )'OJ,,>,»,;,,;?}; ,1;;;;»,'»""> ;,»} 

-~ 

In this situation the material at V = 0 may typify a magnetic shunt or peeler , 

into which a beam may be driven to implement extraction from a circular 

4
accelerator. 

F E ~ ~ ~	 A-----=:o--,.-=a..+-·~~j::.--f>4.~-----
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It is convenient to transform the upper half of the region of interest into the 

upper portion of an intermediate, zl plane. A suitable form for the trans

formation appears to be 

~----zl _ qa2g -1 
Z = --;;r:-lCl.5 

cosh + (1-.&) COSh-I! p - q 
(l-q) zl I 1 - q

-1/' zl 
- cosh ()

- qa '} + ig
I-q a 

with 
v 

W = - ---..£.. .tn( zl - pa) + iV ,
7( a 0 

where p and q are parameters such that 

{£ = 0'. and = 1 -f . 
P 

Then 

'dW / dZll = = H 
o

Idz / dz11 

AgaLl, since the median plane is the region of primary interest, it is 

convenient to introduce the real, positive variable t = - zl I a; we thus 

have the following relationships, connecting parametrically the field 

strength and location in the median plane: 

H t = 
Ho y(t+ 1) (t+q)' 
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..K.=	 ,: {ct.COSh- 1 . J t + q + (1 -(9) cosh-! !p- q t+lg (I.. V -(1 - q) t V -l-q t+p 

- cosh-! / t + 1 }.
Y- 1	 - q 

Graphs of this relationship are presented in Figs. 3 and 4, for ;3-0<. = 0.05 

and 1= 0.50 or 0.10, respectively. Values of q and p for some represen

tative values of IX. and ~ are given in Table 1. 

(b)	 Special cases: 

The result just obtained may be checked in certain special cases. 

(i)	 Q( = 0: 
1 

q =	 0, p = 

2{	 4JL =	 - (1-.. :/3 >g	 1tt{

- cosh-tLt 1 ..,}
i-<H/H	 )21 -	 (1-,;.9)2 (H/H )2 oo

tanh-
1	 
[(1-~) (H/Ho>J - tanh- 1 (H/H >}.o

A graph illustrating this special case, for I =O. 10, is included on, Fig. 4 

(dashed curve). 

(ii)	 Gl( = 0 and,s =1 :
 

From the above, by setting fJ = I,
 

2f.... = - ~ tanh- 1 (H/Ho).
 
g	 ..,.,.

These	 special results may be checked by an independent direct calculation. 

(iii)	 (JI.. =;a (i. e., shield is of zero thickness):
 

q = I, t = liD' = 1!~
 

x = 1 [ (1-oC.>4 1- 0<. -ot.4tJ

1t	 1 + ~tg 

H!Ho ]= ...L	 [ (1 - ol >k 1 - H/Ho -« 
H/Ho7f	 (~) -H!Ho 1 
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(iv) (j.,,= ~ • with Ql-+ 0 and fX,g ~ h 

(corresponding to thin sheets serving as shields at 

distances +- h fr om the median plane): 

x + Iw _H_I--.,;Ho~_ J. 
h 1 - H/Ho 

lIt may	 be noted that if we take a uniform field. of strength Ho 

directed downward. and substract from it the fields of the last special 

example (iv). we obtain a situation of the type described earlier (in Sect. la) 

under the designation "Thin. parallel electrodes", Mathematically. we 

may make this correspondence by replacing H/Ho in the above by 1 - H/H • 
o 

to obtain 

x 1 
( 1 + k 1 - H/Hp ). as found in Sect. laJn = 7r H/Ho H/Ho 

(v) 0(	 and;9-+ O. with fig = Hand dg = ¥H: 

-vq"( = ~~ = 2 p ... oo
 
q + 1
 

X	 ~.= _ ~ [ .{t ... 1 • ,It + 9 + cosh- 1 + 1 - tcosh-1~J 
H 7( q + 1 y t-=-q Yll~)T , 

as may be derived directly by an independent calculation. ~n the limit that 

'I~ 1 (d..~P and q -? 1). this last result reduces to 

1 
(t+1+~t) 

H ':I"
 

= __1_( 1 +4 H/Ho
 ) . in agreement with example (iV)]
.", 1-H/Ho	 1 - H/Ro 
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TABLE I. 

Values of q and p for Representative Ol andf . 
/'-0(,. oG ~ 

1 0 1 1 1 

0.05 0.95 0.9025 1 

0.5 0.5 0.. 25 1 

1 0 0 1 

0.5 0 0.5 1 2 

0.05 0.45 0.506691915 1. 58182878 
/". 

0.1 0.4 0.354463995 1.48842197 

0.25 0.25 0.118426251 1. 37652462 

0.5 0 0 4/3 

0.25 0 0.25 1 4 

0.05 0.20 0.293547024 2.70899900 

0.10 0.15 0.137611531 2.47306854 

0.25 0 0 16/7 

0.1 0 0.1 1 10 

0.05 0.05 0.078468102 5.60243170 

0.10 0 0 100/19 
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FiG. 3. MEDIAN- Pi.;fN£ FIELD IN 

) 
PIiIESENCE OF PEELEii' 
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FIG. LJ.. /Vf£bIAN- PLANe: 
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