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ABSTRACT 

The use of the V = N13 resonance to implement injection (or extraction)
r 

in a FFAG accelerator is examined and computational examples of some of the 
expected performance features are presented. The field of the accelerator is 
considered to be perturbed by a "field bump". whose period is equal to three 

r".	 periods of the basic (unperturbed) magnet structure. so that the radial oscil ­
lations represented by particle trajectories with amplitudes near the stability 
limit undergo a phase change of substantially 2lr/3 in passing through one 
sector of the unperturbed machine and a change of 2Tr in the basic period of the 
perturbed accelerator. It is shown that the boundary of the stable area in radial 
phase space. which normally is' roughly triangular in the unperturbed accele­
rator, can be opened ~ at one of the vertices of this separatrix by a suitaply­
phased perturbation of the type described and that through the fixed point in this 
region of the diagram a new, modified separatrix will pass to enclose the stable 
phase area of the perturbed accelerator. Particles injected so that the initial 
portions of their phase trajectories pass around this latter phase area will be 
captured, with full phase density, as the perturbation is decreased (ultimately 
to zero) and as the stable phase area, in consequence, becomes enlarged. 
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It is seen that injection with full phase density may be expected if the injector 
at all times covers the entire region of phase space from which particles must 
originate in order to surround the growing phase area of the accelerator. 
Computational examples, with simplified equations of motion, show that the 
region which thus must be covered by the injector can be that enclosed by a 
boundary of rather simple shape, and is substantially free of filamentation, if 
injection occurs every three sectors (as in a three-sector accelerator). It also 
is found, however, that the requisite phase area to be covered by the injector 
becomes quite tortuous if transformed through an additional three sectors, as 
would be required to define the ~rea needed with six-sector injection. The 
inclusion of axial motion in the computational examples showed that an orderly. 
efficient transfer of phase volume into the stable region of the unperturbed 
accelerator could be achieved by this method with three-sector injection and that 
the phase region which then should be covered by the injector again was enclosed 
by a simple boundary. Examples are given of phase curves which are similar 
in their essential topological features to those used in the aforementioned study 
but which represent the dynamics of radial motion in a spirally-ridged FFAG 
accelerator, the field-modification which was applied as a perturbation in this 
case being taken, for convenience, as an additional scaling field which follows 
the same logarithmically- spiralling pattern as that characterizing the unperturbed 
accelerator. 
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L MOTIVATION 

In the design of circular accelerators it is often of very great importance 

to inject efficiently if satisfactory performance is to be achieved, and this 

aspect of the design certainly warrants explicit attention in consideration of 

FFAG synchrotrons 1- 3intended for the production of very high current beams, 2, 4, 5 

Many of the considerations which apply to the injection process also apply to 

certain extraction problems, since what is basically involved is an orderly 

transfer of phase space between regions exterior and interior to the accelerator 

In the present paper we direct our attention to a simplified problem 

which may be considered as the idealization of a possible method for injection 

into a fixed-field synchrotron, employing a secularly-changing (decreasing) 

perturbation of the magnetic field but without the intervention of acceleration 

mechanisms. It may be mentioned, however, that the specific problem 

considered here evide; 1y consitutes a rather realistic description,. in reverse, 

of an attractive method of beam extraction from a (three- sector) spiral ridge 

cyclotron in which the aforementioned secular change in effect is achiev'ed by 

acceleration of the beam into a region of modified magnetic field. 6 With either 

interpretation, a fundamental feature of the present work is, as we shall see, 

that the essential non-linear character of the equations of motion is exploited, 

the dominatin;;' non-linear resonance being specifically that for whichc:r-;, the 

phase shift per sector of the radial betatron oscillations .. appr( ,Lches 21173 

in this case 
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II. GENERAL DESCRIPTION OF THE METHOD 

As is well known, the inherent non- !.inear character of the equations for 

the betatron oscillations in FFAG accelerators can lmpose v-ery defmite Hmits 

to the amplitudes of stable oscillations. In cases sl:ch that the phase change 

of the radial betatron oscillations in one sector (CS'"r) is near 2 if /3) the JimitatlOn 

is primarily controlled by a quadratlc term in the equations of motion and the 

stability limits then typically are indIcated by the excursions of unstc,ble equi­

librium orbits having a period equal to three sectors. The features of the radial 

betatron motion are conveniently represented by phase plots, 1,2, 7 employing as 

axes the quantities x::(r - ro}/ro and ~ dx/d9 with r denoting a reference o 

radius, on which the motion of a particular particle is depicted once per period 

of the magnet structure to form closed "inva.riant phase curves" in the stable 

region. The unstable equilibrium orbits are then represented by fixed poims, 

through which passes the separatrix which bounds the roughly triangular region 

of stability (cf. Fig. I, in which conveniently scaled coordinates are used). * 
In the case which will be of interest here we shall impose a field 

perturbation, w!lose wavelength is equal to three periods of the magnet structure, 

suitably phased so as to "open up" the phase plot in the region of one of the un­

stable -fixed points. The invariant curves which pass through the other two nxeq 

lIn this discussion we have tacitly assumed the exiiftence of the SQ culled "invar­

iant phase curves I', although actually over long intervals of time the motion may 

be found to show a considerable departure from such regular motion and, similarly, 

the boundary between "stable" and "unstable" regi ona becomes imprecisely 

. 8
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points then no longer intersect at the first fixed point and a separate separatrix 

serves to define such stable area as may still remain w~en the perturbation is 

not too large (Fig. 2.). A region of ph.ase space is thus created within which 

the phase points move through substantIally the entire region just outside the 

region of stability -- if the stable reg.lOn is now caused to grow. as a result of 

decreasing the magnitude of the perturbation, phase points may be expected to be 

transferred to the interior of the stable regj on with the same density as initially 

is present outside. 

It is attractive, then, to consider the apphcation of a perturbation which 

initially is more than sufficiently large to cause the stable region to disappear 

completely and which is steadily decreased to create a region of stability which 

ultimately becomes that of the unperturbed ac celerator. By an appropriately 

I"'""	 located injector. particles may now be caused to I1flood" the boundary region 

which surrounds the stable area as it is created and one may expect thereby 

to fill this area with a phase density equal to that available from the injector. 

For efficient injection it would be desirable, of course, to inject only into that 

region of space from which particles will be captured. It would be convenient, 

moreover, if this region which must be covered by the injector were to behave 

in a sufficiently orderly way as to obviate the need to change the direction of the 

injected beam in accordance with an elaborate programme synchronized with 

the changing strength of the magnetic-field perturbation. In some cases, however, 

the ~ of phase space which the injector can cover may be sufficiently great 

as not to be a fundamental limitation, although the phase density which it can 

,.....	 provide should be used efficiently, and in such cases a programmed scan would 
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either be unnecessary or, at worst, not cntkal. 

To examine the performance which could be achieved by this method in 

any particular case, a natural initial step is the determination of the phase plots 

associated with static perturbatlOns representative of the time-dependent pertur­

bation which it is intended to apply. Useful orientation in simple cases can be 

obtained at this point by analytic means, although computer studies of course 

can be helpful. One may then proceed with computations in which the time-

dependent perturbation is present, to determine the regions of phase ... space 

from which patricles will be captured at various stages of the process. If theije 

regions can be caused to fall at locations accessible to an injector system, and if 

they neither shift about violently nor show more than trivial filamentation, the 

proposed method in principle could be said then to be practicable. 

Similarly, such an orderly transferral of phase space could be considered as 

6
indicating t he potential utility of the inverse process for beam extraction. 

In the following sections we describe the results obtained in some initial 

studies of this injection method, the work so far having been confined to analysis 

and computations* for equations chosen for convenience to be of a rather simple 

*Th:~:~;;~ti:=Swere pe;;:;=rmed with the MURA I. B. M. -704 compu~:;, -\USinl 

programs prepared by Dr. J. N. Snyder, now at the University of nUnoi., ~ 

Mr. M. Storm, the present Head of the MURA Computer Section. We are in" 

debted to Dr. Snyder, Mr. Storm, and others associated with the Computer 

Section for their invaluable help and continual cooperation during all phases 

of the computer work. 
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form, but which it is believed should depict the essential features of more exact 

equations representative of particle motion in a spirally-ridged FFAG accel­

erator, Also, for reasons of simplicity, the field perturbation is taken to i3.11 

linearly to zero and to remain zero thereafter_ 

III. THE	 DIFFERENTIAL EQUATIONS EMPLOYED 

In the theory of spirally-ridged FFAG accelerators the radial betatron 

motion, about the stable equilibrium orbit, may be conveniently represented by9 

d
2

u + La + b cos NeJ u (1) 

de 2 

where u denotes the departure from the stable equilibrium orbit, in units of 

the radius, 

tv	 (2a)a 

b	 f /w, and (2b) 

_(f/w
2

) sin NB, (2c) 

in terms of	 the parameters f, w .. and N characterizing the accelerator. 2, 9 

By introducing the scaled variables 

(3a)s - (N / 2);; + -rr /4 

(3b)v ..;;. u/w, 

Eqn. (1) assumes form 

d 2v + 4 ~ + _f_ sin 2J v _ .!:.... (4f ) (cos 2s) v 2 = 0, (4) 
ds 2 LN~ wN2 J 2 viN

2 
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Although it is possible by a suitable transformation10, lIto remove the 

alternating gradient feature of the linear term, we do not believe it necessary 

to make this transformation explicitly in the present work but may consider the 

essential features of interest here to be represented by use of the smooth 

. t IS coe 1. 11 11approXlma. t . Ion equlva1en 0 f th' fflClen··.. t In VIha t f 0 ows, t herefore, 

we shall take the unperturbed radial motion as represented adequately by 

d 2v 2-Vr 2 B 2 
ds 2 + (--w-) v - "'2 (cos 2s) v =: O. (5) 

The type of perturbation ·which will be effective in implementing injection 

by the method previously described v..-ill be, in essence, a periodic variation of 

the field strength along the equilibrium orbit, with a period equal to the length 

of three magnet sectors. We thus include the perturbation in the differential 

equation by writing 

d
2 V 2 B 2 2 

_v + (~) v - - (cos 2s) v - A. cos _s_ = 0, (6) 
ds 2 N 2 3 

where A. serves to measure the strength of the perturbation. Illustrations of 

coupled motion may be obtained by considering the pair 9, 12 

d 2v 2"0 2 B 2 2 \ 2s 
-2 + ( ;) v - "'7' (cos 2s) (v - Y ) - '\ cos - ::: 0 (7a) 
ds . 3 

y + B (cos 2s) vy ::: 0, (7b) 

which are deriva:)le from a Hamiltonian 

P 2 2v1+'= 
2 

+ .~ + 2(--1 r ) 2 Y2 N 

3 B 2 \ 2s-+ (cos 2s) v + (cos 2s) vy -A V cos- (8)
2 3 
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with y denoting the axial coordina':e, in the same units as v and with 

p == dvlds (9a) 
v 

p = dy/ds. (9b)y-

It will be observed that as Vr/N-+ 113 the stable solutions to Eqn. (5) 

will become increasingly limited by the 2/i 13 resonance, in Y/hich the betatron 

oscillations experience a phase change of 217"'13 in progressing through one 

magnet sector. Similarly, in progressing through one period of the perturbed 

structure (i. e ',' through 3 sectors) the corresponding phase change 'would 

approach 21r and the stability limitation for the solution to Eqn. (6) could be 

regarded in this sense as due to an integral resonance. In examining particular 

examples of solutions to Eqns. (7a, b) we shall, in what follows, specifically 

employ 

.,) IN 
r 

= 0.3 (lOa) 

V IN = O. 0992 (lab) 
z 

B = L 15 (IDe) 

and Awill assume values in the range O~~ <:.. 0.025. (lad) 

IV" THE SOLUTIONS TO THE RADIAL EQUATION 

FOR A STATIC PERTURBATION 

The solution to Eqn. (5) -i.!:., of solutions to Eqn. (6) with A:.::; 0 ­

13 
can be estimated by use of the analytic methods described by J Moser and 

the unstable equilibrium orbits alternatively can be obtained rather accurately 

14 
by substitution of a trial solution and use of harmonic balance (Table n. 

-9­
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TABLE I 

Location of Unstable Fixed Points for Eqn (5) at s = 0, as obtained 

(i) by Applic8.~iOn14 of the Moser Method, 13 through terms of order ("V /N-l/3)2; 

14
(ii) by Harmonic Balance v,rith Terms of Argument 2s/3, 2s J and 10s/3; and 

(iii) Computationally. 

14 14 .
Calc by Cal. wIth Computational 
Moser Method Trial Function Results

Point
 

v v v
Pv Pv Pv 

1 -0,5132 0 -0 5237 0 -0.5238 0 

2, 3 o 2256 +0.2667 0.2319 +0.2783 0.2320 +0.2789 

The direct application of the Moser procedure in the case A I: 0 is more tedious J 

since the initial transformation required to eliminate the forcing term -A.cos1J­

introduces time-dependent (A -G) terms into the coefficient of v, but a similar, 

somewhat simplified, ai~3.1ytic method can be applied conveniently and, moreover, 

the fixed points again can be estimated quite well by use of harmonic balance 

15
(Table II). 

-10­
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TAJj L.t; 1I 

Lo~ation of Stable and Unstable Fixed Points for Eqn. (6) 

at s =: 0, with A., :::; 0 006 

I 15 Calc Yfith Computationalf Analytic Calc. 15
Trial Function, ResultsPoint 

v v vPv Pv Pv 

Stable ':"0 08362 0 -0 083803 0 -0.083802 0 

1 -0.44855 0 
I 

-0.44336 0 -0.44345 0I 
t 

2, 3 0.2161 +0,2841 0.22451 +0 3023 0.22457 +0.3030 -
r 

The detailed characteristics of phase plots ';rhich are obtained f'Jr any 

particular value of)., depend, of course, on the particular value of s (~.10d. 3-()-­

or of 8 (mod. 61i /N)--to which they apply, but the topological features are 

indepe:J.dent of s (compare Figs. ,,~ u,lcl 3, -,7hich respectively apply to s ::: 0 

and to s ::: 11' /2, mod. 31r). It is found, firstly~ that the application of the 

perturbation (!\, ) 0) does open up, as desired, the phase curves which ori {inally 

intersected at one of the unstable fixed points and, secondly, that this fixec 

point and the stable fixed point approach one another as the strength of the 

perturbation is increased (Fig. 4)" to result in the complete dis~~ppearance of the 

stable region at a critical strength of the perturbation, f'.v ::: 0.01136 (Fig. 5).
c 

It may be noted in passing that, for small "1\., the locatbns Of~ll~se two fi'~ed 

*Additional phase plots are sho',om in reference 16. Figures 6-11 further 

illustrate the evolution of phase plots of the form of Fig. 2 as the refex'ence 

point is taken as s ::: 0, 'T'I /2, 5 fT /2 
-11­
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(lla) 

(lIb) 

where v 2 0 denotes the coordinate value of the unstable J;~:,jd point ..vhe:l /\ =0 . 
•� 

A parabolic fit. tangent to the lines (Ila. b) at A., = O. may be v;ritten� 

A = v. .Iv - vz,o} . [4/9 _ (Z"V /N)zJ (12)r 
v 2 0

• 

for\";hich the maximum value of A. 

(13a) 

is attained at 

(13b) 

With'V r IN:; 0.3 and -v2,O:; 0.5238, Eqns. (13a.b) suggest� 

A c:; 0.01106 (l4a)� 

v = -0. 2eI!,. (14b)�I 

c� 

which may be compared with the computational results� 

A, c =0.01136 (l4a') 

V = -0.2650. (14b')c 

We note, finally, that suitably injected particles --.=. i:. with their Ltitial 

phase points lying in the region A of Fig. 2 --will move such that their phase 

points pass :~.,·l-:: ::cl.'" around the stable region which is formed as the perturbation 

is being removed. .We may expect, therefore. that particles captured in this way 

will fill the stable region wit,h a phase density equal to the maximum. theoretically 

. attainable. - 12­



v. INJEC'rION' 'WITH A SECULARLY-DECREASING PERTUR8ATION 

We imagine tbeinjector situated physically at radii .less than those of the 

stable region into which it is desired to inject--say with v ~-O. 55 at s =0 

(Fig. l)--to avoidany;interference by the injector with the captured beam. With 

an assumed particular value for the rate of dec·..e "e of the perturbation, one then 

seeks to find. by digital computations; the regions of phase space within which 

particles may be stal'ted. at various initial values of L , to become captured 

within the final stable region. The possible tlifficultieswhich conceivably could 

be discovered in such a search would be: 

(i) an appreciable fraction of the region of interest might be found not 

to pass throughr~gions to the left of v = -0.55; 

(ii) the location of the region with respect to mOn'l.entum, Pv' might 

vary strongly with the initial value of X, ; 

(iii) the region in phase space might be found to be seriously filamented; and 

(iv) the coupling between radial and axial motion m~y be found to playa 

more dominant role than is usually the case with stable motion, with a consequent 

complexity of the four"'dimen.lonal phase space and of its projections onto the 

radial and axial sub- spaces. 

!t. Characterietics when only radial oscillations are present. 

For an initial computational investigation it is convenient to confine one's 

attention to motion in the median plane (axial oscillations absent). One may then 

commcnce by finding the range of momenta. Pv' which, at v = -0. 55 and for 

various representative initial values of Iv. lead to capture into the stability 

region. From such values other suitable initial cOnditions could be found by 

-13­
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integration backwards in s, to obtain a transformed set of pdi~ts situated at 

smaller radii, although with a three-s.ector accelerator (or ~'lit11 injectors located 

at every th '<1 sector ar.-onnd a larger accelerator) such a reverse transformation 

should only be carriedthrQt~gha three- sector interval in ord,ier to avoid the in­
, 

elusion of points which would encounter physical interference by the injector 

structure. The regiohbetween these L"lO lines in the radial phasl -planv·-,::,.5!' > 

between the lines at v = -0.55 and its transform through,t.s =t -3'11' --can thenbe 
. I . 

. . i 
explored to find the, ( .mdaries of the regions suitabl~ forinirCtiOI:L 

Such a con'lp:..tational survey of the racial phase-planQhas been Illude . .. . ' " 

. ' ; -4' , . " 
for the case dA/ds =-0.002/3 'If =-2.122 x 10 ,·...hich cqrrespomls to a linear 

decrease of the perturbation at a rate such that t~1C strength ~f the pcrt'..lrbation 

would decrease from its critical value, "- c' to zero in tbe tupe iakenbY,th,e . 

particle to traverse 17 sectors of the unperturbed machine. jTheres.uitsof this' 

surycy are summarized below. 

For the initial value v = -0.55, the range of "mqmen.", p , vlithin 
v 

which particles are captured for .various initial values of)..,' , are assho\:n in 

E'ig. 12. It is noted that the useful values of ~ extend cOl\SicJ!erably beyond the 

critical value, f.w c' since A. v,ill decrease' during the time thf phase points of 

the particles progress through the region viherein the stable ax:ea is ueing 

established. As mentioned above, each such range 'of vahWs ......as tht '1 :!,)rojected 

. back\7ard in s to give a second locus of values, applicable three sectors earlier 
, 

(~nd for a value of ~ gTeater by 0.002). The intermediate region of t..lC phase-

plane, between v = -0. 55 and its transform, ....'as then survqycd to ob::::dn 

results of which those portrayed in Fig. 13 are typical. Fo~ the particular case 
-14- I . 



studied, fib.mentation of the "phflse fluid" was almost entirely absel1tth:cough­

out the entire phase area which ',ias ~ ':""'.pped out in this way, although iii a few 

cases the computations. showed evidence of an apparent incipient filamentation 
oJ.", 

developing along the lower edge of the region (Fig. 14, insel't), 

The areas of radial phase space \"ihich thus should be covered by the 

injector were obtained from curves of the type shown in Fig. 13. These areas, 

A( f.-), have been plotted, vs, the initial value of "J..", in Fig. 15 and to lead to 

the integrated result SA( A. ) d).. 0.00046, (15)0 

If the injector is capable of delivering n particles per unit area of I' lelial 

.phase space per unit time, the total number of particles vthich thus could be 

successfully injected by this means .:0 lId be 

* Amore detailed examination of the progress of points (~ llch as those designated 

by "c" and "d" in Fig. 14) which suggested the occurance of filamentation led to 

the following interpretation of the observed behavior. In.itial conditions lying 

just below the main shaded area of Fig. 14 lead to trajectories which pass 

around the growing stahle region of the v, pv plane before this area has grown 

sufficiently to capture such particles. The trajectories of particles wIth initial 

conditions such as those represented by the points "c" and ncil! of Fig. 14, 

however. pass sufficiently close to the fixed points situated in the right-hand 

. portion of the phase diagran -- e. g,) close to, but inb.i.de of, point B(or C) of 

Fig, 6 -- that the progress of such phase points becomes quite slow an<; the 

stable area grows to capture these particles before they reach a region from 



~~'~~~;. 
7 .. 

. r.·····... 

:, '" 0.' 

ct 
,-,

It, 

:: n 0,00046 
WN 0,002 

n 
== 4.3 __ (16)J 

t.VN 

where w!!de/dt denotes the angular velocity of the particles in the accelerator. 

This result may be compared with the maximum theoretically obtaino.: lie by 

direct injection, during n three-sector interval, into the stable area without 

violation of Liouville's theorem, namely 

rJ = ~ ( ~) . [Area of stable phase Ploj 

= ...!!. ( 61r) (0.223) 
Ii) N 

= 4. 2 {a.)nN . (17) 

Since the estimates expressed by Eqns. (16) and (l7)are effectively identical, 

it ,i.s evident that excellent efficiency of injection into radial phase space has 

. been Obtained from the region mapped in this example, although with injection 

through more than three sectors or with more complicated differential equa" 

tions a more pronounced filamentation or dispersal of phase space might ,;'011 

-16­
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develop to present practical difficulties, * The 7.:'ansfer of radial phase space 

from outside the stable region to the interior appears to be q"Jite orderly in the 

case which Vie examined and so encourages a continuation of the investigation of 

this injection (or extraction) method, 

* An attempt was made in the present example to extend the area leading to 

capture back through an additional thr~e sectors--i. e., through an adL iUonal 

(:).. s :;;; - 37'f - - in the interest of examining the possibility of injection at intervals 

greater than three sector:J without loss of phase density. It was found, as might 

have been anticipated, that the additional useful area of phase space (fromwbich 

particles would be successfully captured) became very slender or "stringy". In 

addition; moreover, this slender acceptance area followed a rather tortuous locus. 

In particular .. the region for which ""A, = 0.0174375 at s :: 31l/32.)wa~ followed 
. 0 

backwards in s through an interval - 31l"to determine the initial conditions which, 

with A. = 0.0194375, would feed the area in question. This area.. which accordinglyo 

was subjected to the reverse transformation (throughAs :;:: -31l')for the purpose of 

this examination, thus was specifically that of Fig. 2.7, to which reference is 

made in the following paragraph of the text. The additional. area which the reverse 

transformation mapped out in this way. forA=: 0.0194375, was found to extend 

virtually to v ::: - 8 and to positive values of about 4 ~, while going to momentum 
3 

values (pv) of -3 45 and about -4,2, respectively. The difficulties which 

this extension of the phase area would imply for the possible application of the 

method to such six-sector injection almost undou tedly would become exacerbated 

f"" by the inclusion of axial motion in the dynamics. 

"'17­



,...... The exact azimuth at v:hich the injector should be situated might be. -­
, 

adjusted, in (l'acfL: 3,toachiev~a conyenie'lt m.atchto the properties of the 

injecttJr; it probably would be convenient to select a location where the useable 

values of Pv vary the least during the interval that the s~cularly"changing 

perturbation is being employed and for which the phase diagrams defining initial 

conditions which lead to capture might be similar to that shown in Fig. 16 

rfor which s = 3'll'/32" \. (s; 311"/32) ~A.(s=O) - ~~'~10~ AS ;;: 0.0165 - 0 .. 0000625::;
~ - ~ I 

0.0164375~ and d"A,lds = - O. ~2 J (phase plots corresponding to this angleJ 

s = 311132, are shown for constant values of~, X-= 0 and k:: 0.006, in 

Figs. 17 and 18;similarly~ Figs. 19 and 20 apply to s :.:1(/2. and the constant 

values A,= 0 or~ = 0.006, respectively.) A series of graphs defining initial 

conditions at s,=31l132 which lead to capture ar~ ShOwn in Figs. 21-30, 

for cases in which A, decreases to zero from initial values (at 31r'/32) of 0 .0054375~ 

0.0074375, ..• 0.0234375. The.se curves, and that of Fig. 16 presented 

earlier,all show the acceptable momenta, to lie near Pv ::: O. If the location 

s '= 31'(132 were then actually selected for operation,. the areas of interest 

would be similar to those of Figs. 21-30, slightly modified sothat the right.. 

hand boundary isloCat·ed at a fixed value of v (as. fOr example, v =-0. 55) ..... 

typical of such a modified graph is Fig. 31. which may be compared with Fig. 27. 

,B. The effect of axial motion. 

As in other accelerator investigations, the inclusion of the additiOlUil. 

axial, degree-of-freedQnl in the present study introduces con;.;iderable co:rnpli­

"" cation and requ~es a rather extended amount of computation ifa compreb.ensive
" , 

-18­



t .. 
II�
I...•. :. -_.--~.-_.-

• 'I" ·MURA...$61­

picture is to be obtaine.d, The importance of including the axial m-otion$n 

such studies is cl~arrhowever, as bas been emphasized by Terwilliger in 

connection with a computational investigation17, l80! a method which proved 

to afford a promising means of beam extraction from a spiral sector accel­

19 
erator. As we shall see, the results which have been obtained for the 

present problem do indicate that: as expected, the axi.al~Hotion \.::~, :ets a 

marked effect on the performance and. this influence must be kept in mind 

when evaluating the utility of the method if ~fficient injection into the entire 

stability region of the accelerator is required. 

A search for the y- stability limit for solutions to Eqns. (7a, b) in the 

absence oiLe perturbation indicated that this limit lay between O. 72 and 0.85 

if the amplitude of the radial motion ·was initially z~ro <.L!:.., c:orresponding to 

the c:cigiL of the~'a(Ualphaseplot shown in Fig. 1). For larger amplitu1;Js 

the permissible initial axial amplitudes were somewhat reduced, as shown 

in Table Ill. 

TABLE III 

Computati-onal Estimates of Limiting Axial Amplitudes, with various 

initial Radial AInplitudes, for Solutions to Eqns. (7a, b) 

with l\, = O. 

[ p =p =0' 
V o Yo "'J 

Yo
Vo 

0 0,71. 0.85 
-0.001 0.61 0.72 

-0.001.5 0.52 0.61 
. 

.... 
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<' ..'. ". . . - "',' . " ... ; '. - -'. . . . .. ',"",' ",. '. - ";" :':~'-" .'- . .; _.' ... -" • 

..tbOd, we bave~e.pI'elimjnary cmnPlltations for the ca. in which tile 

~tial strength oftbeperturbation is A := 0.016:5 (andM/ds :::-0.00213ff") 
-0 

..m. for which Fig.. 13 applies in theallsence of axial me>ticm. The y--$tability 

limits for Eqns. (7~b)\Vere then sOught for v0 =-0.55 and for v :: -0.85,o 

ill each case a8sipitlgtotheinitial r&4ia1 momentwn,pvo' a value neartbe 
~ 

c.,.rof the previously.perJlliQible ranp· of values. The results of tbi• 

.-reh, aummarJ.Hd. in TablelV,iDdicate ttaatthe aaiaJ.•••b.i1it71ba#a for 

....·repreaentativec... were materially 8maller ·~thoae8bowninTableUl. 

TABLBlV 

/. 

. -;­

'.o 
-­ -­

I­

-G.II ...... 1161•. 0.31 at 

-0." -I -.O.'&Z 0.1' O.ZI: ,.. 

value. of Pv ' I.Mig to atable motion, waa then.-Q.\tMd aty0 • -0.55 
o 

ami at v0 =-0. 85 tor several initial axial amplitudes. The resqlta of tbi' 

survey are 8umQlarised1nTable V. 
-zo­



TABLE V 

Computationa.l£stunates of Range ·ofPerDlts;sible Radial Momenta8 

with ~epresentative initlal radial and axial coordinates, for Solutions to Eqns. 

(7a8 b) with A0 == O. 01b5 and <tA.!ds ::: -0. OOZ/311' . 

l:yo -::. 0] 

.• fr; 

0 -0. 55 -0.0775 -0.0800 -0.1925 -0.1960 

O. 19 ..0.09 -0.19 -O.~ 

O. II "'0.09 -0.10 -O.ao 
0.26 "'0.10 -0.11 -0.19 -O.lO 

O~ 31 -0.12 -0.13 ...0.19 -0.".. 
O. 37 -0.14 -0.15 -0•• 

O. 44 -0.18 -0.19 -O.ll 

B.52 -0.l3 -o.u 
'": 

0 -0.85 -0. Ito -0.195 -0. HI -o•• ~ 

0.19 "O.ll -0.22 -0,.15· -O.Ut 

G.·ZZ -O.l.l. -0.23 -0.a6 -o.~· 

O. l.6 -0.l.3 -0.24 -0.Z7 -0...28 

O. 31 -0.25 -0.26 -0.Z8 -0.Z9 
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It is clear that axial amplitudes 111.Uch s:J·allerthan thQ&e which 

appear in Table IlIresuJt in a material· ~eduction of the useful range ofpvo' 

The larger values of Yo listed in Table V are seen, moreover, to be associated 

with values of L differing from those suitable for Yo.. =0 and inject'.' with 
'0 « 

values of Yo as large as those listednear the end of each section of Table V 

may be of rather linlitedutility. 

The results of the preliminary investigation described above thus 

indicate that it would be of interest to obtain a more definitive pictureoftb~ 

region ofphase-$cpacewmch must be covered for tWC>Qegrees-of-freedom 

if efficient,virtJ,tally complete, filling of the final stable phase volume is to 

be achieved. With this objective, therefore. a large ·numbe~ofphaliepQints 

(v. Pv. y. Py) which were considered representative<of various~ti~nsofthe 

stable region in the phase volume of the unperturbed accelerator were fOllOWed. 

"backwardn in time as the perturbation now was permitted to increa.se,.<frQIfi 

zero, during the course of the computation. Upon examiniIlg theco~tatjJ)nJU 

results at intervals of 371' for the independent variable s, the appropI."iate 

phase-coordinates for injection in each case were then taken to be tl1.e values 

found the first time the results showed v ~-O. 55. 

Specifically, from exploratory computations similar to those .sw:n~ized 

in Table III. it wasstiniated that the stable phase volume for the unperturbed 

equations (~ =0) roughly amounted to 0.060, or possibly 0.068, Av· AP'V'~ Y' 

~Py - units. This, estimated stable volume was imagined to be .·;ided into 

some 51Z "cel1s"~ individually of volume 0.000133, within each of-whIch.a 
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t" single (stable) point was selected as representative. By following the p~a&e 

trajectories of suCh pofuts. in the reverse mannerdesct',ibed in the>preceedtng 

,Paragraph, then..a reasonable mapping was obtained ,of the region of pb~se ". ' 

space which appropriately should be covered by the injector. * 

From the results of this computational survey it-appeared thatsome,l:)l% 

of the desired phase volume would-be filled if three-EJector inje.ction, at 

s = 3'fl132, covered the range** 
-1. 50 ~ v 5: -0.55 -0,4[2 !5: Y _ +0.492 

-0. 301 ~ Pv~ +0.05 -0. 65 ~ p £;. +OA)5
Y 

similarly, and perhaps more significantly. about 88" filling wOl1ld be ach.i~ed 

by an injector which only covered the region 

-1. 26 ~ v ~ -0.55 -0.492 i/ry..: +0.•92 

-0. 21 ~ P L.: +0.05 -0. 55 ~ Py ~ +0.55 .v 

Since, moreover,thez:e evidently was considerable cOI'relationbetw~enthe 

required values of y and Py, the last-mentioned final dcnsityof88~woulc::iin<l~$d 

be obtained under these circumstances if t:.3 axial phase area were covered by 

it: '. . .• ..•. . .' .' ...••...••. >., .. ,.' \ . 
In the actual computations it was of course sufficient only to follow ·4a1fot·tbe 

~---_:_--~-

points which were taken as representative of the phase...volume-elementssel~cte.d./ 

due to the invariance of the differential equations to a simultaneous change of . 

sign of y and Py [cf. Eq~s.(7a.b>J ' 

* 
The required values for A. which would prevail at injection for thesuc.cesstul 

" 3 of this series were embraced by the interval 0.0074375 .X.40.0214375. 
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an injector which was somewhat "wall-eyed" axially~ats ::;-31Y!-3Z) in the 

sense of onl~ prO\tidingfull pbase density within th~~ea sketched onFig.3Z. 

VI. COMPUTATIONAL 'EXAMlNATlQN-OFtrHE EQUATIONS 
I 

FOR A SPIRAL-RIDGE ACCELEItAT.OR 

Since the computational work described in the previous sections 

employed idealized equations (namely (7a:»1 ' it is of interest to m~kea 

brier comparative examination of t~la corresponding phase plots which rep­

resent exactsolqUons of the dynamical equations for •. a spirally ridled.FF'AG 

accelerato~. With this motivation attention was directed to a structure with 

N = 33, k = 79, l/w = 1Z52, 

and with a ''flutter factor" of 0.25 in the unperturbed field. For theperturlJed 

structure it was thour;ht to be convenient to employ a. fie14~bUD:l,p which 

followed the same spiral pat~ern as Lle unperturbed field except for thetnree­

fold longer period which, as before, would be appropriate for excititlltke 

V r = N/3 res.011ance. The scaling median-plane field was thus taken toe 

* given by an expression of· the form 

* To permit use of existing MURA programs for the I:BM-704 computer, 

the expression for the median-plane field was imagineq asre~writt-enin the form 

= 1 - k~cos l~lk(l+X) -N I
,] + sinl ~/4(I+X} 

-NIt]] + 0.25 cos 3 [~t L-rt(l+x) - N 19] , 
whereN' = N/3 :;: 11 and l/w' = U/w)/3 :;= 417 33333, 
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::: 1 +0.25 cos [+~(1+X) -Ne}' . _ •••. (18) 

- A cos {-}- [ + 4U,,"x) - NS] - 1f}.. 
in which a typical value of ). I sufficie~lt1y large to cause an apprecia'l.:1e mOdif­

ication of the redial phase plots, V/ould be ') ~ 0 .. 0015anu for v/hich it proved 

of bterest tt) plot the results at 33e :: 0, mC)(.L :)1t'. 

The stable fixed poir~t for the unpertl.:r:':'c':': structure [·~...ith~::: 0 in 

Eqn. (18)J was found to (for 339::: 0, mod. 21f) at 

x -4. 15 x 10-5 
FP = 

" Px, FP =-8.527 x 10-':> 

and the frequency Of small-amplitude radial betatron oscillations was suchthl1t 

cr ';to.59 1't (or tJ IN= 0.29 ),x ' 7 r 8

This radial oscillation frequency is thus substantially the same as thafused with 

the simpler Eqns . (7a, b); for the axial motion, likewise, tile value of is 
y 

t:j ¥ 0.19,,1t (or -z) IN ;; 0.09 ),
-:f,) Z 7

as in the previous work vvith Eqns. (7a, l,J). 

The radiafphase plots for t~-:0 'Lr:pcrturheci structure approache<.l the 

familiar triangular shape (Fig. S3) as the amplit~c.e was increas~(:> but it 

dd not appear (in a rvasollalJly caref.:.l i:1Vestigation) that tne rotation number 

then locked in to z.-rf13 to produce fixed points of order 3in regions suchast~at 

designated by C on Fig. 33. It may, nOLoe-the-lcss, be reasona'Dlc tocon~':'Jer 

the region of x, P ph,ase space vlhich may be put to effective use to ;"e Stlbjtall­x 

tially that contained within the largest solid-Hae phase plot on Fig. 33. 

The complications which made it clifficult to construct a complete orqerly 

set of phase plots for theunpert'...:.rbed structure also a.ppear to have their eff~cts 

on the r,-::sults of dynamical st,'.Jies '.inen the strength of the perturbation is 

!'" char~.·~terizeQ by the illustrac;iv.:: val'...e: A::: o. 0015. The most importailt 
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f""\� characteristics relevant to the present investigation seem to make their 

appearance, howev;erlFig~ 34), Thus, for!- ~ 0,0015 (and again referringtbe 

results to 33e - 0, mod, 61t), the stable fixed point is founei to lie at 

XFP :: -1, 413 x 10- 4 

-3 
:: -8,018 x 10 

·x, FP 

In addition, an unstable fixed point analogous to pointPof Fig. 18 appears
"" 

to occur at� 

3� 
X =� -.4. tllB -71 x 10­
FP ­

-4 x 10 < 

Thus one might propose injecting into regions such as that outlined by the 

solid curve in Fig. 34~ which would grOV{ in area as the strength of the 

1"'\,', 

perturbationir-; decreased. to achieve ,an effective filling of the usefuLst~ble 

phase region which is depicted in,Fig. 33 for the final unperturbed accelerator. 

VII. CONCLUSIONS. 

The particular injection method discussed in this paper was fOUnd to 

permit effecient transfer of radial phase space between l'~gions exterior ,and 

interior to the accelerator ~ ,althoughcQl'I;l.plications d'light be expected to ariSe 

if the physical limitation imposed at the time the beam returns to the injector 

azimuth were deferred for longer than the three sectors considered here. 

The results ofc:1e method appear to show a' close resemblance to those which 

preViously6 have indicated the potential utility of a similar perturbation for 

the efficient extraction of a beam from a three-sector fixed-field accelerator . . ' 
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The preliminary studies of the influence of substantial axial oscillation 

amplitudes on thepa,rticle behavior indicated that tJ:lislIlfluenceY;as pron()U~ed 

and so might detract materially from the practicality of the method unless 

additional considerations, such as themitation of axial amplitudes by the 

vacuum chamber or the damping of ': :cillation amplitudes prior to .. se of the 

method for ejection. served to limit the axial amPlitudes to values consider­

ably less that are dynamically stable in the absence .of theperturbat~on. 

It is hoped that the method and results reported here .'will pravefinlggestive 

of other possible methods of utilizing a ~secularl;r-changing perturbation in 

1.:0, ",.: .>':~ with the non-linear d:.lamic, 1 properties of the orbits. including 

methods in which the perturbation may have a greater pericx1 than that 

employed here and so would interact v.ith a machine r .,.. ) " .::e rather than 

with an inherent sector resonance. 
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CAPTIONS FOR FIGURES� 

Fig, L Phase plots {ors :: 0 (mod.'1T1l of solutions to Eqn. (5) with 

-Jr/N =0.3 and B :: 1. 15. 

Fig. 2. Phase plot l for .3:: 0 '" .. :: :, 31t'). of solutions to Eqn. (6) with 

Vr/N == 0.3, B :;: 1.15, and A.= 0,006. The curves thtough the upper and 

lower fixed points are seen to "open up" in the neighborheed of the unstable 

fixed point situated at v :: -0.44345, the stable region (shaded) has become 

smaller than for A:: 0 (Fig. 1). and the stable fixed point has shifted ~o 

v :: -0,0838. The heavy arrow at A suggests a region from which 

injected particles would flow to flood the boundaries of the stable region. 

Fig. 3. Phase plot of solutions to Eqn.(6), with the same values for the 

coefficients as were used in Fig. 2 but pertaining to solutions at 

S :: 1H2 (mod. 311"). 

_ ...:' 4. Coordinates of the stable and unstable fixed points situatedontne 

coordinate axis, for solutions of Eqn. (6) with V IN :: 0.3. B=1;. 15;.' ..' r� . 

S :: 0 (m04. 311) vs. A. These two fixed points are seen to appr~eh ope 

another as the strength of the perturbations increased, becoming 

coincident whenAassumes the critkal value.A =: 0.01136. 
c 

Fig. 5. Phase plot, for s :: 0 (mod: 31T')~ of solutions to Eqn. (6) with 

-0 IN :::: 0.3 and B ::; L 15 whenA has the critical value A. == 0.01136. 
r c� 

The point designated F. P. represents the confluent fixed point.� 

Fig~ > 6-11 Evolution of phase plots, similar to Fig. 2, of solutions to Eqn. 

(6)� (with l)r/N =' 0.3, B :::: 1. 15, and A. =: 0.006J as the referer~cepoint is 
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.£:.... v.a. ....-.. _':'Y. __ 

sucee$sivelyt~tlat s =0, ff/2, 'Jr, 31172, 217', and5f11.~(m.od. 3'il1. 

Corresponding point~ ':1 this set of diagrams are denoted by the letters 

Fig. 12, Range of initial momenta, PV ' vs. the initial value" A. oJ of A., for 
o 

capture of particles into tae stable area of Fig. I when the initial coordinate 

is v 0 = -0,55, The results "ere obtained computationally for so_ tions 

of Eqn. (6) with the perturbation decreased to zero at the rate dd~ = 
n,002 

...... ,' _ '-_.­

Fig. 13. Range :'of initial conditions for capture of particles into the stable 

area of Fig. 1 when the initial strlJth of the perturbation is il ::: 0.0165 
o 

and d i\ 
ds 

=_ 0.OQ2 
31'r 

The boundary ab transforms, after three sectors 

(boS = 31t)~ to v =-0. 55. 

Fig. 14. Detailed portion of diagram. similar to Fig, 13, for capture of 

particles with /L = 0.0195. Particles with initial values representedo 

by circles are captured and those depicted by the crosses are not. 

points denoted by c and d represent i~lit:ial values which were four:.(·l to 

lead to stable motion a..Yld thus' provide evidence of an apparant incipient 

filamentation (see footnote. p. 15 of text). 

Fig. 15, Area of phase space from which particles may be successfully 

injected into the stable area of Fig. 1, as a function of >- . for 
o 

d\ 0.002 , The ordinates were obtained from c.iagrams of the 
~ = - 311 

type illustrated ., Fig. 13. in which one boundary represe~'1ts the locus 

.of points which transform after three sectors to v ::: -0.55 From ·the 

data shown here. the 3:llt f A(A,.) dA'" 0,. 00046 was ot/tained, 

-33­



MURA-t561 

Fig. 16. Transformation of the shaded area depicted in Fig. 13 from s;;: 0 

to. ;;: IT"/32, so that this region becomes more centrally located with 

respect to p ;;: 0 (compare Figs. 2 and 3, for which the correspoD.;lL:g 
v 

values of s differ by"rr/Z). The segment~'b'of the boundary represents 

the transformation of the portion denoted as ab on Fig. 13, In eiLH:r case 

the shaded region has an area estimate,,: as 0.042 v· Pv-urdts. 

Fig. 17. Phaseplotsats=3f(/32, moQ.1f, forA.=O. 

Fig. 18. Phase plots at s ~ J 11'/32, mod. 31(. for A::: 0.006. 

Fig. 19. Phase plots at s =11/2, mod.1(, forA;;: O. 

Fig. 20. Phase plots at s =1112, mod. 3r, for)C;;: 0.006. 

Figs. 21 .. 30. Range of initial conditions for capture into the stable area when 

s = 311"/32 and the initial strength of the perturbation (at S = 3 1ft32) is. 

respectively. 0.0054375, 0.0074375, ... 0.0234375. 

" Fig. 31. .:lge of initial conditions for capture into the stable area when 

s ;;: 3 fr/32 and the initial strength of the perturbation isA:::: 0.0174375. 

This diagram is i(~entical to that show~: in Fig. 2'i'. save tilat the right-

hand edge of the area of acceptance has now been located at v ;;: -0.55. 

Fig. 32. Region of axial phase space leading to an estimateci 88'0 filling of the 

stable phase volume, .ii usee at s ;;: 3 rr/32 with three- sector injection and 

dA/ds ::: - 0'3°;2 , with -1. 26 ~ v :S -0.55 and -0, 21 ~ Pv~ ,.., i, 05. 

Fig. 33. Radial phase plots, pertaining to 339 :; ° (mod. 2'0't: for a spiral 

sector accelerator with N = 33, k::: 79, 1/w;;: 1252. and f :::.2. The 
4 

rotation aumber becomes close to 211'/3 for phase trajectories passing 

f""'. close ,') point C, although no fixed point of order 3 wasfouncl. The region 



of ra ial phase space of which effective use could be made might be 

considered to be substantially that contained within the largest full-line 

curve on this 

Fig. 34, Radial ph~e plots, pertaining to 339 =0 (mod. 611), - for a perturbed 

spiral sector accelerator for which the parameters are the same as for 

the ,'ucture to which Fig. 33 applies, save for the addition of the field-

perturbation -0.0015 cos\ 4- [ ~ ~ (l+x) - Nel 1f~ to -Bz, Dirk 

The point P denotes an ll::lstaule fixe,: point and the soLd curve may be 

considered to enclose an area which grows as the perturbation decreases 

in strength and within which particles may be captured. 

Fig. 34. Phase diagram intended to explai the occurance of apparent 

filamentation of phase space c;estined for capture, in which phase 

trajectories passing close to the ft .~d points C and B move sufficiently 

slowly that the perturbatiol.l becomes sufficiently reduced to permit 

capture of such particles (see footnote, p. 15). The phase-trajectories 

illustrated originated at v = -0. 95, with -0.246" Pv'= -0. 305, when 

I\. = 0.0195 (see Fig. 14, esp. insert). 
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