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ABSTRACT

The use of the \) r = N/3 resonance to implement injection (or extraction)

in a FFAG accelerator is examined and computational examples of some of the
expected performance features are presented. The field of the accelerator is
considered to be perturbed by a 'field bump', whose period is equal to three
periods of the basic (unperturbed) magnet structure, so that the radial oscil-
lations represented by particle trajectories with amplitudes near the stability
limit undergo a phase change of substantially 2T/3 in passing through one
sector of the unperturbed machine and a change of 27 in the basic period of the
perturbed accelerator. It is shown that the boundary of the stable area in radial
phase space, which normally is roughly triangular in the unperturbed accele-
rator, can be opened up at one of the vertices of this separatrix by a suitably-
phased perturbation of the type described and that through the fixed point in this
region of the diagram a new, modified separatrix will pass to enclose the stable
phase area of the perturbed accelerator. Particles injected so that the initial
portions of their phase trajectories pass around this latter phase area will be
captured, with full phase density, as the perturbation is decreased (ultimately
to zero) and as the stable phase area, in consequence, becomes enlarged.

*AEC Research and Develcpment Report. Research supported by the U. S.
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It is seen that injection with full phase density may be expected if the injector

at all times covers the entire region of phase space from which particles must
originate in order to surround the growing phase area of the accelerator.
Computational examples, with simplified equations of motion, show that the
region which thus must be covered by the injector can be that enclosed by a
boundary of rather simple shape, and is substantially free of filamentation, if
injection occurs every three sectors (as in a three-sector accelerator). It also
is found, however, that the requisite phase area to be covered by the injector
becomes quite tortuous if transformed through an additional three sectors, as
would be required to define the area needed with six-sector injection. The
inclusion of axial motion in the computational examples showed that an orderly,
efficient transfer of phase volume into the stable region of the unperturbed
accelerator could be achieved by this method with three-sector injection and that
the phase region which then should be covered by the injector again was enclosed
by a simple boundary. Examples are given of phase curves which are similar
in their essential topological features to those used in the aforementioned study
but which represent the dynamics of radial motion in a spirally-ridged FFAG
accelerator, the field~-modification which was applied as a perturbation in this
case being taken, for convenience, as an additional scaling field which follows
the same logarithmically-spiralling pattern as that characteriging the unperturbed
accelerator. :
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I, MOTIVATION

In the design of circular accelerators it is often of very great importance
to inject efficiently if satisfactory performance is to be achieved, and this
aspect of the designcertainly warrants explicit attention in consideration of
FFAG synchrotronsl-gintended for the production of very high current beams. 245
Many of the considerations which apply to the injection process also apply to
certain extraction problems, since what is basically involved is an orderly
transfer of phase space between regions exterior and interior to the accelerator.

In the present paper we direct our attention to a simplified problem
which may be considered as the idealization of a possible method for injection
into a fixed~field synchrotron, employing a secularly-changing (decreasing)
perturbation of the magnetic field but without the intervention of acceleration
mechanisms. It may be mentioned, however, that the specific problem
considered here evide: 1y consitutes a rather realistic description, in reverse,
of an attractive method of beam extraction from a (three-sector) spiral ridge
cyclotron in which the aforementioned secular change in effect is achieved by
acceleration of the beam into a region of modified magnetic field. 6 With either
interpretation, a fundamental feature of the present work is, as we shall see,
that the essential non-linear character of the equations of motion is exploited,
the dominatin.; non-linear resonance being specifically that for whichc—r, the

phase shift per sector of the radial betatron oscillations, apprt.aches 27/73

in this case

-3-
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II. GENERAL DESCRIPTION OF THE METHOD

As is well known, the inherent non-linear character of the equations for
the betatron oscillations in FFAG accelerators can impose very definite limits
to the amplitudes of stabie oscillations. Jn cases such that the phase change
of the radial betatron oscillations in one sector (G“r') is near 27 /3, the (imitation
is primarily controlled by a quadratic term in the equations of motion and the
stability limits then typically are indicated by the excursions of unstable equi-
librium orbits having a period equal to three sectors. The features of the radial

1,2,7

betairon motion are conveniently represented by phase plots, "’ 7’ employing as

axes the guantities x=(r - ro)/ro and p= dx/dé with r_ denoting a reference

o
radius, on which the motion of a particular particle is depicted once per period
of the magnet structures to form closed "invariant phase curves' in the stabie
region. The unstable‘ equilibrium orbits are then represented by fixed points,
through which passes the separatrix which bounds the roughly triangular region
of stability (cf. Fig. 1, in which conveniently scaled coordinates are used), *

In the case which will be of interest here we shall impose a field
perturbation, whose wavelength is equal to three periods of the magnet structure,

suitably phased so as to "'open up' the phase plot in the region of one of the un-

stable fixed points, The invariant curves which pass through the other two fixed

F'— . . m
In this discussion we have tacitly assumed the existence of the a¢ called "invar-

iant phase curves'’, although actually over long intervals of time the motion may
be found to show a considerable departure from such regular motion and, similarly,
the boundary between "stable' and ''unstable' regions becomes imprecisely

8
defined. . -4~
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points then no longer intersect atAthe first fixed point and a separate separatrix
serves to define such stable area as may still remain when the perturbation is
not too large (Fig. 2.). A region of phase space is thus created within which
the phase points move through substantially the entire region just outside the
region of stability -~ if the stable region is now caused to grow, as a result of
decreasing the magnitude of the perturbation phase points may be expected to be
transferred to the interior of the stable region with the same density as initially
is present outside.

It is attractive, then, to consider the application of a perturbation which
initially is more than sufficiently large to cause the stable region to disappear
completely and which is steadily decreased to create a region of stability which
ultimately becomes that of the unperturbed accelerator. By an appropriately
located injector, particles may now be caused to 'flood' the boundary region
which surrounds the stable area as it is created and one may expect thereby
to fill this area with a phase density equal to that available from the injector.
For efficient injection it would be desirable, of course, to inject only into that
region of space from which particles will be captured. It would be convenient,
moreover, if this region which must be covered by the injector were to behave
in a sufficiently orderly way as to obviate the need to change the direction of the
injected beam in accordance with an elaborate programme synchronized with
the changing strength of the magnetic-field perturbation, In some cases, however,
the area of phase space which the injector can cover may be sufficiently great
as not to be a fundamental limitation, although the phase density which it can

provide should be used efficiently, and in such cases a programmed scan would
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either be unnecessary or, at worst, not critical,

To examine the performance which could be achieved by this method in
any particular case, a natural initial step is the determination of the phase plots
associated with static perturbations representative of the time-dependent pertur-
bation which it is intended to apply. Usefu! orientation in simple cases can be
obtained at this point by analytic means, although computer studies of course
can be helpful. One may then proceed with computations in which the time-~
depenaent perturbation is present, to determine the regions of phase-space
from which patricles will be captured at various stages of the process. If these
regions can be caused to fall at locations accessible to an injector system, and if
they neither shift about violently nor show more than trivial filamentation, the
proposed method in principle could be said then to be practicable.

Similarly, such an orderly transferral of phase space could be congidered as
indicating the potential utility of the inverse proceﬁss6 for beam extraction,

In the following sections we describe the results obtained in some initial
studies of this injection method, the work so far having been confined to analysig

*
and computations for equations chosen for convenience to be of a rather simple

= LY - N - ey

The; cor}xﬁutaions were perfofmed with the MURA I, B, M, =704 computer, using

programs prepared by Dr. J. N. Snyder, now at the University of [llincia, and
Mr. M. Storm, the present Head of the MURA Computer Section. We are in»
debted to Dr. Snyder, Mr. Storm, and others associated with the Computer
Section for their invaluable help and cnntinual cooperation during all phases

of the computer work.
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form, but which it is believed should depict the essential features of more exact
equations representative bf particle motion in a spirally-ridged FFAG accel-
erator, Also, for reasons of simplicity, the field perturbation is taken to iall

linearly to zero and to remain zero thereafter.

1II. THE DIFFERENTIAL EQUATIONS EMPLOYED
In the theory of spirally-ridged FFAG accelerators the radial betatron

motion, about the stable equilibrium orbit, may be conveniently represented by9

2
d®u +[a+bcosN9] u = 1lp (Q)u2 + ..., (1)
dae° - 2 1

where u denotes the departure from the stable equilibrium orbit, in units of

the radius,

~ 1, £ 2
a = (k+ 1) ‘2- (-WN- ) ’ (Za)
b Y f/w, and (2b)
bl(e) g —(f/WZ) sin N8, (2¢)
in terms of the parameters f, w, and N characterizing the accelerator. '
By introducing the scaled variables
s = (N/2)e + T /4 (3a)
v = ulw, . (3b)

Eqgn. (1) assumes form

2

c_i_v + 4FZ + L sin Zs] v - 1_ (ﬁ_z) (cos 2s8) V2 = 0. (4)
ds? N w2 2w
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10, 11’co remove the

Although it is possible by a suitable transformation
alternating gradient feature of the linear term, we do not believe it necessary

to make this transformation exglicitly in the present work but may consider the

essential features of interest here to be represented by use of the smooth

approximation equivalent of this coefficient 1,11 In what follows, therefore,

we shall take the unperturbed radial motion as represented adequately by

2 2. 2
i;zv—-'l' (=) v-_lz-j’(coszs)v‘Z:o, (5)

The type of perturbation which will be effective in implementing injection
by the method previously described will be, in essence, a periodic variation of
the field strength along the equilibrium orbit, with a period equal to the length
of three magnet sectors. We thus include the perturbation in the differential

equation by writing
2

d v 2V 2 B 2 2s
— - = 2 - == = 6
3 + (_N,J’_ ) v > (cos 28) v )\cos 3 0, (6)
_ ds
where)\ serves to measure the strength of the perturbation. Illustrations of
coupled motion may be obtained by considering the pairg’ 12
2 Yy 2 2
d v 2Vp B 2 _ .2y _ s
=t () V- 7 (eos2s) (vC -y A cos 5 =0 (7a)
ds ~
2 2V, 2
dy 4+ (Z2) y+B(cos2s) vy = 0, (7b)
ds2 N

which are derivable from a Hamiltonian

2 2 2
) p .37 2 2 4 2
V : Z
H = + X 2( L \% + 2( ——
2 2 + 2 [_\]) ( N ) Y

3 B 2 2
-% (cos 2s) v + —— (cos 2s) vy - vcos—g—S s (8)
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with y denoting the axial coordina‘e, in the same units as v and with

pV = dv/ds (9a)

P, = dy/ds . k (9b)

It will be observed that as ﬂr/N—> 1/3 the stable solutions to Eqn. (5)
will become increasingly limited Ly the 21T /3 resonance, in which the betatron
oscillations experience a phase change of 27 /3 in progressing through one
magnet sector. Similarly, in progressing through one period of the perturbed
structure (i_. e., through 3 sectors) the corresponding phase change would
approach 2T and the stability limitation for the solution to Eqn. (6) could be
regarded in this sense as due to an integral resonance. In examining particular

examples of solutions to Eqns. (7a, b) we shall, in what follows, specifically

employ
4 /N = 0.3 (10a)
r
2 /N = 0,0992 (10b)
z
B = 1.15 (10c)
and A will assume values in the range 0&N< 0.025. (10d)

IV. THE SOLUTIONS TO THE RADIAL EQUATION
FOR A STATIC PERTURBATION

The solution to Eqn. (5) —i.e., of solutions to Eqn. (6) with A = 0 —
can be estimated by use of the analytic methods described by J. Moser13 and
the unstable equilibrium orbits alternatively can be obtained rather accurately
by substitution of a trial solution and use of harmonic balance (Table I).

-9~
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TABLE 1
Location of Unstable Fixed Points for Eqn (5) at s = 0, as obtained
. .. 14 13 ,‘) 2
(i) by Applicaiion  of the Moser Method, through terms of order (V/N-1/3) ;
. 14
(ii) by Harmonic Balance =~ with Terms of Argument 2s/3, 2s, and 10s/3; and

(iii) Computationally.

—_—
14 14 .
Calc by Cal. with Computational
) Moser Method Trial Function Results
Point
Vv pV v pV v pv
1 -0.5132 0 -0.5237 0 -0.5238 0
2,3 0. 2256 10.2667 0.2319 1_-_0.2783 0.2320 +__0.2789

The direct application of the Moser procedure in the case A # 0 is more tedious,
since the initial transformation required to eliminate the forcing term -)\cos_%s_
introduces time-dependent (A-G) terms into the coefficient of v, but a similar,

somewhat simplified, analytic method can be applied conveniently and, moreover,

the fixed points again can be estimated quite well by use of harmonic balance

(Table II). 15

-10-
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TABLE II

Lo:ation of Stable and Unstable Fixed Points for Eqn. (6)

at s = 0, with A_ =0 006

Analytic Calec. 15 Cglc, with. i5 Computat_ional
Point Trial Function. Results
v Py v P, ‘ v P,
Stable -0 08362 0 -0 083803 0 ~0.083802 0
1 —0.44855 0 -0.44336 0 ~-0.44345 0
2,3 E 0.2161 +0. 2841 0.22451 +0 3023 0. 22457 +0. 3030

The detailed characteristics of phase plots which are obtained {or any
particular value of A depend, of course, on the particular value of s (1'3_9_c_1_. 31 ) --
or of @ (m_od. 6ﬂ//N)--to which they apply, but the topological features are
independent of s (compare Figs. 2 aad 3, which respectively applytos = 0
and tos = 7 /2, mod. 37 ). It is found, firstly, that the application of the
perturbation (A, 0) does open up, as desired, the phase curves which ori jinally
intersected at one of the unstable fixed points and, secondly, that this fixec
point and the stable fixed point approach one another as the strength of the
perturbation is increased (Fig. 4), to result in the complete dist.ppearance of the

stable region at a critical strength of the perturbation, 7\JC = 0.01136 (Fig. 5).

It may be noted in passing that, for smalll\_, the locations of {1¢3e two fixed

“Additional phase plots are shown in reference 16. Figures 6-11 further
illustrate the evolution of phase plots of the form of Fig. 2 as the reference

point is takenas s = 0, /2, .. 51/2
-11-



points which lie on the pv = 0 axis when s = 0 (mod. 37) maybeestzmated by-l’s

vy E AT

= 36 - @ WNE ' (11a)
VZ()\,) ’&"v'z '0 + >\. _
o 4ls- @ vy, . © o (11b)
where V>0 denotes:th‘e ’cbordinate value of the unstable !i:;ed point whea A =0.

A parabolic fit, tangent to the lines (11a, b) at A= 0, may be written

V. ' 4 V=V Y i
A = {. 2, 0] . [4/9- (.wr /N)?j , (12)
V2.0 |

for vhich the maxinium value of A.,

A= [1/9-h)r/m2] [ "’ZA , (13a)

is attained at

v, = _.12.. Va0 . (13b)
With V r /N = 0.3 and -v, o = 0.5238, Eqns. (13a, b) suggest |
A o= 0.01106 | v (s
v, = -0.26l1, L ' (14p)
which may be compared with the computational results

Ao

v, = =0.2650. | (14b")

0.01136 | (14a")

1

We note, finallyy, that suitably injected particles --e. g., with their iuitial
phase points lyingviﬁ the region A of Fig. 2 --will move such that their phase
points pass : ~.i:lo:icl around the stable region which is formed as the perturbation
is being removed. We may expect, therefore, that particles captured in this way
will fill the stable ’re;gion with a phase density equal to the maximum theoretically

attainable. R -12-




V. mJEc*;m;WITH’A SECUI.ARLY—DECREASING PERTURBATIGN
We imagine the injector situated physicglly at radii less than those of the
stable region irrxtolwbich_it is desired to inject--say vﬁth, v£< -0.55ats =0
(Fig. 1)--to avoid any interference by the injector with the captured beam. With
an é.ssumed particular value for the ré.te of dece .»eof the perturbation, one then

seeks to find, by digital computations, the regions of phase space within which

particles may be staited, at various initial values of L , to become captured

within the final stable region. The possible difficulties which conceivably could
be discovered in such a search would be:
(i) an appreciable fraction of the region of interest might be found not
to pass through regions :o the left of v = =0.55;
(ii) the location of the region with respect to momentum, p_, might
vary strongly with the initial value of >\.;
(iii) therreg.ion in phase space might be found to be seriously filamented; and
(iv) thé coupling between radial and axial motion may be found to play a
more ddminant role than is ﬁsually the case with stable moﬁon, with a éonsequent
complexity of the four-dimen.ional phasé space and of its projections onto the

radial and axial sub-spaces.

A Characteristics‘when only radial osciliations are present.

| For an initial computational invéstigation it is convenient to confine one's
attention to motion in the median plane (axial oscillations absent). One may then
commeice by finding the range of momenta, p,, which, at v = -0.55 and for

various representative initial values of N, lead to capture into the stability

region. From such values other suitable initial conditions could be found by
' -13-




integration backwards in s, to obtain a transformed-set afjadi»t.ifcs situated at

smaller radii, althdugl; *;dth a three-s’ector accelerator (or n;‘:ith injectors located

at every th 'd sector ai:mind a larger aéceierator) such a reverse transformation
i

should only be carried 'thrqugh a three-sector ixlterval“in ordéer to avoid the in-

clusion of points which would encounter physical interfei'e’ncé by the injector

structure. The regioh;,betweén t‘nese‘ two lines in the radial é)has< -vlang-=1. e,

between the lines at v = -0. 55 and its transform through As s -3 --can then be

_expldred to find the ¢ Andaries. of the regions suitable for in-jectio_n'.

Such a compsitational survey of the raa’.iai_ phase~plane has :been made

for the case dA/ds = -0.002/3T = -2, 122 % 10_'4, which cqfresponas to a Linear
decrease of the perturbation at a rate éuch that tne étréngth Of the pei‘turbétion
would decrease from its critical value,)\, e’ to ‘zero‘_in the ’tixfpe faken by t.'h:_e :
particle to traverse 17 sectors of the unperturbed mét:hin,é. é'lfhe res;;ii‘s ,Of this
sﬁr\*’ey are summarized below. :

For the initial value v = -0. 55, the range of '&noméntﬁ"', pv,' within ‘ “
which particles are captured for .various initial valueScf 7\;, are as i,shm-'.'ri‘in
Fig. 12 It is noted that the useful values of X extend cansicl%erably beyond the
critical value, }\. o since x will decrease during the time th% phase points ,-.of
the barticles progréss through the regi_o.n' wherein the{stablez axjc# is being
established. As mentioned above, each such range of valucs? was thda prdje_étéd

" backward in s to give a second locus of values, appl‘icable three sectors earliier
(un.l for a value of )\, greater by 0.002). The intermediate %'egion of f.c phase-
plane, bet\.veen v = =-0.55 and its transform, was then survcf;ycd to obiuin

~ results of which those portrayed in Fig. 13 are typical. Forii the particular case
_ -14- o
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studicd, filamentation of the "phasc fluid™ was almost entirely absent through-
out the entire phase area which was :icpped out in this way, although in a few

cases the computations showed evidence of an apparent incipient filamentation

“ts
=

devéloping a-l:ong the lower edge of the region (Fig. 1’4; insert).
The areas of radial pha/se space vhich thus s_houldl be covered by the
injector were obtained from éurves of the type shown in Fig. 13. These are#s,'
A(L), have bgen plotted, vs.the initial value of }\, , in Fig. 15 and to lead to
the integrated result : '
jA()» ) dh = 0.00046: (15)
If the injector is capable of delivering n particles per unit area of r iudial
.phase space per unit time, the total number of particles. which thus could be

successfully injected by this means ..0:ld be

*A more detailed examination of the progress of points (: uch as those clesignated
by "c" and "df' in Fig. 14) which suggested the occurance of filamentation led to
the following‘ interpretation of the observed behavior. Initial conditions lying
just below the main shaded area of Fig. 14 lead to trajectories which pass
around the growing stable region of the v, p_ plane before this area has grown
sufficiently to capture such partiqles. The trajcctories of particles with initial
conditions such as those represented by the points "¢'" and "d™ of Fig. 14,
however, pass sufficiently close to the fixed points situated in the right-hand -
_portion of the phase diagran -- e.g., close to, but inside of, point B(or C) of

Fig. 6 -=- that the progress of such phase pointé becomes quite slowanda the

stable arca grows to capture these particles before they reach a region from

which they could escape (see Fig. 35).
-15-




| ’f\.: ':Vn A(?\_) dt | | ' B

=B fA(?\.) d N\
| anv/rat| J
SR DTS

=_n i 0. 00046

= 4.3-—2-.., . (16)

where W2de/dt denotes the angular velocity of the particles in the accelerator.
This result may be compared with the maximum theoretically obtainai:le by
direct injection, during u three-sector interval, into the stable area without

violation of Liouville's theorem, namely

- n (¢ 6T, | . ]
‘n = (—N—) . [Area of stable phase plot

it

,__n;( 6 ) (0.223)
w N A

u

4.2 Dllﬁ . - an
Since the estimates expressed by Eqns. (16) and (17) are effectively identical,
' it is evident that excellent efficiency of injection into Vradial phas_e space has )
‘ been obtained from fhe re'gibn mapped in this example, although with injection
through morei than three sectors or with more complicated di ffereﬁtial equai

tions a more pronounced filamentation or dispersal of phase space might .vll

-16-




develop to present practical difficulties.  The ‘ransfer of radial phase space
from outside the stable regioh to the interior appears to be quite orderly in the

case which e examined and so encourages a continuation of the investigation of

this injection (or extraction) method. .
x ;

An attempt was made in the present example to extend the area leading to
capture back through an additional three sectors--i.e., through an ad itional
O s = -3 --in the interest of examining the possibility of injection at intervals
greater than three sector: without loss of phase density. It was found, as might
have been anticipated, that the additional useful area of phase space (from which
particles would be successfully captured) became very slender or "stringy"™. In
addition, moreover, this slender acceptance area followed a rather tortuous locus.
In particular, the region for which A , =0.0174375 at s = 377732, was followed
backwards in s through an interval -3TT'to determine the initial conditions which,

with 7\. o = 0.0194375, would feed the area in question. This area, which accordingly

was subjected to the reverse transformation (throughas = -3 T)for the purpose, of

this examination, thus was specifically that of Fig. 27, to which reference is

made in the following paragraph of fhe text. The additional area which the ré‘ve:se _'
transformation mapped out in this way. for_l: 0.0194375, was found to ext.ex;d
virtually to v = -8 and to positive values of about 4 % while going to momentum
values (py,) of -3 45 and about -4.2, respectively. The difficulties which

this extension of the phase area would imply for the possible application of the
method to such. six-sector injection almost undou. tedly would become exacerbated

by the inclusion of axial motion in the dynamics,

-17-




The exact azimuth at which the injector should be situated mlght be
adjusted, in ;ractic 3, to aehxeve a convenieat match to the propertles of the
injector; it probably would be convenicnt to select a lqcatlon where the useable
values of p, vary the least during the interval that the secuiarly-changiﬁg
perturbation is being employed and for Which,the phase diagrams defining initié_l
conditions which lead to capture might be similar to that shown in Fig. 16

) )
Lor which s = 37/32, X(s 3mw/32) = K(s 0) - 9‘23..._133 = 0.0165 - 0.0000625 =

>

(v

0. 0164375, and dA/ds = - ﬁ_%)r‘z_'\ (Phase plots correspondipg_ to this angle, 7

8 = 3M732, are shown for constant values_ofx, \,: 0 and X = 0.006, in
Figs. 17 and 18} similarly, Figs. 19 and 20 apply to s =1r /2 and the constant |
values .= 0 or k.= 0.006, respectively ) A Series 'of.gfaphs deﬁrﬁhg mznal ,
conditions at & = 3‘"’/ 32 which lead to capture are shown in Figs. 21-30,

for cases in which kdecreases to zero from initial values (at 3/ 32) of 9 0054375,
0. 0074375, ... 0.0234375. These curves, and that of Fig. 16 presented
earlier, all shov;' the acceptabie momenta to lie near p, = 0. If the llocatio‘n

s = 3Tr/32 were then actually selected for operation, fhe areas of interest |
would be similar to those Aof Figs. 21-30, 'sl,ightly modified sothat the right-'
hand boundary is located ata fixed value of v (as for example, v = -0. 55) .-

typical of such a mod1f1ed graph is Flg 31, which may be compared with F‘ig 27.

.B. The effect of axial motion.

As in other accclerator investigations, the inclusion of the additionél,
axial, degree-of-freedom in the present study introduces considerable compli-
cation and requires a rather extended amount of computation if a comprehensive
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picture is tb be ob'taineud; The importance of including the axial motioh in
such studies is’ clear, however, ,ashas‘,be‘e‘n emphasized by 'Terwilli_ger m
connection with a computational investigation”’ 18 of amethod which proved
to afford a promising means of beam extractioﬁ frdm é. spirgl sector accel~
era’gor. 19 As we shall see, the results which have been obtained for the

| present problem do indicate that, as expected, the a>;.ia1 raotion v rtsa

marked effect on the performance and this influence must be kept in‘m_ind

when evaluating the utility of the method if efficient injection into the entire.

sta.bility Tregion ‘of the accelerator is required.

A search for the y-stability limit for solutions to Eqns. (7a, b) in the
absence of i.:2 perturbation indicated that this limit lay between 0. 72 and 0.85
if the amplitude of the radial motion was initially zero G.e., cprresponding to
the i igi1of the *adxal phase plot shbwn in Fig. 1). Foi' lax;ger amplitut;‘:s
' fhe permissible initial axial amplitudes were somewhat reduced, é.s shown
in Table III. |

| TABLE I
Computational Estimates of Limiting Axial Amplitudes, with various

_initial Radial Amplitudes, for Solutions to Eqns. (7a,b)

with A = 0.




T
SER A
i 3

'ro ﬁhxm the mnnence d axm motion on the ‘;f‘?fi?-: o

method wé have made prehmmnry computatmns for the case in which the _
initial strength of t_he per—gurbatmn is A = 0.0165 (and d)\ /ds = -0. «002/3'”’) |
and for which Fig. 13 applies in the absence of axial mm:mn The y-atability :
limits for Eqns. (7a,b) were then sought for vo = =0, 85 and for Vg = -0, 85, |

in each rcaae assmm the initial ra@ial r:xomentum, P"-o-' a value near the

center of the previously permissible range of values. The results of thiq -

search, summarized in Table IV, indicate that the axial mbnny limits for

these representative cues were materany smaller than those shown in 'I‘able m

TABLE IV
Computational Estimates of L.imiting Axial Amplitudes, with repre-

sentative Initial Conditions for the Radial Motion, for Solutions to Eqn- (7&. b)
with A, = 0.0165 and d]\/ds = -0.002/347.

U’yo = e}

Guided by the results shown in Table IV, the range of permissible
values of}pvo, leading to stable motion, was then examined at v, = -0.58
and at v 0= =0. 85 for several initial axial amplitudes. The resultn’o! tl;is'

survey are summariged in Table V.
’ -20-




TABLE V
Computational’Est;matesof Range ofﬂPermiss'ibl'e Radial Momenta,
with representative initial radial and axial coordinates, for Solutions to Eqns.

(7a, b) with?\,o = 0.0165 and dA/ds = -0.002/37.

pro - ]

0.26 | -0.10 -0.11 -0.19 -0.20
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It is clear that axial amplitudes much s ailer than thbsewﬁict_i ‘
‘_appear in Table I.II ,i"és,iifltv ina material _r'edﬁction of the useful range of fp‘f:-af -
The larger values of y, listed in Table V are seen, moreover, to be associ_a,itgdv,'
with values of ;- o differing from those suitable for_yc = 0 and injeci’ - . Withf' |
values of y  as large as thc;se listed near the end of each section of Table V
may be of rather limited utility.

The results of the preliminary investigation described aboye thus |
indicate that it would be of intereist to obtain a more definitive picture of the
region of phase ,;sgacelwhich must be covered for two,degiees-of—ffeedcm 1 |
if efficient, virtually complete, filling of the final stable phase volume ‘is to
be achieved. With this objective, therefore, a large :nunibe; of phaaeﬁpbints
v, Py y, py) which were considered representative of various portzens oi’;the ‘
stable regib,n in the phase volurfxe of the unperturbed _ac‘celeratorrwere fonawed .
%ackmrd“ in time as the perturb#tion now was permitted to incre»a_,se,_fr."t’:ﬁl 'k
zéro, during the course of the computation. Upon examining the CDmpuﬁatibngl
results at intervals of 37 for the independent variable s,' the apprOpfiateg '
~ phase-coordinates for injection in each cé.se were then taken to be th_e“ valugs

found the first time the results showed v £ -0. 55.

Specifically, from exploratory computations similar to those summarized

in Table III, it was  stimated thé.t the stable phase volume for the unperturbed
equations (A =0) roughly amounted to 0.060, or possibly 0.068, Av.bp,-dy

A py - units. This estimated stable volume was imagined to be ..j;ided.into

‘some 512 “celle™, individually of volume 0.000133, jwithin eatcﬁof whicha
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single ("sta’t‘zie)’point*was selected as representativé. By folldwmg tﬁé. phase |

trajectories of sudh_ pcéii;lts, in the reverse manner described in the preceedi:ng S

_paragraph, then,a reasonable mapping was obtained of the region of phase

- S
space which appropriately should be covered by the injector.

From the results of this computational survey it appeared that somé__{g_’jzﬂ%.,

of the desired phase volume would be filled if three-sector injection, at

’ ok
8 = 3M/32, covered the range
-1.50 £ v £ -0.55 . -0.452%y 4 +0.492
-0.301 £ p, 2 +0.05 -0.65 = pyﬁ +0.65 ;

sirnilarly, and perhaps more significantly, about 88% fiiling would be achievéd
by an injector which only covered the region

-1.26 = v < -0.55 ~0.492 £ y < +0.492
-0.21£p ¢ 40.05 -0.55 £ py £+0.55.

Since, moreover, there evidently was considerable correlation between i:he

required values of y and Py, the last-mentioned final censity of 88% would indeed

- be obtained under these circumstances if t..2 axial phase area were covered by '

In the actual computations it was of course sufficient only to follow half of the

points which were taken as representative of the phase-volume-elements selected,

due to the invariance of the differential equations to:a simultaneous changeof

sign of y and py[ cf. Eqns. (7a, b)] .

% )
The required values for X which would prevail at injection for the successful

:. 3 of this series were embraced by the interval 0. 00;7437_5#)\-'-‘»0;'021_4’375.




an injector ﬁhichwas somewhat "wawllv—eyed“ axiéi'iyf{at 8 = 37?732)1nthe =
sense of only providing full phase density within the area sketched onFig 32 -
VL. COMPUTATIONAL EXAMINATION OF THE EQUATIONS =

/I o
CELERATOR

_FOR A SPIRAL-RIDGE AC
Since the computational work described in the previous sections -
employed ideah'zedv equations {namely (7a ))] , it is bf interest to makea
brie’ comparative examination of i{!i2 corresponding phase plots which‘rép-: -
résent exact _solutiqns of the dynamical equatioﬁs for a sipi;'ally ridgéd:FFAG
accelerator. With this Vmotivation attention was direcie_d toa structufg,with.
N = 33, 7 k = 179, llwr = 1252, | |
and with a !'ﬂuttgi‘ factor" of 0.25 in the unpertﬁfbe‘d fie_ld. For the perturbed |
tstructure it was thoucht to be convenient to employrak' field~bump Whmh : |
foiloxx.red Vthe same spiral péi'tern as ie unperturbed field except for thé three-
~ fold longer period which, as before, would be appi'opriate for excitini_.tiae v
VYV, = N/3 resonance. The scaling median-plane,field was thus taken to be

: %
given by an expression of the form

To permit use of existing MURA programs for the IBM-704 computer,

the expression for the median-plane field was imagined as re~written in ‘Eﬁé form -
R k _ A 1 _ .1 4 ) |
B, o/f = | J_i{cos [ ——w-,lm(lfx) N’G] + sm[__‘?&(li-x)‘
-N' 0.25 3(_1 dn@+x) - N'O| |
N 9]} + cos [;——TW n(1+x) - N ]

where N' = N/3 = 11 and 1/w' = (1/w)/3 = 417.33333.
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C k ‘
-B,  Jr* =1+0.25 cos[_..-gq,(1+x) Ne]

- ) cos { £ 1 L@(Hx) - NS} - %}.’,,,(;8‘) |

in whict: a typical value of >\ ; Sufﬁcmntly large toca,use an appreciable madif-'

ication of the rcdial phase plom, would be ) = 0,0015 ana for which it proved
: of interest to _p‘lot»the results at 33@ = 0, mod. 57r.
The stable fixed point for the unperturied structure E':.'ith A=0in

Eqn. (18)] was found to .. (for 33@ = 0, mod. 27) at
=-4.15% 1077

*FP i
Py Fp = -8.52, x'107°
and the frequency of small-amplituce radial betatron oscillations was such that
o ¥ 0.59,T | (or ZJ/N = 0.29y). |

This radial osc-illa.t:i:on frequency is thus substantially the same as that used with

the simpler 'E'qns} (7a, b); for the axial motion, Iike\*fise, thce value of ’f?“y is
o ¥ 0.19.7 (or Z/N = 0.09.),
Yy 3 z 7

as in the previous work with Eqns. (7a,b).

The radial phase plots for toc m:pc»rturiie:i str»uctuzy‘e apprbached the - -
familiar trxangular shape (F1g 23) as the ampiitu:;e was increasacd, but it
«id not appear (in a rpasonaaly careful investigation) that the rotatlén uumber
then lockea in to 21/3 to produce fixed points of order 3 in regions such as that
designated by C on F:.g 33. It may, norne-the-less, be reasouaile to cenp-.ler
the region of x. Py phase space \1h1ch may be put to effectwe use to ve substan-

tially that contained within the largest solicd-line phase p1'0t on Fig. 33.

The complications which made it ifficult to construct a complete orderly
set of phase plots for the unperturbed structure also appear to have their effects'
on the results of dynamical studies wien tne strength of the perturbation is

cihar:.cterizea by the illusirative valuc N\=0.0015. ‘The most importaat
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characteristics relevé.'nt’,kto the prasent investigation seem to make iheir '
appearance, however ( Fig. 34). Thus, for \= 0.0015 (and again referring the
results to 33@ = 0. mod. 67), the stable fixed point is found to lie at

-1.413 x 1074

i!

Xpp

-3
-8.018 x 10

‘Tx, FP
In addition, an unstable fixed point analogous to point P of Fig. 18 appéa’.r_s '
to occur at
X = -1 0i% .. x 1073
FP S b |

-8.384,, x 1074,

Py, FP © 5
Thus one might propose injecting into regions such as that outlined by the
solid curve in Fig. 34, which would grow in area as the strength ofr the

perturbationis decreased, to achieve an effective filling of the useful stable :

phase region which is depiéted in Fig. 33 for the final unperturbed accelngator.,

VII,» .CVONCLUSIONS.

The particular injection method discussed in this paper was found to :
permit effecient transfer of lrﬂiiil phase space between r:gions exterior ;é.ndi
interior to the accelerator, although complications mj,ght be expected, to »a].rise:
if the physical limitation imposed at the time the beam returns to the inj‘ectbf
azimuth were deférred for longer than the three sectors considered here.

The results of e method appear to show a‘v close resemblance tb those which |
previously6 have indicated the poteatial i;tility of a similar perturbation:fbr
the efficientrextr_action. of a beam frgm a three=-gector _fixed-field acg:_elerator.
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The prelimin#ry studies of the influence of subs_ta-rﬁtilal axial os'é‘iliatiéx} ' "
amplitudes on theéarticle behavior indicated that fbtyl_,i:i"s".;inﬂuence ‘was pronouaced
and so might detract mé.terially f'r‘om the practicaiijty ,bf'the method unleés ey
additionél consideratioﬁs, such as the  mitation of axial amplitudes by the  ‘ -
vacuum chamber or the damping Aof w:eillation amplitudes prior to .se of the -
method for ejection, served to limit the axial amplituées to values conside;i#
ably less that are dynamically stable in the absence of the ,perturbation; : |

It is hoped that the method and reéults report!éd here will prove ,-siiigg_gstiVe
of other possible mefheds;of utilizing a;secularlgr-chaxlging 'p_erttxarbatian;kin : y |
co.., uooon with the non-linear d; aamic. 1 properties of the orbits, meludmg :
methods in which the perturbation may have a greater permd \than that
employed here and so would interaét vith a machinef ‘_.'ce rather than

" with an inherent sector resonance.
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CAPTIONS FOR FIGURES

Fig. 1. Phase ,plot,’ fors=0 (mod .11, of solutions to Eqn. (5) with

V,/N=0.3and B =1.15.

Fig. 2. Phase plot, for s =0 1 3), of solutions to Eqn. (6) with

Fig.

Fig.

Fig:

V,./N=0.3, B=1.15 and N= 0.006. The curves through the uppar and
lower fixed points are seen to "open up" in the neighborheed of the unstable
fixed point situated at v = -0. 44345, the stable region (shaded) has becorhe
smaller than for X = 0 (Fig. 1), and the stable fixed point has shifted zo.
v = -0,0838. The heavy arrow at A suggests a region from which

injected particles would flow to flood the boundaries of the stable region.

3. Phase plot of solutions to Eq_n.v (6), with the same values for the
c;oefficients as were used in Fig. 2 but pertaining to solutions at

s = {12 (mod. 3T).

. 4. Coordinates of the stable and unstable fixed points situafced on -kt}“;e' .

coordinate axis, for solutions of Eqn. (6) with Vr/N =0.3, B= 115, S
s = 0 (mod. 377°) vs. A. These two fixed points are seen tolaélﬁrﬂéééh Oﬁe
another as the strength of the perturbation 3 increased, becoming
coincident when Xassumes_the critical value lc = 0.01136.

5. Phase plot, for s = 0 (mod. 37), of solutions to Eqn. (6) with
"‘\)r /N = 0.3 and B = 1.15 when \ has the critical value %.c = 0.01136.

The point designated F. P. represents the confluent fixed point.

., 6=11 Evolution of phase plots, similar to Fig. 2, of solutions to Eqn.

(6) [with ‘L)r/N =0.3, B=1.15 and A= 0.006) as the refererce point is
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Fig.
Fig.
m Fig
Fig.
')

>A B/
rvyu;g;l‘\s'f. 5_":‘ 1 )

suc.eessivély;takgn ats=0, Ir/2, 7, 3172, 2T, and 51772(21_9_9 379,
Corresponding points . 1 this set of diagrams are denoted by thé letters

A, B, ... H.

12. Range of initial m’orn'entas.. p’Vos vs. the initial valqe, /\'o’ of )L: for
capture of particles into tae stable area of Fig. 1 when the initial cdordinate
isv 6 -0. 55. Tﬁe results vere obtained computationally for so. tions

A
ds

of Eqn. (6) with the perturbation decreased to zero at the rate -

n.002

v i

13. Range -f initial conditions for capture of particles into the stable

area of Fig. i when the initial strc . th of the perturbation is ;\”o = 0,0165
dN _ _ 0.002

ds 3T
(6s = 3%), tov = =0. 55,

and

The boundary ab transforms, after three sectors

ig. 14. Detailed portion of diagram, similar to Fig. 13, for capture of

particles with /10 = 0.0195. Particles with initial values represented
by circles are captured and those depicted by the crosses are not.
points denoted by c and d represent initial values which were fours to
lead to stable motion and thus provide evidence of an apparant incipient
filamentation (see footnote, p. 15 of text).

15. Area of phase space from which particles may be successfully

injected into the stable area of Fig. 1, as a function of >"o’ for

d>\’ = = 9—-9-9-2—- . The ordinates were obtained from <iagrams of the
ds 317

type illustrated . . Fig. 13, in which one bouandary represeats the locus
of points which transform after taree sectors tov = -0, 55. From the
data shown here, the . sult fA( A) dA = 0.00046 was ohtained.
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Fig.

Fig.
Fig.
Fig.

Fig.

 MURA-561
16, bTran'sformatiOr_‘r of the shaded varea depicted in Flg 13 from s=0
tb : = /32, so that this region becgmes more centrally located with
respect to pV =0 (cofnpare Figs. 2 and 3, for which the corresponiing
values of s diffgr by T/2). The segment a'b'of the boundary represents
the transformation of the portion denoted as ab on Fig. 13. In eitlier case
the shaded region has an area estimatel as 0.042 v- pv-units.
17. Phase plots at s = 37/32, moc. 1T, forA = 0.
18. Phase plots at s = 371/32, mod. 217, for A= 0,006,
19. Phase plots at s =772, mod.T, forA: 0.

20. Phase plots at s =f72, mod. B'Y, for /\.: 0. 006.

Figs. 21-30. Range of initial conditions for capture into the stable area when

Fig.

Fig.

Fig.

8 = 31/32 and the initial streﬁgth of the perturbation (at s = 3 77’/432) is,
respectively, 0.0054375, 0.0074375, ... 0.0234375. |

31. . .age of initial conditions for capture into tﬁe stable area whnen
s = 37T/32 and the initial strength of the perturbation is/1= 0.0174375.
This diagram is icentical to that showa in Fig. 27, save that the right-
hand edge of the area of acceptance has now heen located at v = ~0. 55,

32. Region of axial phase space leading to ~an estimatec 889% filling of the
stable phase volume, if usec at s = 377’/32 with thre_e- sector injection and
dﬂ,/ds =-0.002  Lih-r252 v _é -0.55 and -0,21 < p_< +4.:. 05,

37 _ v

33. Radial phase plots, pertaining to 336 = 0 (mod. 27, for a spiral

sector accelerator with N = 33, k=79, 1/w = 1252, and f = .%. The

rotation aumber becomes close to 2 “7/3 for phase trajectories passing

close o point C, although no fixed point of order 3 was found. The region




4'.‘

Fig.

Fig.

. MURA-561

of ra ial p‘n.ase space of which effective use could be made might be = »
considered to be substantially that contained within the largest fuil-line
curve on this ..

34. Radial phase plots, pertaining to 338 = 0 (mod. _61?’ ), for a perturbed
spiral sector accelerator for which the parameters are the same as for
the :;..-ucture to which Fig. 33 applies, save for thé addition of the field-
perturbation -0, 0015 cos‘_‘%. [ ;_f:. Ay (14x) - NG‘\ - gi to -B, c,/rk,
The point P deniotes an unstable {ixec pbint and the solid curve may be
considered to enclose an area which grows as the pérturbation decreases
in strength and within which particles may be captured. ’

34, Phase diagram intended to explai:. the occurance of apparent
filamentation of phase space destined for ;:apture,‘ in which phase
trajectories‘ passing close to the fi:»d points C and B move sufficiently
slowly that the perturbatioi becomes sufficieﬁtly reduced to permit
capture of such particles (see footnote, p. 15). The phase-trajectories
illustrated originated at v = =0. 95, with -0.245€ pv$ -0. 305, when

A= 0.0195 (see Fig. 14, esp. insert).
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