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I. CONDITIONS FOR ADIABATIC MOTION 

In FFAG accelerators the behavior of particles is described l 

by the Hamiltonian 

(1 )H= 

where Cp is the phase of the rf oscillator) 
E

W=jd.£
~ (fE) 

(2 ) 

o 

is the conjugate momentum and 

r = 4~ fs) (3 ) 

w"*= w- W~(I;~ (4) 

pI _ ('il) (5 )
1~ - tLW .
 

W=~
 

The subscript s refers to the synchronous particle. 

When V and ~ are constant, the motion will be adiabatic 

if f' varies slowly with time. At the transition point f' = 0 s s 
and near transition energy, this condition is not fulfilled; the 

motion is no longer adiabatic. A condition of adiabaticity can be 

found by writing that the fractional variation during one phase 

oscillation of the coefficient f' is small compared to 1.s 0 

If ·V is the frequency of the phase oscillation, this condition is 
p 

(6 ) 
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~	 Near transition energy we can approXlmate f(E) by a parabola and 

we wrlte1 

( 7) 

and 

(8 ) 

The	 frequency of the phase o~clllation is 

pV	 = ~Y!;c.o ~~~
 
so if we use the relation 

(10) 

the	 adiabatic condition (6) becomes 

(11) 

Note that we must keep the power 3/2 in (11) to find the right order 

of magnitude. Equation (11) is the condition given in reference 2 

for the limit of the adiabatic motion. 

Kolomenski and Sabsovich 3 treated the problem in another way. 

From the Hamiltonian (1), they got the differential equation in ({' 

and they wrote the solution by means of Bessel functions of order 2/3: 
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(12) 

where 

(13 ) 

and 

(14) 

IIt is assumed that near transition energy f varies with time 
S 

according to the relation 

(15) 

where t = 0 at the transition point and jj... is posi tive, and is given 

by intergrating (8) and (10): 

(16) 

For large values of ~(and t), we can use the 3symptotic expression 

for the Bessel function. Then the solution (12) becomes 

(17)-- A; 'fl (§~f' It.l~ ~ (~3)tila.+ 9;),
 
A' and i.,' represent the initial conditions. Equation (17) is also 
1 

the expression for the solution we g,t directly from the Hamiltonian 

when the motion is adiabatic. From this result we can say that the 

adiabaticity condition corresponds to the case where in the asymptotic 

expression for Bessel function only the first term is important. 
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For order -IJ J this condition is 

'I z)Z_l 

K"A 
L~ 1 ~ 

(18) 

and for z}::= 2/3 

,a. "7/ LrL (19) 

and 

It,r2. 7J ~ (20) 
If i <j 

Equation (20) is the relation given by Kolomenski and Sabsovich. Note that 

we can limit the asymptotic expression for Bessel function to the first term 

only when u > 1. It/Yrnust be at least one order of magnitude greater than 

Using (14), (16), and (10), we write the adiabaticity condition 

IE- E.I)3/Z;
• x: )J

( (21)
E..t; 

Equations (11) and (21) are different by the coefficient 

II. COMPUTER RESULTS 

Calculations were made by means of the computer using the TTT pro­

gram. Phases and energies were plotted for many synchronous particle 

energies near the transition points. Comparisons were made with the curves 

we should get if we assume the motion was adiabatic. These curves are ob­

tained in the following way. 

For small phase oscillations; a particle describes; in the phase plane, 

an ellipse given by writing H ~ a constant and ( ~ - 9's) small. 

-5­



MURA-560
 

Then the axes of the ellipse are given by the relations 

_<H (22)
Vt..t:':J fl. 

(23) 

and the ratio 

(24) 

By L~ouville's theorem, the area of the ellipse remains constant during 

the motion so 

TrO-.t a.l = A (25) 

then 

(26) 

Starting with points on the ellipse with if axis a.() , the ellipse for 

adiabatic motion has a ~ axis given by 

, J )l/il 
(27)a, =~o (Eo . 

Figures 1,2,3,4,5,6,7, and 8 illustrate the distribution of the 

points compared to the adiabatic ellipse. Let us define ~ as the 

parameter 

(28)b :: (Jfe;·if 
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We shall use the subscript D and K when in equations (11) and (21) 

we replace the inequality sign by equality. 

(29) 

( 30) 

In Figs. l,2,3,4,5,6,7,and 8 we see that for 6 Q:" ~J> the motion is still 

adiabatic. From (30) this corresponds to 6 ~4311t<. This suggests 

that Kolomenski's condition with two orders of magnitude is the best 

expression for the limit of adiabatic motion. 

(31 ) 

As E- f", 
Et;­

depends on the parameter 6 by the power 2/3, equation (31) 

becomes 

(32 ) 

We can also use equation (11) without requiring ~ much greater 

than IJ. but only fj ~ ~ . A similar result for the adiabatici ty
p ~ ]) 

condition has been found in the study of adiabatic capture in rf 

buckets, 4 for the voltage turn-on time. 
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