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ABSTRACT

A six-sector spiral ridge FFAG accelerator has been constructed
and successfully operated to accelerate electrons from 35 to 180 rev
kinetic energy Acceleration was by betatron action. supplemented
by radio-frequency acceleration when desired The design was bzsed
on magnetostatic and orbit computations performed with the Illiac dig-
ital computer, and the subsequent performance was found to be in good
accord with these computations Tuning coils permitted variation of
the basic parameters about the design values suggested by the compu-
tations, so that an experimental investigation could be made concern-
ing the importance of near-by resonances. The theoretical basis of
the computational work and the specific results obtained are first de-
scribed, followed by a résumé of the constructional features and mag-
netostatic measurements. Tests with the operating model are then re-
ported, comprising a resonance survey, injection studies, perturbation
studies, and the use of radio-frequency acceleration The frequencies
of radial and axial betatron oscillation at the nominal operating point
were respectively ‘UX = 1.40 and 'Z)y =1 12, and the resonance survey
indicated this operating point to be centrally located within a region of
relatively large intensity which was bounded by the resonances ?Jy =1 0,
v, = 1.5, and (less markedly} 2 Dy - VX = 1. Injection from a deflector-
structure with a thin septum permitted efficient injection to be achieved

either by concomitant rapid acceleration of the injected electrons or,
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alternatively, by use of a2 time-dependent radial electric field #pniied

as a perturbation, Experimeuts iith & proirocted injection plse per-
mitied tae chservation ol prenocizerne attri vloole to space-cuarge ef-
fects A suitable frequency-modulation schedule permitted success-

ful acceleration of & substantial fraction of stacked electrouns through
the transition energy. Appendices describe o modulaior, .sith negative-
feedback stabilization, to permit protracted injection; a magnetometer,
used in the magnetic-field measurements; and the eszentials of Parzen's
theory of perturbations, +which was found to account satisfactorily for

the results of the perturbation experiments
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CAPTIONS FOR FIGURES

FIG. 1. Overall view of the spiral sector model

FIG. 2. Resonance diagram for N - 6 Three possible operating
points, for which detailed computations were made, are indicated by
the letters A. B, and C

FIG 3 Cross section of magnet pole in the & 7 -plane, for
operating point C. The pole contour is periodic in the variable E
with period 1. Agzimuthal distances at constant radius are given by
2 X r/N times the increment of fr' and axial distances by
277 r [(1 /w)2 + NZJ -1/2 times the increment of ? . For the present
structure 1/w = 6.25 and these distances become 1 0472rA £ and
0,7252 rA?? , respectively

FIG 4 Phase plot of limiting-amplitude stable radial motion ob~
tained from computer results pertaining to N8 = 0 (mod. 217 ). The
stable fixed point is designated by F P. and the four unstable fixed
points by X

FIG 5. Matrix elements characterizing propagation of small-
amplitude radial oscillations through one sector of the model, as a
function of the starting point within the sector

FIG. 6. The parameter /Ex for propagation of small-amplitude
radial oscillations through one sector of the model.

FIG 7 Matrix elements characterizing propagation of small-
amplitude axial oscillations through one sector of the model, as a

function of the starting point within the sector




FIG. 8. The parameter/?y for propagation of small-ampiitude
axial oscillations through one sector of the model.

FIG. 9. Schematic drawing of one magnet sector,

FIG. 10. Exploded view, showing one of the main magnet coils
above a magnet pole. The yoke, magnet pole, pole-face windings, and
flutter-tuning coils are respectively denoted by a, b, c, and d.

FI1G. 11. Exploded view of vacuum chamber. The current probe,
scintillation detector, two vertical-scanning probes, plates for r-f
excitation of betatron oscillations, and the ionization gauge are shown
schematically at a, b, ¢, d, and e.

FIG. 12. Betatron core and excitation windings.

FIG, 13. Circuit and waveforms for pulsed excitation of betatron
core,

FIG. 14. Block diagram of ri system.

FIG. 15. Injector assembly, with deflector. The cathode, shield,
injector housing, deflectior electrode, grounded septum, spherical
bearing surface, and a typical equilibrium orbit are respectively
gshown at A, B, C, D, E, F, and G.

FIG. 16, Diagram of the null-reading flip coil arrangement used
to determine the field-gradient index of the magnets,

FIG. 17. Beam intensity as a function of the flutter-tuning current,
with no current in the k-tuning coils. The values of “UX and vy’ as
measured by radio-frequency excitation of the betatron oscillations,
are indicated above the curve. Points where certain resonances were

crossed are also indicated.
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FIG. 18. Beam intensity as determined in the resonance survey of
the spiral sector model.

FIG. 19. Measured values of the revolution frequency and the beta-
tron oscillation frequencies as a function of radius, without tuning
currents. If the scaling condition were satisfied exactly, the oscilla-
tion frequencies 2/), and 7)y would be independent of radius.

FIG. 20, Measured variation of betatron oscillation frequencies
with amplitude, without tuning currents.

FIG. 21. Semi-logarithmic plot illustrating growth of the amplitude
of axial oscillations for operation near the yx =2 Dy resonance,
as obtained by digital computation with 2/, = 1.25 and Dy = 0,62,
The number appended to each individual curve denotes the initial radial
displacement for that run. Y; denotes the semi-aperture of the vacuum
chamber at the injection radius.

FIG. 22, Observed apparent radial stability limits as a function of
the limitations imposed on the axial motion, for operation near the

?)X =2 z§ resonance with ?Jx % 1.46, The number appended to
each individual curve denotes the value of 2 Dy - DX for that curve,

FIG. 23. Perturbation of the equilibrium orbit by an azimuthally-
localized radial electric field, illustrated for Dx = 1, 40 with the un-
perturbed equilibrium orbit drawn as a straight line and ignoring the
scalloping which arises from the alternating gradient structure.
Insert: Cross-sectional shape of electrode, intended to produce a

region of substantially-constant field.
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FIG. 24. Oscillograms to illustrate phenomena observed with Long-
pulse injection: {aj betatron voltage; ¢b) injector voltage: {c} beam cur-
rent to target when the injector 18 operated at low emission; and {d) beam
current at high emission, stowing effects atiributabie to space-charge
and positive-ion neutralization,

FIG. 25. Sketch depicting the essential features of the beam current
ohserved at high emission, as obtained from the oscillogram of Fig. 24(d).

FIG. 26. Effect of perturbations on the equilibrium orbit: (a) radial
displacement of the equilibrium orbit as a result of a 7% field reduction
in one magnet sector; (b) radial displacement of the equilibrium orbit
as a result of raising the field-index, k, from 0.7 tc 0.8 in one sector,
the effect being regarded as chiefly attributable to the 3. 5% increase
of field at the detection radius of the perturbed sector; {c} axial displace-
ment of the equilibrium orbit as a result of raising one magnet sector
1 mm; and (d} radial displacement of the equilibrium orbit as a result of
rotating one sector approximately 1 deg about its front pin, the effect
being regarded as chiefly the result of the accompanying 2 ~ 2. 5% in-
crease of field at any given radius within the perturbed sector. The
solid lines represent computational results, the dashed lines are based
on the perturbation theory summarized in Appendix IIl, and the circles
connected by a dotted line in (d) are the observed displacements.

FIG. 27. Electron energy, E, and revolution frequency f, vs.

7

radius, E, and f; denote, respectively, the transition energy and the

associated revolution frequency.
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FIG. 28. The parameter 0‘-1, to which the bucket area is proportional,
vs. the parameter ‘7 of the Symon-Sessler theory. 20

FIG. 29. Regions of W,¢ phase space, showing typical phase-stable
areas, or "buckets", (a) above and (b) below the transition energy. The
shaded areas represent the buckets and the curves indicate possible par-
ticle trajectories in W,¢ space.

FIG. 30, Particle energy and orbit radius vs. time for three accel-
eration programs.

FIG. 31. Oscillograms of () the beam received at the detector,

(ﬁ ) the betatron voltage, and ( 7¥) the envelope of the rf voltage in
experiments designed to investigate acceleration through the transition
energy. The first pair of traces (a) correspond to curve A of Fig, 30,
for which no rf acceleration is employed. Traces (b) correspond to
curve B, with rf acceleration up to the transition energy. In (c), cor-
responding to curve C,; some of the stacked beam is seen to have been
successfully accelerated through the transition energy. In this figure
one horizontal division corresponds to 200 /asec and, on the lower
member of each pair, one vertical division represents 5 v.

FIG. 32. Frequency of rf oscillator vs. time for three acceleration
programs leading to different efficiencies for traversal of the transition
energy. The efficiencies for curves A, B, and C were measured as
10, 50, and 10%, respectively,

FIG. 33. Schematic circuit of the output stage for the long-pulse

amplifier,



FIG. 34. Amplifier circuit for the long~pulse modulator.

FIG. 35. Schematic diagram illustrating the principle of the
magnetometers,

FIG. 36. Construction of the magnetometer transformer, contain-
ing a Mo permalloy core.

FIG. 37. Magnetometer arrangement employing a quadrupole coil
to permit operation in strong magnetic fields,

FIG. 38. Magnetometer, with stabilized oscillator-amplifier, for

measurement of weak magnetic fields.




1. INTRODUCTION

In fixed field alternating gradient {FFAG) accelerators?’ 2 particles

e
v

1Syrnon, Kerst, Jones, Laslett, and Terwilliger, Phys. Rev. 103,

1837 {1956).

21,. Jackson Laslett, Science 124, 781 (1956).

with a large range of momenta can be simultaneously accommodated with-
in an annular magnet of limited radial extent, thus permitting a desirable
flexibility in the methods of accelerating the particles and affording the
promise of high beam intensities. The nature and general theory of FFAG

1,2

accelerators have been described previously and the operation of a radial

3 . .
sector electron model reported. The spiral sector type is an attractive*

3Cole, Haxby, Jones, Pruett, and Terwilliger, Rev. Sci. Instr. 28,

403 (1957).

alternative form of a FFAG accelerator, since smaller circumference
factors may be utilized than appear feasible with the radial sector type
and a significant economy may thus be achieved in the magnet design.
Non-linear features of the orbit dynamics, on the other hand, would

be expected to be materially more prominent than for a comparable
radial sector accelerator. The present article describes the design,
construction, and operation of a model FFAG electron accelerator em-

4

ploying spiral sectors, © which was constructed to provide an empirical

4Pre1iminary accounts of this model have been given in the following

references: (a) D. W. Kerst, et al., Rev. Sci. Instr. 28, 970 (1957);
1



(b) Laslett, Sessler, and Snyder, Bull. Amer. Phys. Soc. {II) 2, 337
(1857); (c} H. J. Hausman, et al., Bull. Amer. Phys. Soc. {ilj 2, 337
(1957); (d) R. O. Haxby, et al., Bull, Amer. Phys. Soc. (1} 2, 337
(1957); () D. W. Kerst and F. E. Milis, Bull. Amer. Phys. Soc. {II}

2, 337 (1957); (f) Stump, Waldman, and Wallenmeyer, Bull. Amer,

Phys. Soc. (II) 2, 337 (1957); {(g) F. L. Peterson and W. A. Walien-
meyer, Bull. Amer. Phys. Soc. (I} 3, 168 {1958); {(h) F. E. Mailis and

D. S. Roiseland, Bull. Amer. Phys. Soc. {II} 3, 168 (1958); () F. L.
Peterslon, Bull. Amer. Phys. Soc. (II) 3, 331 {1958); and (j) R. O. Haxby,

et al., Experience with a Spiral Sector FFAG Electron Accelerator,

Proceedings of the CERN Conference on High Energy Accelerators and
Instrumentation (European Organization for Nuclear Research, Geneva,

1959).

test of theoretical predictions, to contribute further evidence of orbit
stability over intervals longer than could be examined computationally
or under conditions in which multi-particle effects are important, and
to permit the acquisition of experience with various acceleration methods
possible in accelerators of this type.

Ag in other FFAG designs the magnet was such as to provide a field

whose average value varies with radius as rk; and use of logarithmically

spiralled poles permitted possible orbits of particles with different en-

ergies, or momenta, to be geometrically similar, A separated sector
2

design, employing separate spiral magnets, was used in the interests

of simplifying construction. More significantly, a field with a large




azimuthal variation was thereby obtained, in an aperture not excessively
limited, and larger stability limits could be expected. The fiutter, or
azimuthal variation of the field, was further enhanced by the use of guard
edges or "ears", of zero magnetostatic potential at the edges of the

spiral sectors:H' Initially the model was operated with betatron acceler-

tt

n addition to effecting a more rapid decrease of the magnetic field at
the edges of each sector, the ears provide additional shielding from the
magnetic field of the earth, which is not entwrely negligible in compar-
ison to the rather low field strengths employed in the electron model,
The influence of the earth's field was further reduced by use of large
compensation coils surrounding the accelerator, similar to Helmholtz
pairs, and with a hexagonal shape employed for the pair intended to

neutralize the vertical component,

ation, although in later work fairly extensive tests of radio-frequency
acceleration methods were undertaken.

The design of the spiral sector model was based, as discussed in
Sec. 1I, on computations performed with the electronic digital computer
of the Graduate College of the University of Illinois (Illiac), corroborated
and supplemented later by some computations.with an IBM-704 computer
in the MURA Laboratory at Madison, Constructional work was begun
in the Physics Research Laboratory of the University of Illinois and
completed in Madison, where magnetic field tests were made, the model

put into operation, and a beam immediately obtained.



With the number of sectors {N} selected as 6, in the interests of a
conservative design which would permit avoiding an excessive number
of resonances, the remaining basic parameters character:zing the model
were selected by digital computations pertaining to the magnetostatic
problem and to the orbit dynamics in the resultant magnetic field. The
computational work included study of the eiffect of misaiignments and
the values finally recommended for the basic parameters were taken
as central design values about which adjustments cou:d later be made
to determine empirically the effect of possible harmful resonances.

The inner radius of the accelerator was determined by the need to
accommodate the betatron core and for convenience of access to various
ancillary components, while the associated injection energy (£ 35 Kevi
was dictated by the specifications of the injector, which was originally
planned to be of the type used in the University of Illinois 80 Mev beta-

tron. 5 From the field strength thus found to be appropriate at the inner

5D. W. Kerst, et al., Rev. Sci. Instr. 21, 462 {1950}, esp. Fig. 12.

radius, and from the value of the field-index k suggested by the digital
computations, the maximum radius obtainable with readily available
forgings of Armco iron thus determined the maximum energy which could
be attained in the model (£ 180 Kev}. With the dimensions selected in
this way the model permitted study of beam behavior in the neighborhood
of the transition energy (155 Kev), which was reached by particles mov-
ing in orbits situated an adequate distance wirhin the outer wall of the

vacuum chamber.



Figure 1 presents a general view of the accelerator. In the following
sections we review the theoretical and computational design studies, sum-
marize the constructional features and test program, and report the re-
sults of experiments made with the operating model to determine the
effects of resonances and the characteristics of various acceleration

methods,



II. THEORY
The general theory of fixed field accelerators, as well as that
specific to the spiral sector design, has been discussed extensively

1.2

elsewhere. Many of the approximate analytic techniques which have

been developed6 were of great value in the preliminary theoretical de-

6The linear orbit equations may be approximated by aid of the ''smooth

approximation' (see reference 1, p. 1842) or by use of tabulated solu-
tions to a Hill's equation (see reference 1. footnote 9). Resuits for the
non-linear orbit equations may be approximated by techniques developed
independently by a number of workers [see, for example, L. J. Laslett
and A. M. Sessler, Midwestern Universities Research Association re-

port MURA=-263 (1957, unpublished)].

sign studies. This work, however, is not essentially unique, whereas
the methods used to design this model are distinct from those used to
design any other particle accelerator in that, to the best of our knowl-
edge, this is the first time that a digital computer was used to deter-
mine completely the essential parameters of an accelerator by computa-
tion of the performance which would result from various choices of mag-
ne;c design.

There were two digital computer programs which were essential
to the design of the model. The first program started with any chosen

nl, Z) and calculated

magnet contour (provided only that the pole "scales
the magnetostatic potential at all points in the region between the poles.

The second program constituted a dynamics program, as differentiated




from the aforementioned potential program, and served to calculate
the trajectory of a monoenergetic particle in the fields resulting from
the solution to the potential problem. In effect, by use of these pro-
grams, it was possible by digital computation to construct a large
number of poles and study in detail the resulting magnetic fields or,
more generally, to construct a large number of accelerators and study
the consequent particle dynamiecs. It cannot be overemphasized that
this is an essentially exact procedure, save for possible long-range
dynamical instabilities which would not be exhibited in digital computer
runs corresponding to particle trajectories carried through a few hun-
dred revolutions or for possible many-particle effects such as the
limitations due to space charge. Thus, provided the accelerator was
assembled according to the specifications and tolerances obtained from
the computer, there could be no real doubt that the accelerator would
operate successfully,

The remainder of this section is devoted to a description of the
digital computer programs mentioned above and to the various calcu-
lations which were performed in order to determine a suitable set of
design parameters.

A. The Potential Problem

Fixed field accelerators must be designed so that the betatron
oscillation frequencies are substantially independent of radius. This
may be accomplished most directly by having the orbits and the fields
themselves simply scaled replicas, possibly rotated, of the orbits and

fields at any other radius. In the case that such scaling is maintained,



it is clear that the fields throughout the entire gap can be characterized

by the fields on a two-dimensional surface (for example on a cylinder).

Limiting our attention then io scaling fields, we can reduce a three-

dimensional potential problem to a two-dimensional problem--namely

to a problem which is quite tractable with present high-speed digital
computers.

The median-plane field [Hr (r, ®,0) = H¢ (r, ¢, 0) = (ﬂ in a spiral
sector, scaling accelerator can be written

k
Hz(ry¢,0)=-Ho(rLo) F(—iv—,@ano-Ngb), (1)

where r is the radial coordinate, @ is the azimuthal angle, and F is a
periodic function (period 2 T ) of average value unity. The constant Ho
denotes the average magnetic field at the reference radius r,. The pa-
rameter k represents the field index, the number of sectors is N, and
the spiral ridge makes an angle s = @a@-l (Nw) with a radius vector.

From Eq. (1) the magnetic scalar potential V may be written as

+ 1
r 1 r z
v=(—j( G(—ﬁn— - N, —), 2)
ry w Ty r
where G is a periodic function {of period 27 ) with respect to its first
argument, r is the radial coordinate in a cylindrical coordinate system,

and z is the vertical coordinate. If we define a new function by the equa-

tion

Qg - > 1 (3)

H, g (r/ro)k

where

N
11

[ S At ond]

2 2%
7 - [(1/‘;)”"'1\].! z (4b)

N

=



_()_ (E}??) is periodic with the period unity with respect to g and it
becomes evident that the fields can be expressed in terms of the two
variables ;‘ and 7

In terms of the function ..(1( g, 7) . Laplace’s equation in three
dimensions reduces to the following partial differential equation with

two independent variables:

an [1+ a7 QZJ 70 amam N

of° (1/w)° 87’ - /w? N2 79597
sr k+D/w DN st k+ 1) 3/l 8 VS
(1/w)? + N2 af (1/w)e * 7 (l/W)2 s N° J

in which Q_ is an odd function of ')z , vanishing at 7? =0, and
is periodic in E with the period unity. The potential problem was
accordingly solved with the Illiac digital computer through application
of a relaxation method to Eq. (5), the input data being the parameters

k, 1/w, N, and the values of {1 ona boundary curve. 7 For a typical

7A more complete description of this computational method is given by
L. J. Laslett, Midwestern Universities Research Association report
MURA-99 {1956, unpublished). The nature of a more elaborate program,
subsequently prepared for an IBM-704 computer, is summarized by

L. J. Laslett, Midwestern Universities Research Association report
MURA-221 (1957, unpublished). The technical difficulties of construct-
ing an efficient relaxation program which would fit the capacities of the

Illiac were by no means trivial, but are not discussed here.

problem, the computation time required to obtain ﬂ with sufficient accu-

racy for studies of particle dynamics was of the order of one or two hours.
9




B. The Dynamics Program
The solution of the potential problem, ’-) (or strictly .O/v, ),
was stored in the fast memory of the Jlliac computer as % - words so
that a mesh of up to 2000 points was available. The fields which enter
into the differential orbit equations were computed from these stored

7

values by differentiation-interpolation’ as needed during the course of

the integration of the dynamical equations. The field components are

given by %
Hz='PrI_Z [(1/*;')7+ n2] (I‘Lo) Q. ',737 (_.J (6a)
=22 (2 f k<-f1)+ z;wsg( J-1%5)] e

Hy i = (7 ) 728 (ﬂ) e

and the dynamical equations, employing these field components, are
1

dx/d¢=(1+x) Py (1-p2-p2)2 (7a)
x 'y
2 2" 3
dy/d@ = (1 + x) py (1 - pg = P ) z (7b)
-1y 2 2 =
2 2y 7,1 - Z
dp, /d@ = (1 - p, - py ) 2+ i (1+x)[Hz-py(l - Py Py ) H¢] (7c)
dp, /A = — (1 + x) (1-p2- 2)-%H -H] (7d)

in terms of the dependent variables y € z/r, and x = (r - ro)/ro.

8Actually the program worked with the variables S and T, rather than
x and y, where S= ﬂn(l + x) and T= y/{l + x). This procedure a-
voided the use of a logarithm routine in the computational program and

thus provided memory capacity for a more detailed representation of

10



the field For details concerning this feature, the interpolation and
differentiation algorisms (which are constructed to provide field com-
ponents which .vere continuous from one cell of the mesh to another),
and for other details of the computational method see L. J. Laslett,
Mid.sestern Universities Research Association report MURA-99 (1956,
unpublished), A description of a similar program subsequently written
for an IBM-704 computer is given by L. J. Laslett, Midwestern Uni-

versities Research Association report MURA-222 (1857, unpublished).

In order to study the effects of misalignments and field imperfections
for the purpose of obtaining tolerances for construction of the model, the
dynamics program was arranged so that certain simple algebraic trans-
formations could be inserted periodically. Such transformations, which
are called "bumps', were of the following types:

(1) Axially-displaced sector bump. At the entrance to some chosen

sector the following transformation was introduced to relate the initial
values {x;, etc. ) of the orbit variables to the values (xf, etc. ) which re-

sult from application of the transformation.

xf = xi Yf = Yl = Ay
(8}
Pyt = Py Pyt = pyi
The program then proceeded with the integration until the end of the
sector, at which point the transformation
X = X. y = y. + Ay
f i T i
(9)
pr = pXi pyf = py1

was introduced. This same bump vas then used repetitively on each

revolution,
11
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(2) Radially-displaced sector bump. The transformation used to simu-

late a radially displaced sector was identical to that used for a vertical

displacement, except that the displacement was made in the x coordinate

rather than in y.

(3) Rotated sector bump., At the entrance to a chosen sector the trans-

formation
= - -E AB =
X, x; = 57 ) ME A 10)
Py = Pyyt BDE Pyt = Pyi

was made. The transformation was then followed, at the end of the

sector, by

= x - L (a0
Xe = X e = ¥
f i N f i (11)
Pyf = Pxi” A8 pyf = Pyj

As with the other bumps, this series of transformations was repeated
on each revolution of the particle.
C. Computational Results

Figure 2 depicts the operating region of interest, in terms of the
quantities g /1T = 2 vX/N and q&/ﬂ- =2 ])y/N, where D and Dy
denote the number of radial or axial betatron oscillations per revo-
lution. The important intrinsic resonances have been indicated on
Fig. 2, as well as imperfection resonances through third order. On
the basis of linear theory, and guided by the theory of imperfections for

1,3,6 . . .
’ 7 " three possible operating points were selected

the linear problem,
for detailed study. ¥For each of these operating points, indicated on
Fig. 2 by the letters A, B, and C, a realistic pole profile and gap were

selected and suitable values of the parameters k and 1/w determined

12



computationally to give the desired frequencies for small-amplitude
betatron oscillations. In Table I we list the parameters which corres-

pond to the three operating points and in Fig. 3 we show a cross section,

TABLE 1. Parameters for the three operating points studied computationally.

Parameter Point A Point B Point C
k 1.62 1,65 0.70
1/w 6.65 6.00 6.25
N 6 6 6

a 1.083 1.085 1,087

eff.
o 0.5977T 0.585 W 0.466 7

xX
Ty 0.2257 0.129 7 0.375 7
Vs 1.791 1.785 1.398
vy 0.675 0.387 1.125
E'Lfeff denotes the effective flutter, defined as

. 1
2 2 2 =
foep = [z(<H > - H)")/ H) J 2
2 271
=[2<(H- <H>)>/<H>]z.
in the g ,‘? -plane, of the pole shape used for point C. It may be

noted that a pole profile, depicted in this way in the g,”z -plane,

represents a section taken at constant r, but with unequal scale factors

in the azimuthal and axial directions. The outline represents more truly

a cross section perpendicular to the spiral, save that the general increase

of all linear dimensions with radius is not depicted.

13



The results of a computational study of orbit dynamics for the
three operating points are summarized in Table 1I, wherein we in-
clude some refined estimates of radial stability limits determined
vith the MURA IBM~-704 in Madison To insure that the coraputations
would not ignore the possibility of strong coupling, betveen radial
and cxial motion at certain operating points. the Illiac searches for
radial stability limits were made 'with a small initial axial displace-
ment (yo = 10'5) in cases which otherwise would have been entirely
free of axial motion, and likewise, the subsequent IBM-704 studies
of radial motion included searches made with an initial axial displace-
ment which was about 12% of the corresponding axial stability limit,
Despite the relatively short duration of the individual computer runs
for the estimation of stability limits, the introduction of this modest
amount of initial axial motion led to substantially reduced, but it is
believed more realistic, radial limits for operation at points A and B.
For point C, however, the radial stability limits were found to be sub-
stantially independent of the presence of such axial motion. Although
the data of Table II may be subject to some sampling errors, a signifi-
cant trend seems unmistakable which served as a helpful guide in selec-
tion of a suitable operating point for the model,

The radial stability limits for point A appeared undesirably low
when even small amounts of axial motion wvere present This result,
attributed to proximity to the UX -2 Uy resonance, motivated the

investigation of point B, situated somex/hat {further from this coupling
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TABLE II. Summary of the dynamics studies for the three operating points A, B, and C.

The numbers in the body of the table give the magnitudes of the limiting amplitudes, for the

P

free betatron oscillations, in units of the radius

Save where otherw/ise indicated, the ampli-

tudes refer to the center of a radially-focusing region The threshold for y-growth denotes

the amplitude of radial oscillation above which coupling results in a marked (exponential) in-

Crease in the amplitude of initially-small axial oscillations.

various sector displacements are given in mm for a nominal radius of 30 cm.

Approximate magnitudes of the

Length of Eoint A 01 oint
Perturbation Individual Run Radial Axial Radial Axial Radiala Axial
Ampl.? Ampl, Ampl.?® Ampl. Ampl.® Ampl
Unperturbed b b
30 sectors 0.088P 0.117 0.106
0.028¢ 0,052°¢ 0, 106¢
80 sectors 0.029 0.033 0.036
Max, ampl. , stabled 0.073 0.072 0.075
Threshold
P
90 sectors, growth 0.032 0. 049 0.092
no growth 0,027 0.031 0.074
Axially Displaced Sector
Ay = 0.00351 90 sectors 0.019€ 0.029 0.036° 0.033 0.0992:.€ 0.040
(Az % 1 mm)
Ay =0,00702 0.019¢ 0.028 0.030° 0.035 0.077°%C 0,033
(4az T 2 mm)
Radially Displaced Sector
Ax = 0.00351 90 sectors 0.026° 0.025 0.037 0.032 0.1002:C 0.036
(Ar ¥ 1 mm)
Ax = 0.00702 0.023° 0.020 ©0.034° 0.029 0.097°°C 0.036
{ar £ 2 mm)
Rotated Sector
Ag = 0.0015 90 sectors, unstable 0.032° 0.032 0 060° 0.034 0.126P.¢ 0.039
stable 0 023 0029 0 042 0.030 0,100%¢ 0.034
AQ - 0 0060 unstable 0.036C 0.027 ©.065 0 030 0.1042:C 0 044
stable 0.023° 0 025 0 046 0.028 0.078P-¢ 0,039
— —

8Apanlitude to left of stable fixed point when Py has the valve corresponding to the fixed point.

PWith no axial amplitude present,

CWith a small amount of axial amplitude introduced initially.

dAmplitude at center of axially-focusing region.
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resonance. As is seen from Table II, the stability limits, although
significantly greater than for point A, were still rather small and, in
view of the low value of vy associated with point B, the useable vol-
ume of phase space was again regarded as undesirably small.

Attention was therefore finally directed to point C, lying a con-
siderable distance above the 2/ =2 Vy resonance. Here the stability
region was found to be materially greater than for points A and B, and
the axial oscillation frequency was also comparatively large. Most
important, moreover, coupling effects were no longer apparent and
the sensitivity to misalignments did not appear to be pronounced.

On the basis of the Illiac computations included in Table 11, which
incidentally were obtained with a total of approximately 200 hours of

g . . . .
computer time, it accordingly was decided to proceed with the con-

9This estimate does not include code checking, various simplified
problems which were studied to test the programs, or checks of
internal consistency used to confirm that the results were sub-
stantially independent of mesh size. Some tests of the effect of

mesh size are described in reference 10.

struction of the model at operating point C, It was, of course,

planned to be able to tune the model, but the central design parameters
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were taken as those associated with point C. It is encouraging to

note that the subsequent performance of the model, reported in Sec. V,
indicated that point C fell within a region of maximum beam intensity.

Following initiation of construction of the model, further digital

computation was performed on the MURA IBM-704 at Madison. This
work proved to be completely consistent with all the results described
above, but, because the pressure to obtain a satisfactory design point
wag no longer present, the opportunity presented itself to obtain a

more complete description of the accelerator represented by point C. 10

lOA more complete description of this work is given by L. J. Laslett,
Midwestern Universities Research Association report MURA-213

{1957, unpublished).

Some of these supplementary results are described below.

(1) Median-plane field. A Fourier analysis was obtained for the

magnetic field in the median plane, with the results given in Table III.
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TABLE III. The prominent Fourier components of the normalized

magnetic field for operating point C.

—__ —— — ——

m fm(the coeff, of sin 2 1r mg ) gm(the coeff. of cos 2 frmf )
0 1 (normalized)
1 1,0688 -0.1312
2 -0.0258 -0.087%5
3 00,0742 -0.0357
4 -0.0087 -0.0122
feff. 1,084
—_——

(2) Large-amplitude radial oscillations. A phase plot for large-amplitude

radial oscillations is illustrated in Fig. 4 for the model free of imperfec-
tions.

(3) Small-amplitude radial oscillations. The small-amplitude betatron

oscillations occur about an equilibrium orbit for which the major terms
in its Fourier representation were found to be
x; ®-0.0211 -0.0290 sin N6 - 0,0071 cos N8
- 0.0011 cos 2 N©

-0.0001 sin3 N8 - 0,0002cos3 N8 . (12)
The elements of the matrix(‘?*3 B]S) which serves to carry the vector
x - Xeo Py - pr), characterizing a small-amplitude betatron oscillation,
through one sector also were computed. These elements, as a function
of the starting point within the sector, are plotted in Fig. 5., The param-

eter ﬂ , defired as B/sin@ , has been introduced by Courant and
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Snyder11 for convenience in treating the response of an orbit to scatter-

11E. D. Courant and H. S. Snyder, Annals of Physics 3, 1 {1938]).

ing and other disturbances. For the present structure /Gx varies be-
tween about 0.43 and 1.29, as can be seen from Fig. 6, and the value
at the reference peint used in the earlier work (N@ = 0, ln_og. 2T ) is
about 1.12.

(4} Small-amplitude axial oscillations. Corresponding results for axial

motion in the model are plotted in Fig. 7 and 8. The values of ﬁy at
N® = 0 and N® =7 (mod. 2 ) are respectively 0.62 and 1. 40.

Motivated by the unexpected comparative behavior of three Illiac
runs, 22 runs, each of 400 sectors duration, were made with the IBM-
704. None of these runs gave evidence of instability and many gave
reasonably definite py vs. ¥y phase plots, of which some were charac-
terized by a rotation number close to 2 T /5. The initial conditions for
the axial motion were varied over a considerable range within the stability
limits quoted in Table II, while the initial values for the radial motion
were the coordinates of the fixed point which characterizes the equilib-

rium orbit. 10

12

A careful study™” was made of the effect of k assuming in one sector

IZL. J. Laslett, Midwestern Universities Research Association report

MURA-257, (1957, unpublished}).

the value 0,8, while in the remaining sectors it retained its design value

0.7. It was found that there were no notable effects attributable to the



decrease of periodicity of the structure, but only a partial decrease of
the radial phase space available for stable oscillations which was similar
to the larger decrease found when k was increased in all sectors.
III. CONSTRUCTION
A. Magnets

As mentioned previously, it was the intention that the accelerator
design should scale and accordingly that all annular rings of the magnet
should be similar, with the dimensions increasing in direct proportion
to the radius. In addition the edges, and other equivalent points of each
magnet sector, should progress radially outward along a logarithmic
spiral which makes an angle g = <:c>t-1 {Nw) = 46 deg with a radius
vector. With such a design, computations made for one radius in the
accelerator should be immediately applicable to other radii,

It was appropriate, therefore, to cut the magnet poles from a sur-

face having the correct conical angle to satisfy the scaling requirements
of the machine, The sectors were made from forgings of Armco iron,
1 %- in. thick, from which annular rings of 25 cm inner radius and
61 cm outer radius were flame cut. These annular rings were then
placed upon a template, pressed into the desired conical shape, and
subsequently annealed.

The individual magnet pole pieces were cut from the conical rings,
mounted on a turntable, and machined to the final conical surface.
Grooves were machined in the pole surfaces, near the sector edges, to
carry the magnetizing windings and tuning coils. The rim of iron re-
maining beyond the coils could thus be regarded as remaining at zero

20



magnetostatic potential, thereby increasing the effective flutter of the
resultant magnetic field by effecting a more abrupt fall-off and serving
to provide additional shielding against external magnetic fields. The
back leg and pole faces of each magnet sector were finally assembled
on a jig and pinned by dowels in the final position. Figure 9 illustrates
an assembled sector, prior to winding.

Since the magnet gap increases in direct proportion to the radius,
and the magnetic field as rO' 73 the magnetostatic potential of the pole

1.7 1t was therefore necessary to use distributed

face must vary as r
pole-face windings. These were so designed that a single layer of wire
gave the requisite field dependence if infinite permeability were assumed
for the iron. Current densities in the wires were kept below 2000 amp/in‘?‘,
thus obviating the need for water cooling. The coil configuration is

shown in Fig. 10,

The main pole-face windings were formed of No. 16 Formex-
insulated wire and employed 110 turns on each pole, of which 86 were
distributed across the pole face, on circular arcs concentric with the
accelerator. The wires crossing the pole were secured with polystyrene
cement into grooves machined in a lucite form % - in. thick. The return
copper bundles were then rigidly formed to fit into the edge slots and
were carefully mounted on the magnet faces, using fish paper and var-
nished cambric for insulation.

To provide a desirable flexibility in the operation of the model, both
k-tuning coils and flutter-tuning coils were provided for adjusting the
operating point of the accelerator. From an expansion of the desired
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magnetic field through terms of first order in Ak,
Hk+ AK) EHy (r/r)X + Hy /v fn(rit) 8k, (13)

one is led to a distribution of a single layer of supplemental pole-face
windings adequate to produce a suitable change in k with no more than

a small non-scaling error. These distributed windings were fabricated
in the same way as the main field coils. They were wound with 87 turns
of No. 22 Formex-insulated wire, following a schedule similar to that
for the main coils, and the retﬁrn copper bundles were also buried in

the edge slots. The flutter-tuning coils were wound on thin lucite strips
which then were secured to the guard edges of each pole so that the edges
could be adjusted to magnetostatic potentials different from zero. During
the installation of all the coils, the resistances were continually monitored
and great care taken to avoid short circuits or grounds.

The main coils were all connected in series, so that they carried the
same current {F 3.4 amp). The k-tuning coils had their own series cir-
cuit with an adjustable current supply and the flutter-tuning coils were
similarly in series with a separate control. Power for these currents
was provided by a stabilized Nobatron power supply. A current of + 1 amp
in the k-tuning coils produced a change in k of + 40%, and + 1 amp in the
flutter-tuning coils effected a + 30% change of the effective flutter. It
should be noted, however, that ifEEJ_‘FE types of tuning coils are simulta-
neously employed, a significant departure from the desired scaling prop-
erty of the magnetic field will result.

B. Vacuum Chamber and Detectors

(1) The vacuum chamber., The vacuum chamber was designed to per-

mit utilization of as much of the magnet gap as possible, this consideration
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being of particular importance at the injection radius where the largest
oscillation amplitudes occur, and to afford a flexibility which would per-
mit modifications of the experimental arrangements to be made readily.
It was necessary to provide at least one insulated gap across which ac-
celerating voltages could be placed when required, and several access
ports for the insertion of probes and detectors were considered desir-
able For adequate beam lifetime, ultimate pressures in the neighbor-

hood of 10”°

mm Hg were considered appropriate and an operating pres-
sure of 2 x 107® mm Hg was typical for most of the tests described in
the following sections.

The chamber, Fig. 11, was constructed as two hollow semi-circular
annuli, sealed together by means of a —:El;— - in, flat rubber gasket com-
pressed by insulated bolts. The rubber gasket was located behnind a metal
shoulder, which served to shield the insulating gasket from the beam and
asgisted in assembly of the chamber. The inner and outer chamber walls
were formed by brass rings, g - in. thick, to which the top and bottom
plates of % - in. brass were brazed to form a chamber with an interior
height of 1 % - in. The top and bottom exterior surfaces were cham-
fered, on the inner portion, to fit closely between the magnet poles.

The chamber was pumped continuously through two of eight 4 - in.
holes in the bottom plate, selection of the particular holes to be used
being determined by the desired azimuthal location of the chamber with
respect to the magnet sectors., Two Consolidated Electrodynamics Type

MCF-300 oil diffusion pumps, trapped by baffles which were freon cooled

to -40° C, evacuated the chamber through 4 - in. gate valves., The fore-
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vacuum was provided by a Welch Type 1397 rotary pump which, by a
suitable system of ball-valves and use of ballast tanks, also served as

a roughing pump. Pressures in the high vacuum system were measured
with Consolidated Electrodynamics VG-1A ionization gauges and fore-
pressures by thermocouple gauges. Gauges of the latter type also served
to actuate protective vacuum interlocks.

(2) Detectors. For direct detection and analysis of the accelerated

electron beam a scintillation detector was constructed for insertion into
the vacuum chamber. The scintillator proper consisted of a 1 - in, dia.
cylinder of Sintilon plastic, attached to the end of a brass tube which
passed through an O-ring sliding seal at the vacuum chamber wall. The
scintillator was covered on its front surface by an evaporated aluminum
layer which was light-tight and yet sufficiently thin to permit electrons
to strike the plastic. Electrical pulses were then obtained from an RCA
Type 6342 photomultiplier situated at the end of the brass tube and were
either viewed directly on an oscilloscope or integrated to give a signal
indicative of the total beam striking the scintillator.

In moving the scintillator radially within the vacuum chamber, it
necessarily crosses the spirals of the magnet structure and in conse-
quence presents a variable aspect to the scalloped particle orbits. To
avoid variations in the geometrical acceptance it was therefore neces-
sary to make the front of the scintillator chisel-shaped.

A second detector consisted of a current probe, constructed to pro-
vide an absolute measurement of beam intensity. This probe was in the
form of a Mo ﬂag% - in, high, %- in. wide, and 0.010 in. thick, Tests

24



.

indicated that secondary emission caused no detectable error in measure-
ments made with this probe. An additional type of probe carried an off-
set 0,040 - in. Mo wire which, through rotation of the probe, served to
measure the vertical location of the equilibrium orbit, to indicate the
amplitudes of vertical oscillations, and to limit these amplitudes when
desirable.

For accurate measurement of the betatron oscillation frequencies
and of the revolution frequency in tests of the operating model, it was
planned to use destructive radio-frequency excitation of the betatron

3,13

motion, For this purpose a pair of plates was introduced near the

13Hammer, Pidd, and Terwilliger, Rev, Sci. Instr. 26, 555 (1955).

upper and lower surfaces of the vacuum chamber. These electrodes
consisted of 0.010 - in. Mo, é—- in. wide, 2 - in. long, separated
vertically by 1 in. They were electrically insulated, both from each
other and from the chamber wall, and, by exciting them either in opposi-
tion or together, suitable vertical or radial electric fields could be placed
in resonance with the corresponding betatron oscillations. An additional
electrode of % - in, Cu, 6 - in. long and % - in, high, was also pro-
vided to permit application of a radial electric field near the injection
radius.
C. Accelerating System
Betatron acceleration alone was used when the model was first put

into operation, and later supplemented the radio-frequency fields em-

ployed in the series of experiments described in Sec. VIII. The dimen-
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- gions and windings of the betatron core, which was constructed of

0.014 -in. transformer laminations, are iliustrated in Fig. 12. The
four butt joints were surrounded, as shown, by separate windings
connected in parailel with the main distributed windings and the resuit-
ant flux-forcing served to reduce the leakage flux. Measurements made
at the center of the betatron-core window, before insertion of the vacuum
chamber, indicated a leakage flux-density of approximately 1 gauss and
a residual field of about 1/7 gause from the core--the %-= in. brass
plates of the vacuum chamber would be expected, of course, to effect

a further reduction cf stray time-varying fields.

At the time the core was designed the final basic parameters of the
model had not been selected and it was believed desirable to provide an
induction field of as much as 50 v/turn with continuous operation from
a 500-cps alternator, In practice, however, it proved convenient to
operate the core from a pulsed power supply, for which the circuits
and resultant wave-forms are ill‘ustrated by Fig. 13. By use of this
circuit electrons could be accelerated in two stages, first being carried
to an intermediate radius and then, after a short interval, further ac-
celerated to the final energy. During this interval experiments on radio-
frequency acceleration could be performed.

The radio-frequency system is illustrated by the block diagram of
Fig. 14. Since the required frequency change was small for the radio-
frequency experiments with the model, a 6CL6 reactance tube wasg used
to modulate the 6C4 ogcillator. A 6CL6 gated buffer drove the 829-B

final stage, which was then coupled to one of the insulated gaps of the
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vacuum chamber. Since at 60 Mc the gap presents a reactance of very
low Q, it was feasible to connect it to a tuning coil to provide a broad-
band resonant circuit. The frequency-modulation function generator
used to control the reactance tube was sufficiently versatile to control,
independently the initial radio-frequency program as well as the pro-
gram in the neighborhood of the 1:1*anstion1 energy.
D. Injector
Although it was possible tc employ as an injector a simple gun of

5 it was considered

the type customarily used for injection into betatrons,
preferable in the model tests to use an injection system with a very nar-
row septum so that one could inject into a region as small as several
millimeters., To avoid voltage limitations within the injector assembly
it proved convenient to employ an auxiliary deflector which permitted a
septum as thin as 0.005 in . to direct the beam emerging from the in-

~ Jector.

The injector assembly is shown in Fig. 15, The electron optics of
the gun itself were determined by a rubber dam method, leading to a de-
sign in which the focus was several millimeters in front of the gun save
for space-charge effects which would displace this focus toward the de-
flector system. The deflector was constructed to bend the electrons
through 15 deg, so that they would emerge through a slit 0 080 - in.
wide and effectively 0. 365 - in high. The electric fields of the deflec~
tor were shielded by a box. of which the 0,005 - in. septum formed the
grounded wall, in order to preclude disturbance of the electron orbits

within the accelerator. This deflector system provided a small amount
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of radial focusing and substantially no vertical focusing. When changing
injectors, the mounting and alignment provisions permitted a pretested
assembly to be inserted and a beam obtained within 20 min.

Tests of the injector in a separate vacuum system indicated an emit-
tance of 0. 2 mm- radian horizontally (+1 mm, iO, 05 rad} and 2 mm-radian
vertically (+ 5 mm, + 0.1 rad) The emergentintensity, amounting to
about % the total emission from the tungsten filament, was typically 25
to 50 ma at operating conditions which would insure a filament life of at
least 600 hr., The radial adrnittance11 of the accelerator at the point where
the injector was located, as determined by the digital computations for the
design point C, was expected to be 18 mm. radian (Fig. 4) and the axial ad-
mittance (as limited by the vacuum chamber) about 2. 6 mm- radian, so that
multi-turn injection radially warranted consideration. The injector was
normally located at the center of a vertically-focusing sector, where the
envelope of vertical oscillation is greatest.

Two distinct pulse circuits were constructed for the injector, to per-
mit operation with short or protracted pulses, as desired. In the short-
pulse circuit an artificial delay line was discharged, by a 5C22 hydrogen
thyratron, through the primary winding of a 7. 5:1 iron-cored, oil-insulated
pulse transformer. The secondary of the transformer was connected to
the injector and used a bifilar winding to provide power for the filament
transformer. Resonant charging of the delay line was provided through
a choke and high-vacuum rectifier circuit. An inverse diode served to
clip overshoot and to prevent continuous conduction by the thyratron. The
output impedance of this pulse supply was sufficiently low that variation
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of the load through its entire range caused no measurable voltage change.
Pulses up to 40 kv in height and 4/u_sec duration were available from this
circuit, with a flat top which was achieved by careful adjustment of match-
ing resistors provided at the primary of the pulse transformer and by ad-
justment of the lengths of the individual delay-line sections.

The detailed construction of the modulator designed to produce long
pulses is described in Appendix I. It could provide pulses up to 45 kv in
height and 1 msec duration, with a rise time of 8 /“sec By negative
feedback the output was stabilized to 0. 1%.

IV, MEASUREMENT AND CORRECTION OF THE MAGNETIC FIELD

To insure that the model would operate in the manner suggested
by the computational work, and to make it effective for quantitative
performance studies, it was necessary to measure the magnetic field
carefully throughout the entire aperture of the machine. The numeri-
cal value and constancy of the field-index, k, the nature of the azimuth-
al variation of the magnetic field, and the character of the median plane
were examined. Adjustments were then made so that magnetic fields
could be obtained which were substantially the same as those used in
the orbit computations. The measurements were made difficult by
the low value of the magnetic field, the maximum value being 60 gauss,
and by the complication of the spiral geometry. Following an initial
investigation, it was found that the original magnet surfaces differed
2 or 3 mm from =z conical shape and would have required corrective

pole-face windings over the entire pole surface. Accordingly, the poles

29



were carefully remachined before making the final set of measure-
ments and adjustments.

For most of the magnetic measurements small flip coils about 1 cm
in length and diameter were used. To measure k three coils were used

3 The coils were

in an arrangement similar to that previously described.
mounted on an arm which was rotatable about the center of the accelera-
tor and could be changed in radius. The radial and azimuthal positions
were determined by suitable scales {to an accuracy of a few tenths of a
mm in radius and a few tenths of a degree in azimuth}, The end two coils
were equally spaced from the center coil and were located along an axis,
intersecting the axis of the center coil, which made an angle of 46 deg
with the radius so as to be tangent to the central spiral locus of the mag-
net-sector (Fig. 16}, The three coils could be flipped simultaneously,
through 180 deg, about this axis.

The arrangement just described was only satisfactory for measuring
k along the central spiral of each magnet {shown as a broken line in Fig.
16), since a large error results in regions where the field varies rapidly
at right angles to the rotation axis and the error is greatly enhanced if
the magnetic axes of the coils do not intersect this line accurately. De-
spite this limitation, however, the results obtained with the aforementioned
method were found to be adequate when taken in conjunction with measure-
ments of the average value of k by means to be described later.

Preliminary measurements indicated a value of k which was low and
varied with radius. With the remachined poles the addition of a suitable

number of back-leg turns in series with the main magnet windings made




it possible to hold k constant within 5% at low and intermediate
radii--i.e. . out to about 48 cm. In order to keep k constant at
large radii, it was found necessary to distribute the main forward
windings and the extra back-leg turns very carefully across the
inside surface of the back legs. It will be noted from Fig. 9 that,
for these larger radii, the region in which a good field is desired
is as close to the back legs as to the pole-face windings.
Measurements of the magnetic field dependence on azimuth
were first made using a single flip coil {the center coils of the three-
coil arrangement) connected directly tc a General Electric flux-
meter Some of the later measurements were taken with a peaker-
strip magnetometer (Appendix II}), which was constructed and kindly
made available to us by Dr. Jou.ph Ballam of Michigan State Univer -
sity. These measurements were analyzed in the form of a Fourier
series, using the IBM-704 computer. The program calculated both
the Fourier components of the field and also the "'effective flutter, "
forr ™ [2 ( <H2> - <H>2)/ <H>2:l f::- . From the average
values of the field at different radii, the average value of k could
be computed. From the components of the Fourier analysis it was
possible to determine which magnets had too large or too small a
field. It was found that the effective flutter was slightly lower
than desired. even when the vertical component of the earth's

magnetic lield was removed by means of a large
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hexagonal Helmholtz ccil pair placed alround the accelerator, but final
adjustments of course could be made by use of the flutter-tuning coils
described in Sec. IIIA. In addition to the hexagonal coil pair just men-
tioned, a second set of ceils was instalied to remove the horizontal com-
ponent of the earth's field.

In order to measure the horizontal component”of field in the geometric
median plane of the model, a piece of plate glass was carefuliy leveled
and adjusted so that its top surface was parallel to and below the geomet-
ric median plane of the magnets. A peaker-strip magnetometer {Appendix
II)., sensitive to small fields, was connected to a zero-center meter and
set on this glass plate so that its axis was at the height of the median
plane. By moving the magnetometer about on this surface it was found
that there were fairly large and random horizontal fields of magntitudes
up to more than one gauss. Since the radial component of the horizontal
field was felt to be the more harmful, attempts were made to reduce this
as much as possible. To this end the magnets were raised or lowered.
and tipped, and it was also necessary to wind turns properly positioned
about the poles of the magnets. forward on one pole and backward on the
other. In some cases it also was necessary to provide 'plaster" coils
on the inside of the back legs of the magnets. With these various adjust-
ments it was possible to reduce the horizontal field to a maximum of ahout
10 milligauss at all radii less than about 52 ¢cm. Beyond this radius, the
many back-leg windings seemed to make the attempt excessively difficult.

When the flutter coils were added to the edges of the magnets, it was
found necessary to adjust their feeder-windings carefully along the slots
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to reduce their effect on the horizontal field. Careful adjustments were
made until the horizontal field was no more than 20 milligauss when the
coils were excited sufficiently to change the effective flutter by + 40 %
V. RESONANCE SURVEY AND STABILITY LIMITS
A. Method Employed in Resonance Survey
A detailed measurement of the variation in beam intensity over a

4f 14 15
large part of the Vs Vy stability region of the model wags made -~

1('IR. Stump and B. Waldman, Midwestern Universities Research Associa-

tion report MURA-~361 (1957, unpublished}.

15W. A, Wallenmeyer, Midwestern Universities Research Association

report MURA-407 (1958, unpublished).

in order to study the effects of various resonances on the operation of
the accelerator. The field index was varied within the range 0. 20 to
1.16 by the k-tuning coils (Sec. IIIA) and the flutter from 0,57 to 1. 60
by the flutter-tuning coils. The measurements were chiefly made at a
radius of 37 ¢m, which was as close to the injection radius as it was
possible to operate and still clearly differentiate the accelerated beam
from newly-injected electrons. The beam intensity was obtained from
the integrated signal of the plastic scintillation detector {Sec. IIIB2).
During the intensity survey the injector filament current was kept low
and constant; likewise the betatron core voltage, the gas pressure, and
the injection timing were held fixed.

To correlate the measurements of beam intensity vs. tuning currents

3,13

with the betatron-oscillation frequencies, the method of radio-frequency



resonant enhancement of the betatron oscillations was employed. En-
hancement of the axial oscillations was detected by loss of beam due to
interception by the vertical~scanning probe {Sec. ITiB 2} or by the walls
of the vacuum chamber, while enhancement of the radial oscillations

was identified by a shift in the time of arrival of the beam at the detector.
The frequencies at which such resonances are observed are related to

the betatron-oscillation frequencies by a relation of the forrn3

frf:pz;xiq py-_s—_m fo* {14)
where fo is the revolution frequency of the particles and p q. and m
are integers, The radio-frequency oscillator used for these measure-
ments covered a range from 12 to 74 Mc, while the frequency of revolu-
tion at the 37 ¢m radius varied from 42 to 58 Mc as the tuning was changed
within the range of interest. A typical set of frequency measurements,
assignments, and results is given in Table IV. In order to make the
correct assignments and thus determine the oscillation frequencies
approximate values for these frequencies of course should be known by

other means.



TABLE IV  Determination of ])X and 72 from resonant radio frequencies at the
J

~<entral operating point {tuning coils de-energized).

Measured

Character

fy fs Assignment
Frequency of M (£ ./ ) Result
(Mc) Resonance c) fo. av rf' o
50.53 . stron 1.025 v Y. =1 025
y. g 49 25 y Z/y
47. 96 y. strong 0.974 2 - '?Jy 026
27.48 y medium 49 24 0.558 3-{7P, + vy) P+ v, 442
21.76 y, strong 0.442 (7 + 'Uy) -2 442
29.74 i - - - 396
y. medium 49 40 0. 604 1 - VX vy) Y, Vy
19.66  y, strong 0.399 P - vy 399
49 27 49, 27 1.000 1
70. 23 : 7’ . 426
X, very strong 49 43 1.426 12:}{ %
28. - 19
— 8.63 very strong 49 43 0.581 2 % 4
20. 80 very strong 0,422 v, -1 422
- 2 2 835
41.13 x, strong 49 26 0835 2 -2 <"
57. 33 medium 1.163 4-2 Vx 2. 837
46. 40 X, medium 0.941 3-27 ¥ 2 Vy .059
Average 49.3 Vx . 420
.026
5
B. Results
The intensity survey as a function of the tuning currents was taken
in a series of runs where one of the tuning currents was kept constant
(generally that for the k-tuning coils) and the other was varied over most
/"\

of its range in order to determine most of the maxima and minima of
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intensity. A typical plot obtained by this procedure is shown in Fig. 17
This plot shows the relative beam intensity measured by the scintillation
detector as a function of the current in the fiutter-tuning ccils for the
case where there was no current in the k-tuning coils The experimentally-
measured flutter at three points is also indicated on the abscissa. Values
of the axial and radial betatron osciilation frequencies are indicated above
the curve, as are also the locations of certain significant resonances.
By measuring the betatron-oscillation frequencies as a function of the
tuning currents. interpolation graphs were prepared which permitted
the results of the intensity survey to be replotted in terms of these fre-
quencies, The rescnance diagram which resulted is shown in Fig. 18,
in which the increasing width of the resonances at points further from the
center of the diagram is chiefly attributed to the increasing non-scaling
of the field as the tuning currents are increased {Sec. IITA). An indica-
tion of the degree to which the untuned fields satisfy the scaling condition
is provided by Fig. 19, in which the measured frequencies are shown as
a function of radius.
C. Discussion

Interpretation of the results just reported is subject t0 some uncer-
tainty due to incomplete contro} of the betatron-oscillation amplitudes
In the intensity survey the injector and deflector potentiais were adjusted
for each point so as to obtain maximum intensity and the amplitudes of
the radial oscillations necessarily increased or decreased with the injec-
tion energy. The amplitudes of the axial oscillations moreover were
limited during the intensity measurements only by the upper and lower
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wealls of the vacuuvrm chamber In the measurements of the betatron-
oscillation frequencies by the radioc-frequency resoanciice method how-
ever, no quantitative ottempt vas made to returi to the injection condi-
tions previously used except that adjustments were cgein made to 2ttain
maximum intensity Also the axial amplitudes were liere delibercreiy
limited, by the vertical-scanning probe in tue interests of observing a
sharp radio-frequency resonance +itn the axial oscillations The observed
freq:encies of the betairon oscillations as a function of oscillation amplitude
are shown in Fig 20 for the centrzl operating point of the model It is seen
that although the variation of 14, with amplitude is small the variation of ’Uy
is vonsiderable and presents some uncertainty in tiue values deter mined
for vy in the intensity survey (Fig 10) It should also e nieutioned tuat
the radio-frequency resonance method is difficult i/hen operation is near
one of the intensity minima of Fig. 18 and that reliance must be placed
in such cases, on interpolation firom results obtained in regions of good
beam intensity This fact, tie amplitude dependence of the oscillation
frequencies, and the non-scaling character of the magnetic field when
substantial tuning currents cre applied may account for the observation
that the positions of the resonance lines drawn on Fig 18 do not coincide
exactly .sith the observed positions of minimum intensity

It may be noted that the Dhetatron-oscillation freq -encies observed
in the model {Table IV). without current in the tuning coils were close
to the valuesg resulting from the digital computations“"b 10 Teable 1) and

that a small current in the flutter-tuning coils suificient to raise 1 to

eff

its design value of 1 087 raised 7} from 1 025 to the predicted vatue
y
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of 1.12 {cf. Fig. 17). A sizable region of maximum intensity was found
to occur center~d about the design point in Fig. 18. The resonance dia-
gram indicates the importance of several resonances in the region acces-
sible by the tuning controls. Although the computer studies summarized
in Table I suggested that the coupling resonance 'UX =2 "uy could affect
the intensity markedly in the neighborhood of operating point A, the spe-
cific influence of this resonance on beam intensity, when no misalignments
were deliberately introduced, was less clearly marked in the results of
the intensity survey illustrated by Fig. 18. An additional investigation,
reported in Sec. V E, was therefore directed toward the examination of
effects associated with operation near the accessible portion of this reso-
nance line.
D. Stability Limits

Experimental measurements were made of the axial and radial sta-
bility limits at the design point of the model. At a given working point
there is a range of energies at which electrons will be accepted into
stable orbits in the accelerator. If one assumes that the minimun~
energy particles are injected onto an equilibrium orbit which just misses
the injector and that the maximum-energy particles oscillate about an
equilibrium orbit which is situated a distance from the injector corres-
ponding to the radial stability limit, it is possible to obtain a measure-
ment of the radial stability limit.

In one method it is convenient to apply a long pulse (Appendix I) to
the injector, modified to give a wave form having a linearly-falling portion

and with the maximum injector voltage set above the high voltage limit
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for injection of a beam into the accelerator. By suddenly dropping the
deflector potential to zero at a time which is adjustable with respect to
the wave form applied to the injector; the time interval over which in-
jection occurs may be measured From the rate of decrease of the in-
jector voltage the acceptable energy range for injection may then be
computed and hence the corresponding radial displacements of the in-
jected particles from their respective equilibrium orbits, In a second
method a long rectangular pulse which drops rapidly to zero {Appendix I)
is applied to the injector, so that injection occurs over a quite short
interval of time, and the time interval over which the accelerated beam
is received at the target is measured. In this case electrons injected
with a higher energy, and undergoing larger betatron oscillations, will
arrive at the target earlier than electrons injected onto an equilibrium
orbit which just misses the injector. From the known properties of the
accelerator, in particular the value of the betatron accelerating voitage,
the radial stability limit may again be evaluated. The adiabatic damping
of the radial betatron oscillations must be taken into account, of course,
in this calculation,

Axial stability limits are conveniently obtained by use of the vertical-
scanning probe (Sec. IIIB 2}. For all these measurements, where the in-
jector, detector, and vertical-scanning probe were at different azimuthal
and radial locations, some adjustments had to be made to the measured
values so as to have the radial and axial limits refer to the same value
of E . These adjustments could be made with the aid of the curves of

/f vs. NBO (Sec. I1C; Figs. 6 and 8; for small-amplitude oscillations,
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1/2 11
taking the betatron oscillation amplitude as proportional to ﬁ s

or by use of similar computer information pertaining to larger-amplitude
oscillations.

A measurement of the radiai stability iimit by the second of the methods
described led to a value at the azimuthk of the injector given by +{0.058+0.006)r,
or + 1.75 cm, for the design point. This result corresponds to a limit of
approximately + 0.08 r at the azimuth to which Table Il applies {cf. Fig. 6}
and is in reasonable agreement with the value of approximately + 0.09 r
found computationally. The measured value for the axial stability limit
similarly was + (0.045 + 0.006) r. This result is somewhat smaller than
the maximum amplitude which would be permitted by the internal dimension
of the vacuum chamber, as would necessarily be the case if the magnetic
median plane were not quite centrally located within the vacuum chamber,
while the computational resuit given in Table II suggests a dynamical limit
at the injector somewhat greater than the available aperture.

E. The Resonance 2/ = 2 ‘z}V

The design point for the model was deliberately chosen (Sec. II) to be
far from the difference resonance TJX =2 vy’ As noted in Fig. 18, how-
ever, it was possible with the tuning controls to reach operating points in
the vicinity of this resonance line, although the accessible portion was of
somewhat limited extent and fell in a region where other important reso-
nances were also present. It is apparent from Fig. 18 that the beam in-

tensities in the neighborhood of the 2

5 = 2 vy resonance are generally

low, although no pronounced ¢ecrease of beam intensity is unambiguously

attributable to this particular resonance. For this reason, and because




of the general interest in the Ux = 2 Uy resonance, additional informa-
tion was sought experimentally f or operation near this resonance. with
vV, = 1L 46, and the interpretation was guided by the results of digital

computations made specifically for the point v, =125 1 =062

o

From the computations it appeared that the radial motion if present

alone, would have very generous stability limits but, as is typical of per-

16,17

formance on a coupling resonance, a very small amount of radial

16L. J. Laslett and K. R. Symon, Proceedings of the CERN Symposium
on High Energy Accelerators and Pion Physics (European Organization
for Nuclear Research, Geneva, 1956), Vol. 1, p. 279,

17

L. Jackson Laslett and A. M. Sessler, Midwestern Universities Re-

search Association report MURA-263 (1957, unpublished}.

nscillation would be accompanied by a marked growth of the axial oscil-
lations. This growth of axial oscillation-amplitude is shown in the semi-
logarithmic plot of Fig. 21, wherein it is evident that a radial amplitude
in excess of about 0.022 r, or about 0.7 ¢m measured at the injector,
will carry the axial motion to amplitudes in excess of 0.06 r (1,9 c¢m}
and result in interception of the beam by the chamber wall. If the wall
were not present, however this physical limitation would not occur and
stable motion with axial amplitudes up to about 0.1 r might then be con-
sidered possible.

Experimental measurement of the radial stability limit at the operat-
ing point assumed in the computations, using the methods described in

Sec. VD, led to an effective 1limit of 0.51 cm and, as was the case for
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the design point, axial amplitudes in excess of 1.3 cm were found. In a
more detailed set of measurements, made with 'JJx £1.46, resulis
were obtained to suggest that the effective radial limit was indeed de-
creased if the axial amplitudes were restricted, the effect becoming
more pronounced when operating close to the resonance line (Fig. 22),
In summary, it is felt that the empirical measurements, when recogni-
tion is given to possible small departures of the magnetic median plane
from the mid-plane of the vacuum chamber, are consistent with the com-
putational results and that the growth of axial amplitude associated with
operation near the 'Ux =2 Uy coupling resonance can effect a pro-
nounced loss of intensity.
VI. INJECTION METHODS
A. General Considerations

It is impossible to trap particles in a static field, since particles
injected externally ultimately will re-emerge and those injected from a
source in the field eventually will return to strike the source, The im-
position of secularly-changing fields, the presence of gas-scattering,
or the use of time-varying fields arising from the particles themselves
therefore is essential for injection. It frequently may be convenient,
however, to analyze such injection methods by a study of the equilibrium
orbit and the oscillations about it for a static field, followed by correc-
tions for the secular changes which are necessarily present. With this
procedure one can determine, for example, the time required before a
particle injected with particular initial conditions from a source in the

static field will return to strike the injector. Attention can then be




directed to effectinga modification of the equilibrium orbit, or a damp-
ing of the betatron oscillations, sufficient to move the orbits away from
the deflector structure.

For efficient injection it is also necessary, of course, that the in-
jected particles be sufficiently limited in their initial positions and direc-
tions that they can be contained within the stable regidn of phase space
for particles in the accelerator. If the emittance of the injector is sub-
stantially smaller than the corresponding admittance of the accelerator,
however, it may then be profitable to inject many turns successively.
When many particles are present, their mutual interactions may cause a
shift of the betatron-oscillation frequencies by such an amount that the
effect of one or more resonances (possibly due to imperfections) is ma-
terially enhanced and thereby particles are lost from the beam. The
limit to beam density which results from such space-charge effects will
impose a less serious limit on the total current which it is possible to
contain within the accelerator if the area utilized by the beam can be in-
creagsed. An increase of the intensity of the injected beam at the expense
of increased energy spread may be a chimerical gain, however, if beams
ultimately are to be stacked by a répetitive acceleration system., Simi-
larly, arranging a rapid energy change, in an effort to move the equilib-
rium orbit away from the injector and to suppress space-charge effects
by increasing the beam area, may augment the amplitude of the betatron
oscillations appreciably and somewhat reduce the effectiveness of this

injection method.



pf
)

/' B. Methods Employed with Short-Pulse Injection

In the spiral sector model one method of injection undertook to
accelerate the electrons rapidly, but under conditions such that the
amplitudes of the radial betatron oscillations remained smaller than
the radial width of the beam due to energy spread. Under these cir-
cumstances, it is to be expected that the total number of particles
successfully injected will be proportional te the radial width of the
beam and that this, in turn, will be proportienal to the energy gain
per turn. With an acceleration voltage of 150 v/turn, successful in-
jection for a 4 Msec interval was accomplished and led to individual
beam pulses containing in excess of 1010 electrons. The electron

3

density in this case was estimated as 3 x 10® cm” , which may be

compared with the calculated 1imitl8 of 107 cm_3 at which space-

18 . ies N
L. Jackson Laslett, Midwestern Universities Research Association

report MURA-14 (1954, unpublished), Our present estimate is one-half
the value which would follow from the formulas of this reference, since
in place of a toroidal beamm we here consider a beam which is significant~

ly more extended radially than in the axial direction.

charge effects would induce beam loss from the z)y = 1 resonance.

A second method which was successfully applied to the model did
not require acceleration of the electrons but employed an azimuthally-
localized, time-dependent radial electric field. This electric field, by
producing a forced oscillation, resulted in a perturbation of the equi-

librium orbit (Fig. 23). The injection conditions were chosen so that,
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with the perturbation present, the betatron oscillations of the accelerated
electrons were of small amplitude. Presuming that the strength of the
perturbation is decreased to zero adiabatically, the orbits of these elec-
trons will follow the changing equilibrium orbit with little change of oscil-
lation amplitude, thus, in effect, being pulled away from the injector
structure. Electrons injected somewhat later also can be accepted, with
somewhat larger ampiitudes of oscillation, and thev too would be removed
from the region of the injector as the perturbation was turned off. Despite
the objective that the perturbation be removed adiabaticaily, it is neces-
sary, of course, that the radial motion of the equilibrium orbit in the
neighborhood of the injector be sufficiently rapid to preclude interception
of the beam by some portion of the injector structure. If the vertical ad-
mittance of the accelerator were considerably larger than the vertical
emittance of the injector, the injection structure could be displaced from
the median plane, the perturbation could be turned off more slowly, and
an improved utilization of phase space in this way might be possible. In
the spiral sector model, however, the vertical emittance was not such
as to permit such use of the vertical motion to assist in injection.

The perturbation was applied by a radial electric field, from an
electrode inserted into the vacuum chamber. The electrode was shaped,
as shown on Fig, 23, to produce a field of fairly constant strength through-
out a region of several centimeters radial extent, and modulation provided
by discharge of a capacitor with a thyratron. When injection with large-
amplitude betatron oscillations was attempted, the electric field apparently

effected a coupling between radial and axial motion which resulted in beam
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loss; the system otherwise appeared to work well, howeve: K permitting
multi-turn injection to be achieved and leading fo beam densi‘ies of ap-
proximately one-sixth the space-charge limit.
C. Long-Fulse Injection

One of the desirable possibilitiesl; 2 for use of fixed-field acceler-
ators is that in which a large betatron core might be empleyed in con-
junction with a fixed-field magnet structure in such a way that particles
may be injected and accelerated to the target or extractor with a duty
cycle approaching 30 or 40 %. TJse of the long-pulse modulator (Appen-
dix I) permitted the injection of high-intensity beams into the spiral
sector model for times as long as the 500-cps flux-wave in the betatron
core could accelerate them and enabled a study to be made of ionization
phenomena which would be unnoticeable with a short-pulse injection system.

The accelerating voltage was provided by the positive half of the
500-cps sinusoidal excitation of the betatron core and usually amounted
to about 20 v/turn. Electrons could be accelerated thereby from the in-
jection energy (30 kev) to the target, situated at a 45 cm radius (80 kev),
in approximately 80 JMsec. The equilibrium orbits of individual electrons
thus moved outward at a rate of roughiy 2 x 10° cm/{sec during the course
of acceleration, Injection could be maintained for periods as long as
several msec, but usually occupied only 400 usec at the peak of the ac-
celerating-voltage wave, during which time the accelerating voitage was
comparatively constant. Injection conditions otherwise were as described

in Sec. IIID.



Space-charge forces limit the density of electrons at injection to

Tt

about 107 cm™® (Sec, VIB,. ' The injector can supply more electrons

1L*The change of the oscillation frequency ‘uy =N O‘y/ZUT may be esti-
mated readily for the simplified case of a beam of uniform density in a
constant-gradient field (cf. ref. 18, in which a toroidal beam is con-
sidered). With the particle density denoted by ne for the electrons, of
velocity ﬁ ¢, and by n; for the singly-charged stationary positive ions,
one cbtains

Y v;) = -amr RS B2 (1—,32)1/3&1‘e (1-p2)-nJ ,
in which r, denotes the classical electron radius and R, represents
the radius of the accelerator. It is seen that the space-charge effect
of the electron density is to decrease the oscillation frequency, by an
amount which depends on 1 - ‘32 because of the partial cancellation of
electrostatic defocusing by magnetic focusing effects, but that the ac-
cumulation of positive ions can reduce this decrease and ultimately lead

to a net increase of the oscillation frequency.

than are required to reach this density and in consequence we would ex-
pect that the frequencies of betatron oscillations would decrease signi-
ficantly as a result of space-charge, possibly to be limited by the nearest
lower resonance. In the course of time during the injection pulse, ions
formed by interaction of the beam with the residual gas in the vacuum
chamber should collect in the beam and begin to neutralize the space-
charge forces due to the electrons themselves. The initial value of the
potential well which acts to trap these ions is of the order of several ev
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and this process may be aided to some extent by the configuration of the
applied magnetic field. The ions would not, in general, gain enough
energy to escape the potential well of the beam and one accordingly
visualizes a sheet of charge, originally some 2 cm thick, whose density
is limited initially by the space-charge forces at injection and within
which ions are being formed and trapped to neutralize these forces. It
may be supposed, finally, that the accumulated ion density will serve to
increase the frequencies of the electron betatron oscillations, possibly
until the stability limitations imposed by the nearest resonance of higher
frequency begin to affect the beam.

When the injector is oPerated at low emission currents with a good
vacuum in the chamber, one observes a current at the target such as
that shown in Fig, 24 (c). This current is quite uniform with respect to
time and only becomes more intense when the betatron voltage is increased.
The current is proportional to the emission from the injector and no effects
of space charge or of ionization are observed. As the emission from the
injector is increased, however, several more complicated phenomena
are seen to occur. In this case the output current presents a time depend-
ence shown in Fig. 24 (d), of which the essential features are sketched in
Fig. 25. The time dependence is extremely reproducible from pulse to
pulse, as is illustrated by the several hundred pulses contributing to the
oscillogram of Fig. 24 (d).

The initial current, I, {Fig. 25), is found to be directly proportional
to emission when this latter current is small and to reach a constant value

at high emission currents. At high currents, I, is directly proportional
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to the betatron vol‘ca\ge-f-_i_:_eh upon the rate of progression of the equi-
librium orbits away from the injector--and is independent of gas pres-
sure, save for single-scattering losses estimable hy other means The
electron density corresponding to I,. when caiculated from dr/dt and
the other known parameters of the accelerator is approximately

6 Cm—3, so that this limiting value of the output current evidently

2x 10
may be related to the space-charge limit mentioned in Sec. VIB.
Following attainment of the current-value I,. but depending on the
particular operating point chosen, the output current may or may not
undergo a further rise to reach a plateau value, Inay (Fig. 25). Ata
time T, the output current drops to zero and is restored only after an
interval T4. At the time T, the current again drops to zero and from
then on the phenomenon reproduces itself in the manner indicated. It
is found that Tl is inversely proportional to the product of vacuum-
chamber pressure and emission current, while the interval Td is
generally slightly less than the time required to accelerate electrons
from the injector to the target and appears to be relatively independent
of emission current. Evidently at time T; the sheet of charge extend-
ing from the injector to the target becomes unstable and is lost, Spe-
cifically it was found that when the operating point lay just below an
axial resonance a probe situated above or below the beam would receive
a large amount of charge at the time le whereas when operating just
below a radial resonance a probe inserted near the inner or outer radii

would receive a burst of charge at T;. The instability usually appeared




to begin at the injection radius and proceed outward to the target radius,
taking approximately 3 JMsec to do so.

Since the slope dI/dt (Fig. 25) and I,,5x are each proportional to
emission current and Tl varies inversely with pressure and emission,
the phenomena appear attributable to ionization of the gas in the vacuum
chamber. The initial space-charge limited current, I, can increase
as ions are formed and collected in the beam until the current I 5, is
reached, which may represent the maximum current available from the
injector. As additional ions are collected, the oscillation frequencies in-
crease to approach a resonant value, whereupon, at Tl"' the beam is
lost. Following this, after a sufficient number of ions have migrated to
the chamber walls, injected electrons may once again build up a new
sheet of charge, commencing at the injection radius, and the phenomena
then repeat themselves as long as the emission and accelerating voltage
are both present. Radio-frequency measurements of the betatron oscil-

1 . . . .
3,13 made at various times during the acceleration

lation frequencies,
process, confirmed that with high emission currents the initial oscilla-
tion frequencies are lowered, as expected, and that at later times the
frequencies increased to values which were above those obtained witlh_‘
low emission and which approached a half-integral resonance (e. g.

vx = 1.5). Once the operating point enters a stop-band and some 'élec-l-'
trons become quickly lost, the ions remaining behind may be expected

to drive the operating point further into the stop-band and the beam

must necessarily be lost very rapidly.




Although the foregoing expianation in terms of beam neutraiization
by ionization of residual gas appears to account for the phenomena de-
scribed above, additional phenomena involving the coliective motion of
part icles undoubtedly occur. Thus. for exampie, a strong rf electro-
magnetic field was found to arise from the beam, with frequencies which
usually were half-integral multiples of the eiectron revoiution frequency
at the injector radius. The strength, frequency spectrum, and duration
of this electromagnetic fieild depended quite markedly on the operating
point of the accelerator, Since the intensity usually was particularly
strong just prior to the time at which the beam was lost, the radiation
may, at least in part, have been due to coherent motion of the charges
as the operating point entered a stop-band. In one instance, moreover,
it appeared that the current which arrived at the target was bunched at
the revolution frequency of the electrons.

VI, PERTURBATION STUDIES
A. General Description

It was of interest to obtain experimental information concerning the
effects of misalignments on the operation of the model to permit a com-
parison with computational and analytic results and to provide informa-
tion concerning constructional tolerances for an accelerator of the spiral
type. Four types of perturbations were specifically studied in turn:

(1) the magnetic field in one of the six sectors was reduced 7 % by reduc-
ing the currents in the main field coils which produced the excitation for
that sector; (2) the field index, k, in a sector was raised from 0.7 to
0.8 by adjustment of the current in the k-tuning coils for that sector;
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{3) a sector was raised by 1 min with respect to the remaining five
sectors: and {4) a sector was rotated approximately & deg about a pin
on its inner radius. For each such perturbation, measurements were
made of, (1) the resultant radial and axial displacements of the equilib-
rium orbit, {2) changes in the frequencies of radial and axial betatron
oscillations, and (3) changes in the radial and axia! stabiiity limits.
B. Results of Perturbations at the Design Point

The radial displacement of the equilibrium orbit which resulted
from lowering the field by 7 % in one of the sectors is shown by the
points in Fig. 26a. The solid line of Fig. 26 a represents the displace-
ment predicted by digital computation with the IBM-704, using the meas-
ured vaiues of the magnetic field at a given radius together with the de-
sign values for k and w. while the dotted line represents the result

predicted by Par zen'® from an analytic treatment of this problem where

19The results of an analytic treatment by G. Parzen of the effect of per-

turbations in a spiral ridge accelerator are given in Appendix III. The
authors are very grateful to Dr. Parzen for his courtesy in permitting

this material to be included in the present paper.

the indicated shape is obtained from the addition of a cos® first har-
monic term and a negative cos 28 second harmonic term. As expected,
no significant vertical movement of the equilibrium orbit arose from this
type of perturbation., As a resuit of this perturbafion, the frequencies

and amplitudes of the betatron osciilations were changed by the amounts



listed in Table V

A perturbation in which the field index k is raised from 0.7 t0 0,8
in a sector has the effect of leaving the field unchanged at a radius of
25 c¢m but strengthens the field by increasing amounts at larger radii
within the perturbed sector (cf. Sec. IIIA). The effect of such a per-

19 4o be esgentially due to the

turbation on the equilibrium orbit appears
associated increase of the field strength at the radius of interest. The
shift of the radial position of the equilibrium orbit as obtained experi-
mentally at a radius of 37 ¢m is indicated by the points plotted in

Fig 26b together with computational and analytic results obtained by
considering only the increased field strength within the perturbed
sector Again, as expected, no vertical movement of the equilibrium
orbit was found to occur. The change in the field strength at 37 cm as
a result of the change in k is about half that which was produced by the
preceding field perturbation and in the opposite sense. Changes in the
frequencies of the betatron oscillations and the stability limits which
were observed to occur from the perturbation of k and the resulting
field perturbation are summarized in Table V. Also included are the
results of computationslz made with the IBM-704 prior to operation of
the model As noted previously (Sec. IIC), the main effect of this per-
turbation appears to be a partial decrease of the phase space available
for stable oscillations similar to the larger decrease found when k was

increased in all sectors.
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TABLE V.

Limits at the Design Point.

Effect of Perturbations on the Oscillation Frequencies and Stability

ﬁ —
Perturbation Item Theorya Computer Experiment
Unperturbed Y, 1.32 1.40 1.41

7, 1.15 1.12 1.12
+0.005
A 0.097 13 500 0.058 + 0.006
A +0.005
0.058 0.045 + 0.006
y ~0.000 ©t
Field Decreased A 0 +0.001  +0.006 + 0.003
% In One Sector N -0.002 +0.0005  -0.006 + 0,005
DA_IA -0.18 +0.05 -0.25 + 0.08
QAL /A, -0.31 +0.05 -0.22 + 0.08
Field Index. k, Al £0.01 +0.001  +0.011 + 0.003"
Changed from b
3 Tw008m sy, -0.01 +0.001  -0.015+ 0.005
e Sector AAJA -0.20 + 0.0gP
b
DAG/A, 0.23 + 0.08
Axially Dis- a v, +0.001 + 0.004
placed Sector A
rarsed T mm) 'I/y +0.002 + 0,006
BAL/A -0.20 +0.10
AAy/ay -0.08 + 0.10
Rotated Sector A dx +0.004 + 0.006
{approx 29} -
PP AV, +£0.003 + 0.007
DAg/A, 0.0 +0.15
AAY/Ay 0.0 +0.15

8Theoretical results from Appendix III.

b

/_\

oeing increased by about 3 1/2% at the detection radius in the perturbed sector.
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The vertical movement of a sector by 1 mm resulted in an equi-
librium orbit displaced from the median plane by amounts shown in
Fig 26c and produced no detectable change in the radial position.
The effects on the betatron oscillation frequencies and on the limiting
stable amplitudes are summarized in Table V_  together with computer
results obtained by means of the [lliac prior to construction of the model.

Clockwise rotation of a sector. through 2 deg about a vertical axis
at its inner radius, will necessarily increase somewhat the field strength
at a given radius--in the present case by about 2 % %. The change in
the equilibrium orbit which results from this perturbation is shown in
Fig. 26d and is believed to arise primarily from the increase of field
strength associated with rotation of the sector. The changes produces
in the betatron oscillation frequencies and the stability limits appear to
be small.

C. Results Near the Z)X = 2 Uy Resonance

To supplement the results just reported it was considered of interest
to obtain information concerning the effect of perturbations applied to
the model when operating in the neighborhood of the difference resonance

7/;{ = 2 py, Unfortunately, as noted in Sec. V., the accessible portion

of this resonance line was of somewhat limited extent and fell in a region
where other important resonances were also present. The computer re-
sults obtained for the operating points A and B considered in Sec. IIC
indicated that the radial stability limits were very greatly reduced in the

neighborhood of the yx = 2 z)y resonance when even small amounts
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of axial motion were introduced. and misalignments of course were
found to effect a further reduction of these stability limits. In practice,
the pronounced exchange of amplitude between radial and axial oscilla-
tions which occurs when operating near a coupling resonance presents
a complication in making it difficult to distinguish experimentally motions
in these two degrees of freedom.

Two types of perturbations were studied at a point near the ])X =2 vy
resonance; (1) the magnetic field was lowered by 5 % in a sector and
(2) a sector was raised 1 mm. The same measurements were made as
at the design point. The radial displacement of the equilibrium orbit
which resulted from lowering the magnetic field by 5 % was about the
same as at the design point with the exception that the negative cos 20

19 The changes in the

part had less of an effect here, as expected
betatron oscillation frequencies and the stability limits were less than
the indeterminancies of the measurements. The vertical displacement
of a sector caused a small vertical displacement of the equilibrium
orbit and no detectable radial displacement. The observed changes

in the betatron frequencies and stability limits were again very small
Computer studies made specifically for yx = 1.25, yy = 0.62
appeared to confirm the result that little further reduction of the radial

stability limit would occur at this operating peint with an axial sector

displacement of 1 mm.
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VIII. STUDIES OF RADIO-FREQUENCY ACCELERATION
A. General Discussion
The objective of the radio-frequency acceleration experiments
reported here for the spiral ridge model was to determine empirically
the frequency-modulation programs which could most successfully be
applied to accelerate particles through the transition energy. The mag-
net excitation and the injector voltage were adjusted so that the transition
radius was 49 cm. This allowed electrons to be accelerated through the
transition to at least a 52 ¢m radius before edge effects in the magnets
reduced the beam. Figure 27 shows the energy and revolution frequency
as a function of radius under these operating conditions. The energy
was calculated on the basis of field measurements and the known value
k, while the frequency was measured by radio-frequency excitation of
betatron oscillations (Secs. IIIB and V)sf 13 and by the more accurate
method which we now describe. The first of two successive betatron
acceleration pulses (Sec. IIIC) was adjusted so that practically all the
electrons were taken out to the target. The remaining electrons could
be assumed to have extremely small betatron oscillations and could be
observed striking the target at the start of the second betatron pulse.
In the interval between these betatron pulses radio-frequency power
was applied to the vacuum chamber at a constant frequency close to the
revolution frequency and tuned to bring these electrons with small os-
cillation amplitudes onto the target, possibly by exciting synchrotron
oscillations. In this way the frequency could be determined quite

accurately as a function of radius.
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The transition energy for fixed-field alternating-gradient acceler-

ators is given byl

1
E, = E ik l"‘ﬂz {19}
t 7 Bo ikt L :
and the transition radius, in cm, by
1
E% kr2k 108] 2k + 2
0 0 A
T, = {16}
t A J
O b

where Eo = electron rest energy in Mev, E‘t = transition energy {includ-
ing rest energy) in Mev, k = mean field index. and HO is the average
field in gauss at T, cm.

In discussing radio-frequency acceleration methods, reference is
made to the electrical phase angle, ¢, at which a particle crosses the
acceleration gap; the peak value, V, of the voltage applied to the gap;
the phase angle, {bs, for an equilibrium particle; and the gap voltage,

A" appearing across the gap at the time of transit of the equilibrium

o4

particle. It is convenient to introduce the gquantity r‘ . defined by
"= sin ¢)S = Vg/v , {(17)

and to note that

df /dt

Vs 7 Tatjag (16)

where f denotes the revolution frequency of a particle in the given mag-

netic field (Fig. 27).

20

The Symon-Sessler theory”™" of radio-frequency acceleration in

20k, R. Symon and A. M. Sessler, Proceedings of the CERN Symposium
on High Energy Accelerators and Pion Physics (European Organization for

Nuclear Research, Geneva, 1956) Vol. 1, p. 44.




fixed field alternating-gradient accelerators further employs the variable
W. shown to be canonically-conjugate to ¢ defined by

E
W = / dE/f (E} . {19)
E

"0

The stable area in W, (b phase space, within which stable synchrotron
oscillations may occur, is termed a '"bucket,' For a given machine and
a constant radio-frequency vocitage, the bucket area is proportional to a
quantity ¢ , which is given by the Symon-Sessler theoryzo in terms
of a parameter ’rl . The latter quantity is proportional to 1 - f/f,E
and ©O¢; approaches zero as the revolution frequency f approaches the
transition frequency f,, in the manner illustrated by Fig. 28.

Typical buckets above and below the transition energy are shown in
Fig. 29. As a bucket approaches the transition energy the stabie area
approaches zero and, in passing to operation above the transition fre-
quency, particles may be expected to be deposited in a band lying just
above the transition energy in the W, ¢) plane. 1If, however, the fre-
quency is modulated non-adiabatically to a value slightly greater than
the transition frequency and then decreased, it is possible to pick up
some particles from this region and accelerate them further. This pro-
cedure requires a carefully scheduled program of frequency modulation
so that, in effect, the correct phase slip required to continue acceleration
above the transition energy is introduced.

B. Experimental
In the experimental work (b was normally between 11 and 55 deg

when operating below the transition energy, with T‘ correspondingly



between 0.2 and 0, 8; in going through the trangition energy, r’ , of
course, became greater than unity; and, finally, in the operation above
the transition energy ¢s typicalily approached the vaiue 150 deg. The
frequency-modulation program in the neighborhood of the transition
energy was then adjusted empirically to obtain effectively the optimum
phase slip and thereby achieve the most efficient transfer of electrons
to states of stable synchrotron motion above the transition energy.

The effectiveness of the various frequency-modu:ation programs

! . . : : 2
was determined by a method which paralieled that used in simi.ar stuides 1

ZITerv.rilliger, Jones, and Pruetr, Rev. Sci. Instr. 28, 987 {1957;.

with the radial sector model, 3 Figure 30 illustrates th:s methcd
schematically. With curve A no radio-frequency acceleration is pro-
vided, so that electrons are accelerated by an initial betatron pulse to
an energy of about 118 kev and to a radius of 45.5 ¢m, to remain at that
radius for about 1230/.1 sec before being further accelerated by a second
betatron pulse which carries them to the scintillation detector at a radius
of 52 ecm. In the casge depicted by curve B the radio~-frequency voltage is
used to carry the electrons, which have been stacked at the intermediate
radius of 45,5 ¢m, up to the iransgition energy and the voltage is then
turned off., In this case the electrons are once again brought to the de-
tector by the further acceleration provided by the second betatron pulse,
but arrive 150/u sec earlier than with curve A, Finally, with curve C,
the radio-frequency voltage ig applied in accordance with a frequency-

modulation schedule intended to provide acceleration through the transgition
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energy and electrons successfully accelerated in this way will appear
at the detector at a time preceding onset of the second betatron pulse.
Typical results of the method just described are illustrated by the
oscilloscope traces drawn in Fig. 31. The upper trace of each pair
shows the beam received at the detector and the lower trace represents
the rf voltage. In actuality the first betatron pulse had dropped to zero
by the time the sweep started, but the second betatron pulse appeared
on the trace and the radio-frequency voltage, when present, was also
displayed. In the first pair of traces in Fig. 31 no radio-frequency
voltage was used and the single beam pulse shown represents the elec-
trons accelerated entirely by betatron action. In the second pair the
radio-frequency voltage served to carry about 60 % of the stacked elec-
trons to the neighborhood of the transition energy {155 kev) and these
electrons gave rise to the earlier of the two pulses shown., Finally, the
third set of traces illustirates the case in which some electrons were
successfully accelerated through the transition energy to arrive at the
detector prior to the onset of the second betatron pulse, while others
were dropped at the transition energy and the remainder were not cap-
tured by the radio-frequency system at all. In the quantitative interpre-
tation of results such as those illustrated by Fig. 31 it must be recognized
that the true efficiency (50 %) is somewhat less than that indicated directly
by the data (70 %), since the pressure in the vacuum chamber was of the
order of 3 x 10-6 mm Hg at the time the experiments were performed and
the consequent half-life of the beam due to gas scattering was approxi-

mately 400 Hsec.



The adjustment of the frequency-modulation schedule to obtain
efficient traversal of the transition energy is, of course, critical,

This is illustrated by Fig. 32, in which three frequency schedules are
stown, of which the second {(denoted B) gave an efficiency approximately
five times as great as with either of the other two,
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APPENDIX L
DESIGN OF THE LONG-PULSE MODULATOR
For the studies of stability limits and space-charge effects described
in Secs. V and Vi, it was necessary to inject electrons into the accelerator
for relatively long periods of time. The Jong injection time and the required
constancy of injection energy demanded by the specifications for the modu-
f

lator {Tabie VI} precluded the use of conventional delay line and pulse trans-

former techniques for driving the injector. Fortunately, a pocwer tetrode

TABLE VI. Specifications for the long-pulse modulator,

Pulse amplitude Pulse current Pulse length Rise time Fiatness

=45 kv 250 ma 1073 sec 1079 sec 0.25 9%

capable of withstanding 50-kv plate potentials became available at the time
these experiments were being considered, so that the use of a plate-loaded
amplifier for driving the injector appeared to be an attractive possibility.
The problem then became one of constructing from available components
an amplifier with adequate frequency response and output capability. This
appendix describes briefiy the design and performance of such an amplifier.
The values of pulse amplitude, current, and duration listed in Table V1
represent, of course, maximum values and are much greater than necessary
for the present purpose. It was felt, however, that the amplifier should be
designed to make full use of the output stage. The characteristics of the

output tube (Eimac type X556) are given in Table VII.



TABLE VII. Characteristics of Eimac type X556 power tetrode.

DC plate voltage 50 kv max.
Pulse cathode current & amperes max.
Average control grid dissipation 9 watts max.
Average screen grid dissipation 25 watts max.
Average plate dissipation 250 watts max.
Transconductance ((estimated)a 6000 /umho

Grid bias for 10 pamp anode currentb ~450 volts

— — —

dScreen potential = 1 kv, anode current = 1 amp.

bAnode potential = 50 kv, screen potential = 1 kv.

A simplified circuit diagram of the amplifier output stage is shown
in Fig. 33, wherein Cs denotes the parasitic capacitance of the output
circult, including the injector, and RL represents the resistive load
presented by the injector. Because the output of the amplifier is to be
a moderately fast pulse at high potential, the choice ofthe coupling
capacitor is severely limited with respect to its capacitance. The larg-
est commercially-available capacitance in the 50-kv range with reason-
able physical size and electrical properties seems, in fact, to be about
0.1 mfd. With the output tube specified, the design of the amplifier
then must start with the coupling capacitor since it alone will determine
the flatness of the output pulse under the assumption that all other time
constants ahead of the output stage may be made long compared to

-3
10 sec,




The injector operaies in the emission-limited region and consequently

the expression
- | ] pd
AV = {(I_/C_)at (20)

is exact, Taking C_, to be 0.1 ,ufd, IL to be 250 ma, and At to be

10'”3 sec, AV is found to be 2.5 x 10 v and a 20-kv output pulse of

1 ms duration thus would be expected to drop by 12.5 % as a result of the
capacitative coupling. An amplitude of 20-kv was chosen for this calcu-
lation because it corresponds to the minimum pulse amplitude that will
be required of the amplifier and therefore gives the maximum percentage
drop for a given output current. Moreover, even if it were possible to
increase the size of CC without iimit to obtain the required flatness of
the output puise, there will be variations in the output level due to shifts
in the 50-kv power supply, which is not regulated. These latter variations
might be as large as + 5 % and would appear in the output because the
dynamic plate impedance of the X556 tetrode is fairly low. It was con-
sidered essential, therefore, to incorporate a feedback loop to stabilize
the gain of the amplifier and to decrease the drop of the output pulse to
the required 0,25 %,

Before ca:culating the value of the loop gain, /,‘ AO, necessary for
the required degree of stability, the rest of the amplifier must be con-
sidered. The output stage requires a driving signal of at least 500 v
peak from a low-impedance source in order that it can conduct heavily
during the rise of the pulse. The heavy conduction is necessary to dis~
charge the parasitic capacitance Cg, which was estimated to be as high

as 150 fd. In order for this discharge to occur in approximatel
% : y
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5 psec for a 45-kv pulse, a current at least as large as that given by

Ip = C,{AV/ At) = 1.2amp (21)
must pass through the tube. T%is requires that the output tube be driven
into the region of grid conduction. A cathode foilower using a high-powered
tube such as a 3EZ29 dual beam power tube would be expected to prove sat-
isfactory as a driver, It furthermore seems reasonable to expect that a
two-stage amplifier ahead of the cathode follower then could supply the
necessary 500 - 600 v signal.

If the arbitrary assumption is made that the gains of the first two
amplifier stages and of the output stage may change in the course of
time by + 10 % due to aging of components, power supply variations,
etc., then the loop gain will vary by + 33 %. The cathode follower is
not included in this estimate since it is a degenerative device. The

necessary value of loop gain, ﬁ Ay, would then follow from the relation®®

22Duncan MacRae, Jr. in Vacuum Tube Amplifiers, edited by G. E. Valley,

Jr. and H. Wallmann (McGraw-Hill Book Co.,, New York, 1948), Mass. Inst.

of Tech. Radiation Laboratory Series, Vol. 18, Ch. 9, p. 366, Eq. (45).

L -2 ( L ) < 0.0025 , (22a)
ﬁAO 2 0.67 1.33
whence
ﬂAo T 150 . (22b)
It can be seen that this value of ﬁAo is considerably greater than that

necessary to reduce the 12.5 % drop of the output pulse to the required

0.25 %. It now remains only to pick a reasonable closed~loop gain in



order to calculate the required overall gain of the amplifier. Taking
the closed-loop gain to be 103# the necessary overall gain is then Aj -
103 %1 5% 10% 21 5x 10°  This value may seem excessive for three
stages until it is recalled that the transconductance of the output stage
is 6000 /.umho For a plate-load resistance of 50 k{) this gives a gain
of 300 for this stage alone and the preceding two stages should be able
to provide a gain of 500 quite easily.

The seemingly arbitrary choice in the previous paragraph for the
plate-load resistor in the output stage was actually motivated by con-
sideration of the power dissipation in the output tube It was expected
that the duty cycle for the amplifier might be as high as 0. 03. If 5-kv
is assumed as the plate voltage during the pulse and 250 w as the maxi-
mum permissible plate dissipation, the pulse-plate current should be
lessthan 1 7 amp Since there is a significant contribution to plate
dissipation during the rise¢ of current at the beginning of the pulse when
heavy conduction at high plate potential takes place, it seemed advisable
to reduce the plate current to 1. 25 amp and a value of 50 k) according-
ly was selected for the plate resistor.

Figure 34 shows the circuit of the complete amplifier The design
of all stages is conventional and will not be discussed in any great detail,
Feedback from the output to input is obtained from a capacitive voltage
divider with a ratio of 1000:1. The first stage is a standard non-invert-
ing amplifier with a gain of approximately 30 The second grid is used
as a feedback terminal. The second stage is biased unsymmetrically to

obtain a large positive pulse of short rise time The cathode follower
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is of low impedance since it must supply the grid curru;pt of the final
stage as wel! as drive a rather high parasitic capaoitanlg(? Small re-
gistors were inciuded in the plate grid and cathode circ¢aits of the
cathode foliower to serve asg parasitic suppressors Tne direct
coupiing used in the igsi 1wo sitages serves two purposes first it
reduces the number of low-frequency phase-shifting networks in tne
ioop and. second it provides a convenient method of adjusting the
bias on the final amplifier stage. The small capacitors in the cathode
circuits of the first and second stages and the RC series circuit to
ground from the plate of the first stage are networks required for
stabilization of the feedback amplifiers.

The measured performance of the amplifier was rather close to
the original specifications {(Table VI). The closed-loop gain was 985
and the rise time was 3 /usec A4 ljsec rise time could be obtained.
in fact at the expense of a single 5 % overshoot The flatness of the
output pulse was measured with a differential amplifier and oscilloscope.
For a 1 ms 30-kv pulse applied to a 120 k{} load the voltage drop was
less than 0.1 %.

In summary the modulator design reported here appeared to repre-
sent a straightforward method of generating long pulses of moderate rise
time with a good constancy of amplitude at high voltage. There seem to
be no complications arising from the high voltages that cannot be circum-
vented by the usual techniques. Faster rise ..ud decay times undoubtedly
may be obtained at the expense of pulse length as tubes with higher maxi-

mum plate current become available Again, however, feedback could

o
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be used to reduce the value of coupling capacitance necessary for good
reproduction of the flat top of the pulse and this would appear to be of
some advantage since the cost of increasing loop gain is much less than
that of increasing the size of the coupling capacitor. Since the modulator
is a linear amplifier, the output pulse is an accurate reproduction of the
input pulse subject to the limitations of frequency response., In some of
the stability-limit measurements described in the text {(Secs. VD, E)

the input pulse, which ordinarily was a square pulse of variable ampli-
tude derived from a multi-vibrator circuit, was shaped so as to exhibit

a region with a substantially-linear and moderately-slow decrease of

potential.



APPENDIX II.
THE MAGNETOMETERS

The two magnetometers used in measuring the magnetic field and
locating the median plane were basically of the same type. The opera-
tion of these instruments is based on the fact that if one excites a trans-
former wound on a ferromagnetic core with a sinusoidally-varying cur-
rent, the magnetic field within the core and hence the secondary voltage
may be represented by a series which involves only the fundamental and
odd-order harmonics, provided the hysteresis loop of the core is sym-
metrical about the origin. If this symmetry is destroyed by the presence
of a dc magnetic field which displaces the hysteresis loop along the H-
axis, even harmonics will appear in the output. The amplitude of the
even harmonic content of the output is, to a first approximation, pro-
portional to the superimposed dc fieid. In principle, then, the magni-
tude of the superimposed field may be obtained from the amplitude of the
second harmonic component. A block diagram of a magnetometer em-
ploying this method is shown in Fig. 35.

The core of the transformer consists of a single short, thin strip
of material for which the hysteresis loop has a very steep slope. The
primary and secondary windings each employ a few hundred turns wound
on a bobbin, with the core in the geometrical center (Fig. 36). The
assembly is then mounted in a suitable non-magnetic holder, which
serves to protect the windings.

Since the amplitude of the second harmonic component in the output
of the transformer not only depends on the strength of the external fieid

1
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but also on that of the exciting field the amplitude of the current in the
primary must be kept constant. Moreover, because tuned amplifiers

are used between the transformer output and the phase-sensitive detector,
the excitation frequency must aiso be maintained constant There are,

in addition, other considerations that enter in the practical application

of this method. For example. the shape and symmetry of the hysteresis
loop are very dependent on the mechanical and magnetic history of the core.
Also, since the magnetometers used with the spiral-sector model were
required to give good spatial resolution in an inhomogeneous field, the
active volume of the core had to be extremely small, This latter re-
quirement led to considerable diffic:ity with heat dissipation in the
primary winding, because it was necessary that the core be driven into
saturation in both directions to avoid its taking a permanent "set,. "

As is understandable, the aforementioned problems could not all be
gvercome conveniently in any one instrument, Accordingly two mag-
netometers were constructed--one for fairly large fields (1 - 300 gauss)
and one for very small fields( = 10-,2 gauss). The magnetometer for
"large" fields incorporated a feed-back circuit that energized a quadrupole
coil mounted coaxially with the core (Fig. 37), to insure that the core was
never operated in a field of more than a few tenths of a gauss and thus
reduce the driving power in the primary winding., This instrument was

. 23.
essentially a copy of the device described by Voelker and Leavitt 3. 24

23]_7‘, Voelker and M. A, Leavitt. University of California Radiation

Laboratory report UCRL-3084 (Berkeley, 1855, unpublished).
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241 yoelker, Eiectronics 31 (No, 11}, 152 {March 14, 1958).

and was used in mapping the vertical component of the magnetic field in
the region of the geometric median plane. The core was a 2 mm x 5 mm
strip of Mo permalloy, 0.5 mils thick, mounted witk its long axis parallel
to the vertical component of the magnetic field. This magnetometer was
entirely adequate for the use described, but suffered from two significant
drawbacks which made it unsuitable for finding the magnetic median plane.
The first such defect arose because the bias coil produced a small but not
negligible external magnetic field at distances from the coil of as much

as 3 cm {or half a gap width at the injection radiusj and it was initially
feared that in the magnet measurements (Sec. IV} the iow-field ends of
the magnets would be highly sensitive to external fields. Secondly, since
the bias current was supplied by series vacuum tubes, the magnetometer
could be used only in fields of one polarity, for otherwise the core might
become saturated and thus take on a ''set' which would give an appreciable
error when measuring small fields. The situation just described could
readily occur when making measurements in the fringing-field region
with large currents in the flutter-tuning coils.

The ''sensitive' magnetometer for measurement of weak fields is
shown schematically in Fig. 38. The oscillator-amplifier circuit operated
at 3500 cps and incorporated current feedback to stabilize the driving field.
The reject filter was included to keep the fundamental component of the
signal from overloading the tuned amplifier and thus generating a spurious

second-harmonic component. The pickup transformer consisted of two,



twenty-turn windings of No. 40 B & S5 gauge Formvar-insulated wire
wound directly on a 1 mm x 10 mm strip of Mo permalloy, 0.5 mil
thick. This magnetometer was insensitive to transverse magnetic

fields as great as 200 gauss, while showing good sensitivity for longi-
tudinal fields of 10™2 gauss. Because of the small driving field, con-
siderable care had to be exercised to keep the pickup transformer out

of longitudinal fields in excess of 10 gauss. In practice, the magnetom-
eter was not used to determine the magnitude of the horizontal field in
the region of the median plane, but rather to implement adjustments
directed toward reduction of the radial component of magnetic field in

this plane.
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APPENDIX III.
PERTURBATION THEORY
In this appendix theoretical results for the linear orbit properties
and for effects of field perturbations will be presented. No derivations
of the results will be given here,
We will first give some results for the linear orbit properties of a
scaling FFAG accelerator. Somewhat more general and accurate re-

sults, and their derivations are available in MURA reports. 25

2'5G. Parzen, Midwestern Universities Research Association reports

MURA-454, 451, 397 (1959, 1958, unpublished).

We will write the magnetic field in the median plane as

H. = ——[Ho(l”) + 3 H(r Cos(Ne —Fom) (23a)
4 :
A Ha (¥) Cos (RNG =B, () + ... j
where
a8
—_— X
By (r) = Ch/w) I (/v )+ n, (23¢)
The average radius of the equilibrium orbit, R , and the
momentum, F , are related by
F= P_R HE'F/C) (243)
where H'e; the effective magnetic field is given by
K
/
HEG: Bo CR/Q) / b} (24b)
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b T LR B RCkT /NS (240

The equilibrium orbit is given by y (&) = R (+ “X,CB)) where

ne>= (abh, [N*) C0S (N& — Clyn) InRipY— o) |

(25)
The radial tune, ){K , is given by
a e ' + -~
yE=bh, (ksa)-l + o B hT (kP + 3K+ D/NF 2
The vertical tune, y , 1s given by
@ X 2 -
= 2 +...) = bhoK
y} =3 h th, ) ’ (27)

5% ) - % _!__)/ -
+avh Ca/w*+g)/N™
The beat factor, B,‘ , which gives the ratio of the largest

amplitude of betatron oscillation to the smallest amplitude as one goes

around the machine is related to ?x by

4
Bx = (f?x, Yhax/ﬁx‘ min]a X (28)

is given by

g

X

B= 1+ gih [ (k+3)+ !/W‘:F/(N“— Y ) (29)

The beat factor for the vertical betatron oscillations, Bq , is given by
-y 'ﬁl.-/ > =1
- —_
By=1+4bhTck+2+ WP (N> =4 32 (30)

A comparison of the results given by the theory with results found by
numerical integration of the equations is given in Table VIII for the tune

and beat factors of the spiral sector model.
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TABLE VIII. A comparison of the theoretical and com-
puter results for the tune and beat factors of the spiral

sector model,

Computer Theory

1.40 1.32

1.12 1.15

1.51 1,41

2

)/'\3' 1.73 1.66
By . .
By

We will now give some theoretical resulis for the effects of field
perturbations. No derivations of the results will be given here.
We assume that the magnetic field in the median plane for the un-
perturbed machine is written as
i -5 G exp(itne),
?

h= OJ:‘-NJ.": QNHJ
The harmonics (5, {r)may also be written as

G, tv) = H.(r) exp (-2 B, (»3) (32)

where H,, and ﬂh are real. The effect of the perturbation on the

(31)

median plane field is to change the field components by the amount
A HL;_ s AH, , AHO . We will first treat the case where only
AH2 % O . This is a particularly important case as all deliberate

perturbations like straight sections fall into this case.
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We assume that the field perturbation A H2 is written as

AH,= — 2 4G, expcihed (33)

h=—

AG’h(V') — AHM (V‘) QKF (-i“(.,, (V')> (34)

This field perturbation will affect the equilibrium orbit and the tune
)/y ) Vna_ . For the sake of simplicity, the results will not be pre-

sented in the most general or accurate form that has been obtained, but
the results will be given for the particular case of the spiral sector model
and for the perturbations that were introduced into this model. The follow-
ing results should be accurate within about 20%.

The following assumptions will also be made. It will be assumed
that the field gradient is large, which for the spiral sector machine means
that 1/mr 22/ | 1t will be assumed that the perturbing field does not shift
the tune appreciably, that the unperturbed tune is not too close to the stop
bands introduced by the perturbation, and that neither V’X nor )/,\a_ are
close to —5: N

We find the change in the equilibrium orbit. The effect of the pertur-
bation on the equilibrium orbit can be broken down into two parts. There
is the effect due to the harmonics of 4 Hi'- for N= o , T N ,
T QN. 1» , and there is the effect due to the harmonics for which W% o ,

TN ,FT2W,,.. These two effects are calculated separately and the

effect of the harmonics for h=0 , T IY , 'j_- 4 is treated first.
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Let us consider an orbit of the unperturbed field which corresponds
to the momentum F and the average radius R . r and R, are

related by

p= eR Hes /C (352)

where He-f , the effective field, is given by

A
feg = 3 [Ho + (B + 3H (RHy +2 Ha)/N*) J (35b)

where H P H’V are evaluated at ¥ = R and the prime indicates differ-
entiation with respect to r

The equilibrium orbit corresponding to the particle momentum P
is shifted by the amount R AX , where R is the average radius of
the equilibrium orbit of the unperturbed field.

We write Aﬂ’.!e) in Fourier series form as

Ax = = AX, G‘XFCEHG)- (36)
n
The Aﬂh for h=o , T N ,:'_'Q’y...are given by
AQ(h = @X..,), + (A 'x.,)& (37a)
i
where
(an) = — L iﬂ ats
it Y P (37b)



(b2, = &K = [AG + (R6: +26n)(m?_[ (370)

| / LG he
(B2, = Top L T e (e + sate)

S~ 1(37d)

.l.___ N ! /
TRy Sy Z L CRG +aR6 + a6

x
3
" 2 47m4¢-s—mj,

in Eqs. {37), Z signifies a sum over S =0 , * NL + 2AN,,,
, s
and % signifies a sum over M but omitting vh = o , =+ NJ T2,
The A ¥m for m¥ 0 T W + 2N are given below.

We may note that the (A ‘In)’ are due to the harmonics 4 &y,

f ich N"=o0o ,XN,,,. h i
or which , .and the @ ;Z,Daare due to the harmonics
for which WK -_1:- o, TN Ye The Gh and AG” are to be evaluated
at V= R‘
For N# ¢ ,'_"N,., we find
N ds a (350
Ay = Gy = Z_ S C-s+an) /
S¥o
where
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—_ R
ah - na V [ = 4 by (38b)

T e \°° P (2 (RAG—’;"S +9~66'h-$)
N
_Z _ei AG—H-&-S 3-5 ]
stp re S(5+2ahn) /
— eK ‘
35 - s CRG‘;. + ‘3‘ G‘s>/ (38¢c)
_ L. eRr
/xs = SA e 6-5 , (38d)

Equation (38a} is not valid for h= 3_’ N , and we find for the case

h=%#,

uQ <b—N +°(n>
ha‘)gﬁ-\é~l

A, = SR AGy CXpLi (X, +<n) ] (38e)
Fc.

—; ,oia-. C‘o’,y+°¢n)
_V + |}N’ /

where B’N is the phase of the complex number gﬂ ,

The second term in Eq. (38a) is usually of the order of 10% of the
first term and may be neglected unless the first term is absent.
A somewhat simplified but useful expression for the oscillatory

part of the equilibrium orbit is given by

Arie) = A L — Al £ a
Y=RZ T oy O SXpLEne) s

A= I+ l‘é‘vP'/CNa— ‘7’)//1*)‘ (39b)
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We will now treat the general case where we have not only a A H?_,_
but also a AH\, and A Hg perturbations. Usually such perturbations
are accidental and the exact form of the perturbation is not known.

Also, the ¥ and #Z motions are now coupled. Instead of having an
Y- tune and a 2-tune, one now has two normal modes whose tunes we
may still label as V.x and V“T since one mode is predominantly V -
motion and the other is predominantly Z-motion.

The equilibrium orbit corresponding to thé particle momentum
is shifted by the amount KA X and Rﬂﬂa The radial shift
is given by Eqs (37), (38), and (39}). The vertical shift is given by

!
Am = -8 €k o QGr, exp(ing) (a0
Y = ; n=-v, ,

B - |+ } . )'F/vl;l
| = (aVa /7y)> N > / (40b)
—_ e v !
7(”__ *—Elﬁa—u""liérv', (40c)
<

and we represent the perturbation A Hk as

h /

‘The above result for A.ﬂa, holds if the perturbation does not change
the tune very much in the same manner as was assumed in the case of a

pure 4 H:_ perturbation.
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We will now apply the above theoretical results to the various
field perturbations that were introduced into the spiral sector model.

Sector Bump

A bump that was applied to the radial sector model was to de-
creasge the field in one sector by 7%. To apply the results given
above we must first calculate the A(Gy due to the perturbation. The

A Gy are given by

2T
AG, = 5‘;}49 exp(-ing) £t (v 8) -
For the spiral sector model we may write the unperturbed field
as
H. = - Be CV/V,>K h (9, r)
* / (42a)
his)= 3 h, CXpnN(e— Qruwm b ()]
h /  (42b)
and the perturbation may be written as
K -
AHE-:: —Ebf\r/r,) AL’(EJ )/ (43)

where Ah is different from zero in only one sector and reduces the

field by 7% in that sector.
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An approximate result for A &y, . valid for N <~ N , is

- ¢ A _
ai = B(E ) exd S hn £ 0 "

s py /

A hc\\/ being the average value of A l’) over the sector where it

18 not zero.

One may also note that for this unperturbed machine

(e“)/f"‘-) >/ o (45)

Using these results for A (&, one now computes the shift in the
orbit and tune.

The change in the equilibrium orbit shown in Fig. 26 may be easily
understood. Since the tune yy = 1.40, the orbit shift is primarily
due to the first and second harmonics of the perturbing field. The
theoretical curve in Fig, 26 only takes into account the first and second
harmonics, and including the higher harmonics would have improved the
agreement with experiment Equation (39) was used to calculate the

equilibrium orbit

AK Bump

In this bump, K was changed in one sector from K =.7 to K< .8,
The value of the magnetic field was unchanged at Y= 25 cms and the
measurements were made at Y= 37 cms.

We can write the unperturbed field as

H, = - Bo /v ) }1(9,'”)) (46)
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where \’] = 25 cms. and the perturbed field as

Y
H}: -k (/v 1’1(8,?) (47)

!

where K'= K+&6h and AK=.1 in one sector, AK=20 in the other

five sectors

—

The field perturbation Fa H‘.;_L = H'; - H2 is then given by

Az = —lieirs ) AN anrin) )’){9,‘”?) (48)
where we have expanded in powers of keeping
just the lowest term

This perturbation A H? has the same form as the perturbation

for the 7% sector bump where Ahig r) is given by

Ahte vi = sk bn(rir,) 1/7/6,") (49)
This A K bump then shifts the equilibrium orbit in the same way
asg a sector bump where the field is changed by the fraction AK éh (R/h )

where R is the radial distance to the point of measurement.

Vertical Displacement Bump

In this bump a magnet was raised 1 mm. Raising a magnet intro-
duces a radial component A Hv , in the magnetic field in the median

plane A H\r is given by

2 A2
ARy = v las. / (50)

in the sector where the magnet is raised, and A2 is the distance the
magnet is raised.
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If we write the unperturbed field as

'H;_ = — B (v O | (6, y—) (51a)
hIG)H = |+ fer (N - (i/ar) L (r/¥,) )/ (51b)
then

42 B (_*.‘.)k E_f_ Sih] No -+ ’Q’hf—_& (52)

.= ==
At - v mwr

+R(\+4¢°SZN9-;‘5_%-§])},

We find & éyih from
2T

- = — L -
A Gy g, S dp exp (- HBDAHv- (53)
An approximate result for Aé’\ﬂ‘h is
' Y B° (Y? L—I-\T ]MV (542)
—-L__ _ r
2 é ﬂ" h]/
L\av = -?:;- (\-\-‘?) y (54b)
3_}3_ ~ R (54c)
‘ ylav - g— 'E-//VV— ¢
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