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ABSTRACT 

The effects on the accelerated particles of the frequencies, other 

than the bucket frequency, are studied both analytically and with the 

computero Particles near the separatix are lost when adjacent 

frequencies are too close to the bucket frequency. An expression 

for the beam intensity is glven and compared with the case of frequency 

modulated cavitieso The duty cycle at injection is shown to be high, 

10 to 30 percent, for a constant current injector. 
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I. PRINCIPL~ OF ROBINSON'S SCHEME 

In the usual acce~eration scheme, oarticles are accelerated by a 

set of ca'; i ties whose parameters, J l t; 3 nd f (t), are repre sented in 

Figure 1. The intensity we get, on the ~ssumption that the~ltt2nce 

of the injector is the limiting factor, is proportional to the phase 

fl ux which is A where A is the bucket area and T the period of 
T, 

repetition of the cycle, It is possible to get more intensity if we 

can find some other sets of cavities whose voltages dnd frequencies 

vary In time as shown on Figure 2. If it is assumed that there is no 

effect on one accelerated bucket of the rf voltages associated with 

other buckets, then the phase flu y will be ....!l- which is .l times 
't 't 

the phase flux in the case of only one set of cavltles. The smaller 

~ is, the higher lS the intensity (and the number of the sepa~ate 

fm rf voltages), This leads to a very large number of frequency 

modulated voltages ~nd a very high cost for the machine if each is 
, 

supplied by a separate cavity. Robinsnn- remarked that the particle 

experiences a voltage 
H 

2: ( 1 ) 
~~f 

. h . d ~ I,N l'c the number of frequency modulatedperiodic wlth t e perlo ~.
 

Therefore we can expand v in Fourier series
sets N ~ -L .) 
'l 

(2 ) 
- .. 

where 
,/''( N 

~}. :f. V(t -trc 7:) ( 3) 
-2
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/'	 Note that actually it is not necessary to write the Fourier series with 

an infinite number of term~, as we know that the frequencies very 

different from the particle frequency have a zero average effect. We 

shall limit the expansion to the n values which give frequencies inside 

the range of frequency modulation,
 

It is easy to see that
 (3) can be wr1tten 
(I't e ~rrLtl(f) cit - ~ f~lI; 

'" ~J vm 
o	 (4 ) 

In the general case we cannot integrate to find the expression for 

Vn but if we assume for purposes of analysis 

V(t.)	 == V (5) 

If!:)	 =' ; I: + -e. 
(6 ) 

then 

~JNt e~rri-[it+~,,;)t) dt 
( 7) 

o 

Using the relations	 '''' f' 2.(, LI 1 
J

N~ <rriJltl.+ (t.~y) j ~'''. f} '1('f-f.";&' 
e Z~t . dl: ~ ... e dJ;.:: 

()	 
( 8) 

for	 the frequencies lying in t he rang~ of modulation, 

V -irf(e-~r· f)V/v:='	 - e-eV'J 
. th 1ntegral is not vall'd for frequencies close(The approximation 1n e 

to the edge of the range. In this case, we have to take the exact 

value of the integrai given by tables.) Therefore the voltage V c 
on the constant frequency cavity is 

(9 )-3
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arid the phase If)., which iE defined as the coeffiClent of rl2 in the 

exporlential o is 

(10) 

These relations are those gi'ren by RDbinson l . 

II.	 EFFECTS OF THE MULTIPLE FREQUENCIES 

ON THE ACCELERATED BUCKET 

It was asumed that only the frequency equal to the bucket's 

frequency has an effect on the acceler2ted particle. This is true 

when the other frequencies are very different. But in the case of 

high repetition r.-te, there is lnteraction between buckets and we 

have to determine the lowest value of the period before particles are 

lost. 

MURA-I06 gives the expression for the Hamiltonian of the motion 

in the general C0se of many differ~nt frequency cavities. In that 

report, the oscillating terms given by the frequencies far from the 

bucket had no aver2ge effects und were neglected. In our case we 

have to keep these terms. We do the calculation for just three 

frequencies. It is easy to generalize to a larger number. 

From MURA-I062 equation (28), the Hamiltonian becomes for 

three frequencies f l _ f 2 , f3 where f 2 is the synchronDus frequency, 

H*:= .( Jr E t; A. C«l ~ r:!J1I' ~TI "1 W 

+ t *Aj ~f..[ @t + ~~ft· t)Jt- +01. ""i iiJ 11) 

+ L: 1I ftJ ~ i.[.!11 '!" + :'liita.-t) eU .j cl,. -"';' 1-~ - 4] . 
J-< -Iv

-.J 
-4
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Note we have added a phase Ci'; in the definition of the electric 
< 

field in equation (22) of reference 2,
 

We introduce the new variable W* defined by
 

w- W.,,:, (12 ) 

where W is given by2 

( 13) 

For this canonical transformation, the genercting function is 

S := - G*( W- VV:..)\ (14) 

and the Hamiltonian becomes 

'..~J (15) 
r,.' , 

where terms independent of W* or (tj) * have been DI.l t tc:d and 1T Aj 

have been replaced by V. 

The last series is r",)idly oscillating and may be neglected. 

If we write 
.~-/2.= ~-t. .11 (16 ) 

-II:! (17 ) 

0(,.- d,j = f1/ (18 ) 

(1r {3; = EJ (19)
-5
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we	 obtain 
H.... :. ~rrE/w~\ - <rtf wi 1- W.s~"t- Y. (lfJ ~ tB/

R	 IZ. 
,..	 -} 

+	 V CJj r-t. iEJ* +:!n / J1.' j~ + ~ -f £, / A '- ./	 -' (20 ) 

+ Y.	 (eJ rf. pI'- - -?,.. /~/ J" +~ + 1:0 7 
I~!- ,~.<	 

As	 in MURA-106, we write 

(21) 

The equationE of mo". i. 0'1 bec orne
 
'f

::.?TT" p~' W"*
@ -::. - ,~
 

'~ 
- \Jo/'J,. +- V-J,.... Ii;)'"
W= 

+ VJ,~_[r:8t1<+~,,:/~!d,f -f'~ +-f,J (22) 

+- Vh,.. [Ii C/o- ~rrjt{'df +~ +F.J 
The two last terms were not in Sy~on-Sessler's formula l and represent 

the	 effect of the frequoncies f and f 3 on the bucket,
2 

If we assume f is a linear function of time, and phase oscillations 

are	 small 

(23) 

(24) 

l/	 .where ':'l 15 defined by 

,	 (25) 

it	 turns out that 

A~= ~lff~7I"fClVCb;J y:~ + I;rr RtJ 

V~('&f~ ~t1?)~frrrAft"~&+-ff!j 

+lin (: f~ V-f""'(~ + b~+ ~ - E,E~) CH P17AfI: -I r.~~ -rt, -§; ) 
2.. 2- ,- 2.. • ( 26 ) 

-6
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If we write 

(27 ) 

(28) 

S, - Sl r~-~ 
(29)

.2 

then equation (26) becomes 

.1Lp + [fI.:- .f ..?n"L crnl!Lf}.l Cr.l tcrrt.fl:- +)A-ytJif 
(r.J lIi 

(30 ) 
- .2 Si..'- /J Lr,JIf.; t,5) CD-<J (~rr "!c +,.Po) . 

~tf!& 

Equation (30) is of the Mathieu type with a forced term. 

The smooth approximation applies for the left-hand side when 

{>f is not too small, i, e., 

2 
iL CO'j (,!~f 0) <...::.-1 (31 ) 

«1Tt.fr- .C«J f-s 
Then the solution of the homogeneous Equation is 

(32 ) 

w~th 
(33) 

To get equation (32) we have 

-7·
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1 to change v3r:'. , e t to t by1 

( 34)
;?1f!Jf +P - <' TTt.f (;1 

2. to write 3 Floqt.:et solu'Cion u.. 

3. to wr~~ehe general solution 

( 36) 

where A and g correspond to initial conditions. 

The forced term lS calculated by harmonic balance 

( 38) 

( 39) 

(40) 

(The subscript RF refers to RF frequency while subscript s refers 

to particle frequency.) 

-8
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If we vse ~,he dimens~or;.less './ar~able y defined in MURA-I06 

«77' RX/l.. w~ 
i, Vi: .' -fs (41) 

then from 

..... 
, i,1 

X I'J E - xt 1 ~ V- r; (42)l)Rf'" E. 

we get 

(43 ) 

/1w*" and Ay are the di~ference in Wand y between two simultaneously 

accelerated buckets (Fig. 3» The resonance relation becomes 

illl = (~'fi~YY(1- ~ c.r.J:l(I8i'K l2- (44 ) 
C1 \' (ro 2rf$ , 

Calculations were done with the computer for Yl= 3f.) iJ/I-:: 5" 
0("=71, o(~:: 0/ (3,:./32.':; 8.3 =' 0 The results shown on Flg. 4 

and Fig. 5 for different initial conditions are in agreement with 

calculation" 

For large phase amplitude. analytical calculations do not hold 

but particles have qualitatively the same behavior. Figures 6 and 

7 represent oscillations. for large phase amplitude. Particles near 

the separatrix are lost when b. y (or I:. f) become too small, There 

is a limit value of 6y ( N 5) under which the area of the accele

rated bucket decreases. The next step is to calculate how the area 

varies with /j.y for several values of r . 

-9
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T II, BEAM IN': ENS:TY 

I" '-.'ie em . ,':ce o·r ~.he i:'jeccO~ is the limiting factor, the 

p -	 (45) 

Am :; tile ,re] 0,0 i:he "'::-eq.Jer;cy model"ed L._cket and d lS a
4 

coe"--j.(;':.w\~. de<'c:ib':':,g ''Jow the bJcket dre:] decreases +:)~ small 

~G eqU:L', T,O 1 for .:arge Dy. If we use (9) a"d the,
\" 

for the bucke1: are,] [reference 2, formolJ (so] 

(46) 

( 47) 

• • 

~r = -R-fs	 (4S) 

(49) 

(50 ) 

For ;" g;yen voltage and in the case where 0(4 does not 'Jary 

veL'y mcch with f , ~ ,is maximum for [l,'~~(r)l
'J mar 

(51) 

Note th,t ~ seems to be Independent of the number N of cavltles, but 

actl:ac.ly the choJ.ce of r ietermine c, N. It is interesting to compare 

(50)	 with t.he ph'lse flux 10m" We get with the same voltages Vc and 

-10



MURA-558 

number of cavities N but in the case of frequency modulated cavities, 

each carrying its own bucket and starting from injection one after 

.' ". ,,\'y'j . LII '.J. : . q.' ' (52) 

Here? is different from the period of repetition in Robinson's 
m 

scheme because the voltages on the buckets are not identical. 

7 m is calculated in the fo~lowing way. 

Using (48) and (43) and 

another 

.....  (53)'- 

equation (9) becomes 
,' i1

(~rr) 
l 

'1, :t. 
VL

t.! 
(54 ) 

and 'i:is in Robinson's case 
_V, - y,- _3;. 1/ 

/ \'!/.Pf1.-XV ) nYA f '
~ = (~rr) \ r"-E C J. R u:JR. (55) 

7" is related to the number of frequencies by 

N::o (t,-t)LR (56 ) 

f M - f. is the r'dnge of revolution frequencies. 
]. 

In the frequency modulated case 

where 

(57) 

(58 ) 
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3.'ld 

(59) 

In equation (59)R"1 and[ h~~ (or N) are chosen to have maximum 

ph.~se f~GX in Robinson's scheme. 

1:.. . . f ~Jim lS maXlmum" 'A = 1,
4 

[' = . 44 (60) 

The ratio of the phase flux is 

p~ 
¢", 

:: 
(.27i)YY {) /2

'jf{ 
f}o< (r) 

£{I'IrI. (l',.) 
( 61 ) 

From (51) and (60 ) 

(62) 

(~"')!M.Y =- ~. ~ (63) 

(<PR) In/;";; 

The Robinson scheme gives an easier way to build the cavities but 

only half the beam intensity. 

An intermediate case may be found when each of the N cavities is 

modulated only in the small range fIn - ....!L In this case, the 

phase flux is stlll Tm and it is not ne~essary to have the large 

weight of ferrite. 

IV. Dl~Y CYCLE AT INJECTION 

Another advantage of the multiple frequency scheme is the long 

time during which injection is available. We assume that the injector 

gives 3 dc beam. From Fig. 8 we can see, if W (t) varies slowly
s 

max 

with 

-12
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with time, that the percentage of beam captured on each revolution is 

(64) 

Over one pe:::iod 't 

(65) 

It. is clear that 

Ii (66)cL -

A is	 the bucket area and DW the momentum interval between buckets. 

Using the expressions (46) and (41) for A and lJ W, it turns out 

J = 8 ~(r) 09 (1J¥J:)	 (67) 
7r	 IJJ-

For .1" = 025 and /J.y = 5, (0<4=1) 
(68) 

d = 30% 

As long as ~y is larger than twice the bucket height, there is no 

overlapping in the rf phase space, but with such a high duty cycle the 

buckets may overlap in the radial coordinate (due to betatron oscil 

lations) and the beam intensity may be limited by space charge. 
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