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ABSTRACT

The effects on the accelereted particles of the frequencies, other
than the bucket frequency, are studied both analytically and with the
computer, Particles near the separatix are lost when adjacent
frequencies are too close to the bucket frequency. An expression
for the beam intensity is given and compared with the case of frequency
modulated cavities. The duty cycle at injection is shown to be high,

10 to 30 percent, for a constant current injector.
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I. PRINCIPL:z OF ROBINSCN'S SCHEME

In the usual acce.eration scheme, ocarticlies sare accelerated by a
set of cavities whose parameters, vVi+, and f{t), are represented in
Figure 1., The intensity we get, on the assumption that the .mittence
of the injector is the limiting factor, is proportional to the phase

flux which is .2_ where A ic the bucket area and T the period of

T
4

repetition of the cycle. It is possible to get more intensity if we
can find some other sets of cavities whose voltages znd frequencies
vary in time as shown on Figure 2. If it is assumed that there 1is no
cffect on one accelerated bucket of the rf voltages associated with
other buckets, then the phase filux will be _%_ which is f%_ times
the phase flux in the case of only one set of cavities. The smal’er
7 ic, the higher 1s the intensity {e&nd the number of the separate
fm rf voltages). This leads to a very lsrge number of frequency
modulated voltages and a very high cost for the machine if esach is

supgplied by & separate cavity. R::Voins:*u'rL remarked that the particle

experiences a voltage

t}/;rrfaﬂ—m?)df
. V(t-mz) & (1)

M=

¥
-y

periodic with the period ? . [N is the number of frequency modulated

.

cets N = _T_ .) Therefore we can expand A+ in Fourier series
T

s iernf
W = E: \4‘ e ® (2)
where ‘ . )
7 -?m[ SHtwa)de-nf ]
Vo= %) 2 vl € * (3)

D
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Note that actually it is not necessary to write the Fourier series with
an infinite number of terme, as we know that the frequencies very
different from the particle frequency have 1 Z2€r0 average effect. We
shall limit the expansion to the n values which glve frequencies inside
the range of frequency modulation,

It is easy to see that (3) czn be written

N -?n'n'.‘ ,’i‘l/é)(/t‘ _n‘c
Y I A A "

In the general case we cannot integrate to find the expression for

Vp but if we assume for purposes of analysis
L) = ¥
Vit (5)
_ fE+ £,
FONEN (6)

then

Imwe oL - ?t
Vn.= %fﬂtc‘? [fé.‘bg%]df . (7)

Using the relsztions : , /_'%( /
N onif 264 (€-2 £ nha" &Mk - ¢
e Y, o Lt (1#VE  (s)
[
Vr?

for the frequencies lying in the range of modulation,
o d
Vo= Y e—t[-;(é’-g)~;;] .
Ty
(The approximation in the integral is not valid for frequencies close

to the edge of the range. In this case, we have to take the exact

value of the integral given by tables.) Therefore the voltage Vv,

on the constant frequency cavity 1is
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and the phase ({; » which 1s defined as the coefficient of n2 in the

exponentiai, 1is

These relations are those given by Robinson?,

IT. EFFECTS OF THE MULTIPLE FREQUENCIES
ON THE ACCELERATED BUCKET

It was as. umed that only the frequency equal to the bucket's
frequency has an effect on the accelerazted particle. This is true
when the other frequencies are very different. But in the case of
high repetition r.te, there is 1interaction between buckets and we
have to determine the lowest value of the period before particles are
lost.

MURA-106 gives the expression for the Hamiltonian of the motion
in the general case of many different frequency cavities. In that
report, the oscillating terms given by the frequencies far from the
bucket had no average effects and were neglected. In our casSe we
have to keep these terms., We do the calculation for just three
frequencies. TI%f is easy to generalize to a larger number.

From MURA~1062 equation (28), the Hamiltonian becomes for

three frequencies f;, f,, t3 where f, is the synchronous frequency,

H*": <rE +_;§A:.Cooﬁ®f - Jén*-%,W
2 11)
+ 5_‘,‘ 3 A mﬁ.[@ +?1i'f(g;f)4}%m; ?ZJJ
+ 2 g o803 ft) sy 4/
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Note we have added a phase ¢f. in the definit; i
; efinition of the electric

field in equation (22) of reference 2.

We introduce the new variable W” defined by

X
W - VV-—VN% (12)
where W2 is given by
2 W) = ‘f : (13)
For this canonical transformation, the genereting function is
S - - @ [W-Ww.) (12)

and the Hamiltonian becomes
A 2 .* E 2 =
W 4+ Yl 4+ W &

A

H - 778 - 2¢

- 2l

i

it

[

- A E v !
12 f oo HENR A 21

1

'™

3 i e i S
+2 ‘E Lo i_" oo+ %/(,’; -r?d’-)_»‘f *“”z"‘:f +.% - ’?:)] (15)
J:. o "\ Lo ®

where terms independent of w* or (v} * have been oritted and TrAj

have been replaced by V.

The last series is r-pidly oscillating and may be neglected.
If we write
ﬁ_f,_zg__ﬁ .V (16)
f=f (17)

a(l-OQ‘: S;,’ (18)

[i_-@t: & ; (19)



we obtain

& ; : X .
H**: 2rE’'W \ -'?W'g W% +Ws + Y ocos K 2

P"b

b

+fv mffﬁf #on 824 4, +£,_,;"

l ’ ) (20)
s Voo [£ 082 faf 43 4 } .
o [ . )
Ac in MURA-106, we write
AN ; / 2
E- E; + .( YW +,:§- -}o_g W ... 1)

The equations of motion become

E ’ e
D = IwF W

' X . NG
w” = -Ws + Vo £
E 2w [ 5/
+V *”[ #omjafdl + & 49 (22)
: »
+Vw»[ﬁ@ -?T/A’Pcu‘ +§+5:3] -
The two last terms were not in Symon-Sessler's formula® and represent

the effect of the frequencies f2 and f4 on the bucket.

If we assume f is a linear function of time, and phase oscillations

are small

ﬂfd,t = AFE (23)
A = P = ﬁ(@*’@f\' (24)

where (/. is defined by
\;\Jz - Vaw @ (25)

it turns out that

A;(;= A@Iligvﬁﬁ/l/cm 70k b 6’7@/ vV m(ﬁ_’}f@;_& +Eig3)w[é’ﬁ4fé*5§_&+£{§}7

4 lUn f [; Vsiw[% + ;&i—éﬁs) Cos (\’ﬂﬁﬂ 45_{}_.2} *5'-:-5'*)

2 2 s 2 . (26)
-6=
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If we write

__Qz-: -2772 -F%_:V.C&'ﬂgp} (27)

g S +,;+g_'-§
y = frs (28)

R Y S T -
At = y, :z'f-g d , (29)

then equation (26! becomes
AZP + [ILZ + Q0% c_‘a_s/(f;*@f] ce3 G?ﬂ'bfﬁ' +/u.>] sy =
(R

(30)

- ..?_Ql«mn‘fff[ 1‘&’) ag-ﬂ(?rr Ap¢L +/-") .

os (P

Equation (30) is of the Mathieu type with a forced term.
The smooth approximation applies for the left-hand side when

Af is not too cmall, 1.e.,

-0.2 co3 [‘P\ *d’) « -1 (31)
(?11‘6_??)'1 oy f;

Then the solution of the homogeneous cquation is

A(P:: H(%(vt+e¥ra&’g+9 :
| . Y 32

)2l w(28) cosflvrenad)bep &=V ’,.5’7 L e

@iy, [mﬁ 52.4;.{% L

,f’ s fl *‘ﬂ_m[/v - raf)b -4 =y +%1 

L mtpS[é’ﬂdf.-‘i?ﬁaﬁaf? : /

. <
with £3 ﬂ2[4 L 9 2 cos /ﬁgh‘r)] . (33)
miﬁ {*?ITA}E)Z

To get equation (32) we have

iy
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[£H]

1. to change vari T to t, by

b 4y = 7wAfE, (34)

2. to write a Floque® solution
%9 e 2maft -0 ALL T
« = e 11 +_ﬂlfﬁ(fz*d’) e & + 2 m;%»y/ }f?/ (35)
[ romf ety (641 &aﬁﬂay "y
3., to wricte .he general solution
-
A!f?: aqd !4- + e w (36)

where A and © correspond to initial conditions.

The forced term 1s calculated by harmonic balance

p o X s () (0t r ] (37)
A?DZ?h%j adméghﬁ.ﬂ.cn?’/f @q::) #-5396% Af¥ /AJ

and the general s lutlon of equation (30} is the sum of (32) and (37).

From (22} we get the expression for the momentum
AR / ‘!
faar) (v43058) [ Ly 0 {
ﬂw%m " Y
Mfwem;)buca T.f+(f7

b B{* »
f= [@M’Q fag?m‘a]raﬁ om0 - af)b - + el of §7 J o

Vf(?vrAf)’ e A
- 250 Selshy) QTAE v (
- e o (2raft )
20 £11enafs 2% TRY). ar
ﬂ( D+ a;%f)f?wvﬁ
where R = —-é%gr?, (39)
A resonance appears in the forced term for
el -Zw‘(ie-fa’)/ . -
Bfer = ?2?/7 sty | (40)

(The subscript RF refers to RF frequency while subscript s refers

to particle frequency.)
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If we .se the dlmenciow¢e“q variable v defined in MURA-106

then from

- F : (42)

A Y\ A
- LI WV, B .
(ﬁRF (2n£€) & (43)

* . - ,
Aw” and Ay are the di ference in W and y between two simultaneously

we get

accelerated buckets (Fig. 3)u The resonance relation becomes

by = (Lm;al) T4- é__aﬂ)/

Calculations were done with the computer for ?@,-%? Aég,f?
X,:-T, Az=0 , 3=1,= ;33 . The results shown on Fig. 4

(44)

and Fig. 5 for different initial conditions are in agreement with
ana ynic- calculation.

For large phase amplitude, anslytical calculations do rot hold
but particleé have qualitatively the same behavior. Figures ¢ and
7 reprecsent oscillations for large phase amplitude. Particles near
the separatrix are lost when Ay (or Af) become too small. There
is a limit value of Ay { ~ 5) under which the aresa of the accele-
rated bucket decreases. The next step 1s to calculate how the area

varies with Ay for several values of [
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TII, BEAM INTENSITY

I= =he em ' nge of the injector is the limiting factor, the
besm inme ziiv 1¢¥ proporsion: L0 the phage flux
: / 3
T - e
b= Aoz A (st (45)
Ap S@ the ares of the frequency mod.!.ed k.cket and Y 1s

coer-icient describing how the bucket area decreases o small

Ay . N, L5 egua. 1o 1 for large Ay . If we use {9) and the

expre=:ion for the bucket area Lreference 2, formuls (BQJ

_ 3V aevE o (46)
g AEVAEX 25 (2)
1t m: ot that
O - V2L 1oy (by,1) (47)
> L fe’\—- Z jt)dy 3/ }
and wivth the relaticn
" ‘ D { :-. R
F: ‘ﬁé = fl-gé_ K / (48)
- ﬁf_} KV /f 2/ (49)

@ V"VF O((f\d(;"‘yff) : (50)

For a given voltage and in the case where CX4 does not wvary

very much with [, @ i maximum for [Fﬁ?dj (Py
hay

F"" \25 . (51)

Note that ;w[r)seems to be independent of the number N of cavities, but
actuasly the choice of M determines N. It is interesting to compare

(50) with the phase flux Ih” We get with the same voltages V_ and
-10-
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number of cavities N but in the case of frequency modulated cavities,
each carrying its own bucket and starting from injection one after

another

Here ?% is different from the period of repetition in Robinsonts
scheme because the voltages on the buckets sre not identical,
Ty 1s calculated in the following way.
Using (48) and (43) and

Tz (éL_) (53)
£ /pF

equation (9) becomes

y h
V. . (a?n’)l.\/% 5

and T is in Robinson's case

X - ll/q . s ‘-y)— -3/9 y)‘
‘o N [ Rt Kk
T = (Or) (&’%) ["Q Ay _ (55)

K R

T, is related to the number of frequencies by

M= (£im £) % (56)

fM - fi is the range of revolution rTrequéencies.

In the frequency modulated case

(A f;“#% ,Li = 1 ; 5 (57)
' N £, e ¥

where f is Jiven for (48) with v = V., so

m
/‘ _K‘/Acyk (58)

3 ! .’;‘I
AN SN

“he 7
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and \ y _'.;/-

_ R ,_
O = 2E) V. AyL re)d mr) . (s

In equation (59) El and AzR‘(or N) are chosen to have maximun

phate fiux in Robinson's scheme.
;

f)m iz maximum if X = 1, forjp.ds@) |

4 max

'= . 4% . (60)

The ratio of the phase flux 1is

-
b . (25" 2 f La(C) (61)
b (#0)" o, £ha)

From (51) and (60)

({vbn. max _ 4.45 Aclf /- (62)
't)) - R
R/ ey

Gy . 25 . (63)

(¢E)hﬂ¥

The Robinson scheme gives an easier way to build the cavities but

with Asz

only half the beam intensity.

An intermediate case may be found when each of the N cavities is
modulated only in the small range fm_;__fi_ » in this case, the
phase fiux is still im and it is not negessary to have the large

weight of ferrite.

IvV. DUTY CYCLE AT INJECTION
Another advantage of the multiple frequency scheme is the long
time during which injection is avallable. We assume that the injector

gives 3 d¢ beam. From Fig. 8 we can see, if Wg(t) varies slowly

-12-
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with time, that the percentage of beam captured on each revolution is

d = _g_b_ : (64)
kil

Over one period T
C
CQ:J Ay (65)
217

It is clear that

A - 2fAW : (66)

A is the bucket area and AW the momentum interval between buckets.

Using the expressions (46) and (41) for A and AW, it turns out

4. & 0&(?’)@’,,/13;,[’) . (67)
For "= .25 and Ay = 5, (0/421)
(68)
4 = 30%

As long as Ay is larger than twice the bucket height, there is no
overlapping in the rf phase space, but with <uch a high duty cycle the
buckets may overlap in the radial coordinate (due to betatron oscil-

lations) and the beam intensity may be limited by space charge.
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