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L. W. Jones ™, C. H. Pruett, K. R. Symon and K. M. Terwilliger ®

Midwestern Universities Research Association, Madison, Wis. (*¥)

(presented by K. R. Symon)

I. INTRODUCTION

A theory of radio-frequency acceleration processes
in fixed field accelerators was presented at the 1956
CERN Symposium®. It is the purpose of this
paper to report additional theoretical results and
experiments carried out with the MURA 400 keV
radial sector electron accelerator?.

It has been shown!’ that the variable

_ J 4E )
e

where f (£) is the frequency of revolution at energy E,
is canonically conjugate to the phase ¢ of the particle
relative to the accelerating voltage. We may see this
easily if we note that the equations of motion are, if
we replace the f voltage kicks per second by a steady
energy gain f V' sin ¢, (note that V and E are measured
in the same units)

dw V) si
d_ = ( ) sin ¢ ’
d
2 = ami(0 -5 @

where the peak voltage V and oscillator frequency 4 f
are given functions of ¢, the particle frequency f is
known as a function of W from Eq. (1), and 4 is the har-
monic number. (We deviate slightly from Symon and
Sessler ) in that we define ¢ in the more conventional

(*) University of Michigan, Ann Arbor, Mich.
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way as the phase of the oscillator when the particle
arrives at the accelerating gap, with ¢ = O when the
RF voltage is zero and increaisng. In the same nota-
tion as in the above ¥, our ¢ = 1 — h@*.)) These
equations are derivable from the Hamiltonian

H(W, $,1) = V(1) cos ¢+ 2mhf(O)W—2mhEW).  (3)

Hence during any acceleration process, the phase
points W, ¢ move according to the dynamical equa-
tions as an incompressible fluid.

When a frequency modulated accelerating voltage
is applied, there is a region of stable phase oscillations
(a “ bucket ”) in which particles may be accelerated in
synchronism with the radio-frequency, as shown in
Fig. 1. It is convenient, in plotting particle paths,
to introduce the variable
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where the subscript “s” refers to the synchronous
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Fig. 1

A frequency modulated bucket. /' 0.5

The paths plotted in Fig. | are then given by formula
(75) of Symon and Sessler!’:

T iyt cosp+lp=C, (6)

where the sign applies below the transition encrgy

(k> 0. " sin¢,, and C is constant along a phasc
curve. Formulas for the area and dimensions of the
bucket have been given . Since the phase

points move as an incompressible fluid, if # buckets
of arca A containing N particles each are accclerated
(o a given energy and stacked, the stacked beam of
n N particles must occupy an area at least equal to
n A on the W. ¢ phase cylinder. Correspondingly, if
a bucket of'area A is accelerated past a group of particles
outside it., these particles must on the average move
downward in energy by an amount
_ : fA
<AL>M=‘]<AW>M=Z. (7)

These and other theoretical predictions have been
checked both by digital computation and by experi-
ment.

The MURA 400 keV radial sector efectron acceler-
=M In order to
apply a radio-frequency accelerating voltage to the
electrons, a fraction of the voltage developed across the
resonant circuit ol an oscillator is applicd directly
across an insulating gasket between the two halves of
the vacuum chamber. as described in more detail by

ator has been described previously

S4

Terwilliger et al.”’. The circuit is capable of frequency
modulation over a 10 Mc/s range in the 35 to 75 Mc/s
region with avariable repetition time down to about
100 ps, and supplics a peak RF voliage of 50 V. A later
circuit using a master oscillator and power amplifier, was
used in the beam capture experiments. It can supply
a larger voltage, with a controllable rise and fall time
of the RF voltage. In the cxperiments, a beam is
accelerated to about 300 keV by a betatron pulse.
there is then a period of a few milliseconds during
which an RF experiment is performed, followed by
a final analyzing betatron puisc which sweeps any
remaining beam on to a target at 365 keV. X-rays
from the target are detected with a photomultiplier
whose output is displayed on a cathode-ray trace.
An example is shown in Fig. 2, where we see in the
top trace the accelerating voltage duc to the two
betatron pulses with an RF accelerating voliage
between. and in the second trace the photomultiplier
output showing a part of the beam accelerated onto
the target by the RF. and the remainder of the beam
arriving during the second betatron pulse. The time
scale was 500 ps/cm on the trace. The case with

which RF experiments can be performed and analyzed
represents a great advantage for an FFAG cxperi-
mental accelerator.

Fig. 2 Oscilloscope trace showing RF acceleration.
Upper trace. Betatron and peak RF accelerating voltage.
Lower trace. Photomultiplier output.
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ll. PHASE DISPLACEMENT THEORY

In beam stacking accelerators, it is of interest to
study the behavior of a coasting beam when a fre-
quency modulated RF bucket is accelerated (or
decelerated) past it. As noted above, it is a conse-
quence of Liouville’s theorem that on the average, the
particles outside the bucket must be displaced in
energy by an amount {AE), given by formula (2).
There will, however, be a statistical distribution in
the displacements AFE suffered by the individual
particles, which is given by formula (85) of Symon
and Sessler V:

EV ]y
hik|
with
. - sin ¢ d¢b
1) = J [cosgp—cosbot T H—go]~ O

¢

where ¢, is the phase at which the displaced particle
becomes synchronous with the RF, (i.e., the phase at
W = W, in Fig. 1). The integral I has been evaluated
numerically for various values of I', ¢.

A beam initially distributed uniformly in phase and
energy over a small energy spread in the W, ¢-space
will not show a uniform distribution in ¢,. A particle
initially at a point y,, ¢, far from the bucket (y, > 1)
will pass the bucket at phase ¢, given by Eq. (6) (we
choose the upper sign for convenience),

cos ¢pg+Tpy = —1y2+ cos ¢, +T¢, . (10)

Particles at a given ¢; with an energy spread given by
dv, will pass the bucket at a value of ¢, within a range
d¢g given by

I'—sin
¢od
Y1

bo - (1n

dyl = -

Since y, is uniformly distributed, ¢, will have the
(normalized) probability distribution

F—sind)od

oy do - (12)

P(¢o)d¢o =

Note that there is a range of values of ¢ (¢, < Py <,
in Fig. 1) which is inaccessible to particles initially
outside the bucket. We define a variable

éo

_ F—sincﬁd 3

-n

running from O to 1 as ¢, runs from —= to n. (The
range ¢, <@y <o, is to be excluded from the integral
(13).) We have then

P(q)dq = P(¢po)dpo = dq , (14)

so that ¢ is uniformly distributed. A graph of g vs.
¢, is shown in Fig. 3. We may note in passing that
the path given by Eq. (6) for large y oscillates about a
helix on the W, ¢-cylinder of pitch

2nl

}7

Since particles with different ¢, suffer different displace-
ments, in order to get a proper statistical sample of
orbits starting from a large initial y,, it is necessary
to take a uniform distribution of particles throughout
an energy spread equal to one or more times the pitch
given by formula (15), a point which must be kept in
mind in planning computer studies of RF processes.
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Fig.3 Plot of g = 7 Sl

The integral [ is plotted as a function of g for
several values of I' in Fig. 4. Since equal intervals
of g are equally likely, we can see that the distribution
in energy of an initially monoenergetic beam will,
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Fig. 4 Phase displacement integral /(I q).

after phase displacement downward, be as shown in
curve (a) of Fig. 5. There is a sharply defined mini-
mum energy peak, and a tail stretching out to higher
energies, ending in a thin umbilicus which in principle
reaches to the final bucket position. It can be shown
that the number of particles in the umbilicus falls
off exponentially with energy as

(1-r*»*
P(E)dE « exp[———/:— I:l. (16)
J2r

TZ

Pl

Fig. 5 Energy distribution after (a) one, (b) two, (c} three,
(d) four, (e) five displacements of a monoenergetic beam. Single
dashes indicate mean displacements. Dashed lines indicate
maximum displacements.

The mean value of I, given by Eqs. (7) and (8), is
indicated by a dash on the curves in Figs. 4 and 5.
By folding the distribution P(J) into itself, we obtain
the (approximate) curves (b), (¢), (d), (e) in Fig. 5,
which show the beam distribution after two, three,
four and five successive displacements. When the
initial beam is not monoenergetic, its initial distribu-
tion must also be folded in. Fig. 5§ is drawn for
I' = 0.5. For smaller values of I, the maximum
displacements are closer to the mean displacement.
We give in Table 1 the mean <{/),, and maximum
displacement I, for several values of I

TABLE |
F » <]>av Imax
1.7 0 — 1.06
1.3 0 — 1.14
0.9 — 0.073 — 1.27
0.5 — 0.60 — 1.42
0.3 — 097 — 1.54
0.1 — 1.44 — 1.68
0.0 — 1.80 — 1.80

IIl. BEAM STACKING EXPERIMENTS

Experiments designed to test the theory of beam
stacking have been reported elsewhere *’; the results
will be reviewed briefly here. Preliminary measure-
ments were made of threshold RF voltage for accelera-
tion, of the energy spread of the beam at 300 keV,
and of the energy spread 4 E of the RF bucket. These
measurements are made by switching on the oscillator
voltage suddenly during the FM cycle when the
frequency is synchronous with the beam revolution
frequency or is slightly above or below it, and noting
whether any beam is captured and accelerated. The
results are in agreement with theory within the experi-
mental error (about 10 per cent). The theoretical
calculation of threshold voltage and bucket size
requires a knowledge of the parameter df/dE, which
can be calculated from formula (5) when f, E and &
are known, or better, measured by varying the beam
energy around 300 keV and measuring the change in
RF capture frequency. Interestingly enough, the
most accurate experimental measurement of electron
energy is obtained by measuring df/dE and calculating
E from formula (5).
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Fig. 6 shows a record of a phase displacement
experiment. The RF frequency modulation in this
case is not sufficient to accelerate from 300 keV to
the target, and so no beam appears on target until the
analyzing betatron pulse, which is shown in the top
trace on an expanded time scale (20 ps/cm). The
vertical scale in the top trace is 5 V/em. In the
remaining traces we see the beam arriving on target
during the analyzing betatron pulse. In cach case,
two complete Rt modulation cycles were carried out
betore the analyzing betatron pulsc. in the second
trace. the RF is turned on when the frequency is above

Fig. 6 Phase displacement.
First trace: Second betatron pulse.
Second trace: Photomultiplier output. RF turn-on above
beam frequency.
Third trace: RF turn-on at beam frequency.
Fourth trace: RF turn-on below beam frequency.

the beam revolution frequency and the result is the
same as if the RF is not turned on at all. The time
between the beginning of the second betatron pulse
and the beam pulse represents the time required to
accelerate the beam on (o the target and is therefore
proportional to the energy difference between the
original coasting beam and the target. In the third
trace, the turn-on frequency is synchronous with the
beam, and most of thc beam is captured and accelera-
ted. In the fourth trace, the RF turn-on frequency
is below the revolution frequency of the original
coasting beam. No beam is captured, and instead
the beam is phase — displaced downward in cnergy,
hence arrives at the target about 24 us later than in
the second trace. From the betatron voltage (7 V/turn)
and the revolution frequcncy (73.5 Mc/s), the amount
of phase displacement can be calculated (12.4 keV).
This is then the phase displacement for two RF
modulation cycles. Up 1o seven or eight succes-
sive. RF modulation cycles can be applied before
the second analyzing pulse, and the measured phase
displacement is proportional to the number of modula-
tion cycles. In Table 11 we compare the measured
average displaccment per cycle (i.e., the displacement
of the top of the beam pulse) aftier two modulation
cycles with the theoretical values calculated from
formula (7), for two voltages, hence two valucs of [
It is clear from Fig. 5 that the interpretation of the
top of the beam pulsc as the average is open to ques-
tion, unless the initial beam energy spread is larger
than the phase displacement; in this case. it is somc-
what larger.
is compared in Table 11 with the measured displace-
ment of the right-hand edge ot the beam pulse (32 s
between the second and fourth traces in FFig. 6). The
results are within experimental crror, and suggest a
systematic error of the order of 20 per cent. An
alternative method of mecasuring the phase displace-
ment in say two eyeles, is to adjust the RF turn-on
frequency so that the beam is accelerated on the third
cycle.  The difference between this frequency and the
beam revolution frequency is a measure of the displace-
ment. In this casc it is difficult to say precisely
what is measured when the RF turn-on frequency is
tuned for maximum beam on the third cycle. The
measurcd displacement lies between the theorciical
maximum and average values as would be predicted
from the theoretical statistical distribution of the
displaced beam.

The theoretical maximum displacement
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TABLE i

Phase displacement measured with two RF moedulation cycles

RF Vollage Energy loss per RFcyele  Ratio
Peak 1’ Average Maximum  max/ave
425 0.196 measured 6.2 7.6 1.23

calculated 7.4 9.9 1.35
28 0.30  measured 38 5.7 1.50
calculated 49 7.8 i.59

A simulated beam stacking experiment is shown in
Fig. 7. The experiment is similar to the phase displace-
ment cxperiment described above, except that the
second betatron pulse is delayed 5 ms to permit up
to 10 RF modulation cycles between betatron pulses.
The resulting beam pulses during the second betatron
pulsc are shown in the five 1races in Fig. 7 which
correspond respectively to no RF, one, four. seven
and ten RF modulation cycles.
added to that initially present, whal we see is the
history of a single injectcd beam pulse after from one
10 ten RF modulation cycles. The first cycle carrics
most of the beam to the * stacking ™~ energy (340 keV).
The next three cycles displace it about 2/5 of the way
down to the *“injection ™ energy (300 keV), at the
samc time accelerating most of the remaining beam
to 340 keV. After seven pulses, the initial pulse has
becn displaced ncarly back to 300 keV. After ten
pulscs, the beam has been accelerated a second time.
The cnergy scatiering duc to the statistical distribution
of the phase displacement energy is clearly visible.
In an actual stacking process a new beam pulse would
be injected before each modulation cycle, and hence
the traces of Fig. 7 after one. two, three and four
modulation cycles should be added to find the stacked
beam after say four cycles.

Sincc no beam is

IV. RF KNOCKOUT

It radio-frequency electric fields act on the particles
in an accclerator, then RF knockout resonances may
occur which make the betatron oscillations unstable
il the relation !

pyv.+ygv, = tm+ fff, (17)

is satisticd, where f, is the radio-frequency, / is the

63

revolution frequency of the beam. m, p, ¢ are positive
integers (p4-¢ < 4), and v, v, are numbers of radial
and vertical betatron oscillations per revolution.
This effect has been utilized to measure v, and v,*"
1t is clear that for particles in an RF bucket (/.= hf)
relation (17) cannot be satisfied unless v, v, already
lie on a resonance for betatron oscillations alone.
In beam stacking machines, however, it is important
to insurc that the stacked beam is not subject to RF

Fig.7 A beam stacking experiment.
mulitplier output after zero, one, four, seven, and ten successive

Traces show photo-

modulation cycles.
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knockout by the accelerating voltages which bring up
new particles.

Integral knockout resonances (p-+q = 1) are by
far the most serious and are indeed the only ones
which have been detected in RF acceleration experi-
ments. Radial resonances (p = 1, ¢ = 0) are driven
by RF field components exerting forces either radially
or azimuthally. Vertical resonances (p =0, g = 1)
are driven by vertical force components, which should
be very small in an accelerating gap with median plane
symmetry. Half integral resonances (p4-q = 2) are
driven by gradients in the RF fields and have been
observed with RF knockout probes specifically
designed for that purpose 2. Non-linear knockout
resonances (p-+q > 2) are driven by non-linear RF
fields and have not as yet been observed.

The integer m in Eq. (17) represents the harmonic
order of the azimuthal distribution (sin m@ or cos mf)
of the RF voltage which drives the resonance. For a
single accelerating gap at 8 = 0, the azimuthal distri-
bution is essentially & (8), so that all values of m (up
to 2nR/g, where g is the accelerating gap width) are
equally dangerous. By appropriate spacing and
phasing of accelerating gaps, it is possible to eliminate
certain azimuthal harmonics m from the RF voltage
and hence eliminate certain RF knockout resonances.
If we consider, for example, a stacked beam with
revolution frequency f;, and an RF accelerating
voltage bringing up beam on the A" harmonic, then
a radial integral resonance occurs if

v.tm

P A (18)

fi=

At the stack point f, = f;, relation (18) cannot be
satisfied unless v, is an integer. If we are below the
transition energy, the nearest resonance occurs when

v, T

m is chosen so that is a fraction closest to

unity. For h = 1, the largest fraction |v, +m| will
be of order % to %, and this sets a limit on the allowed
range of frequency modulation if no knockout reson-
ance is to be crossed. For A > 1, the range is even
more limited. Over a wide range of frequency modu-
lation, Af,, there are roughly h4f,/f; knockout reson-
ances. If h equally spaced accelerating gaps are
used in phase with equal voltages, then (except for
voltage and phase errors) only those resonances where

m is a multiple of & appear. With 2k gaps alternately
phased, only odd multiples of 4 lead to resonances.

We now calculate the build-up of betatron ampli-
tudes when f is modulated through an integral
resonance. Let x, p be the coordinate and a suitable
momentum so scaled that the phase curves in
x, p-space are circles. We define a complex vector Z by

X+ip = Ze 2l (19)

The vector Z represents the amplitude and phase of
betatron oscillations in a coordinate system rotating
with the betatron oscillations in the x,p-plane, so
that in the absence of external forces, Z is constant.
When the particle crosses an RF accelerating gap
t = t;, it Teceives increments in x and p proportional
to the gap voltage, which we shall calculate below.
Let 4x,, 4p, be the increments at peak cavity voltage,
and set

Axg=acosd, dpy=asind. (20)
Then at time ¢;,
t;
A(x+ip); = ae® cos (| 2mivf, dt+4) . 21
0

Since the times ¢; differ by complete periods of revolu-
tion, we can without changing the value of 4 (x+ip);,
add a term -+ mif to the integrand in Eq. (21). Hence,

L

(4Z); = L ae'® TP g2/ OI EmI+ fid |

0
5
+1ad @ D2E [0S Em~ far 22)
0
If we pass through an integral resonance given by
formula (17), one or the other of the integrands in
Eq. (22) will vanish. We assume that near the
resonance the integrand changes at a constant rate f .
(f =+ f;f for a stacked beam in an FFAG accelerator;
the derivation however applies also if f or v are chang-
ing with time.) We take r = 0 at resonance, and
neglect the non-resonant term :

(4Z), = Yae® o™/ | (8’ =6+ 7). (23)
If initially Z = 0, then after crossing the resonance,

Z=4ad?y e (24)
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if f'2/f <1, the sum may be approximated by an
integral :

Z = ad? | fe'? dt
= taf(nf)” "2 | e du

= Jaff " T (25)
and

\Z| = taf/IfT . 26)

The final amplitude is equivalent to % f/| j:|1/ 2 in phase
increments of amplitude a. Since the phase of the RF
will be random relative to the phase of betatron
oscillations due to other sources or to previous
passages through resonance, the amplitude (26) is
to be added in quadrature to any amplitude already
present to obtain the r.m.s. amplitude after crossing
the resonance. In particular, if a given resonance
occurs in a stacking process, then after » modulation
cycles, the build-up due to this resonance, for the
first particles stacked, is n'/? times the value (26).

A particle passing perpendicular to an accelerating
gap of voltage ¥ receives an cnergy increment AE = V.
With the momentum compaction factor defined by

R dp

14+k=——, 27
+ > iR @7

where R is the mean radius of the equilibrium orbit,

RV v
AR:Eﬁk—)BZ—_E’ <ﬁ='c'>, (28)

and since the radial position of the particle does not

change if the gap is narrow, the radial betatron

oscillation changes by
dvg= —— % G=m. @
o = — = —a, =7).
Y= T AT OBE

If the particle crosses the gap at an angle » to the
normal, it is easy to show that the particle suffers
change in direction of amount

V tan n
Ay = — , 30
V= -—pp (30)
and hence an additional amplitude change
B.RV tan g
Bpo = 8y = =T, (31)

B’E

in quadrature with the amplitude change (29). Here
B.R is the matrix parameter relating position and
angle for one revolution :

()"

(cos 2nv,_+a, sin 2wv,) SR sin 27y,

X
> sin 2my, (cos 2my,—a, sin 27my,) | \¥ Jo
AR
(32
For sinusoidal oscillations,
1
ﬁx =" (33)
vx
and for most alternating gradient accelerators,
2
Be~—. (34)
vx
Hence finally,
VR 1
a=—5———[1+1+k)*p% tan’y]*, 35
i AR L N ED
—p,tan
tan § = —P=tA0N (36)
—(1+k)

In typical cases, the increase in betatron amplitude
due to integral knockout resonances turns out to be
important in a beam stacking accelerator, but often
tolerable if # is small, and if only a few resonances
are crossed per modulation cycle. In the MURA
40 MeV two-way electron accelerator, for example,
there is a knockout resonance which lies just below the
pick-up energy for the RF modulation cycle. If the
parameters were altered slightly, so that this resonance
were crossed, the resultant build-up in betatron ampli-
tude could be 0.5 cm after 100 modulation cycles.
With 100 cycles per second, this is about comparable
to the build-up due to gas scattering at 10”° mm Hg.

Experiments on knockout by RF accelerating volt-
ages in the MURA 400 keV radial sector accelerator
have been carried out using the RF system described
above. First, the RF knockout frequencies at the
target radius were determined with the RF probes
designed for that purpose 2. Table III lists the
knockout frequencies thus found and the resultant vy
values.
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TABLE 1l
(Nﬁf/s) Character f =121+61.2=733
f =154+ 583 =137
733+ 737

12.1  vertical, v, = 2 — fir/f Sfoav= 2 =73

154  radial, », =3 — fit/f 58.3
583 radial, vy =2+ fuff | "x =75+ 2 =279

61.2  vertical, v, = 1 + fif/f .

Y i L

35

|

The beam was then allowed to coast for two milli-
seconds at an energy of 300 keV corresponding to a
circulating frequency, f, of about 72.2 Mc/s. During
this coasting period, the frequency modulated RF
oscillator was pulsed on for a short time. This
oscillator, tied across the accelerating gap as for
RF acceleration, was tuned to sweep the range
55-61 Mc/s. Effects on the coasting beam were clearly
apparent when the frequency crossed 55.9 Mc/s
(radial knockout) and 60.0 Mc/s (vertical knockout).

When the RF was turned on at about 58 Mc/s and
the turn-off frequency, fr, varied, it was found that
the beam subsequently accelerated by the second
betatron pulse was attenuated partly when f; was
59.8 Mc/s and was completely destroyed when it was
extended to 60.2 Mc/s. With the gap voltage reduced
to about 5 V and a rate-of-frequency modulation of
about 3 ke/s us the beam was reduced to half intensity
by sweeping the RF to a frequency well above 60 Mc/s.
The attenuated beam still appeared at the same time
on the second betatron pulse and with the same spread
and shape, indicating no observable change in the
energy or radial oscillation amplitudes of the surviving
beam due to the vertical knockout. There should
be no vertical knockout if the fields are perfectly
symmetric about the median plane. However, in
this accelerator the RF is applied to the top of the gap,
which has dimensions not negligible compared to a
wavelength. The 2 mm gap is about ten inches long
so that it is unlikely that this symmetry condition is
met, and vertical RF fields might well exist on the
median plane. Since it has not been possible to
determine these vertical effects quantitatively, calcula-
tions were only made from the radial experiments.

‘With the RF turn-on frequency at 55 Mc/s, f; was
varied around 56 Mc/s. The beam was not destroyed
completely by the RF but it was attenuated by as
much as a factor of three, and the character of beam

as observed during the second betatron pulse was
altered. The beam shape as detected by the photo-
multiplier for successively higher values of fr is
illustrated schematically in Fig. 8. Since it has been
found that the energy spread of the beam is quite
small, the time spread of the beam has been inter-
preted as due to the range of radial betatron oscilla-
tions; the earlier particles have the largest amplitudes
and the later particles the smallest amplitudes. It is
also known that v, decreases with increasing ampli-
tude. The interpretation of the observed effect then
is that at a low f1 only the large amplitude particles
are affected, and as f; is increased, successively
smaller amplitudes of oscillation are affected. From
the failure of the front edge to move earlier and the
attenuation of the beam, there appears to be a limiting
radial amplitude. The range of f; represented by the
extreme cases of Fig. 8 is less than 400 kc/s, corre-
sponding to a range of v,, values less than 0.007.

t,
(a) \/
o N
@ Vb

5

Fig. 8 Beam pulse after RF knockout.
(a) Low RF turn-off frequency. Beam unaffected.
(b) Higher turn-off frequency. Leading edge of beam affected.
(c) Still higher turn-off frequency. Center of beam affected.
(d) Highest turn-off frequency. Trailing edge of beam affected.

A quantity which can be determined is the time
shift, At, of the tail of the pulse, corresponding to
the amplitude increase of the smallest amplitude
particles, Table IV lists measurements of At¢ for
different RF conditions and the corresponding radial
amplitude increase Ax, which then can be calculated
from the betatron voltage, revolution frequency, and
from dE/dr.
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TABLE IV
v dfig At Ax Ax Ax calc.
of dar (crude estimate) calc. Ax obs.
24 V. 93 x10°¢/s* 15 pus 14 mm 2.4mm 1.7 mm
14.5 8.0 x 10° 11 1.0 1.6 1.6
1.5 3.8 X 10° 1.5 0.7 1.3 1.9

These Ax determinations are quite crude (to a factor
of two or so) since they involve interpreting a time
shift and a shape change as some equivalent Ax.
We show also the values of Ax calculated from
formulas (26) and (35). (The value of a for 24 V RF
is 6x107° mm. The -corresponding value of
1flf'/* is 400.) The discrepancy is not unreasonable,
and many even be due in part to non-linear detuning
effects which limit the observed amplitudes.

V. CAPTURE OF PARTICLES INTO A STATIONARY
BUCKET

If the radio-frequency is constant, the particles
move on the phase curves given by Eq. (6) with
I' = 0, asshownin Fig. 9. If the voltage V is suddenly
turned on from zero to its final value, any particle
initially present will move along the phase curve on
which it finds itself at the instant of turn-on. A mono-
energetic group of particles initially on a line y in
Fig. 9 will, after the voltage is suddenly turned on,
be distributed among the various phase curves in a
manner which is predictable from Fig. 9. It is shown®

e

>
A~ 4

1
2
o
_

¢

Fig. 9 Stationary bucket (below transition).

that if the voltage V is turned on sufficiently slowly,
then in consequence of the adiabatic theorem a particle
which when ¥V = 0 lies at a distance AE from the
synchronous energy, will after ¥ reaches its final value
oscillate along a curve of area

A = 4nAW = 4ndE//, 37

provided of course that this area is less than the total
area of the bucket. If it is larger, the particle will
move outside the separatrix on a curve such that the
area between it and the y = 0 axis is 2ndW. It is our
present purpose to study deviations from the predicted
adiabatic behavior when the voltage is turned on at
various finite rates.

The capture process was first investigated by digital
computation using a program which calculates E (),
¢ () for a particle with given revolution frequency

S(E), which receives an energy increment V (¢)sin ¢

each time it crosses an accelerating gap. The com-
putations are such that when energies are expressed in
terms of the variable y (Eq. (4)), areas of phase curves
are expressed in terms of the final bucket area A,
(4, = 16 in p,¢ units), and times are in units of the
final phase oscillation period 14, the results are
independent of the parameters of the accelerator.

It was first observed that for turn-on times t> 41,
all particles within y, < y, given by formula (37)
with 4 = A, are captured, and no others:

A, 4
=== (38)
4 =w
This is the adiabatic result. With t < %1, (sudden
case), some particles are lost at all values of y, and
some particles are captured out to y, = + 2 as is to
be expected from Fig. 9.

In the limit of adiabatic voltage variation, the initial
phase of a particle should be irrelevant to the curve
upon which it finally oscillates. Only the initial AW
should determine the size of the ellipse. Figs. 10
and 11 illustrate the final distribution of captured
particles which were initially uniformly distributed in
phase and monoenergetic with y, =0 and 1. The
voltage was turned on linearly from zero to its final
value in a time 7. Also listed is the r.m.s. deviation of
A/A from the value corresponding to a perfectly
adiabatic voltage turn-on (Eq. (37)}. A broken
arrow labeled “ oo ” indicates the adiabatic value of
A[A,. The solid curve labeled “0” indicates the

<
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Fig. 10 Distribution of captured particles with linear voltage
turn-on (y, = 0).

theoretical distribution of particles picked up by an
instantaneous turn-on. The results confirm what is
to be expected from the analytic theory given by Symon
and Sessler V.

Similar computations have been carried out® using
a non-linear voltage turn-on designed to insure a
constant degree of adiabaticity during the turn-on,
that is so that the fractional increase in bucket area
dA/A4 in a time dt is proportional to dt/t,, where 1,
is the instantaneous period of phase oscillations. The
results show that if

, (39)

where o<1, then the final 4/4, is within about 12 per
cent or less of the adiabatic value. Recent calcula-
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Fig. 11 Discribution of captured particles with linear voltage
turn-on. (¥, = 1).

tions by R. Stump ©, including the effect of beam-
induced voltages in the cavity, indicate that such effects
may be very serious. In the case of the MURA
40 MeV two-way clectron accelerator, induced cavity
voltages are such as to make a linear voltage turn-on
as good as or better than one following the law (39),
and to increase considerably the deviation from
adiabatic behavior. Presumably longitudinal space
charge forces will have a similar effect 7.

Experiments on the RF capture process have been
carried out in the 400 keV radial sector model. A
beam is betatron accelerated to 250 keV. A fixed
frequency voltage is turned on, at a rate which can
be varied, so that the beam is captured. Theresultant
distribution in amplitude of the phase oscillations is
then analyzed by turning the voltage off very slowly,
i.e., adiabatically. The above analysis, applied in
reverse, shows that beam particles oscillating on a
curve of area 4 will after turn-off be found half at
an energy above the synchronous energy by an
amount given by formula (37), and half below the syn-
chronous energy an equal amount. The resulting
distribution in energy can be analyzed by driving it
on to a target by a second bctatron pulse as in the
studies of phase displacement, or, more accuratcly,
by picking it up by a frequency modulated probing
bucket of very small area whose turn-on frequency is
precisely controllable.

We show in Fig. 12 an oscillogram of a typical
waveform of the RF voltage amplitude. The
maximum peak amplitude is 126 V, and the radio
frequency is 71.62 Mc/s, and is independent of am-
plitude. The turn-on time in Fig. 12 is 7 us, longer
than the phase oscillation period, which is 4.1 us
at this energy at V' = 126 V. The result of a typical
experiment with a slow turn-on is shown in Fig. 13,
which shows the beam pulse on target during the
second betatron pulse. In the top trace, we see the
standard beam pulse when no RF is applied. 1n the
second trace, the RF is turned on as in Fig. 12, with
the radio-frequency synchronous with the beam.
There is no visible effect on the beam, showing that
the process is adiabatic. In the third trace, the RF
program is identical, but the injection time into the
first betatron pulse is slightly later, so that the beam
is accelerated to an energy slightly below the syn-
chronous energy. We now sce two output pulses,
equally spaced above and below the synchronous
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Fig. 12 Amplitude waveform of RF voltage in beam capture
experiment.

Lower trace: Complete waveform (50us/em).

Upper trace: Expanded turn-on waveform (2us/cm).

Fig.13 A beam capture experiment, analyzed by
second betatron pulse. Adiabatic turn-on.

Fig. 14 'A beam capture experiment, analyzed by an Fig. 15 A beam capture cxperiment, analyzed by an
RF probing bucket. Adiabatic turn-on. RF probing bucket. Rapid turn-on.
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energy, with no beam at the synchronous energy, in
accordance with the theoretical prediction above for
an adiabatic turn-on. The fact that the lower energy
(later) pulse is larger shows that the beam straddles
the edge of the adiabatic capture region (near-y, in
formula (38)), so that only part of the beam is captured.
The fourth trace in Fig. 13 shows the corresponding
case with the bcam initially above the synchronous
energy. Fig. 14 shows a similar experiment in which
the energy distribution after voltage turn-off is analyzed
by means of a frequency modulated probing bucket
which is turned on in the beam and modulated to a
slightly higher energy. In the first trace, we see the
bcam when no RF is applied. In the second trace,
the capturing RF voltage is turned on and off at a
frequency slightly above the becam frequency; this
corresponds to trace three of Fig. 13. In the remaining
three traces, the capturing RF program is iden-
tical, bat the probng bucket is turned on after the
capturing RF voltage has been turned off. In the
third trace, the probing bucket is turned on slightly
above the capturing radio-frequency, and we see the
sample beam pulse which has been accelerated out of
the upper beam pulse. In the fourth trace, the probing
bucket is turned on in synchronism with the capturing
RF, and we see that there is no beam picked up by
the probing bucket, showing that there was no beam
at the center of the capturing bucket after turn-on.
In the third trace, the probe starts below the syn-
chronous energy. Fig. 15 is a similar record of a
capture experiment with rapid turm-on of the capturing
RF, at a frequency slightly above the beam frequency.
In the top trace, we see the beam as analyzed by the
second betatron pulse. 1In the remaining eight traces,
the capturing RF program is identical, but a probing
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bucket is turned on at a sequence of starting frequen-
cies ranging from above the synchronous frequency
in the second trace to below the synchronous fre-
quency in the ninth trace. The energy distribution
is clearly shown by the probing bucket puises and we
see that the beam was distributed throughout the area
of the capturing bucket.

A quantitative check of formula (38) was attempted
with the capturing voltage turned on in 7 us as in
Fig. 12, at a frequency of 71.62 Mg¢/s. The energy of
the initial beam was below the synchronous energy and
was adjusted so that the ratio of beam in the acceler-
ated and unaccelerated peaks (trace 4, Fig. 13)is 1to 3.
The beam should then be centered on the point —y,
given by formula (38), so that half is captured and
half remains outside the bucket. Of the captured
one-half, one-fourth is left at +p, when the voltage
is turned off (accelerated peak), and one-fourth is
returned to —y,, leaving three-fourths of the beam
unaccelerated. Table V shows the results. The
frequencies of the various peaks can be accurately
measured with the probing oscillator, and the corre-
sponding energy differences calculated from the meas-
ured value of df/dE'=45 kc/skeV obtained as explained
earlier. The resulting value of 24E was measured
to be 14.2 keV; the calculated value for 2y, = 8/n
is 14.7 keV, in excellent agreement. We show also
in Table V the measured frequency of the unaccel-
erated beam when the accelerated peak first appears.
The frequency difference of 0.03 Mc/s between this
and the 1 to 3 point corresponds to an energy difference
of about 0.7 keV, and should correspond to half the
energy spread of the beam. The two peaks become
equal when the beam is at 10.5 keV (or less) from the

TABLE Vv

Intensity accelcrated peak

Thitensity unaccelerated pedk 13 1710
Frequency of accelerated peak 71.81 Mc/s 71.86 Mc/s
Frequency of unaccelerated

peak 71.36 71.25 71.22 Mc/s
Mean frequency 71.58 71.55
Frequency difference between

peaks 0.45 0.61

Energy difference between peaks 10.5 keV 14.2 keV
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synchronous energy, showing that all of the beam is
captured into a ring inside the bucket in this case.
The difference 14.2keV--10.5keV = 3.7keV is again
a rough measure of the energy spread in the beam,
about 24 times larger than that obtained above.
This discrepancy is easily accounted for in view of
the latitude in judgement in locating the three cases
to be measured. The precision of the measurements
may perhaps be judged by the agreement of the two
mean frequencies with the capturing radio-frequency,
although even this discrepancy can be partiaily
accounted for if the beam width is as large as 3.7 keV,
by considering more carefully the way in which the
pulses are placed relative to the points 4 y,.

An experiment with more rapid turn-on was carried
out in which the maximum and minimum energies
(above and below synchronism) at which some beam
1s just captured were measured. The results are given
in Table VI for two values of the rise time. The
adiabatic value of 24E is calculated for y, — +y,,
and the sudden value for y, = 42. In agreement
with the digital computer result, we see that for a rise
time of about $t,, beam is captured between the
adiabatic limits, whereas for t ~ ¥ty beam is captured
out to y, = 2. (The slight difference in df/dE in
Table VI as compared with the experiment of Table V
is due to slight changes in the accelerator parameters
between the two experiments; df/dE is measured
during each experiment.) A measurement of the
increase in beam energy spread was also made with
the beam at the synchronous energy. For the 0.9 us
rise, the beam width increased from 3.1 keV before

RF voltage is applied to 15.5 keV afterwards showing
that the beam had filled the bucket. For the 2.5 us
rise, the beam width increased from 6.0 keV to 11 keV.
With rise times in excess of about 4 us, no increase
in beam width was observed. These results are in
general agreement with Fig. 10.

TABLE VI

RF capture experiment with fast voitage rise

Linear voltage rise time 0.9 us 2.5 us
Frequency of beam first captured
£ (above Ey) 72.07 Mcfs 71.92 Mc/s
E, (bclow Ey) 71,03 71.23
Corresponding encrgy difference
E, — E; 10 keV 6.7 keV
Es — E, 13 8.6
E, —E, 23 15.3
Calculated value of 2A4E
adiabatic 14.4 keV
sudden 22,6
dffdE 45 ke/skeV
Period of phase oscillations 4 us
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