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I. Introduction

Analytical theories of the behavior of non-linear motion in two
degrees of freedom near a coupling resonance lead to the conclu-sionl)’
that near a sum resonance, there are limiting amplitudes, depending on
the distance from the resonance and vanishing at the resonance, above
which the coupled motion is unstable. In céntrast, near a difference‘
resonance, there are corresponding amplitudes above which the two
degrees of freedom become strongly coupled and exchange 'energy', but
the analytic theory predicts that the motion is stable. However, computed

orbits in accelerators near difference resonances, and particularly near
the 'Walkinshaw resonance' 7Jx -2 Z/y = 0, have often showna) actual
instabilities in addition to the expected strong coupling. Hagedorn4) has
offered a possible explanation of these effects as due to the presence of
a pass through the potential energy hills surrounding the equilibrium
point, which is not accessible to a particle moving along the x-axis or
y-axis alone, even though the energy is high enough, but becomes acces-

sible when the x and y motions are strongly coupled. We have con-



sidered the more general possibility that the paradoxial instabilities
may be due to the presence of another nearby resonance in addition to
the difference resonance which preoducesthe coupling. To this end, we
have chosen to consider motions for which the working point ’UX , 7)y
lies near the sum resonance ﬂx + 2 ‘l)y = N as well as the difference
resonance dx -2 1)}7 = 0. (N = number of sectors around the acceler=-
ator.) We will develop below an analytic theory of the motion, and present
in addition results of fairly extensive digital computations of orbits. In
order to make rapid calculations through many sectors, as well as to
simplify the analytic theory, we have chosen a Hamiltonian of the simplest
form which exhibits the resonance in question and which at the same time
lends itself to rapid digital computation. We are able to give a partial
though not a complete analytic solution to the problem. The analytic re-
sults are confirmed and extended by the results of digital computation, so
that we now believe we have a fairly complete understanding of the phenom-
ena which occur. Our explanation of the paradoxical results will be related
to Hagedorn's. In our terminology, Hagedorn suggests a possible inter-
action between the integral resonance lines ﬂx = 0 and 7{ = 0 and the
difference resonance Vx -2 zjy = 0 which they intersect. This can
certainly occur, but more generally the interaction may also be with
other resonance lines.

The following Hamiltonian will be used for the study of the motion

of a particle near the intersection (see Fig. 1) of the Vx -2 ﬂy =0

and Vx-p 2 VyzN resonance lines, ( 7jx =-1;—, dy" ZN—):
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where n is an integer. The horizontal and vertical displacements of
the particle from the quilibrium orbit are jrepresented by the ,variablés
x and y.; the conjugate momenta, by p, and Py- In general the quadratic
terms of an accelerator Hamiltonian will contain coefficients that are
periodic in 8; however, a canonical transformation exi.stsl) which will
transform the accelerator Hamiltonian into a form whose quadratic terms
are the same as Eq. (1).

The lowest order term in an accelerator Hamiltonian which pro-
duces resonances in the neighborhood of dx = %’, Vy = —13— is

2
f(N9)x yz, where f (N @) is periodic in © with period —ﬁﬂ: . In

Eq. (1), f (N '9) has beenchosenas - %A(N ©). This makes it possible

to express the solution of the equations of motion in the form of an alge-

braic transformation which will carry the particle from 08 = 27T n to
8 = m—gli—l—? , i.e., through one sector. The function A (N 8)

probably perturbs the motion more than a more realistic f (N 8) for an
accelerator would, since the higher harmonics of f (N 8) will go to zero

while the higher harmonics of & (N ©) do not. However, the qualitative

features of the motion should be thg same.



It has been customary (although not necessary) in computer studies
of coupled motion, to compute orbits which begin with very small initial
amplitudes of y-motion, and to investigate the bebavior of the solution as
a function of initial x-amplitude; (usually Py = 0 also initially). We shall
adhere to this procedure in this paper. Under these conditions, it is found
both analytically and by computation that near the difference resonance
there is a threshold x-amplitude Xy depending on the distance from the
resonance and vanishing at the resonance, above which the y and x motion
are strongly coupled and the y motion begins to grow exponentially. Ana-
lytically, the y motion should reach a maximum amplitide and decline
again periodically as the 'energy' is exchanged between x and y. Com-
putationally, it is sometimes found also to be unstable, either immediately
or after a number of oscillations in amplitude. Near a sum resonance,
both analysis and computation agree that there is a stability limit x4 above
which the motion is unstable. We seek to study and account for these phe-
nomena in this paper.

II. The Algebraic Transformation

From the Hamiltonian (1)

Irx ~ Txx
p'x=-’ g,?:- VXX+—2>‘—y2A(N9),
and
y'=—gp—1;= z/ypy,
Py = - gf=- 7/yy+ Axy ANGO).
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Since the delta function occurs at 9 = ;Tn the variables p - py have

discontinuities at these points, while x, y are continuous:
2 fn _ 2 n
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For
277‘n49< 2T (n + 1)
N N ’
x ' = p' = = 7/2 X ,
X X X
and
2'"'(n+1)) (27Tn 27T 2, 2o\ . 2T¥
X (_‘—N—“ x(—Nx— % COS—T'K*“Px('—N’—“) Sm—T‘x’
2T (n + 1)) 2 n ) 29T Y 2T n 22/
Px(——N—-" ==X TQ sm———l\T—x-l- px( N 3 cos—-—-—ﬁ-—x-.
Finally, we have the transformation through a sector from 6 = 27 _
N
o 2T (n + 1) _ .
N
27 (n + 1) 2T n 2T U 2 n 7/
x (5 )= x( ) cos = + pe(S )Sm .

(3a)
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where we omit the minus sign, with the understanding that all variables



are evaluated just before the delta function, and in a similar manner

 ETEED) 2T 2771;7/x ¢ o, BT8)sin 2;7'74

+ /\x(zylz;n) y<2 gn>sin E_W_l;,l/x_

bl

(3b)
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With these equations a computer can calculate x, y, p,, and py through a
large number of sectors, several thousand times faster than it could if it
had to do the calculation by solving the equations of motion numerically.
An orbit can be followed through of the order of a million sectors in about
an hour with the MURA IBM 704 computer. A ri{ii‘mber of computer runs
have been performed based on Eqs. (3). These results will be presented
in Section IV where they will be compared with the analytic results that
will be derived in Section III.

III. Analytic Treatment

The analytic treatment of the problem will be based on methods

developed by J. Moser4).

Since

N imN®©
AN = = ) ,
2 m=-od
then m=99"
Y% A imN®@
- X (2 2 Y (2 2y _ N 2
H-—Z—(p +X)+ (Py+y) ny g_oge

Let
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X = 'zo/zc os rxo
pP. = &d’/z sin )/x ° B

X

(5)
y E f;,!&cos Yo

/2
py = PYO sin YYO
. /0 ” . .
The variables [y, . Y*o are polar coordinates in the x , P~ phase

b,

plane, and likewise the y-variables. But also /‘;O s o .

Xo
are canonical variables with momenta /?‘o s /;’a . The Hamiltonian

is Kg = - 2H:
m=dc .

‘Zj /?,o /'; /yocos Yx° cos be Z elmNo,

m= =g
or

/x) d +)\ ﬁ'ﬁ [zco:(f +mN6>

%) o)’omao

t+cos( Vit 2 Y)’o + M NO) + cos (Y’(o— ZY),O*M‘NG)J,(&

’ /070 ’ )@o——?/g: K‘/g' v

We now make a transformation /# Y
by means of the generating function

S= ¥ b+ V0 ly

[-° pine (Vg + 2 Yy + M NO)

g, (mnN—?Z‘—Z.ﬂy)

m=-00 (7)

. {2 o (¥ -2, +mN°)+°° “m'»();mwe)
(mN-12) +z1J) mN=24) |,

Me -0

-
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to obtain the new Hamiltonian

K=-2) L - /f,
¢ A g [eralr 27, +4) @
+ e (Y, -2 )]"'

1/2
where the dots contains terms of higher order than /o /oy . The

X
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N
coefficients of these terms are small if ( Vx, 2{)} is closer to( 3, %I- )

than to any other intersection of resonance lines excited by - %x yZA(NG).
Fig. 1 shows the lines excited by this term , (solid lines), as well as
other nearby resonances which are important in accelerators and may be
excited by terms of other forms which we have not included. Some of
these resonances are driven by higher order terms represented by the
dots in Eq. (8).

A typical term, for example, appearing in K which might be

important near the point 4: %l s Vy: % is approximately

a 2
A €. (1-.3263 | & (1-.3425,.)]/oyzcos(“yme),

768 (1-¢2) 1-eh)
where
= + -
€= Y + 3y Yy
£ = ))x - 3))/
measure the distance of the working point ))X, »y from the sum and the
difference resonance., Note that since € = =0 f D = N V= N
r . Y+—é-= Orx—z,y—z,
the term vanishes at this point. This term would tend to drive the
resonance )3, = % , which passes th'rough Vx = -lg , J}:% .
It will be assumed that ﬁ( and /07 are small enough, and the operating

N
point is close enough to )& = 35, 15. = % so that all terms in K of order

ﬂa and higher can be neglected, and K will be set equal to
AN %
- - Y) ALV , X, +2%,+NE)+cos(s -9,
K=-%f% 5/ +Zr/?r/;‘ cos(¥+ 2%, &)+ ces(y, ’)]. ®

Note that we can obtain Eq. (9) immediately simply by neglecting all

non-linear terms in Eq. (6) except those which excite the two resonances’



It is not necesgsary to know y and py in terms of /_6_}‘ . fy , {x , and
)', . The only information needed is that if ﬁ is very small then y and

—

'I //a
a ery small, and conversely. o er, to order a’ ,
py re very sm nd conversely. However r ﬁ /g,
. . N : - 87n
we may identify /_%)Z“/}’& w1thfm be,ﬁo,);o in Eqs. (5) at 8 = -~
Since K does not contain 8 explicitly it is a constant of the motion.

I_E can also be written in the form

- - - MW %
K = £,./_0x Eyé +¢-; _/Dx écosg ¢os 25. , (13a)
where

J

[

_gy N 5.-.;}-.4/
&=%"3 y -7y

It is convenient to reintroduce rectangular coordinates in the

rotating x- and y-phase planes:’

a "z
X=/3,¢05{x ’ 7= /}cos?,,

Ya %
T A s

In these rectangular coordinates,

2 2 2 2

L 1 M 1 Y, W3
R eIV - VAT TR EFTW AR5 VA8 (13b)

Let us first take €,, €, in the first quadrant (both positive, see insert

4
Fig. 1). Eq. (13b) can be regarded as a Hamiltonian in which the first
two terms represent a positive definite kinetic energy (if X » - :_:..J.E)' ),
and the last three, a potential energy V (X, Y). The potential V(X, Y)

contains a valley from which the particle may exit through either of two

passes whose saddle points lie at

¥n A
X, =, )4( = -M(aexe,) ,

10



and the minimum energy for crossing either pass is

Sy )

-3/ Y (A

For negligible initial y-amplitude, and p = 0 initially, the limiting
X

x-amplitude for which the energy is sufficient to cross the pass is
- N _
(%l = X, = A = 0)-§), (14

Note that at this amplitude, the 'mass' of the y-motion can become zero
and at greater energies the particle can escape via the point. - & 4 n,.ﬁ by
acc%uiring a negative y-mass as well as over the passes at Xl , + )9 .k |
Our analysis does not indicate under what conditions the particle
will escape if initially |%] >X‘ , but only that if Ix/< X g it surely
cannot escape (to the extent that the Hamiltonian (13) is a valid approxi-
mation). We shall have more to say later as to when it actually does
escape. In view of the asymptotically convergent character of the Moser-
Birkhoff solution. by successive transformations, we may expect that our
statements based on the Hamiltonian (13) are valid for very long times for
small enough amplitudes. Since we find a structure of the dynamical
motions with a scale proportional to the distances from the resonances,
by going near enough the fixed point, we may expect to find this
structure reproduced as accurately as we wish.
If we now consider the second quadrant (£x< 0 P E, >0 ) we readily
observe that our Hamiltonian (13b) is no longer positive (or negative)
definite even near the origin, and we can find curves of constant K = 0

connecting the origin with infinity., We can therefore say nothing about

11




the stability in this case, except that it is 'energetically' possible with
the Hamiltonian (1 :;b) for the particle to escape with any initial amplitude.

We will prove later a theorem of corresponding motions,a
corollary of which is that motions-in the third and fourth quadrants are
identical with those for corresponding working points in the first and
second quadrants.

We can give a complete solution for the motion if we treat the
effect of a single resonance separately. Let us take the difference
resonance, ¥, = 24, = 0. We could transform away the term in the
Hamiltonian (11) which drives the sum resonance, or, more easily,
s imp ly neglect it, which is equjvalent to equating the new and old
variables in the transformatioﬁ;

VN ’
K=~0-3p-04-0p +é—,4/ﬁ;o, os(l-2¥y) .
- (15)

Now the generating function

leads to the transformation
_ 93 -0 -
fx‘;gf:ﬁ. y f,-/oa AR
y'za-ﬂf,,,z=!’77
[)
IREL P
U = -0 28)p =0 glfa* i R (fmap)ees i, (16)

Since Y, is ignorable,

fjé ,_)K,_a
d6 -37; -

12



,a is a constant, and terms containing @ only can be absorbed in Kl’
2

since K 1 is also a constant of the motion. K1 can be written

o W %
TRV e %‘%)““Y/ ] (1

where € measures the distance from the resonance, as defined previously.

We finally transform back to rectangular variables

)
a
X=p costh,

_ /D':las'.n Y, , (18)
and

2 o2y _ ,
H---H, Le(X+ ) /WX(/% JEI) (19)

Fixed points occur when oH,/2K=dH /oF =0 ,

Ler@xlp =0,

0)
W zAA/a AV @
et X+(/7, g,,/?-—ﬂ.
(21)
Four fixed points exist 2 yry? 7
Vo o—e + [y 2N
)(f,’ = _ - Le Jarm?
3NN /47 L
a) (22)
/? =0,
and
ca) én
X T=we-,
) lor® a % (23)
2 =f[§/oa'f/7*£-] .
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From equation (16) /g is always positive, and Px is real, hence the fixed
points givén by equation (23) occur only for

327)’3 2

A2 AT_//a £ . (24)

Also, from equation (16) it can be seen that

L
£ ¢3ife (25)

With the aid of Eqs. (22), (23), (24), and (25) phase plots in X, l? can

be drawn. (See Fig. 2.)

72 m?

Case (i) fa ,\/V’ 5

Q)
According to Eq. (24) only the fixed points 6 s X + occur. Also,

from Eq. (25)
/é7r

BUZEA

K] < /7",

but from Eq. (22)

and

Ix(l)/ > P /“,

so it is in the excluded region, and the phase plot appears as in Fig. 2a.

Caseli) 2 > 3an? ¢ 2

n N2 .
In this case all four fixed points are present and the phase plot appears as
in Fig. 2b. From Eq. (16) we see that if we take as initial conditions

f << & 3 the point will follow a path in phase‘ space which is very

close to the circle ﬂ = ;’A . In diagram 5a the path remains close

14



to the circle and there is no change in the nature of the motion. In

diagram 5b thére is a sudden change leading to y growth at the fixed
(5) ca)

points P . Hence the condition for y growth is that for P < ﬁ‘
4
initially,
/évr
/ = /Da 2 /VQ
and if R is 1n1t1a11y zero, the threshold for y-growth is

(V- a,)

/ /a

i,
=/ =A%/ "2yl (26)
This means that if one starts the motion with y and py very small,
p, =0, and Ix] < Xy , then y will remain very small. However,
if / x|> X; , then no matter how sma'l'l"y is, so long asit isnot zero, it
will grow large. Note that the y amplitude does not grow indefinitely
but exhibits a periodic oscillation to a finite amplitude which can be
calculated:
) v
Bl < ]
(27)
where %, is the initial x-amplitude. This result is confirmed by
numerical computations in appropriate cases, as we shall see.

In the case where the sum resonance, Vx +2Yy =N acts alone, we
can follow a similar procedure and again give a complete description of
thé motion. The phase plots in appropriate coordinates are in fact
just the outside (cross hatched) regions in Figs. 2. We will limit our-
selves to quoting the result for the case of interest, namely, very

small initial y-amplitude, and P, initially zero, for which we find a

15



stability limit

4r.
T AN

If initially jx/ <¥, , the motion is stable, but if [X/>%; , the y-amplitude

x, = ¥ +34, N/. (28)

and likewise the x-amplitude grow without limit.
If the Hamiltonian given by Eq. (10) were exact; a theorem of

corresponding motions would hold. Let

K:-«é,ﬁ -dé, f +Aﬂ%[co:(§4ﬂ;)+us(0§-2(,)], (29)

The equations of motion are

A/ox [sin (%) 4 sin(h=2 )]’
2/4/’,{79’ [S‘/'n ¥ H r,)-.:/n (1,2, )]

o,
[ =}
"

A
d¥x - Ré, ;:—?; [Ms(f,,z‘ﬁd’)i-us(ﬁ‘ﬁéjy,

EIL =-pé +,4/o [Lo:(l}"z )*“‘(& Q'Y/)].
(30)

Then

iy |
%Eﬁ; = A[x 2/[50'0({'14'25 )+ So'n(!x-ﬂjj)],

16
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%f’ = RA[X/‘[I [Sn'n([x "‘2!/) -Sn (‘:I-gé’y)],

d - ¢ +AL
—_ = -6 /[ _
as 2 7 [eos (o 4a1y) +065 (Gy—-285)
L4
d cou,
T = _éy*,q/fxa[c.;({,fﬂ{y)-ﬁcu(@-2{,)], -
These equations can be derived from the Hamiltonian
Yy
K =-6,/§, ‘6,/', fA/x ;c}[cor(b_i +2§.) +cos (¥ -3&’7)]‘
- -0 0s =T (32)
This means that the motion corresponding to the point at(y,- g ) ,
- ” i - .A/ ~ l
.((y, 7) is the same as that for (), f ), ( Uy 7 )
with the scaling law
=4
®=28 ,
3
=
P-<e,
X = of X
—
y=od Y
Py = o Px
—
Py = '(BZ ' (33)

This means that motions are similar along any line through the inter-
section of the resonances in F1g 1, with the coordinatesscaling in
proportion tothe distance from the intersection and the time scaling in
inverse proportion., Note that this result is rigorous, so long as the
motion is adequately described by the Hamiltonian (32), and applies even
to features which our analysis is unable to treat. By computing orbits

along such a line for various values of o , it is possibleto. ..,

17



% _ | .
find the distance (6:4 6; ) from the intersection )’x= g , V),'-'— g within
which K repres¢nts the motion by comparing the stability limits and

other properties of the orbits with the values scaled according to Eq. (33).

IV. Computed Orbit Studies

The motion was studied with the MURA 1. B. M. 704 Computer
using the ALGYTEE program written by M. Storm5). This computer
program follows the motion by successively applying the transforma-
tion given by Eq. (3).

A series of three points were first examined. The results are
given in Table I.

The initial conditions were P, = 0, and y, very small. X, is

Py
the value of x at which y growth op@:urs, and X the stability limit
above which the motion grows to infinity. For xt(xc )g‘,the y amplitude
grows to a finite amplitude and declines periodically. The instability
for %«>X,, is a feature we have not yet treated in our analysis.
According to the theorem of corresponding motion, the ratios x 5 /xﬂ_
and % /X“ should be 9, 3, 1.

_ According to the above criteria, point 2 appears to be close
enough to ¥ = -g , V’ = 9& so that the other resonance lines were not
perturbing the motion appreciably.

The point L. was examined by L. J.. Laslett®). For this point,

xg is very uncertain since the motion for this point is very erratic.

A very small change in the initial conditions leads to very large and

18



TABLE 1

%-1

% Y Yt Uy R T
.2200 ,1150 =-,2300 -.1350 9 .496 3.9 .331 9.5
.4230 ,2048 -~.0770 -.0452 3 .400 3.2 .110 3.2
.4744 2350 -.0256 -,0150 1 .126 1.0 .0348 1.0
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very erratic changes in the number of sectors for which the motion

is stablé. This may be because the point is almost as close to the

&*aﬁ

resonance. Thus, there are three resonances having nearly equal

= 0 and ¥, = 0 resonances as it is to the )Qe» 1¥, =N
weight involved in the instability. It is almost on the ¥, -2V, " 0
resonance which leads to growth, but not in itself to instability.
Points 1 and 2 did not have this erratic behavior.

The insert in Fig. 1 shows a plot of eight points which were
examined on the computer. They are all located on a semicircle at

the same distance from ); s & s J’), - ¥ as point 2 above. It is

? ¥
clear from the original Hamiltonian (1), and is also a consequence of
the theorem of corresponding motions that the equations of motion are

invariant under

Y, = - Yy

- =¥

Y, y

X = -X

y —» -V

px - P

Py —p py
Hence there is no additional information to be gained by taking points
all the way around ¥, = ¥ , 5‘.’ . Table 2 shows the computed

results, and the predicted values for these points. Fig. 3 shows the

results in graphic form.

20
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TABLE 11

Observed Theoretical
Stability Threshold Limit for Thres-
Point %, 2/ Limit for y Absolute  hold
7 Growth  Stability
Xe Xp) Xs
1 . 52502 . 26502 .126 . 0350 .124 . 0366
2 .51493 .27568 . 249 . 246 .213 . 303
3 . 48507 .27568 . 246 . 246 .0 . 303
4. . 47439 . 26502 .0348 .035 .0 . 0366
5 . 47250 .26101 . 0483 . 048 .0 . 0455
6 . 47053 . 25350 . 270 . 276 .0 .186
7 . 47053 . 24650 . 305 L2177 . 0290 .186
8 . 47250 . 23900 112 . 0470 . 0911 . 0455
47T 1
x, = ,7/x -2 Vy, for points 1, 2, 7, 8

N

#

mN

H]
o S yl
>|=\ >1=‘ 2

’L

’Vx +27 *N/for points 3, 4, 5, 6

/. EI
l Y~ 4 for points 1, 2, 7, 8

for points 3, 4, 5, 6
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The results show the following:

1. Inthd first and' third quadrants, (near the difference resbnance ),
the effective stability limit is the greater of x g OT X . For
point 1, 7& >Y, and X,

point 2, ¥ £ X, and A, is the effective stability limit. There is

is the effective stability limit. For

reason to believe that if the computer runs could be made long
enough, points 7 and 8 would be found to have lower stability
limits sothat they too may fit into this picture. More will be
said about 7 and 8 below.

2, If % 4 <% , the y-amplitude grows to a finite amplitude and

4

oscillates when X, € X <Ky while for % ‘ ?X » y-growth

t
leads to instability.

3. In the second and fourth quadrants (near the sum resonance) the
theoretical stability limit x_ is the effective stability limit.

These results are consistent with the analytic theory. Near the
sum resonance the analytic theory considering the sum resonance alone
seems to give an adequate and complete treatment of the motion. Al-
though it is "energetically" possible for the particle to escape, it does
not in fact do so because there is another approximate constant of the
motion ( /% ) which prevents the particle from following the energy sur-
face to infinity except when the stability limit is exceeded. Presumably
the stability for x < ¥, , at least well inside the second and fourth

quadrants, should be as good as stability of non-linear motions in

general as predicted by the Moser-Birkhoff methods. Experimentally,

22



we find that for one-dimensional motion,orbits within predictéd
stability limits are so stable, atleast for the numbers of sectqrs

we can now compute in a reasonable time, (~106) , that they do.not
deviate perceptibly (i.e. within as much one part in 105) from closed
phase curves. For two-dimensional motion the orbits also appear
stable for many éectors, but it is impossible to obtain as precise a
measure of the stability because the phase motion is in four dimen-
sions.

Near the difference resonance, our computed results are consistent
with, but go beyond the analync theory, and seem to suggest the follow-
ing picture. Below the theoretlcal lim1t of stability x 2 the motion
is certainly stable, at least for very long times, and can be adequately
accounted for by the analytic theory of the difference resonance alone,
which gives a complete description of the motion, Above the limit x 2
it is energetically possible for the particle to escape to infinity, but it
will not in fact do so if we are below the threshold for coupling because
the analytic theory, which should give a correct description at least
for very long times, predicts that the particle remains near the x-axis
and hence never arrives in the vicinity of the pass. However, above the
coupling threshold, the particle wanders all over the energy surface,
and hence finds its way out the pass and escapes. One consequence of
this picture is that when x; > x , o @ particle with x slightly greater
than x, has an energy well above the minimum (--% H‘ ) to cross the

pass, and hence should quickly find its way out since the opening

23



available is large. However, if X, < x, , a particle with x slightly

AL

greater than x y has only barely enough energy to escape and must
therefore strike the pass very accurately to escape. This is confirmed in part
by the results which show that when xt > x,, the particle usually

escapes immediately if x > X whereas if x, < x, and x is slightly

£
above X, the y-motion may grow and oscillate regularly a few
times and even many times before suddenly going off to infinity, (By
"infinity' we mean an amplitude large in comparison with the stable
motion; the distinction is always very clear in that the particle
coordinates all increase very rapidly when the motion becomes unstable. )
This phenomenon is illustrated by the behavior at point 8 discussed
below.

Computer runs for point 2 with initial conditions P s /’y =0,

-8

y=10 7, x =.248 and . 250, and for point 8 with initial x of .108, .116,

. 125, .133 are given in Table 3.

TABLE 3
Number of sectors before
Point x Initial goiEg unstable
2 . 250 1, 745
. 248 : still stable at 106 sectors
8 . 166 1,066
.133 6,671
. 125 36, 049
116, 346, 620
.108 still stable at 106 sectors

The stability limit for point 8 is not as sharply defined as that of

point 2. If a series of computer runs of 25,000 sectors were made for
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various values of initial x, and a second series of 106 sector runs
were made, for point 2 one would find . 248< xs< . 250 for both runs,
while for point 8 very different values would be found. If one could
make runs of 109 sectors on point 8, X might be found to be much
lower than the value given here. Points 1 through 6 behaved as
point 2 above, and 7 and 8 like point 8. The behavior of point 7 is
anomalous in view of the discussion above.

Point 8 shows the inadequacy of trying to study coupling resonances
with runs of only a few hundred sectors.

In addition to the phenomena discovered here, which depend only on
the two resonances, we may éxpecf that if we move farther from the
resonance, additional effects due to other resonances will arise. The
neglected terms can be shown to cause rapid oscillations in the
"constants" K, /02 , etc., and when there are many of these, one
might expect random fluctuations in their values. This would make
predicted stability limits fuzzy and give rise to erratic behavior such
as that observed by Laslett for point L (Table I). Note that this
behavior is not what we have observed for point 8, although it resembles
it, because point L is on the same ray, very nearly, as our point 1
which showed no such behavior; sb that the erratic behavior at point L
is a violation of the theorem of corresponding motions and must be due

to neglected resonance terms.

25



LIST OF REFERENCES
See, e.g., R. Hagedorn, Stability of Two-Dimensional Non-Linear
Oscillations with Periodical Hamiltonian. CERN Report PS/RH 9,
November, 1955.
R. Hagedorn, Proceedings of the CERN Symposium on High Energy
Accelerators and Pion Physics, Vol. 1, p.293 (1956).
L. J. Laslett and K. R. Symon, Proceedings of the CERN Symposium
on High Energy Accelerators and Pion Physics, Vol. 1, p. 279 (1956).
J. Moser, Nachr. Akad. Wiss. Gottingen, Ila, Nr. 6, p. 87.
M. R. Storfn, ALGYTEE (Program 58). Midwestern Universities
Research Association, Madison, 1957 (unpublished). Available on
request. (MURA Report No. 233)
L. J. Laslett, Computational Examples of Solutions to Differential
Equations which Simulate Growth of Axial Oscillations in an FFAG
Accelerator Operated Near the O =2 Oy Resonance. Midwestern

Universities Research Association, Madison, 1957 (unpublished).

Available on request. (MURA Report No. 295).

26



CAPTIONS FOR FIGURES
Fig. 1. Resonance diagram showing the resonances 7/x -2 1/y =0,
_Vx + 2 7jy = N, and other important resonances influencing the
motion. Insert shows working points for which digital computations
were made.
Fig. 2. Phase plots for the Walkinshaw difference resonance dx -2 7/y = 0.
Shaqed region is excluded as non-physical.
Fig. 3. Stability behavior of computed orbits near the intersection of the
resonances 7/X- 2 ’My =0, Vx + 2 Uy = N. Initial x amplitude
is plotted versus angular position @ relative to the resonance lines
in Fig. 1.
Dashed curves. Predicted threshold X, for y-growth near difference
resonance, and stability limit xg below which motion must be stable.
Solid curve. Predicted limiting amplitude x .y below which motion
must be stable.
0 Observed threshold for y-growth.

+ Observed stability limit for growth to infinite amplitude.
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