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Floating Point Runge- Kutta, lVtu RKY6� 
704 SAP Program� 
G. A. Westll.Uld - October 19, 1959� 
Midwestern Universities Research Association, Madison, Wisconsin.� 

PURPOSE 

To solve a set of N simultaneous, first order, ordinary differential 
equations in float~ng point arithmetic by the Gill* method• 

. RESTRICTIONS 

No internal checks are made on overn~w or undernow~ 

METHOD 

Given the .setof N differential equations 

(i =1, ]., 3, • • • • N) 

the process used in the ip,tegration is defined by the following equations: 

kit = h f i (Y1' y]., Y3' •.. , YN) 

Yu = Yi + ( 1/].) kU 

= hfi (Y11, y].l' Y31' ••. , YN1)kiZ 

y iZ = Yi + (~ 11]. - 1/].) kit + ( 1 - 'IfTi) ki ]. . 

= hfi (Y1Z' y].]., Y3].' •.. , YNZ)ki3 

Y = Yi + ( - ~l/z + ( 1 + ~1/2) k
i3i3 ) kiZ 

ki4 * h fi (Y13' YZ3' Y33' ••• , )YN3 

Yi4 = Yi + ( 1/6 ) kU + ( 1/3 ) ( 1 - VI/Z) kiZ 

+ (1/3 ) (1 + '!'fTF) k + ( 1/6 ) ki3 i4 

where h is the integration step size. 

*S. Gill: IiA Process for the Step-by-Step Integration of DifferentialB9Iations 
in an Automatic Digital Computing Machine, "Proceedings 01 the Cambridge 
Philosophical SOciety, Vol. 47 (1951), pp. 96-108. 
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The f. 's must be evaluateciby a closed subrouti,neprovided by the user. 
Duridg eachpa.1Is through M:URKY6~ four entries are made into this 
subroutine tooijtain the fi's~ 

If the independent variable x occurs in the functions f.~ it must be obtained py 
integratingthe<equation x' =LThe independent variable x is then 
treated as an additional dependent variable y~ for which the auxiliary 
subroutine must provide an additional f: x' :: f = 1. Ii the independent 
variable does not appear in any of the f.'s~ but is merely wanted for 
indication purposes~ it is quicker to usJ a simple counter in the main 
program. 

ACCURACY 

This is a fourth order process~ hence the truncation error in one step 
is of the order of h5 • An approXimation of the error is obtained from 
the expression 

( 1/15 ) ( yh - yhI Z ) 

where Yh is the value of y obtained from using an interval of length h 
and Yhl Z is the value of y obtained from using an interval of length hI Z. 

CALLING SEQUENCES 

To provide fleXibility and speed in the integration step~ two calling 
sequences are used. The first is made only to plant storage locations and 
necessary constants. The second is made for'the actual integration 
step (s). 

Locatic)D Instruction� 
fI.. 'l'SXRK.Y6~ 4� 

.0'.+ 1 liTR '(loeation UtA) 
oC,+ Z, HTR (location Uf N) 
(Ii. + 3 HTR (location ofy1) , 
~+ 4 HTR (location of aux. 'subroutine) 
et + 5 return 

# TSX RKY6 + 561 4 
P+ 1 " return 

h is the integration step size (a floating point number). N is the number 
of equations to be solved (an integer). .c+ 3 contains the location of y . 
The values of Yl' YZ~ Y3~ ... 1 YN are located in the order.4'>f increJSing 
absolute locations. 

NOTE:� The values of hand N must be stored at their locations before the 
first calling sequence is used. 
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AUXILIARY SUBROUTINE 

The user must provide an auxiliary subroutine to compute the f IS 

and store them at locations CQ~MON, COMMON + 1, ••• , i 
COMMON + N - 1. It must preserve,index registers, and return to 
MURKy6 via the instruction TRA 1,4. 

CODING INFORMATION 

RKy6 requires I2Z words program space. plus 6N words temporary 
storage at COMMON. plus space for its auxiliary subroutine. 

The COMMON locations may be used for temporary storage between 
integration steps. but must not be altered by the auxiliary subroutine 
(except. of course, COMMON through COMMON + N - 1 to store the 
LIS).

1 

Backward integration is achieved by making h negative. 

Timing: 0.336 + 3. 168N milliseconds. 

3� 
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REM RKY6 MURA FLOATING POINt RUNG~-KUTTA MU RIl:;V6
(LA 104 LOC OF H RKY6 0001
STI>. {j'+l RKY6 0002 
CP!.L u.r,. RKY6 000,3
5ll?} H H RKY6 0004 
SUB ONE 1 IN CHARACTERiSTIC RKY6 O~\O~ 

1-1/2 RKY6 O~/O6 
H RKY6 Ola07 
SQ:~Hl/2) RKY6 0008 

SQRT{1/2) RKY6 0009 
toe OF f~ RKY6 0010 

RKY6 00lJl 
RKY6 (Jenz 

STO n r~KY6 0013 
lOC OF Y BLOCK RKY6 00 If" 
FOR V RKY6 0Ol~ 

51',:1\ iH RKY6 0016 
STA AS RKY6 0017 
"5"1 A /)"l. RKY6 0013 
ST;" BH RKY6 0019 
(LA 4,4 LOC OF AUX. SUBROUTINE RKY6 0020 
STA AC RKY6· 0021 
STA AJ RKY6 ·0022 
STA AT RKY6 0023 
ST" BA RKY6 0024 
CU\ CMN LOC OF COMMON . RKY6 0025 
ADO N RKY6 0026 
S1A AD FOR F .. RKY6 0027 
STA AF RKY6 0028 
STA AI( RKY6 0029 
STA AM RKY6 0030 
STA AV RKY6 0031 
STA BB RKY6 0032 
AOO tot RKY6 0033 
STA AS FOR YO RKY6 0034 
S1A AH . RKY6 0035 
STA AR RKY6 0036 
SJA AY RKY6 0031 
S1A 8G RKY6 0038· 

. I'. 

.~:AOD N ; .. RKY6 0039 
5TA AG ' FOR CH/2JF1. .RKY6 0040 
S1A AP RKY6· 0041'. 
STA BF RKY6 0042· 
ADO N RKY6 0043 
STA AE FOR G(Fl) OR Gl(F3) RKY6 0044 
STA AQ RKY6 0045 
S1A AW RKY6 0046 
STA Be RKY6 0047 
ADO t~ RKY6 OO~8 

STA Al FOR GCF2J RKY6 0049 
STA 1\0 RKY6 0050 
51/\ AX RKY6 0051 
;SiA 60 RKY6 0052 
,:'\(:)11) f~ RKY6 005~ 
SiPI Il,~r: FOR O'OF2 RKY6 005t"} 
S7f21 \Sf: RKY6 0055 
':" ::A :J (,1~ RKY6 0056 
;:':D (}:;PJlJ 1 RKY6 0057 
:3 :-': D f\j \)8} RKY6 OO!58 
~ ...:: PI f\1 9 1 RKY6 0059 
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AA' 
AB 

CLA 
STO 

·*.1 
**.1 

Y 
YO 

, RKY6· 
RKY6 

O(}6G 
006~ 

TIX 14.14..1.1 RKY6 006;]' 

f'" 
AD 

AE 

AF 
AG 
AH 
AI 

TSX 
LXA 
LOQ 
FMP 
STO 
LOQ 
FMP 
STO 
FAD 
STO 

**.4 
N,l 
**.1 
HSQRT 
**.1 
H2 
**,1 
**.1 
**,1 
**.1 

F SUBROUTINE 
N 
F 
H*SQRTCl/2) 
H*SQRTCl/2)*F1 
H/2 
F 
(H/2'F1 
YO 
Y 

' 
RKY6 
RKY6 
RKY6 
RKY6 
RKY6 
RKY6 
RKY6 
RKY6 
RKY6 
RKY6 

0063 
0064 
0065> 
ooo~ 

0067 
0068 
0069 
0070 
0011 
0072 

TIX AD,1.1 RKY6 0073 
AJ TSX **.4 F SUBROUTINE RKY6 0071. 

LXA PhI N RKY6 0075 
AI< LDO **,1 F RKY6 0016 

FMP HSQRT H*SQRTfl/2J RKY6 0077 
AL STO 

LDQ 
**,1 
H 

H*SORT C1/2 JifF2 
H 

RKY6 
RKY6 

0078 
0079 

AM FMP **,1 F RKY6 0080 
AN STO **,1 HF2 RKY6 0081 
AO 
AP 
AO 
AR 

FSB 
FSB 
FAD 
FAD 

**.1 
**.1 
.*,1 
**,1 

H*SORTCl/2)*F2 
(H/2'F1 
H*SORTfl/2)*Fl
YO 

RKY6 
RKY6 
RKY6 
RKY6 

0082 
0083 
0084 
0085 

AS STO 
TIX 

**,1 
AK.1.1 

Y RKY6 
RKY6 

0086 
0087 

~ TSX 
LXA 

**,.ft. 
N.l 

F SUBROUTINE 
N 

RKY6 
RKY6 

0088 
0089 

AU CLA H H RKY6 0090 
FAD HSQRT H*SQRTfl/2) - RKY6 0091 

AV 
AW 

LRS 35 
FMP **,1 
S10 **.1 

F 
(H+H*SQRT ( 1/2 J,) F3 

RKY6 
RKY6 
RKY6 

0092 
0093 
0094 

AX 
AY 

FSB 
FAD 

**.1 
**.1 

H*SQRTfl/2)*F2 
YO 

,,;.. ,J~KY6 
RKY6 

,0095 
0096 

AZ S10**.1 Y RKY6 0097 
TIX AU.l,l i:; 

-t:~ ,~KY6 0098 
",BA TSX **.4 F SUBROUTINE RKY6 0099 

LXA N.l RKY6 0100 
B8 LOO **,1 F RKY6 0101 

FMP H2 H/2 RKY6 0102 
BC FAD **.1 fH+H*SQRTCl/2),F3 RKY6 0103 
BD 
BE 

FS8 
FAD 

**.1 
**.1 

H*SORT(1/2)*F2 
HF2 

RKY6 
'RKY6 

0104 
0105 

BF FAD 
LRS 

**.1 
35 

fH/2'Fl RKY6 
RKY6 

0106 
0107 

BG 
FMP 
r:AO 

THIRD 
**.1 

1/3
YO 

RK'!6 
RKv6 

. 0108 
0109 

8H STO **.1 Y RKY6 0110 
TIX B801.1 RK'f6 0111 
lXD CMNtl RKY6 0112 
I.XD N./~> RKY6 0113 

n TRA 
OCT 

1.4 
001 CIOOOOOOOO 1 IN CHARACTERISTIC 

RKY6 
RKY6 

011~ 

0115 
CMN HTR COMMON LOC OF COMMON RK'f6 0116 
H HTR ~* H=STEP SIZE RKY6 0117 
H2 I-ITR ** H/2 RKY6 0118 
t,oiSQRT 
r~ 

HTR 
HTR ** 

** 
H*SORTCl/2) 
N:;:NO. OF IONS 

RKY6 
RKY6 

0119 
0120 

.. ~ .. ~ ... "-~- "-i .. 
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·SQRT'r: 0121 
TH.~~\

t""" 0122 

J�,,,(,"" -or: 
" 




