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ABSTRACT 

This report contains results obtained from the IBM-704 digital computer 

on the introduction of radial straight sections into spiral sector FFAG accel

erators. The effect. of radial straight sections on the magnetic field in the 

median plane is studied first. Then the variation of the betatron oscillation 

frequencies with energy is determined for various lengths of radial straight 

sections and for various combinations of the number of straight sections ami 

spirals. These results bear out the theorem in MURA report 434, which 

describes a method of introducing the radial straight sections in such a way 

as to keep the betatron oscillation frequencies independent of energy. 
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1. INTRODUCTION 

An analytical treatment of radial straight sections in a spiral sector 

accelerator is given in MURA report 434, and the results of this treatment 

have stimulated us to investigate the problem with the aid of the IBM-704 

digital computer. The purpose of the present report is to test the following 

theorem, proved in MURA-434: if the number q of radial straight sections 

per period of the magnetic field is greater than twice the maximum number, 

nmax' of Fourier harmonics of the magnetic field without radial straight 

sections, then the betatron oscillation frequencies V are inde
y 

pendent of energy or, equivalently, radius. It is found below that in all the 

cases examined the theorem is valid. 

The effect of radial straight sections on the. magnetic field is repre

sented by a straight section function S(8), and the "FOROCYL"l program 

is used to compute the field (see Section II). In Section III, the variations 

of radial and vertical betatron oscillation frequencies with energy are inves

tigated by means of the program "SPIRIT~' 2 Several different values for the 

length of straight sections and also for the parameter q are used in these 

calculations. 

II. DIGITAL FIELD COMPUTATIONS 

It is assumed that the effect of radial straight sections on the field of 

a spiral sector FFAG accelerator may be represented by a modulation S(9) 

of the spiral field 

(1) 
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where tB } represents (with u = 1) the unmodulated field, 3 andz�
co� 

, 
8(9) = L an cos nq N [9 +T]�

n=O� 

aIO 

= - B (1 + x)k ~ [gm cos mU[N' 9 - _1_,hv (l + x)] +o 
m = 0 uw 

+ fm sin m U [N' 9 - ulw In- (H xl] } 

x = 

, 
N = number of supersectors� 

u = number of spiral sectors per supersector� 

q = number of straight sections per supersector� 

1/w = spiraling parameter� 

and 

T = phase of the straight sections relative to the spirals. Notice 

that a change in radius, i. e., x, corresponds to a change in the phase T , 

and in order to study the particle dynamics at different radii, L can be 

given several values between Land T + 27f 
o 0 u q Nt 

To obtain an idea of the magnitude of the Fourier coefficients, an' of 

the modulation, the IBM-704 program IFOROCYL"1 is used to solve the two-

dimensional Laplace equation and find the median plane field for the magnet 

configurations shown in Fig. 1. 

The ratio of the modified to the unmodified field is found as a function 

of 9, and by use of the IBM program "FORANAL"4 this function is Fourier 

analyzed. A graph of such a function is shown in Fig. 2. The quantities 6"H 
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and &8 are measures of the relative change in the field (due to the straight 

sections), and of the approximate angle in which this change is significant. 

respectively. 

This function calculated in the center of a magnet was used for S(9}. 

This method does not give exactly the field across the straight section as the 

position of the straight section relative to the magnets is changed, 5 but it is 

believed to be fairly accurate. 

Two cases are treated: for the first, a magnet extending through one-

third of a sector is used; for the second, the magnet length is doubled, while 

the magnet gap is decreased to keep the field flutter in the median plane con

stant (~ 1). 

In Table I the values of &H and ~9, corresponding to a straight 

section whose width is D:. % of a spiral sector, are tabulated. 

TABLE I 

Short Magnet Large Gap 
.b. (0/0) SH (%) b9 (%) 

3 10 72 50 

5 4.97 53 

10 20.91 67 

Long Magnet Small Gap 

,6(%) bH (%) b8 (%) 

10 43.72 33 
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For a given L:J., the product [; H' b 8 remains constant while the 

magnet length and gap width vary, $8 increasing and SH decreasing with 

increasing gap width. This is in ace ord with intuition. 

III. DIGITAL COMPUTATIONS OF THE TUNE 

Orbits are integrated numerically on the IBM-704 through enough periods 

[) find the equilibrium orbit and to measure -z}
x 

and V, 
y 

by means of the 

"SPIRIT,,2 program developed for this purpose This program multiplies the 

scaling field by the straight section function, S(8), to find the field, and inte

grates the exact equations of the two-dimensional motion by the Runge- Kutta 

method. 

Tune calculations are made for the short magnet, large gap accelerator 

described in Section II. The machine parameters used are N :~ 30, k ::: 53, 

1 Iv.; '" 280, go ::: g1 :.;: 1, f :~ 0 for all m. When higher unmodulated m 

field harmonics are desired, g2 and g3 are both taken as 0.2. 

The Fourier coefficients, an' of S(8) which are used are found by the 

methods of Section II They are tabulated in Table II, for various values of 

6. The case ..6,- 10 % corresponds roughly to a one-meter straight section 

in 8 10 Gev accelerator 

t1V 71nax - ~in 
In Table III are tabulated the relative tune changes ~ -. <.iI> 

caused by varying the phase T from 0 to 21f, . for various lengths of 
uqN 

straight sections. For this table, q, (the number of straight sections per 

supersector), u (the number of spirals per supersector), and nmax (the 

maximum number of scaling field harmonics) are taken to be unity. The 

nun:ber of supersectors, N', is 30 
5 
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TABLE II� 

Fourier Coefficients of the Straight Section Function� 

.Ll(%) = 3.33 5 10� 

a 1 1 1�o 

a 0.00471 0.01391 0.062101 

0.00360 0.01053 0.04547a 2 

a 0.00250 0.00726 0.02997
3 

0.00157 0.00441 0.01744a4 

0.00094 0.00260 0.00954a 5 

a6 0.00054 0.00193 0.00483 

a 0.00030 0.00077 0.002337 

a 0.00016 0.00040 0.00105
8 

a 0.00009 0.00021 0.00
9 

a 0.00005 0.00010 0.00
10 

TABLE III 

Digital Computation Results on Effects of Radial Straight Section 

LlV L:\ ily6. 0/0 x (%)<~> <~> <:~> (%) <Py'; 

3.33 8.221 5.819 1. 53 2.83 

5 8. 197 5.819 5.16 8.36 

10 8.060 5.788 24.50 38.02 
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The results obtained by varying q and u for the case f:j.::: 10 %are 

tabulated in Table N.� In order to keep the total number of spiral sectors 

constant, N' is varied� to keep uN' :: 30. The spaces marked "V" are un

stable because of the stop-band near V:;: N' /2 when N' is 15 (u := 2}, This 

stop-band occurs only when q and u are related by: m q + n u ~ 1, where 

m, n are positive or negative integers and I nl ~ nmax " Thus for q :::: 3, 

u =:: 2, N' :: 15, instability is encountered for all n , while for q ;;; 5,max 

u _._. 2, N' :: 16, the motion is stable for n ::: 1 but unstable for n >1.max� max 

TABLE IV 

Digital Computation Results on Effects of Radial Straight Sections 

,� LSi{ lit? 
q u N nmax <Vx> ~zJy> Q{> (%) $> (%) 

1 8,266 5.818 0 0� 
0 1 30 2 8v 261 6.379 0 0� 

3 8,226 6, 144 0 0� 

1 8.060 5. 788 24.50 38.02� 
1 1 30� 

2 8.060 6.283 29.89 33.20 

1 8.204 5,832 12.24 4.04� 
2 1 30 2 8.231 6.399 15,69 13.14� 

3 8.284 6,109 20.45 13. 15 

1 8.220 5.821 3.19 0.83� 
3 1 30 2 8.256 6.383 7.90 L 64� 

3 8. 192 6.144 9,87 13.38 

1 U� 
3 2 15 2 V� 

3 V� 

1 8.223 5.820 0.58 0,13� 
4 1 30� 2 8.258 6.380 2.66 0.33 

1 8.044 5.830 1. 86 0.26 
5� 2 15 2 U� 

3 U� 

1 8,069 5,617 0.43 4.45� 
5 3 10� 2 8.027 6.294 0.94 4.45 

7 2 15� 3 U 
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To find the relative tune changes for some of the q and u combinations 

which are unstable, the values of 1/w and k are changed to 210 and 30 (other 

parameters remain unchanged) so that vi is shifted away from the value N' /2. 

Table V lists the results for these combinations. 

TABLE V 

Digital Computation Results on Effects of Radial Straight Sections 

Lli{ ~1/ 
q u N' n max <~> <~> zV~> (%) <.~> (%) 

0 1 30 1 5.891 4.391 0 0 

1 1 30 1 5.703 4.338 27.02 42.46 

2 1 30 1 5.886 4.399 10.40 286 

3 2 15 1 5.916 4.397 0.92 1. 06 

These results appear to bear out the theorem that the tune remains 

constant with varying energy (i. e., l) if q >2 n . 6 max 

Apparently this condition on q may be relaxed, in the case of vertical 

oscillations, and replaced by the weaker condition that q be greater than 

nmax (rather than 2 nmax>' in order to keep the tune constant (as a function 

of energy). This effect is presumably due to detailed cancellation of terms 

in but is not yet understood.7.{, 
To demonstrate that the effects outlined above are independent of the 

length, ~, of the individual straight sections .. a few runs are made, as 

before, with ~ 5 %. In these runs the theorem is again confirmed. 
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