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ABSTRACT
An assembly of particles subject only to external fields and long-range intei%

actions may be represented as an incompressible fluid in phase space; it follows that
the behavior in the special case described by uniform phase density out to sharp
boundar‘ies is completely determined by the boundary motion. For azimuthal particle
motion this report gives a derivation of two coupled non-linear first order partial
differential equations describing the motion of the phase boundaries when they are
single valued functions of coordinate and time. It gives also a derivation of a
potential function adequate for represen‘;ation of the collective-field term in these
equations even when charge density varies appreciably in a distance of the order of
beam diameter; and it proposes computer programs for their solution. In the
appendix cersain implications of this potentiial kernel for the solutions in the small

amplitude limit of MURA~441 are discussed; a numerical error in MURA-441 is

roted,
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1. INTRODUCTION

1
In a recen: report’ a computer program for the solution of the one-dimensional

longitudiral space charge problem was proposed. This program was designed to
solve the reduced Bolizmann equa‘ion with arbitrary distribution function ‘yl’ (w, f, t).
Preliminary computer studies have indicared that iz may be difficult to follow an
arbitrary distribution for as long a time as would ke interesting for some purposes
because of limitations in the accuracy of determinations of derivatives imposed

by the number o mesh points avaiiable ir the computer. The present report there-
fore proposes as a supplernentaryprog»ram a procedure that should give more
detailed infocrmation about a more limited class of distributions.

If we limit ourselves to distributions of constant density in phase space within
arbitrary boundaries, the Boltzmarn equation leads to two coupled first order
partial differential equations de sc‘ribing the motion of these boundaries, subject to
the restriction that boundaries do not become so convoluted that the boundary
curves Wb Cj."fff , t1 are multiple valued. We give a derivation of these boundary
equations in Section il.

2

Next, sirce our previous space charge studies™ have been limited in their

applicability tc problems of stabilit;y above transition energy by the use of a very
simple pctential approximation that fails when the charge density varies too rapidly
in azimuth, we develop in Section Iil a more accurate approximation for use in the
proposed program. We hope that this new expression for space charge potential
will permit computer study of such problems as the capture of a circulating ring of

particles above transition into rf buckets in the presence of space charge and the

influence of space charge forces on tae stability of buckets above transition.
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In Section IV we deécribe the programs.

Finally, in the Appendix we show that the extension of the analysis of
MURA-441 to short Wavef-leng‘ths.made possible with the improved potential function
leads to the predictions that the effect of energy-spread in stabilizing a circulating
beam is greater for very short wave-lengths, and that the growth rate of instability

in a monoenergetic beam approaches a limiting value at short wave-lengths.

II,  BOUNDARY EQUATIONS

The equations of boundary motion were first obtained? by consideration of
thé phase motion of the particles lying on the boundary. We give here a different
derivation based upon the well known development of the Boltzmann equation into a
series of equations in the suqcessive moments, 4

In order to make the present discussion as general as may be necessary to
include all cases of interest, \;ve suppose that the accelerating voltage and rate of
energy gain as well as the _space charge potential rhéy»be time varying. Thus we

replace the nearly timé—independ\ent Hamiltonian of previous work (ref. 2, eq. 6)

by the time-dependent; -
df 2 . ’
H(ngg t) =77 h(fgE )gW + e V(1) cosf+ W (t)f+ zﬂ’th(y, t) (1)

and the canonical equations become

Wee V@) sing -wg ) -27eh 2U(P. 1) - L(P, 1) 2)

gt _ :
= f—) W= M) W

}0 27rh ( dE)S = M(t)

(It may be noted in passing that this formulation in terms of the rotating coordinate

system is advantageous for the present problem because coefficients are more

easily evaluated than if one expressed the motion in terms of laboratory coordinates

W,f,)
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The Bolizmann equation in terms of these values for W and ?7 1s

27 . Lig. t)y 2 Mm@ W 2y
Z1 J g W b2

We mayv first integrate over W from -=%to% , This gives

3 o -
S SAW = =L (2, 1) W dW - M (t) ‘2 /W ‘W— d v
7

Since 1/’ must vanish at the limits; the first term on the right i1s zero.

oz t)E/ Ydw

%, e
(D, 1z //vadw

“-oon

f we define

the equation becomes

2° oy 2]

Zt 2q
5

We next multiply by W and again integrate over W. The result is
> P

/:':‘D I/ = ]
2 wydw = -L(@, 0. [wy, - dw
Ft %m0 ¥ / «:L ,V‘-r‘» Lo 4

/‘OG
- M (t) _2_ we Y dw
a;(\k - W
and 1f ?;J/' fails off at infinity faster than W™l , as it must for finite total rurs.
~ - DR
rhase points. §W "‘,j,f"' i = 0, We have then the second equation

| -

These twe equations although true in general are not useful as a solution ¢! -
problem unless the second moment can be evaluated or neglected. We can i 100w
deal! with the following two cases: If the diairibution is nearly monoenerge:ic, o
range of W may be small enough to allow neglecting the second momernt i « Hiipar -

1son witi: /~.  And if the distribution is constant within sharp boundaries, 1o

4
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second moment is known from/O and j. Only if density is constant do the
boundaries determ:ne the distribution

Let the boundaries of the distributicn be Wy 50 . t)and W, (yg t) within

which =% -~ & corstant and outside of which %"= 0. Then
o2
= d o -
Vo rd W (W, - W)
e OO
o "]
i e / WYd W o (W2 - Wf/z,> )
-
o
m = Wopaw - o~ (WZS/ 3 - w13/ 3)
— O
It 1s conven:ent to define new variables
S Ws + W
- - 2 1
A\VWZ Wl W “_._2____ (8)

1n terms of which
j =T WA
—2 3
m . TWA +Ta [12

and the two equations for the two functions (@ , t) and W(soo t) become

24 _ .. OWA

L& - My LT

21 o EY (9)
DAW s o2 A S

———— LA - M-_-Z£_ (WA +-2)

ot G0 12

o

The second can be s:mplified by carryving out the differentiation and then sub-

tracting the first leavirg fafrer remova! of the common factor 2\ )

il 2
2W - ; 2 W A e
T Lf}’(? - M) 2 (“2 + —~§=) (10)

it mav seem at {irs® glarice surprising that density (7~ seems to vanish
from these equations: but 11 will reappear when 1. §7 t) 1s evaluated. The

5



MURA-480

coefficient M(t) depends only upon the properties of the accelerator and the particles
being accelerated and it need not concern us further. The coefficient L(P , ),
however, contains both the external applied field and the electrostatic self-field.

In order to evaluate the self-field part of L(P, t) we must relate the phase
space distribution to the coordinate space charge density and we must evaluate the
field resulting from this charge density. In the following section the potential
contribution of an element of charge q at a distance z is computed in the form of

the kernel K( [z' - z[) from which the total potential at a point z is

., O

U (z) = K(/z -2z1) XN (z)dz' (11)

with A (z') defined as charge per unit length and K having dimensions of
reciprocal length.

We make the assumption that the curvature of the charge distribution in its
orbit is slight enough in a distance of the order of shield diameter, beyond which
K falls rapidly to zero, to allow replacement of dz by R d6.

From the definition of ¢ (ref. 2) de = % dW , and we therefore put
dz = R/h df and write R/h (Pl—p ) for z =z in the expression for K.

The total charge in a uniform ring would be

Q=27 RN

and the corre sponding phase area would be
S=277h (W, - W;) = 27 h

whence total charge in terms of phase point density ¢~ is
Q =eo™S =27rec"hA

- eo—~hA
A= " R.
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We therefore put into the integral
N\ (z') dz' = ecr-A(gQ',,. t) dp! (12)

(Compare eq. 13, ref. 2). The coeifficient L((P, t) is consequently

7k,
L(P,t)=eV(t) sing - w (t) - Zﬁe%‘h% / K -9ra@'. 1 dp (13)

A
This expression together with the appropriate M(t) and the value of K

determined below puts the boundary equations into a form appropriate for solution

as outlined in Section IV, For relativistic particles we multiply the last term by

X -2 s }( being defined by

\0/ = m/m,

to correct for the change in self-field experienced by the particles.

III. EVALUATION OF THE KERNEL

We may easily obtain the kernel K(/z' - z [ ) in the non-relativisf;ié approx-
imation for a cylindrical beam in which charge density is a function of axial coor-
dinate z only. What is required is the potential, on axis, of a uniformly charged
disk of radius a, located inside a conducting cylinder of radius b, as indicated in
Fig. 1. The solution to this problem may be easily obtained from the Green's

function for a cylinders;

S o0

vV = ___2;1 E E 2 _cfSO) e ‘/ar’Zl Js(/'(r"")‘]s(/ar.g) cos (- ?)
b 2 o
r=1 s=o /qr[JsH(/%b)]

where the notation is the same as in reference 5, but we have used e. s. u.

(14)

The numbers/é(r are determined by the condition Jo(/(rb) = 0. Integrating over

a disk and replacing q by _%aé_z, we obtain:

- [z] e
IV (2) = —2——4MZZ > o/ J_ ( 4.x) xdx. (15)
b)]z O ﬁ
7 0

b° a r /‘(r[Jl(/(r
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Fig. 1. Geometry for determination of the kernel.

The integral may be performed to yield:

{V(z)zﬂiz ©

r
a r € 2 (16)

in which the & p are the roots of the Bessel function Joe

This series converges fairly rapidly for a/b not too small compared with
unity, even when z = 0, and obviously even more rapidly for any given a/b as
z/b becomes greater than zero, To illustrate we may give some numerical values

for the case a/b = 0.5. The first three roots of JO and the corresponding values

of J, are
€ = 2.4048 J (€)= 0.5191
€, = 5.5201 J1(€5) = -0.3403
€. = 8.6537 J(€Eg) = 0.2715
and accordingly the potential is in general
-2.405 2 a
N e b J, (2.405
Iv@ = ——;{Z( ! B)
1.5583 (17)
-5.520 2 -8.654 %
a a
; © J1(5.520b_) ;+ € J1(8°654B) .....
3. 5287 5.5200
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For a/b = 0.5 this becomes

-2.405 % -5.520 2
JV(z)=4—7\;J"—Z—{O.3202e b 0.1198 e b
(18)
-8,654%
- 0,0327 e - i esee

Evaluation of the series for z/b = 0 gives 0. 3958 as the sum of the first ten terms
in brackets; this may be compared with 0.4073 from the three terms written.

In this situation one naturally asks whether the first one or two terms of
this series provide sufficiently good approximation to the potential. Evidently
better approximation could be obtained with a given number of terms by treating
coefficients and exponents as adjustable parameters. Two criteria for such adjust-
ment follow from the fact that, as may readily be shown, the field from a charge
distribution of constant density gradient is correctly given providing the integral
over z of the potential kernel has the correct value (the approximation of ref. 2),
which the field at a discontinuity in an otherwise uniform charge density is
correctly given if the kernel is correct at z = 0.

Adjustment of two parameters to meet the two conditions just stated is so
simple and effective that for present purposes we need not explore methods of
improving the fit by imposing additional criteria for additional parameter adjustment.
The quality of the approximation obtained in various ways is indicated in the
following table showing (1) potential for various z computed from ten terms of the
series (2)the first term of the series (3) the first two terms of the series (4) a
single exponential term with coefficient and exponent adjusted to match the peak
value and the integral (5) the first term of the series plus a second exponential with
coefficient and exponent adjusted. The factor 2—725—2— > which is the potential at the

center of an isolated disc, is taken out so that the numbers given represent potential

9
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at various z/b inside a shield of radius b = 2a relative to potential at the center of

an unshielded disc.

TABLE I
z/b = 0 1/4 1/2 3/4 1
1. Ten terms 0.7915 0. 4006 0. 2065 0.1092 0.0587
2. First term 0. 6403 0.3510 0.1924 0.1054 0,0578
3. Two terms 0. 8799 0.4112 0. 2075 0.1093 0.0587

4. One adj. exp. 0.7915 0.4077 0.2100 0.1082 0. 0557

5. First term plus 0.7915 0.3974 0. 2066 0.1098 0.0591
adj. exp.

The first three lines in the table are computed by means of eq. 16, line

four represents the single term

-2.653 z/Db
0.7915 e (18a)

and line five represents the two terms

-2.405 z/b -4,721 z/b
0. 6403 ¢ + 0.1512 e . (18b)

The quality of the representation provided by even a single adjusted term
would appear to be more than adequate in this case.
Total potential at a point z being given by the integral of J vV(lz'-2/()

6
over all z' , we write the kernel

§vil z' - z])
Az 4z (19)

For computer use one will probably enter the kernel as a table of numbers giving

K (lz'-2z]) =

K (] z' - z|) at the required z' - z.

10
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The two term approximation could take the form

L. (lz -z)v -4,(1z -2z/)b
K(,Z"Z’)= é,qle /81 +d2e/82

or in terms of phase angle

, - B.R( @~ Oninb - BRUP-Ph/pb
K('P'P'I) - g_{o(le /gl ¢ 99 +°<Ze LR ¢ y’ (20)

IV. DIGITAL COMPUTER PROGRAMS

In Section II' the equations (eqs. 9, 10, 13 2) describing the motion of a

band of particles in phase space were shown to be

DA g AT

(A 5P (21)
_ 2z,

gtw=L(5p,t)-M<t)aa$0 (‘g +8A—),

where

df
M@t) = 2% h (£ B

S 7/.«

L(P, 1) = eV(t)sin D - w(t) - ZF;thh ;4) K(q?’-ﬂA(f: t)d@’,

Lok (22)
and K(P'- f) is given in Section III (eqs. 16, 19) by:
, -€.R -9
K(?'f)= %Z e _%— Jl‘(zéréa/b)
r € 1.%€) (23)

It is suggested that solutions to these equations may be obtained by digital
computation, We describe two possible computer programs in the remainder of

this section, taking for convenience the case h =1,

11
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Program A

The functions A and W must be evaluated for a set of values P j at each
time t. Given A (?i, tn) and W(Pi, t ) at some time t and for all i the
computer must evaluate A (P . the1) and W (Pi, tn+1) for all i. In the course
of this the computer must evaluate L( g), t). Thus roughly 1/5 of the storage
available in the fast memory (beyond that required for instructions) may be used
for A (991' tn) for fixed n and alli; 1/5 for W (fi, tn) for fixed n and all i;
1/5 for K(?j.,- ?‘ ); 1/5 for sin ?i (probably most conveniently stored rather
oL ] £ _ . ) . . .

than evaluated); and 1/5 oij K(ﬂ ﬁ )A(SDJ s tn) The integration in

time must be performed using a stable method, such as the method developed by
R. Christian for use with MURA-442.

The functions M (t), \;/S (t) and V (t) will be given as analytic functions and
the program should allow for a number of choices for each of these functions.

One might use, for example,
M({@#t)=M [ 1+ + J
(o] ;r P4

[
wg (t) = v&s (0) [1 + t/?iﬂ (24)

V) = vo[t;;?}_]

The kernel K(P'— ? ) can be stored as a table of numbers and has the

" J PN

/
property that it is negligible for | 99 - }3 | > 2b/R. (This is a number in the 50
!
Mev model of the order of 21—0,1. e. if i takes on 1000 values K(9) - P) is
non~-vanishing for about 50 values. For other accelerators b/R will in general be
smaller.) The Z K(g - }17) A (%) s tn ) should be evaluated first and then the

J
derivative with respect to 99 taken., The special case of K( ﬁ - %) =0for j#¥i

12
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should be programmed specially. All the differentiations should be performed
using a fairly elaborate differentiation formula.
Print out should be arranged so that A (97, t,) and W( 99 » t,) can be Fourier

analyzed, and the Fourier components printed out after a specifiable number of

iterations.

Program B

It may be advantageous to solve the equations describing a beam with constant
phase density by means of a complete set of ortho-normal functions. The most
1 1
obvious functions for this problem are sinn@/and ——= cos. n and we here
P 757 Snngand p andw
formulate the equations, using these functions. The form of M(t), v?/s(t), and

V(t) is optional and could be taken as in Part A.

Let
A(?, t) = Z ran (t) _/— sin n ? —b7—,(=t)— cos nS)]
? (25)
W(’D, t) =Y -c ) 5= 1 smn? + “n® cos n :l
n

In this case the first of eq. (21) becomes

—-1‘/; Z[a sinng + b coanJ:I=

- M(t)
2 3? n,s1nn§) ¢y sinn'@+ a ,d ,sinn' ? cos n"99

nf n'l

+ b iicos n! ? sinn"'@+ b _,d ,, cos n'99 cos n"?}

which is equivalent to

7;; g [a sin ngf) + b cos n?] M(t—) ‘;% ;n"

13
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an'cnll B

— cos (n! - n'') 99 - cos (n' + n'') 4)]

an1d g B
_Zn_ sin (n' +n“)? + sin (n’ -n")g? +
b_;c ~

n_zn”_ Lsfm (n' + n")? + sin (n'' - n')SD:I
# LCOS (n' + n")? + cos'(n' - n")P]}

_7/17—'»7 zr_—l;[ énsinncp+t.>ncosn§?]= - I;I;)

or

n',n!'

a_,C .,
n'zn‘ [ - (n' - n'") sin (n' - n”)? +_(n' + n'') sin (n' + nn)y]

cosn? and

Multiplying by 7—- sin n ? and integrating, and then by

integrating yields:

C_ M(t)n
& T 29 { Cpr-n Cn'+n) + an‘(cn=-n' + C-n-—n') +

- b ( n-n' + d—n=~n” ) + -b, (dn' -at dn‘ + n}

T -

_ M(t) n : _ \
n - 2;77‘ Z- ant (dn-n“ d-n—n') +
n'

(d -d ) +

+a ;
n'-n n'+n

n'

+b_. (c -C )+

n' ‘"n-n’ -n-n

+bps (cn+n, " Con+n )} ‘ (26)

14
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The second of eq. (21) may be treated in a like manner. It is of course

more complicated due to the integral in L(? t). If we let

L(?, t) = (d’n >s1nn? cos n? ). 27
?'—

with the ol n and /9 n to be evaluated below, then by a method similar to that

used above we obtain:

‘ M(t)
cn=¢n-2_/7r_r_1_ 1/2 ¢ (e _, -¢

-n-n' " n'-n t ®n'4n )

-1/2 dyr @yont - dpent + dnron - dnryn)

+ 1/8 an. (an__nl - a_n_n, - an'-n + an|+n )

~1/8 by (b i =Byt + by~ bpigy )}

dn /g M(t)l’l Z: (]_/2 Cpt (dn_n| + d-n-n' +d n'-n + dl’l'+n
n'

+1/2d , (ep_pr + copopr + Cpype + C_n+n')

+1/8 an: (bn_n, +b_ponr bn,_n + bn;+h ) (28)

+1/8bpr (ap_pr + a i + 8,00 + 3o )}
To evaluate the & n and /gn W.e use the expression for L (99, t) given in
eq. (22) (with h = 1) together with A(99, t) from eq. (25). We shall obtain expressions

. /
ford'n and /gn for two forms of K( @— ?) which, in view of the generality of the

second, seem to cover most cases of interest.

Case i. K(§7’-99) =K0J(g)'-g:7 )

L(g?,t)=eV(t) sin99 - wg (t) - %ezza—' K, Bsg,t) (29)

15



MURA-480

and consequently

2
oL = +2—§e2£ nKyby (t) + ¥ e V() d (n-1)
(30)

2
A - - nkya, 0 -7F i ) 4 @0)

Case ii.
/
K(? -y ) is given as a table of numbers. In this case we may Fourier
analyze the kernel and then express d'n and /gn in terms of the Fourier

coefficients of the kernel. If we let

K(P'-P) = }_:E Kp cos m (P~ @), (31)

then »r
2 K(?'—}?)A (?', v dp:
is given by ? ? 77 .
m,n ———71,{;— m sin m (991 _99) [ansin nf' + b_cos nyil df':
or -7
Km

8

m 77
- ?77—-/7 [sinmj)' cos,, ? - cosmgj' sinm?Jx
[ansinn?‘ + b _cos n? '] dg) '

Performing the integral yields

Z YT K, (a COSn? - b, sinngf) ).

n

Thus we ob1:ain7

2 2
d’=+27€f
n

27e o~ . 52)
/8n = -7%— nKnan (t) -ﬁ—ws (t) J (n-0)

nKyb, () + Fevd d @1

16
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We note {het these expression differ from those in the special delta
 function case only in the replacement of the K, by K .
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APPENDIX 8

- The expansion of the potential kernel in a Fourier series as in Eq. (31)
 may be combined with the linear theory of MURA-441 to yield an interesting
"result. Examination of the analysis contained in Egs. (19) to (31) of that report
- shows that the dispers‘i’on relation becomes®:

4l e df - 7% ——M" , d
1= _Z—B’(f_df | f ﬁgb —_ P ' (A-1)

-z:For a delta- function kernel the coefficients Kn are all equal to ____9’ , and
- Eq. (A-1) reduces to Eq. (31) of MURA-441. . 7

, Followmg through the analy51s of MURA-441 we find that the frequency
assoc1ated with Wave number n (eq. 36.) becomes for a- rectangular distribution

‘PA _[ 297%*N [EE)K s (dE (AE)]UZ} (A-2)

"Now the kernel K(]Cp 9’/) has a discontinuity in 1ts derivative at q?

otherwise is continuous W1th continuous derivative. Conse quently K,

asymptotically goes as 1/n2 and w becomes real for sufficiently large wave

numbers n, only provided that AE # 0. This physically reasonable result is very

important from a computational point of view as it ensures that stability of the

- numerical procedures is attainable with a sufficiently large but not infinite number
of Fourier components

w= ’n

. As an example con51der the first term of the kernel for a/b = 0. 5 from.
Eq. (18) ‘

| P -2.405 R@
K (c)O) = £ (0.3202) e (A-3)
' This leads to Fourler‘coeff_icients
'16(0.3202) K/
K, = —E——zﬂ[ L e (a-4)
'bﬂ-'(/a +n<) _ .
where 2,405 R o
= b (A-5)

17
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- A
The term e expresses the fact that the kernel has a discontinuity in slope
at @ = +7r as well as at y = 0. This discontinuity is negligible however, as

&1 for all accelerators, From Eq. (A-4) one can see that K_ is constant
for small n (namely for n{ 2.4 R/b ), and then decreases for large values of n.
The critical value of n, such that all waves of greater wave number are stable, can
be obtained in any case of interest from Eq. (A-2) using Eqs. (A-4) and (A-5).

If the energy spread is small enough so that wave number n exceeds /‘(
without stabilization occurring, then the growth rate approaches the value

1/2 1/2
wz[zﬂ’eN(f __)] [6(:7’3202 ]

independent of n,

Although this conclusion is derived here only in the small amplitude
aproximation, it seems probable that non-linear large amplitude behavior is like-
wise characterized by a limiting wavelength below which disturbances grow at a nearly
constant rate; and possibly they grow only to some maximum amplitude at which
stabilization occurs.
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