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ABSTRACT 

A ,oheD).e for acceleratine particles in an accelerator baYin, • cOilstant 

JPaPetJc ~e field i. de.cribed which cODsi.ts of a number of radio-frequen~y 

YOl~' ,~ch of a dUferent and constant frequency. It 11 .hown that the Qel 

acctlerat1nl ~olt... for an infinite number of radio-frequency voltap. of con
' .. 

flam t~equen~1 is equivalent to tbe acceleratin, voltage of • frequency mod,,· 
,," I 

.~ed vol,-. which is modulated in amplitude and phase by a periodic functlpn. 

Tbi. m04u1atin, function is Fourier analyzed and the coefficients of the f1r.~ 

"'''''0 ter~ are determined. The effects of the modulatin, function on the fr~-

q-'Qcy ~odulated acceleratin, volta,e 1S esUmated. The fraction of time 

0""1" wb~b particles may be accepted into ph28e stable po.itions 1. est~ted,· 

&ad t\lJ"ll' out to be remarkably higb. It is pointed out that this principle of 

Alu1Upie frequency acceleration may be used to design very hilh intensity accel.. 

...tor., Several examples of the application of this principle are liven il) the 

JIIter P'I1 of the report. 

'ABC ....arcb and Development Report. Reaearch .upported by tbe AtOllli~"'1'''' Comma.ion, Contract No. AT (11-1)-384... -
8uJnmer participant from Cambridge Electron Accelerator, Cambriclle, Mas•• 
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MULTIPLE FREQUENCY ACCELERATOl\S 

.4 t1P' Qf accelerator 18 inve.tipted which cOlUlist. of" number of 

~f1'"~.nc:yvolt...., each of a diffel"'ent and coD8tant frequency, in 

c~iQq 1fith a cODstant mapetic euide field. 

J!qr pur~.es of analy.is we consider the acceleratu., ayeteQ! to b1t 

,-.po," ~f an infinite number 9f radio-frequency volta,el, with the Ie,,, 

. ""liOn bt~lVeeQ adjacem freque~ie. beiDi u.1. . We assume that t_ 
.-... qt ,"qu.~i•• of interest is sufficiently small 8ucb that 0I'l11 one 

......0 ...der need be con.idered. Tbe component of the acceleratmc� 
•�lQl'" of mtere.t may then be written: 

y_ V~ ~ e6{(Mw+"'~~ ... ~" ... ,c7l·+r'1~&lA~-~~)1 (1) 

'" s. u.. ~tude of the voltap of eacb frequency, which are asaume~ 
«aDd C determine the time phaae relaUon of the v..ri~ 

~1... 6\ repreaent. the relation in azimuth of the radio-frequency 
~ 

voJ.tace.. -A 18 the harmonic order. 

~ .r"",. + ...6lo* "'"7'1(" +"'6,+:&7)') ."7t~+¥~.NJ 
V- VwL- . (z) 

.",...,
.... I' ~ any tnteeer . 'lbia may be written in the form 

'1/ .. VIfEt~[", ..-f _~~~!~+:&re ..U -~-~r-,("l 

tAl." + c.a.t + ~ .. /". +2TP.l.&. (3)

ZF ~.J 



TlU' 1, eq:'dvale"t to a frequency modulated acceleratin, vol.,e l'ttJ'l 

.I~utbal pplar frequency 

(J II i [,.".. - J,~;A:r~f. w.. - -W-J 
(4) 

1fitb , ~y !nteaer , modulated in amplltude and phase bl the functioll 

F ~ t:. e ~ [;..t" ~ fltr .. j +1ft:+aT(..t' 
'~ 

It Ibould P4t poted that the expre••ion for F' may be written 4Jl terms pI 

lb' ~b.olu.~. ""iue of st where ~be .~p of the exponent il tbe same as the 

.lp of ~ • . 

pI: t ett[I~lt')o. + ~ J,f:,~;~]~+ (I) 

~, func~iQq is periodic with an angular frequency 

W! III (61W"'" 
Tbt prO,Pt~~i,. of this modulatinc function may b~ investi."ted b1 a Fourier 

,/

3 J 
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Ii the e~POJlent of the integrand passes tl.\rQqgh zero in th~ ra~ of integration, 

the intecral will be given by: 

'J,~l.l wi (, t t) (10) 

OUtslde of tbi$-rance the intelrlU will be, very small. The pumber of values 
,'. 't w.'of 71 for witten tne exponent pa,.ses throqch zero is gh~.m by 

~ I tAl 

(11) 

'nl. am.p!itude of the fundamental component 9f the frequency 

modulated accelerating voltage +8 then give~ by: 

V6 ;. (;flv" (lZ) 

T_Jlmp~iWdeof the other Fourier components of the modulating function 

is alao of this value. 

Tb. "stem of constant racUo-frequel1cy volta,es may also be shown to 

be exactly .quivalent to an infinite ~umber of frequency modulated voltages~ 

with the spac 1n, between frequel1cie8 bem, W. , and the amplitude of each 

volta.. "1De (lJ1Vol 
DuriDC certain values of t. for eveZ01 value of p the fr£quency modu

lated acc:e!eratin. volta.. (Eq. (3» forms a region of stable synchrotron 

oacUlatl0D8 for a particle of total energy f"s and orbital frequency tJs 

(anplar velocity). The avera•• rate of change of tv,,!: orbitnJ. fr-equency of 

4: 



a particle in this stable region is equal to the rate of c~nce at l:.... aZlu... u~&"",l 

angular rrequ~ncy of the accelerating voltage (Eq. (4». Hence the average 

rate of acceleration is determined by the rate of modulation of the azimutha~ 

angular frequency. 

Jw _ _ Wu: --Jt - i.A It (13) 

where Its is determined by the characteristics of the orbits ~ the ll1agnet 

structure, and is defined to be 

The aver~ge rate of change of energy il given by 

n lJJ_z E.. 
;r;- ::; z A I(, (15)~ Ws 

and is dependent on t1,. , the coefficient of the quadratic term in the phas., 

relation of the different frequencies. 

As in a conventional frequency modulated accelerator, the average 

"'acceleration and the maillitude of the fundamental component of the frequency 

modulated voltage determine a s, ,'lchrOnOu8 phase anile . 

.IT Te A - -r:- ... ~ ...4.:- 1'1 (16)IJs dt 

wher~ t1$ is the synchronous phase angle 

.JJ ..."... "-Z E'. 
(11)" ~ ,.. c -~Jl tt t,V.$"&. 

The frequency of synchrotron oscillations in the fundamental component (If-) 

of the accelerating voltage is given by: 



1'1'4, raUq between the frequency of Hlf~ lowest frequenc), 9Qmpon,nt 

~f the ~04~~atin~ function F anq the frequency of syncnrQtrQJl Q..oiU,U9111 

~.~ ;liven ~1: 

.Wi 
~ ;' 

~F 
V"~\Ut a rlt ~, 

'b~ ~hap,. ip; phase position proctuced br th.e JUodulatinc fu.n~Ugn wUl t.l. 

'~"H, ~u.cS t~~ energy anq phase yar!~t!pn~ proauced by tn, JQW~!it f.r''1u,nQl 

F~!l;pG~MH1' ~n F may be calcl,119rt ed negl~ctini *tle cha.nit:i in Ul~ fUIlQ~p.Hmt'. 

I:CQmf~m~nt ~u, to the change 1n phase position. The enerQ V!riaUQl1 prQ~ 

~~c,~ by th, R. term in the modul~t~ni function is given PY: 

..� 
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.It ~ is the displacement in radio-frequency phase from the phase stable 

poeition. By proper choice of ~, and 4 this phase displacementJ 

.. 
aaaociated with the first harmonic of F may be made quite small. The 

phase displacement caused by the higher harmonics of f is reduced by 

'}'1','Z. and may be neglected. 

Since a frequency modulated voltage with frequency equal to a given 

frequency occurs with an angular periodicity 9f tJ~ • particles may be 

acc::epfced into phase stable positions for acceleration with this per iodicity. 

The fraction of time over which particles may be accepted into phase stable 

positions may be estimated from the ratio of the maximum allowable energy 
, 

va,dation in a ph ase stable synchrotron o13cillationJ to the acceleration of 

the phase stable particle in one period. The maximum allowable energy 

y;;:,K'iation in a stable synchronous oscillation is giV.n by: 

(24) 

'rhe magnitude of the change of energy in one period is: 

(25)I!!-I = 
UStu @: Eq. (17) - ."... Es Vo ~ t8 i

(26)[- .j./tf,. 1 
then 

(27) 

Also the ratio of the fluctuation in energy produced by the lowest frequency 

7� 
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component of F • to the energy spacing between groups of particles may 

be calc\,llat~d. 

IE _- .. (Z8)
E~ 

rr
For numerical values --.z..J 

For tq.eEie values the phase and energy displacement produced by the lowest 

frequency component of the modulating function is: 

dt:: e; - .113 

-rr- ,
If 

., ,'3 

The fr,q1:1ency spacing of the acceler.ring voltages may be determined by 

u.ln• .a:~. (17) with ~ = (;l;j"y,.; 
Th,n 

-� no eneTIY spacing is given by:� 

~.e.-J. 

(30)! " :; .A I~' w. ... 
For the values .A "... 

~$ .. -:;-

So If [:i~j~ 
(31)� 

8� 
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·- .. rI _. Es VN j I" 

Lrt.A II<JI (32) 

F'rQm the phase displacement concept, the multiple frequency rf 

SY/iI'terp. would also be expected to decelerate particles which have initial 
\". 

vs,lues of energy and phase outside the acceptance region for acceleration. 

Po;::, tA. smaH, the rate of deceleration would be small compared to the 

rate of acceleration. For tA::. T particles would be accelerated and 

decelerated in an identical manner. 

Since the repetition frequency Wo will be generally very high com" 

pareq Y'!th conventional frequency modulated accelerators, the principle of 

mu~tiple frequency acceleration may be used to design very high intensity 

aCC!9lerators, 

As a fir"t application of multiple frequency acceleration, we consider 

extending the energy range for protons of a conventional cyclotron, by use 

of l3everal rf frequencies. We consider an rf system with 6 frequencies, 

applied tQ separate electrodes, as shown below. 

For 100 kv peak voltage on each electrode VIII ~ 200 kv. We take 

fs:: ;;- ') ~ :: -1£ and -:~ -=. 630 Mev. This assumes tnat 

the radially decreasing magnetic field produces a frequency change of 5010 

of that produced by the relativistic increase in mass. Then 

, a ~ • 
r '= l- Es ~J;; - .(-6.~)( Ib )<.2 )f ItJ -,"£�
~" .ZJJ. IlC1l - " 2... ) = S'.OfTlti~ (33)� 

9� 
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Since ~i:vc; frequencies are used, the total energy would be about 48 Mev. 

The f:r~q\1ency spacing is 

8.0 1.3 /0-
!J3C 

At a frequency of 20 m. c .• the repetition rate would� then be about 260 kc. 

As a second application we consider the design of a proton accelerator 

using a FFAG strong-focusing magnet structure. The momentum compaction 

factor is assumed to be sufficiently smaa such that variations in radius may 

be neglected in determining changes in angular frequency. For non-relativistic 

z
particles with kinetic energy T « ?"'?o C ,� ts = 2..T . 

1<1 

~ - ."..We take� ~= I~ -71 J fz=

10� 
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, 
Ws. \ . 

(.J" -- Ws ('I., /1(,/ r - - ( ~N )*
2. fs :J

,....,. T+
Since Ws "v Vel"c.I+'( 

then the frequency spacing is independent of energy for constant V"" J fs J. fa. 
&Ild ~he total number of frequencies required is given by: 

. vJs lit&!' :: 2. (_T;,_,( y}
tV : IIJ~ VII J (34) 

W, con.lder a 100 Mev proton accelerator with a radius of 150 inches, and 

a maanet structure with a compaction factor of .08. With injection at 400 lev, 

the tot,.l radial aperture is given by: 

';1r-'() [( lOt )-};<_o, .J - 3.s- Irtl!J,.~· 
~_ (35)

Jf" A If) 

howttver~ the back leg of the magnet for the return flux need only be about 

lZ inches. The rf system is taken to be of the drift tube type, with six 

sets of accelerating electrodes located around the circumference. The 

cross section of the vacuum chamber with accelerating electrodes would be 

somewhat as shown below. 

-

Fig. 2 

11 
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,As the voltages of the various frequencies are only applied in the region 

where they are effective, difficulties due to different harmonic orders of 

the same frequency are eliminated. We assume a peak voltage of 100 kv 

. 
on each electrode, then as each electrode is about one-sixth of the circum.. 

ference, V'" will be about 100 kv. Then 

( liJl)' t_NN - 2. I()f: - (36) 

There will be about ten sets of electrodes located on a radius. The fre" 

quency range \,ould be about 5.6 m. c. to 350 kc. A rough computation gives 

a total rf power requirement in the neighborhood of Z mw for the system. 

Then lOlJO beam loading would br an average current of Z m. a. and a beam 

power of ZOO kw. 

As an application of larger magnitude. we consider a 5 Bev FFAG 

proton accelerator with injection at Z Mev. We take the average radius to 

be ZOOO inches and a momentum compaction factor of 1/100. The total 

radial aperture is about 

[ I &Jl/tJ' _\ f.:. I J. I\J is- ,..-.c.J,.e& 
2000 \'.3X ItP7 7 (37) 

The width of the magnet back leg would be about ZO inches. For relativistic 

enerlies 

£ .. ... (38) 

In this case the frequency spacing would vary over a wide range if tfs) til. )V", 

are maintained constant. We assume that the frequency Spacing is varied in 

multiples of the smallelt spacing. which occurs at the maximum energy. in 

12 
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order to maintain ~, t approximately constant. The enerlY spacme 

between frequencies is given by:, 
EQ ::: [V'" Es J'i"" (3Q)z/.. 11&1 

The number of frequencies will be given by: 

(40) 

...N  (41) 

I with 30 frequencies located around 

one circumference with 100 kv on each electrode. Then 

N = 578 frequencies 

Then there would be about ZO different frequency electrodes located along 

it radius. 

It may be desirable to also have the smallest frequency spacing at 

the very low energies following injection. This wo.l1d enable particles to 

be injected with a high duty factor. After the phase space has been reduced 

by adiabatic damping, the frequency spacing would be increased. Then only 

those phase stable positions in the intermediate frequency range which are 

accepted into the high frequency range would contain parti,cles. 

13 
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In all of these applications of multiple frequency acceleration, inJt!'ction 

W0;,11d be very easy due to the relatively high fractional energy gain per turn 

following injection. Beam extraction at high energy would present the usual 

• difficulties. 

'For ~he 5 Bev proton accelerator a rough computation gives a total rf 

power re(luirement for about 600 frequencies with 100 kv peak voltage for 

each a.s about ZO mw. At ZO% beam loading this would be an average current 

of .8 m..~. The average rate of acceleration is about 100 kv per turn so a 

total of about 5 x 104 turns is required. If the beam is not extracted at maxi

mum energy and the highest frequency corresponds to an energy within the 

aperture. then the particles will be decelerated by the rf system after reach

ing maximum energy. An estimate from the area in phase space which is 

accelerated. gives the rate of deceleration to be O. Z of the rate of accelera

tion with (4:; f , t = - -:: . Then the total circulating current would 

6 x.8 x 10- 3 x 5 x 104 = Z40 amperes. 

If the magnet structure were suitably designed, the rf system could be used 

to accelerate particles in both directions and the circulating beams used '!or 

colliding beam experiments. 

Multiple frequencies could also be used to design a high intensity 

electron accelerator. We consider a 300 Mev electron accelerator with an 

average radius of 150 inches. The momentum compaction factor is taken 

to be 11 '10 and the injection enercr to be 3 Mev, so as to be above the phase 

transition. 
14 
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The total radial aperture is 

, 
ISO [ (10 ()) "Jf$ - (] ,r,nt.1. es (42)tV 

.. The ~idth of the back leg of the magnet for the return flux would be about 

4 inches. 

For relativistic electrons 

Es _ -r 
lV 0( 

with « the momentum compaction factor. We assume the frequency spac

ing i~ varied in multiples of the smallest spacing so as to maintain (is) fL 
appr90Cimately constant. The total number of frequencies is then given by 

(
2 J.. f/..)t [ T"'''Jr :: 

Vw D (T)f (43) 

We ch.oose ..p. : • and Vw = 'co IU • Then , 
1. (2 Xi; )t 3 ~ If)~);: .:: 

(44)lOS-

Since the fractional frequency variation over the energy range is small in 

this case. either drift tube type of electrodes, or re-entrant cavities could 

be used for acceleration. The total rf power required may be about .2 mw. 

and all average current of 1 m. ao at 300 Mev could possibly be obtained. 

15� 


