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ABSTRACT

The effect of electron-electron collisions on the longitudinal
motion of electrons in the stacked beam of the two-way model is
studied. It is shown that the energy loss due to collisions is
very small compared to the energy loss due to radiation, and thus
that the use of Liouville's theorem in /AL-space is an excellent

approximation.
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I. INTRODUCTION

The investigations of longitudinal collective effects in

1/

particle accelerators—" have been based on the approximation of
ignoring strong particle-particle collisions. This approximation
is conveniently expressed by the statement that Liouville's Theorem
is assumed to be valid in A4 mspace%

In this report it is shown that the above theorem is not
appreciably destroyed by electron-electron interactions. This is
accomplished by calculating the longitudinal energy change
resulting from particle-particle collisions, and showing that it
is very small compared to the energy associated with longitudinal
collective motions.

In Section II, we shall derive equations rélating the values
some physical quantities have in the laboratory system to the
values the same physical quantities have in certain later used
moving systems. In Section III, we shall determine the energy
which, as viewed from the moving reference frame, the fastest
particle loses as a consequence of collisions with other electrons.
In the same Section III, we shall find that when viewed from the
laboratory system, the larger part of the energy lost by the
faster of the two colliding particles goes into the longitudinal
energy of the slower of the two particles; the rest of the
considered energy goes, as will be shown into the transverse

energy of the two particles. Finally, in Section IV, we shall

i/C° E. Nielsen and A. M. Sessler, MURA 441
A. M. Sessler, MURA 442
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compare the magnitudes of the losses caused by collisions with those
caused by radiation, as well as discuss the implication of this
calculation for the theory of collective phenomena.

II. TRANSFORMATION FORMULAS

Unprimed symbols will henceforth represent quantities in the
laboratory system; primed symbols will represent the same
quantities in the system moving with the fastest particle.

As a starting point, we use the relativistic equation which
relates energy and momentum of a particle as viewed from the moving
frame, to the energy of the same particle as viewed from the
laboratory system:

E = [}?"'/%s & @i/;y jZZ )

where /8 = é‘- ; )/2 :_-___/.__...

;3 1{;;;%; ) and U

is the relative velocity of the two systems of reference.

According to (1), the energy difference, as vi?wed from the
laboratory system, between the fastest particle, wﬁich is at rest
in the moving frame, and the particle moving with the velocity

v; in the moving frame is

E .-E= AE = [% mt{;’z—~ M‘f”??'j )/2 ) (2)

provided vx/bné?l, which is indeed the case in our problem.

Equation (2) can be solved for v;, yielding

(3)

For the two-way model—

3/g. T. cole, E. A. Day, R. O. Haxby, and A. M. Sessler, MURA 375
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Y = 80
=
E = 40 Mev

(4 E) = 3 Mev,

max

which, using (3), implies
v/ =2.4 109cm/sec, (4)
max

as the maximum relative velocity of electrons as viewed by an
observer moving with the fastest particle.
For vxéK u X c equation (2) reduces to

AE =-muv)'(}'£ (5)

We shall also need the equation in relating the transverse energy, as
viewed from the moving frame, to the transverse energy, as viewed

from the laboratory frame. This relation can be directly derived

from equation (2), by setting v; =0
/
= 6
ag, = (aE) )y, (6)
Finally, we note
/
at' = At (7)

Y
III. ENERéY LOSS AS A RESULT OF COLLISIONS

In the center of mass system of two colliding electrons, the
angle of deflection during a collision is given by the equation

cot g" = 2m'£v"}2 p (9)

e
Here ©" is the angle of deflection, p is the impact parameter, and
v" is the velocity relative to the center of Mass.

Using equation (9), the result of a collision can be described by
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the equation

4
v

h

V“—V"w Q": V" ( l_, w: gll )

2v"sin? 972 = 2y 1 (10)
1+ 4(m')% V"4 2}

p
et

where v' and v%anéf'are the velocities of the faster electron
as viewed from the center of mass system, before and after the
collision, respectively; v is the velocity acquired as a result
of the collision by the fastest electron with respect to a reference
frame moving with the velocity equal to the velocity of the fastest
electron before it has undergone the collision.

In view of what has been said above, the velocity the fastest
electron acquires in its own reference frame as a result of collisions

with other electrons during time interval dt' is
"

O A 2v"_n(v") "at'ay" (1)
v v
W —u f Z'TrPdF 1l + 4m'2v"4 P2
Voin Pmin o4
min
"
Vmax
' ' " P
= /n/e4 a(v') /6n‘l v 4m' 2 4 p2 max
" 12w : ‘ e4 dt dv
: 2
min %Y Pmin
Using eq (3) we find that
"
' dN (VX) — A
my= S - = dN (A E d E
nwy = S T SeH qw
2
=2 [n] Yo mc- =2 [N] 80 1 (12)
AE c [

where n(v;) is the number of electrons whose velocity in the center
n : n
of mass system lies between v, and vx+-dv;, N(v;) is the number of

-5 -
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electrons whose velocity is equal or smaller than v:, [Nj is the

3

total number of electrons per cm“; the factor 2 comes from the fact

that the velocity when viewed by an observer moving with the fastest
electron is twice the velocity as viewed from the center of mass of
the two colliding particles.

Combining equations (11) and (12) we obtain

' v
W= [N]ﬂéo e4dt' ymax dv" 1n (1 + 4m' 2vné 2 P
6xC ' - " ) a4 P max
vmin v e
Pmin (13)
= [NJ77x80 _e* dt' 1 f4n’® 5 \_1 m "
) — " max
6xC m e4 maxf vp. .
We assume
N = 1.6 x10° N' = 1.6 x 10° o5
(13a)
p = 2cm
max

dt' = time of revolution = 4.2 x10-8

"« = % v'max which according to equation (4 )yields

Vmax
[/}

o
Vpax = 1.2 10 cm/sec

Substituting the above values into the éq (13), vyields

w' = 80x5 cm/sec, or 4,480 cm/sec per turn, for the velocity (14)

acquired by the fastest electron during‘bne turn.

According to eq (5), this corresponds to

1
— 1
AE—mqu)f - n CQV_x)f (15)
c
= 80x56 3 o
2x 3x10 Mev = 0.92%¥80X10 ev = 7,3610 “ev

for the longitudinal energy lost during one turn by the fastest
-6 -
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electron, as viewed from the laboratory system. We now proceed to
determine the fraction of the longitudinal energy lost by the
fastest particle which is transformed into the transverse energy
of the two colliding particles.
Using eq. (9), we find this energy to be:

Vinax  ~ Pmax L ne ]
w'=2 [ (T am pdp vidt' nivygm'v"E sinedy!
me th

= 2§ fampdp vidtntv g mv
x 4[sin*Z cot £7Fdv!

1

2" (™ e pdpvidt nee)

Vmin - L

Y
i /_L 2
xgm'v''| am & P dy”
12 yt4 5
P

|+4 7 e}(
=2 jvmn(vm'rrdt’ "
Vmin .
X —t ln[umﬂv"’f‘] Pmax
412%%5' Ef Pmﬂ«
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Using equations (12) and relations (13a), we find
N -8
w = 8T 4.2x10 m' 2x1.6x109%80%80 1 x
80 = <
v
max
Il3 2
XS v Pmax +
v .
min z 1+ 4m'2v"4 p2
max
e4
1
12 "4 2 n4
T U o2 av"
. A max
-the same term with p replaced by p
max min
_ -6 1 4
= 1.48 10 12w
my_e in | 1+ 4TV 4 2 Vmax
12 2 : _— p
M Py A max
V -
min
4
+ e !
- L 1n[l+4m v'4 o 2]
o 2 max
o \Y dv -
max ~

- termin p .,
min

Careful inspection of above equation or the actual evaluation of the
terms comprising this equation shows that compared with the first
term all the other terms are negligibly small,

This means

! _ -6 1 4 1"
W =1.48010 "m ;32 , in 1+ 4m'2V 4p2 Vmax

m .
pmax e4

min
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. 530(1074C 5 o, 4
148107 9.1(10r 28xa 1M [1 + 4x(9°10728)9.7 10 ) ]
530 10740 4

(17)

- v
6.3x107° (e’) per turn

According to eq (6) this corresponds to

W = 5.5¢10"% ev per turn, (18)
as viewed from the laboratory system; where W is the longitudinal
energy of the fastest particle transfefed during one turn through
collisions into the transverse energy at the colliding particles.
As a check of the method used above, we shall now show that as
viewed from the laboratory system the total energy is conserved
during a collision.
Using eq (5), we find that the difference between the longitudinal
energy lost by the faster of the two qolliding particles and the

longitudinal energy acquired by the slower of the two particles is
AW = (mugv! vi ) (19)
= 1V yl-lwzx )2

il ZQ
=mv 2 Sin a(uoyn' Uz)’z)

2mv”sm229-(u.¥.— Un)’z'*'Uon- Uz V2)

For small angles, sin ©/2~ © (thié approximation is valid for the

majority of collisions considered, with
(Vi =V u > (Ui-U)Y,

eqg. (19) reduces to

Aw = +mv"e*c AY (20)
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According to equation (7) and (16), the transverse energy acquired by

the two particles during the same collision is
AWz = sm v'%s5in?0 (Yi+W)

&
imvt @* .2y

and according to equation (3) this is

AWz = mv'C ©' AY (21)

Comparing equations (20) and (21), we see that the energy is indeed
conserved during a collision.
IV. DISCUSSION
4/

According to Parzen—' the radiation loss in a similar accelerator

is 3 ev per turn per electron. In the last section we calculated that
the longitudinal energy which is being transformed by collisions
into transverse energy is 5 xlOm4 ev per turn, for the fastest
particle. Comparing the two values, one must conclude that
when considering energy losses in the beam one can ordinarily neglect
the energy losses caused by collisions.

According to eq (14), as viewed from the moving reference
frame, the fastest-particle losses per turn are less than 5 x 103 cm/sec
of its original 3.2 102 cm/sec velocity. This clearly indicates
that the perturbation to the longitudinal motion as caused by
collisions can be considered negligible and hence also indicates that
as far as the longitudinal motion is concerned, Liouville's Theorem

in/At -space is valid even after taking into account the effect of

4/G. parzen, MURA-376
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collisions. The above statement is demonstrated more readily in
the laboratory system. Here, according to eq (15), the energy loss
is less than 0.1 ev per turn, for the fastest particle, the original
longitudinal energy of this particle, however, is 40 Mev.
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