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We keep now the thrown-away terms and we write

1

4 N1 d oy’ ) e e x
-d—;(alj - ‘*Z:Ad;“x> I+ x

)+ W J (3. 25a)
" ~
|+ = |+ L(«&l'*X/*/j,
atl X) {3. 25b)
We rewrite Eq. (3. 23)as
1y 5 P) -7
- (4% §(1+7(/ (41> X
X (i ) T ‘jd‘; (3. 26)
Lr¥)[ali+x)=1] }’ = (+x) "v-/
which when compared with Eq. (3.24) has the correction term Cx
2 = (+x) + (o = (+x) P
/ (3. 27a)
Cy = U+%) L (ar) = x”
‘ (3. 27b)
~ ) Latg =11
Cy = 2 f(mr?a -1l o+ Gex)a'x
We now expand Cz in powers of X and x, . Using the
expansion for (l +%x)4 - and for &' found previously, we find that
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(3. 28a)
~iex) [k x et k2
X Z- T~ X + = K
/
- o 4 -z
= & -t x' e ’
C A A L > X T % x
\
RS g
+x' 0 (=1 = X"
) .
-+ ..QL- x (3. 28b)
‘ /
where we have dropped the /?“dependent terms.
To find the linear equation for the ¥ - motion, we have to expand
C X about the equilibrium orbit, X = X < (%) We write
X = Xy + M (3. 29)

and expand in powers of M

Cx = (% + #") Z‘f(xsl cu)TFE O e) (x4 mr)"]

' & - f,.. I')
+ (7(5'+44) (=)~ %"< u 3 300)

/ 11
+ + (7 +u}/
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P
A B S S U TIPS .
‘ L T s 2 55
A ( oo i )
+ M €
¢ & o /
/ {3 30b)
-— - - /7>
/ P z/\
T (= X = 3L
,‘L,\ L4
HRE & /-‘f)
-
/
(3 30¢)

where we have kept only the leading terms in the coefficients of "
!
MM
We find then for the linear Y. equation of motion, using kEq (3.27a)

and (3. 30c),

(V- 9@")M -+ (Eg - Y le,) M

-.L- i "\ /‘~».,-._.,., 4y i-a
t 119 73 U + (-4 A, XK >M"(331)

where we have used the result of MURA-397 that (| +x ) I + (A

gives (E,, =% “’))M
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As was done in treating the 2~ tune, we eliminate the

in Eq. (3 31) by using the transformation

-+ {Ade _
M= C 3| M
/
and get
S ’ 1 Aa® - -
‘%‘5»“ +(€“ﬁ: "VA >"4 =2
where

2 (1+3 2, )
VIS
(i }i . &

- ‘ (E-o- %/S})
8 - \‘?7’;"

,U/

MURA~<G]

term

(3
We expand A and 8 in powers of 7; , keeping just the

leading term,
A= o-x (le3%7")
Al = '-33 T,' Ci+3 X;")j/
B = [F-9m\Li+d 2l

Thus we find for the tune function
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! a ,
g".ﬁ— “Zj}ﬂ = (E'B‘/”D
y (Fa-9i00) & 2"
S - /
+L¢$—§f7,’(l+3z/ )] (3. 34)

//L
I A

If we write Eq. (3. 32) in the form

4* u +( ¢ N T
2 F,+O0E, = G/ =83 (s> )Y o
15 E 4 ) y (3. 35)

"

then we find that

s %5 )

- i y !} -~ VIR i/
AEQ - Eo - ('ZS >D :;' Z(/Zj )J + ‘1(2/171113
/(3.368)

’ / y l,\.
;u,,( s X /‘),, A (3. 36b)
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= t-!w‘ %(‘L’)_&Z %B_ (R +2 Ho) =)

+ .e_ji ;{‘fo( Rl Hq"’ -+ "/RHU‘ +2Hc)

)i 1%wm) (R* B + IR b + 24,
s - R* H;,,ﬁh:1)~| (3. 37a)

-3 L)+ e Gea) ]

é') - ‘% (RG'h' -)-;7.6-n7

_ o, ) ‘ im0 Y (3. 37b)
3..L [(xj >,, +33wn (7,75 >n‘ll

where in most cases we can take

JOPRSCIS- .

\ P“ m-, ) / (3370)

Pc / (3. 37d)

2

() = i(@'? ./
Y s s 7 a L Pe N ™ (3. 37e)
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30 W, (Y;;{b”)h = e/ y
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. O S, hF T A, 33

Eq. (3. 37f) shows the existence of a large second harmonic in

for machines with small N and large flutter

/

j = -3{?..5.\)1 G}l

2 - (3.38)

The tune )/r is given by

Y= NP f e
r o T (& -£) -‘“3»12_,_ (3. 39a)

mz 2 ) (3 39p)
3,, aﬂu 9”3
+ 2 e >
' h W v
no+n+NTo Ly ( n, a0
3
For the ?) term in E+ , we may take
: // 2 -
9 dm P = 3% I Ll )
Wn‘l (%1_*“"33«; N Y
(3 40a)
R L/H‘)‘ - l*.i \1. 16;,1}4_']
=-9(ek)n ) (R =2 ) -REH
Pc NY
(3. 40b)
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The second harmonic 3; generated by é, will also contribute

to E.f through

fa
4
1
-3 }3»‘ - - 4 ,’et?‘)y,,.ﬂ'..:..
- , By ¢ A .
W, IE (3. 41)
q 13 R
which will just cancel the ~— — X X > term in £
J 4 s U s

A result for E‘ which should have wide application is

Eg = —/—ZI: - "(’:‘.’;)”‘Z L [ kk 2 )RR A

W, - YE,
m2
t/
-9 ey)“/ H, (3. 42)
o} Fe N\—

— 9 (€5)" S [Cenany -k D

IV. EQUILIBRIUM ORBIT
In the previous section we found the correction to the tune due to
certain terms in the equations of motion which are small and are of the
order of '11 but which can contribute significantly in some special cases.
It is clear that in treating the tune we should have first found the effect of
these small terms on the equilibrium orbit since the equilibrium orbit is
used in calculating the tune. We will calculate now the effect on the

equilibrium orbit.
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In treating the Y- tune we found the corrected V- equation of motion

which we write as

1 -(tx) + < = xR

/

(4. 1a)
(7 - X” f‘i"){“—f—-{'xxlkj
/ 1
pa™ (1-x")
(4. 1b)
b
—L i
+ 5 W
- Loy’ -3 "
(4. 1c)

Now following the same procedure as was used in MURA-397, we

can write Eq. (4.1) as

vw (Eg-Frer) x=Fmeo = Cx

(4. 2)
As in MURA-397, we find the solution
- g, MUn(8)
Yy % h (4. 3a)
E; g E n )
. _ - C)(
qh - jd& rdh(pj I')C/Q) 3/ (4. 3b)

L) = ) + (??'S)#?. (4 3c)
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4, = v

Now we choose R g0 that

gd& MY Tl =Cx] =0

/ (4. 4a)

. ;2 “, &
UG:J"%Q L 63 ; (4 4b)

e (4 4c)
Thus
OD"’ { _.[/" ] - 5
— " L g} ,‘““:k ™
-{o %a //‘/';L ° (4. 58)
or
. , N\ e M Hy, + 2K
- —~— Sir N K 3 ¥») 7
\ %’fHO a(,‘n)z%“( "/ (4 5b)

Nz,

+ L (), = o

/1-) \
In evaluating Y » , we can use the uncorrected value for 7/5/) (

A

2 e Ho

L (x' ), i( e
: e

2

Thus

(4. 6)

Thus we find

= S = A(gEy D g (RH A T T ) =

hz, {4 7a)

or
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T |
p = €R %HQ + JHT+ Y :,‘;(r{H’i’Hh*%/C)

i 4l h2,
(4.
We now find the other 0,1
a, = Sa&d o) [F167= Cx ]
(4.
Here it is accurate enough to put
¢ W, &
Ute)> e 7,
(4.
— "™
E,., ~ W,
(4.
Then
C]V) = ‘» (/‘4- lliékhl h ;>
E “n (4.
For N -‘—'/ , which is usually the dominant term.
- Pt 7
- [:CYX, - 3 (7 X >/
(4.

3 4
~z/enr H
=) L6

— | ﬂ , R "
Q. = — bc &, E)-&-%Cﬂ( .ﬂ_'..] (4.
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he correction we have found for Y 1s small, and as tne o'nor “}r
ire usual.y not as important as 4. e can write for all the
| et .
) oD T : -, -
Pe e . &k - e, I Do < i P {4 \‘
Nn = o, F To5 7 ol bV A
AN Wi E, ¢ - - - (4.12)
if we expand X /9 ) in a Fourier series
. L U, &
-l
e = = oA, e
Xf/uyj A » .
h 4 13)
we may note that Xy ¥ as the term A, ’(J,
harmonic component since

has a zero

:;“ - ’s\
ey e T < 2T S
RS A g LT &L 4 h o A NW
g 4, + " (4. 14)
‘ —_— — s
: {’O NB Y q ~A - -
.- —t it —_— @ s
rn ® It 4
’ ;4' :;- .
Ay = A . € (4.15a)
4 /
or .
£ ' PR
) - (, = o
Y - . 2[R _@H’h
> / &
e N (4. 15b)
Finally we can write X (#) as
) ,. L, B
Keor T2 K € / (4. 16a)
. Ha
. - ;e Y iL 5 g, )
j.0T =2 ERT ) pH, YA
N 4 f)(. / Ng]

/ (4 16b)
¥, = R N\ Gn(l-’kl("éf“\ )
n T ) W "

(4. 16c)



We may note that as /Xo “fz v . {\ is not actualiy the
average radius of the equilibrium orbit. The average radius is given by
rd + '\“/ ™y . . ) )
Koo o ) . This correction 18 rather smail and we shall
rafer to 2 as the average radius and usually 1gnore the correction.

Frequency of revolution

We will now calculate the freguency of revolution, W/;”, cf the
particle in the equilibrium orbit. To do this we must first calculate the

length of the equilibrium orbit, L . L. is given by

- -
L= ( 6 Jrr+r'®
- 3 / (4
e - -
L= K § A7 i+ T (4
-\-ﬂ- /L\\
L= ok A (o) w T
° / (4.
[ FURVVERS N\
(4.

k.
In MURA-397, we neglected ¥ and %' in Eq.(4.17) and found that

L, = 2 7R | (4.

Using the results {ound for 7!, , we now have

L = irTRE)-r»(f__'S - __}‘_4'__1.

P N i (4

— L "H o+ 2 H)
M) AR T

.17a)
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The frequency of rotation may be found from

(4. 2Cb)

WT_%{ )_H_._
) (RH, H,+ 25, )1
N‘/

APPENDIX A

We start with the equaticn

ral

P + A By =0y (A. 1)

/ .
and to eliminate the "‘}' ierm, we make the transformation

CIRE A (A. 22)
T C'%. + C%' ,
(A.2b)
A s o Fle e’y <77
(A.2c)
Thus Eq. (A. 1) becomes
C5" 45 acitnc) + 5 (AT E) = -
We then determine C from
Tcl +AC =0 (5. 4a)
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Thus
l’ .
C + A<
< <

and our transformed equation becomes

+42)5 = ¢,

™

1

r'\/a

..*,._

i)

e..-'l-J,qd&

and C"'

= -ﬁc‘;
A

= - A -4

= - A+ o
R Y

‘8

&

- A+ A LR
Y w /

- A
Py
- *(aadsb

~
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