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The second harmonic f 4.. generated by Hj will also contribute 

to E..;: through 

(~L lIe) 

It may be noted that this contribution will exactly cancel the -t7 ("''''V"" 
'I 

·''''),. _ 

term in E: . 
A result for E.,. c i which should have a wide range of application is 

\ (~H~+~ 1/~4-+ ~J. il3~" H~J.l 
I.AJ~~' -4 F I o 

(3. 22)i (~) ~-~-:-

3 r'C' r< \ '+ ~, 7. C(~ H,' + :t H, Y- R~ ~, "H,"J . 
lf L J N~ 

The r- tune 

The equation for the r - motion is 

Xl (l + X) F.". 
I (3.2330) 

--
(3. 23b} 

In MURA-397, we al.umed that ~' <4. J and 

we wrote Eq. (3. 23) aa 

'X'I - C)+X) -= (j 1- X) F"~ (3.24) 
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MURA-4S1 

We keep now the thrown-away terms and we write 

(3. 25a) 

a(I-+X) -: 
(3. 25b) 

We rewrite Eq. (3. 23)as 

X/I - (J + 'X) -t- f (I +x) 1; (~~,) - X 1/ 

(3. 26) 

-{} .,. Y) r-" (, +]() -)1 ) :: (I +~) ~ 
I 

which when compared with Eq. (3. 24) has the correction term ex 

IIr ( J +X) + (?( -- (I +~) F..,. 
(3. 27a)I 

- (I +Y) J (~~,) -X"c~ - ­
~& (3. 27b) 

(1+1t) r Q CI .,. X) - I J I 

;i II(~ -- f() +)( '; '4 - I -1 4- ( '+?t ) aI 'X I 

(3.27c)- (} -+ x) r ~ (J + K) - J j I 

; 
We now expand ex in powers of ~ and X . Using the 

expansion for 0+')( ) 4 - I and for Col' found previously, we find that 
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X'I 
~--

L 

I, ., 

+ l - X' - ) 

(3. 28a) 

I 

_ Xli)-+ X,-" (-I " 

(3. lab) 

I 

where we have dropped the ~·dependent terms.� 

To find the linear equation for the r- motion, we have to expand� 

about the equilibrium orbit, -l' ~ A:' f CSf) We write� 

(3. 29) 

and expand in powers of M 

(?( -:: ("I.. " + M") [- t (X>' +- u 0~ + t ("'¥J 1--\4) (X/ +-Mt) ~JS 

(3.30a) 
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t.. /I (- x' ~)' -!..{je-x --- "-
°l >C.> ,;;; 

( _. ; ( I 
~ ~t-+ u 
L \" ~ ".(;. 1 

~ Z.) 
( -I" 

+ )~ 

) (3 ::WIJ) 

~:,ex - ( 1. 'XoS 1"1 )- 2 

!~' , ''X .J / , ) -+ ,~ I ( - 'X S 

I - .> 

Y )I'+M .5 

I 
(3 30e) 

where we have kept only the leading terms in the coefficients of M Ii. 

,tf') ,M 

We find then for the linear 'r_ equation of motion, usmg Eq (3. Z7<1) 

and (3. 30e), 

+ (- ):"·'-"11' 'X' )M'r="
j ~.s (3 :3J) 

where we have used the result of MURA-397 that U+ X ) F,.. + LA 

gives CEC) - ~ (~) ) )J... 
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As was done in treating the i- tune, we eliminat.e the ,fA I term 

in Eq (3 31) by using the transformatlOn 

(3 32a)J 

and get 

(3. 32b) 

where 

(J + 3 ~." )
.)

A -- ~' 
iI- i. X'· (3 32c)

" ~ 

\ ~ 15) ).--
(3. 32d)/.

We expand A and 8 in powers of l't . keeping just the 

leading term, 

- 'X' CI+ 3Xs ) (3, 33a)It - ~ 

h 

J 

tt' -- -..:L r ~ /(I + :3 ;($ ,,) J (3 3 3b)J ~ S 
J 

I 

~ 
;.. .t? -- fro -~ (dl/1 [I-t "¥'./ •J 

Thus we find for the tune function 
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i 

t + J ['t I (I +3 ~.:SII)J 
,I.. J@ J 

4­
_.l... ~'~ ('+3 X11 )

L.t' I .$ , 

(3.34) 

If we write Eq. (3. 32) in the form 

then we find that 

" ) (3.35) 

-- - '3-
~ (3. 36b) 
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(r<~ H~' + 'I r< II:' -t ;) H~ 

- R.... Hlo, ~~"1 ) l 37al(3 

-

(3. 37b) 

where in most cases we can take 

..1 (Y. I ~) - ~~ 
"'\. 

S - C~)~ 2­~ 0 W ..... 
~ (3. 37c)

~ll I 

c.il(- l~$")~ -- -pc. HY'n (3. 37d) 

H, ';;.
j. ('i" ~ " '. ) - .2 [er<j"
'-/ s j ~ - ~ p, /V"'- (3. 37e) 
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-1- -­
\' -3 1!1()4.r L~~ , 

/­
, I 

1 

\ 
\... o ) n:t_-r~-. • (3 37f/ 

Eq. (3. 37f) shows the existence of a large second harmonic in 

for machines with small N and large flutter, 

The tune 

yJ._ 
... 

­.. 
Y".. is given by 

G'­
J (3.38) 

(3. 39a) 

For the 
00 3J 

w:- 4 £" 

~ ~, ~n .. 

-t £:.5 
n I + n\ +- "J '::"" 

term in E+ ,we may take 

dn3 
(3 39b) 

~~, ~ih. ~"7 

W'" '- (~ +Wt"\))"" 
I 1 

-- + C c, ) 

(3 40a) 

(3 40b) 
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MURA-451� 

The second harmonic d'" generated by &1 will also contribute 

to f f through 

W ;.L.J F, (3.41) 

which will just cancel the term in 

A result for E.;. which should have wide application is 

(3. 42) 

IV. EQUIUBRIUM ORBIT 

In the previous section we found the correction to the tune due to 

certain terms in the equations of motion which are small and are of the 

order of -Xl but which can contribute significantly in some special cases. 

It is clear that in treating the tune we should have first found the effect of 

these small terms on the equilibrium orbit since the equilibrium orbit is 

used in calculating the tune. We will calculate now the effect on the 

equilibrium orbit. 
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In treating the r - tune we found the corrected r _ equation of motion� 

which we write as� 

(4. la) 

ex .. J. /1 [-t X' 
~

' -.+..L X X/~J 

i~

t X (-J-X") 
(4. Ib) 

X
I l.

+ ...L 
.~ 

I 

,1. ;t 'I...L 
J'\. 

1C -- x - - x): l ~ 

(4 Ie) 

Now following the same procedure as was used in MURA-397, we 

can write Eq. (4. 1) as 

"1.'1 -+. C f
S 

- ~(G)))I =: F fp) - Cx 
(4. 2) 

As in MURA-397, we find the solution 

y (~) -- :2- Q" )Jy, (t;) 

(4. ~ia'h f oS -F."., ) 

)JVt(~) [-rllr)) - Cx J 
)Cl" -- j J ~ 

(4. 3b) 

Ie I( , ff-- ) + "--7(;.) ~. (4 3c) 
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Now we choose R so that 4';) = (.) 

)­

J G \-- e ~ ( ~G", +~ ..- ~ )�
J~ - f~
 

Thus 

,­'J-'l - (,)-~ +n -LC:tJ 0io 2 tAJ,,-"
h ~() 

or 

In eval uating we can use the uncorrected value for 

Thus 
H~\. 

..L (.. X 
'\.'Jc.- ~ E~: )'~ wl..."1. ..., 

n 21 

Thus we find 

1- e; tiD - 2t;~Y-:2 :.(nl"'ti" +fH,:) 
hil 

or 
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(4 4a) 

(4 4b) 

(4 4c, 

(4.5a) 

(4 5b) 

(4. 6) 

o 
(4 7a) 
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(4. 7b) 

We now find the other Q ., 
I 

af>= ~ )JC;,lj:(@)[f/9 )-
Cxl 

(4.8)E's -Ell? 
Here it is accurate enough to put 

(4. 9a) 

(4. 9b) 

Then 

(+.,­
(4.10) 

For h:: I ,which is usually the dominant term. 

(4. lla) 

(4. lIb) 
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'l'he c0rrecl1on we have found lor '1 1 IS small, and as tne othLr )y, 

.l,re u~Udl.y ni); as important a~ 0, we can 'Nr ite tor all the 

, __t~; It \ 

._-~. 

f J' F ry~-J 4. ' 1)'V~fy, ;; ( ...) 

If we expand YIS) in a Fourier series, 

U,<#i"" ~ 
<::""" e-L 
h {4 13) 

we may note that Yt> ~ ,- as th,,~ term has a zero 

harmonic component since 

or 

u I 1:;)
I i..../ 

X') 

-­
...... 

.0C 

(-Q
"'-, 

I
.1 

! 
\ 
'­

N& 
.4­

-'I 
rJ---­
IV 

, 

~, 
L-. 

Y'r:t::6 

q 
r;i - , 

..----­rv ~ 

+ /' ('­

I 
I 

"\
.j 

3 ry \,. 

.. 
,~ 

... ,', ,<.,. 

/ 

(4.14) 

(4. 15a) 

Finally we can write r I ~) as 

(4.15b) 

X i fy -' 
(4 16a) 

-�-�
(4 16b) 

(4 1be) 
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\Ve nJ<i.Y notl' that ab , r\ is not actualiy the 

average rad ,us of the eqUlllbrium orbit The average radiUS is given by 

.......J \�

R C ! + i--", / This corn:ction is rather small and we shall 

r~fer to R as the average radi'.;,fi and usually Ignore the correctlOn. 

Frequency of revolution 

We will now calculate the frequency of revolution, w/~7T' of the 

particle in the equilibrium orbit. To do this we must first calculate the 

length of the equilibr lum orbit, L L is given by 

r--- __ 

J r""+rJa.. 
(4. 17a)/ 

r--­

- j~~
J.~ ; ..

L - R V(/ -+-,~ ') -... + i~ 
(4. 17b) 

,~ 

J .", \ 
..J,.. 
;I..L' "1" J~ ((I-+-'i) -+ ~ )L t\ 

) (4. 17cj 

I 1. \ '\( ...l- IX+ Yo + ~ l ) ... )- ;J.-rr RL - "­
(4. 17d) 

In MURA - 397, we neglected 't and Z. 
,~ 

in Eq. (4. 17) and found that 

(4. 18)L 
Using the results found for ~ ~, we now have 

L ';LrrR[)+~r (4 19) 

--l 
H~ ') I 
I~ 

26� 



- -

The frequency of rotation may be found from 

- /'r
~ 'rr"'J -', ) 

J..-

IIr ..L Ix.'lo" 'I\

iN --
< -' 

1 - 1-~ - ~ l )v-.J 
~ 

L 
I 

_ I\r 

APPENDIX A 

We start with the equation 

and to eliminate the"") I term, we make the transformation 

c ­'I 
- ,

e'i -+ C~ 

.. ­
Thus Eq. (A. 1) becomes 

We then determine C from 

27 

(4. ZOa) 

(4. 20b) 

(4 ZOc) 

(A. 1) 

(A. la) 

(A.2b) 

(A.2c) 

(A.3) 

(A,4a) 



(A. 4L» 

ellWe find for e' and 

, - .1i c.:..I I'-- - .. (A. 5a) 

r -..!l .... ~ ("".C 'I ',- 1.. 
(A. 5b) 

~I -+£ /-- --- <::.. '"­
&.. "I 

Thus 

... 
I 

~I .+ ~ I.
c:!/ +"- -+ l3 -- - - -t13 (A.6)

Co <: .. I..f I 

and our transformed equation becomes 

- / I lL. +f))..­
.~ -t- (8 -_. 

0 (A 7)
:... 

-t(,4 dfT .. 
"~J -- e .'-" 

~ 
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