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ABSTRACT

The time-dependent Boltzmann equation is used to study longitudinal
motion of particles, in a circulating beam of particles. The equation is
linearized about the stationary solution corresponding to a coasting beam of
almost monoenergetic particles, to determine the effect of small density
fluctuations. An integral equation is obtained, and solved, leading to a
dispersion relation quite similar to that well known in the theory of plasma
oscillations. It is shown that if the accelerator is operating above the transition
energy, then the motion can be unstable. Expressions are given for the rate
of growth of longitudinal waves, and it is shown that if the unperturbed beam
satisfies certain criteria,then the motion is either stable or it grows at such
a slow rate as to be of no consequence. Numerical examples for MURA

particle accelerators show that essentially there is stability.
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I. INTRODUCTION

The theory of collective particle behavior in accelerators is still in a
rather rudimentary state. The static effects of cooperative phenomena have
been treated in éL arude approximation insofar as they affect transverse particle
motion, ! and in a more rigorous manner for the one~-dimensional case of
longitudinal motion. 2 Extensive work has been done on intense (self-constricted)
beams® but this is not the phenomenon of interest in most particle accelerators.
Some speculation has been made? as to certain dynamic effects but in general
no extensive treatment has been given of non-static collective effects. It is the
purpose of this paper to study the sir;1p1est dynamical motion we are aware of,
by a method which is capable of extension to more complicated situations.

We consider the longitudinal motion of particles in an unneutralized
coasting beam in a circular accelerator. In Section II the situation is dis-
cussed physically using elementary mathematics, but the method is not easily
extended to other than monoenergetic beams. In Section III (which is independent
of Section II) the time-dependent Boltzmann equation is reduced to an integral
equation, which is then used to yield a dispersion relation. In Section IV this
dispersion relation is used to study the motion for various unpertrubed beams.

Numerical examples are given in Section V for two MURA accelierators which

are seen to be stable for practical purposes.

In future reports by Dr. Symon and the authors, the methods of this
report will be used to investigate the effects of neutralizing background charges
and intersecting beams. In this way the "two-stream amplification" pr’ocess4

(as it is relevant to particle accelerators) will be studied.

2



MURA-441

II. PHYSICAL ARGUMENTS

For a monoenergetic beam of particles circulating in an accelerator,
which is operated above the transition energy. it is easy to see that there is
a longitudinal instability, a phenomenon first pointed out by J. C. Maxwell.
Consider such a beam which is initially, as a function of azimuth, uniform in
density. Suppose at one azimuth there is a small increase in density. Par-
ticles just behind this perturbation (relative to the sense of rotation of the
particles), are subject to repulsive space charge forces which cause the par-
ticles to lose energy. Since the accelerator is operating above the transition
energy, these particles which lose energy gain in frequency (by slipping to an
orbit of slightly smaller radius) and so move ahead into the region of the per-
turbation thus increasing the perturbation. The same argument works for
particles ahead of the perturbation which slip backwards into the perturbation.
These extra particles moving into the region of the perturbation cause in-
creased space charge forces which thus cause other particles to be subject
to the same effect and the initially uniform beam collapses at an exponential
rate to one azimuthal position.

It should be observed in the above argument that it is repulsive space
charge forces which cause particles to move together. This apparent paradox
is due to the unusual relation between frequency and energy in an accelerator
operating above the transition energy--effectively the particles may be thought
of as having a negative mass.

The above argument will be made quantitative in this section and a
growth rate for the instability derived. 5 1t should be observed that if the
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unperturbed beam has an energy spread, then particles in the beam have
different frequencies so that the effect of a perturbation is somewhat com-
pensated. This very important effect is beyond the method used in this
section, but is discussed in Sections III and IV,

The kinetic energy of a particle is assumed to be of the form

-7 - - w),
T-T5 - (¥ ) W

where 90 is the actual é.ngular velocity of the particle and W is the mean
angular velocity of the beam. I.et F be the force acting of the particle, so

that
% = - 90 =Fe )

(2)
where c is the velocity of light which is here taken to be the velocity of the
particles.

Let x be the angular displacement ( 2 -WUl)ofa particle in the un-
bunched beam; we use x to label the particles. Let y be the actual displace-
ment of the particle in the bunched beam. Then if /00 is the density in the

unbunched beam and/o is the density in the bunched beam, we have

/0(7/,(7,___/000(0{/ (3)

One can regard y as a function of x and t, or x as a function of y and t,

Thus

B R @

2L - £, 25
A 3‘/'2' | (5)
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Assume that the force F is proportional to the charge density gradient,

or that

F——A__Af -..»/e/oo

2-

But§5=-—#

, so Eq. (2) becomes:

24"

2
aSH A p g

Now, from x = x [y (x, t), t ] . we obtain by differentiation,

2% 24 .|

oy

 x

Differentiating again one can show that

so that

which allows the equation of motion (Eq. (7) ) to be written in the form

3
% Vo
xS+ Aoz
T /o
Taking the partial derivative with respect to x,

the disturbance, and writing the equation in terms of /0

T 1C R e

(39 2% .

=)

Equivalently, using Eq. (4)

az
;r; *

0% %
—iz-*ﬁc/oa—j—ﬁ=o.

2%

L4
o=

L_éf_

O

o »*

0 L

=

a -

ignoring terms quadratic in

, one obtains

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)
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3
If /0 is very nearly uniform, then /0 /0:' = /00 ,and letting

% e
yo= /o ] (14)
oL
we obtain
2
2 2
._éé:_ + Y .a—ﬁ_ — O .
PLs or*
(15)
From this it is clear that if _é_’_’é_ { O , then 2.225_ > 0
. a x s 9 t
If we have a sinusoidal distribution corresponding to n waves about the
accelerator, then the solution to Eq. (15) is
= v o (x+{ Yt
/= R ( ), o)

corresponding to a characteristic growth time which for n=1 is just T = j/)’ .

Using the notation of the next section, we have

df 17
aL.—.[-—Z'JT dE]
82‘

= ¥
29T y# R*
= N
fo = he an
¢
F = 29T R >
so that
T—“—l"‘- e e
- Y - Acf, 2
or

TR -
.62'3' N F,%EE'I ’ (18)

in agreement with the result to be obtained in Section IV for a monoenergetic

beam.
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III. GENERAL FORMULATION
- Let the distribution function be {ﬂ(fﬂ. 99‘, t) 5 where % is the
azimuthal angle of a particle as measured in a stationary coordinate system,
and ? is related to the energy of the particle. Note that following the usual
convention, we are working in a coordinate-velocity space rather than in
terms of canonical coordinates and momenta. 6 We make the approximation

7

that Liouville's Theorem is valid in /L'space so that ¥ satisfies the

following Boltzmann equation:

2¥ . _po¥.  _dp Louw
ot 2P At ¢
. (19)
A stationary solution to this equation, since there are no oscillators (i.e.
forces tending to charge ? in time), is given by the arbitrary function
Yo ( ¢ ) . This describes the energy spread in the stationary,

azimuthally uniform stacked beam. Let us look for small variations from

this solution by letting

V(P Pst) = %, () + W, (9 $.0).

(20)
Inserting this into Eq. (19) and linearizing the resulting equation, we obtain
2V g0l _dY op
ot ¥ At ¢ (21)
where Eg , which characterizes the force of space charge, is linear in

1P 2
-% . Note that the term 2#— _9_54. vanishes if only the % contribution

to ZTZ is included (no longitudinal fields from a uniform charge distribution),

¢

and is otherwise of higher order,
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| . d -
We need now to evaluate 2’%& , after which Eq. (21) will be an

integral equation for ¥; . Clearly8
| A o olF | |
Te 7T dt (22)

: S df _ Af dE
where f is the particle frequency. We may write J¢ d £ at , and

AE

= 2T Rfe &, 23)

wﬁére R is the radius of the orbit, E is the particle energy, and £ is the
electric field due to space charge (or any other sources) taken as positive

in the direction of particle motion. Combining this with Eq. (21), we obtain

i{LJ __k"e)y'm.. ,«3(‘2‘5 oY
‘IL.)%M,,,’, // _)_..l“{p | 4’7 R (F SE SC 6 -—----r—-)//,) -~ g (24)

£ IF

- where ;"—j—E may be evaluated for a typical particle in the stationary
distributiori ?/’d ( ’f‘)and hence, .is labeled with the subscript s. The electric
- field 5 may Be evaluated very easily in the case that the wavelength of the
perturbatioh is large compared to the gap G of the accelerator tank. In this

casge the electric field may be taken to depend only upon the gradient of the

9

charge distribution at the azimuth in question. Thus by an extension” of

previously given arguments, 2
: ~

.:.7‘ (ﬁ

£ _ey , 2 ] 3
CF EWYETRE O 4 ) #ilp ) 2F

(25)
v. & : . :
where j= 7£,, and where ?, is the geometrical factor which depends
1oga.nithmically on the ratio of the gap G, to the radius Q. of the coasting
beam, and is given by?
| g G
= + & L d
7 It~ 7¢ TTa
(26)
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Inserting this into Eq. (24), we obtain

By g BB BT o

which is an integral-differential equation for % .

We now seek solutions to Eq. (27) of the form
; =71 . ' -t
L, (P.pt) = (Sa)e ‘r g )o (28)

where, since Eq. (27) is linear with real coefficients, we may use a complex
solution, meaning always either the real or imaginary part. Inserting Eq. (28)

into Eq. (27), we obtain
— . , 7( )f
%(?)(ng)—w)- + z e (F s 9? j}ﬁz (§O)d§0 (20}

This integral equation for %(?) may be solved immediately since the
dependence of @;(?) on ? is explicit. Let

Z) - . ?‘P —~ (30)

where C is a constant, and insert this into Eq. (29) which yields a self-

consistency requirement after cancelling C from both sides of the eQuation;

namely:

U (p) , .
.Z‘Tl'e (F ) | —-%2@’50 A p
np-w | (31)

z =+

This equation is a dispersion relation between the ''wavelength' n and the

"frequency' (u .
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Iv. THE DISPERSION RELATION

10 and

The dispersion relation (Eq. (31) ) is of a very well known form,
the general theory of the relation between the dispersion relation and the solution
to Eq. (24) has been the subject of much study. 11 This theory, and its extension
to accelerator problems will form the subject of a future MURA report by
Dr. K. R. Symon. We can summarize his conclusions (which agree with those
of Twissll) by saying that any unstable motion will be characterized by solutions
of the dispersion relation having complex values of W , for real values of n.

Thus only real solutions to Eq. (31), or only roots whose complex part is

tolerably small suffices to ensure that the motion is stable for practical purposes.

The singularity in Eq. (31) is to be defined by distorting the integral along the
real axis so that it always lies below the singularity.

We proceed now by considering a number of casesl? corresponding to
different choices for (¥, ((70) :

Case I.

We approximate the nearly monoenergetic coasting beam with

] l o o kil
W) - Zi(Za) fr-OLF Ly ra
Q otherwise (32)
corresponding to a beam of N particles uniformly spread in "energy' over an

interval of width 2 A\ about a mean value ?A . In this case we may readily

perform the integral in Eq. (31) since

PYs(§) 4
pI7 *f’TL\- Z G- G- )+ d (g~ %\""A) (33)

10



- MURA-441

Equation (31) becomes

B e*% . JF N -1 .
1=. chRv (F )S n 47(& 7’((% +A.)_.w n(.'.%—d)—w

or simply, by solving for (O
%,
Lo N ) f 2
= ‘ < F«-——-—) +~ N\ .
w =Tt ?Ai’[ Y*R ( JE /s (34)

Thus the perturbation moves with the average speed of the beam, ?A

If /\ is small, then for real n, W will be imaginary for === a"E Ve O, i.e. for

operation above the transition energy. It should be noted that increasing the
spread in beam energy (increasing A ) is always a stabilizing influence. Re-

calling that the energy spread in the beam A\ E is related to 4\ by
2 L
' 3
2E /s

we may write Eq. (34) in the more convenient form:

w=n %-t[%(gﬁ)*W( )(AE)] © 6

AE =

Thus if the initial disturbance has n waves about the accelerator, the
perturbation will grow as & % where the time to increase by a factor of e,

T is given by:

T,_—'.é:- + %%‘(F/%/)S - 7‘(/2 j)—EE.:)j (AE>2.

%

> @D

11
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assuming that 5%_—{' < O | and the bracket is positive. If the bracket is

negative, the motion, of course, is stable. Because of the approximation

2ITR
implied by Eq. (25), Eq. (37) is only valid for M 4 2 . The

characteristic time T is seen to depend on n, and in fact decreases with
increasing n, but it should be noted that the critical energy spread AE
necessary for stability is independent of n. By setting AE =0 and n = 1,
Eq. (37) may be seen to reduce to the result obtained in Section II, namely
Eq. (18).

Case 2.

‘We approximate the nearly monoenergetic coasting beam with

(¢ 2
e I S (R S

(38)
corresponding to N particles spread over an interval characterized by A ,
about a mean value Sd,q , As in Case 1 %%—is easy to evaluate, and the
integral in the dispersion relation may be readily performed by contour
integration (or less readily, directly) to obtain:
7- z’rte,?v% (F a,ﬁ) ./Vw -
Y* R AE/s zﬁ(ﬁ—g—ézx) . (39)
This may be solved for (W directly to obtain:
§ S e*g N 7 OF %
w:n/%\—c.&j‘_ YZR (FJES ) (40)
L Y
This is similar to Case 1 in that for j)—EE > O (operation below the transition
energy) the motion is stable, whereas for.;)_g_< (), the motion is unstable

unless the beam energy spread
12
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20N
AE: 2/7-(_;)__&_
S

(41)
is greater than a critical value. Thus the criterion for stability is
1 [ ez %
AE > el 214 (f IF )
775;) ¥4 R JEIs| 7 (42)

which is exactly the same as is implied by Case 1 (Eq. (37) ). Note however
that 2\ E is here defined in terms of the width at half maximum, whereas
for Case 1, A\E is simply the width.

Case 3.

We approximate the coasting beam with the triangular distribution

P -(%-%) H-%R<LPLs
(bt 4)-¢ GLFLshtYe

O otherwise

2N
V“v‘ci

[T o

corresponding to N partlcles spread over an interval /A . Once again

>%

W may be easily evaluated and the integral in the dispersion relation

evaluated to obtain

zﬁc*%( >F 7 )2‘
] = &(F D
Y* R JE & l"?’ ,
S T(A. (sp ___‘;iX(JpA+ ANGCY

(44)

To solve for ) we must examine both the real and imaginary parts

of the right-hand side of Eq. (44). One can readily see, using the well known

13
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properties of the logarithm of a complex number, that the imaginary part
is zero along the real axis in the (W- plane excluding the interval =

. : A SN . . .
between SOA + /2 and (FA /2," It is also zero along the vertical axis
in the W=~plane going through the real point Wi = 90/;

2f
For 55 70 there are no roots to the real part of the equation along

the imaginary axis, and two real roots on the real axis corresponding to

values of @W/41 greater than 90'; + A/Z and smaller than ?PA - A/;;, The

motion is thus stable.

For 2,5 Z ©there are no real roots, but there are two roots correspond-
L'.

ing to &/ = §0A + £ { where

zN _Z*
1- 255 (F s oF Y 725,

(45)

Thus the motion is unstable independent of the size of £\ ,as contrasted
with Cases 1 and 2. However, for £\ of the order of magnitude encountered
in practice, the lapse rate Z is very small,

Case 4.

We approximate ;ﬂa(@by a rectangular distribution (as in Case 1)
plus a small triangular distribution (as in Case 3) on top of it. The result
obtained here is:

1. An instability as in Eq. (45) where N is replaced by the number of

particles in the triangular distribution. This is thus less serious than

in Case 3.

14
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2. A criterion for stability which is essentially the same as Case 1,

such that if the criterion is not satisfied, the motion is quite unstable

just as in Case 1. Now, however, if the criterion is satisfied, the

motion is not completely stable but rather it is slightly unstable. The

instability is very weak, however, and can be ignored.

V. NUMERICAL EXAMPLES

We wish to conclude from the cases studied in Section IV, that Cases 1
or 2 suffice to provide a criterion for stability, namely Eq. (42). It should
be emphasized that we have not shown that this is a general consequence of
13

the dispersion relation, although we believe this to be true.

Consider then, two numerical examples:

1. The proposal accelerator. 14
R = 104 cm. N = 800 amperes
G = 15 cm. n =1
4 = 2cm. Y =15
2
(F %—)S = 30 x 107° EZCM;-_QV A\E = 300 Mev
2. The 40 Mev two-way model. 15
R = 208 cm. N = 1.5x 1013
G = 5 cm. n =1
A =1.5cm. Y = 80
<;%%j5 =1.1x 108 gec™? erg™! A\E = 3.0 Mev

For the first example, with 2\ E = 0, the characteristic time T

(Eq. (37) or (18) ) is of the order of 8 seconds, while the criterion for
15
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stability (Eq. (42) ) demands A E >5 Mev. Thus the normal stacked beam
with an energy spread of 300 Mev easily satisfies this criterion.

For the second example, with O\ E = 0, the characteristic time T is
only 370 microseconds but the criterion for stability (Eq. (42) ) demands
that & E be only greater than 10 kilovolts. Once again, the normal beam
with an energy spread of 3 Mev will be stable.

Finally we calculate the rate of instability associated with a triangular
distribution, namely Eq. (45), and find an extremely small number so that
there need be no concern from this instability.
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