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ABSTRACT . J . 

, \ ,'Th~ 'spUttin. of ..& contin,uOu'svector function into a gradient plus a curl 

'~.' pOfIsi.bleil1 an'lrlflnit.en\unber, of W&;)ts. 'Tile present paper is basically
. " .... ,":_'. -'0'" ,", ", ,_ • 

~ ,coac.i'.d.w~ht'Yo~tieuJ.ar uniquely determined splittings called electric 
4 • • 

'·and~.fl\etic. !ftl.QV.ct~rexpan8ions suitable for these splittings are ex" . . "', '" .... , . " . 
. ", '~,- .' . '. . 

~~. ,.a.n~ftb.a.ppU<:..tion of· these ,expansions to the calculation of the 

varioustf.U'~80fthe .plitting is considered. 
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~erlYc:Qnuni'.ion. C~ttact No. AT (11-1) 384. 



, .... 

MURA-440

"', 
".t . . I. INTRODUCTION 

. , .. ' 

. . . . 

. ,J\ ce l7taill nU#er of ~pers1, -2, 3 have l"ecently been published on the 
t _.: 

p<?,..itJiUty of repres:enting& solenoidal vector by the curl of a vector potential
 

.'1ti~lUply."b.OUl1a-edand ,multiply-connected regions, and on'the related problem'
 

,~ tiq(iin, acornp~t-esetofeigenveetorsiorsuch regions. The present work '
 

e'ndeavors to examint! these problems in the light of Hel.1'nholtz' s theorem, 

i. ,.oftbesplittfngotavector into a curl and a gradient. It culminates in a
 

Table'which. notwithstar1dhlg its, seemingly-trivial character, is thougnt to be
 

of potential int~resttophySicists. The mathematical background to the present
 
, , 

study was provided by Weyl shortly after the turn of the century.
 

~t i"~ea'piecewisecontinuol.lsv.ctor fWlction. It is sought to invest!


gatewhetheT, ",and. how, a ,can be split into
 

(1)
 

, '.inafinite regular, regi9n -.\{ , which ca.n be either simply-bounded and simply


COn~cted~s in Fia- la, sin}ply-connect~dand multiply-bounded as in Fig. 1b
 

.,'(iQd, f()rthe sake of clJt.rity doubly-bou:nded regions only will be 'considered), or
 

,simply,"boundedand m~ltiply-connectedas in Fig. lc..There again doubly

eOnnecteci region8~of the type encountered in toroidal particle accelerators,
 

IT. Teichmann andE.P, Wigner. "Electromagnetic Field Expansion in Loss

Fre4tc;avities Excited Through Holes. "J. Appl. Phys . .!!, Z62 .. Z67, 1953. 

ZA. F. ~tevenson. ''Note On the Existence and Determination of a Vector Potential. " 

·Quart~Appl. Matb,~U. '194-198, 1954. 
.... ,.' .... ~ 

3,K.KuFqkawa. "TheE¥pansions of Electromagnetic Fields in Cavities. "
 

"IRE Trans. Vol.MTT... 6, 178-18~,._~~~t._< ,
 
-~<:'; ·o{c:~ ~\:::o;:t,i~J-';~-~4{:'~~~?~3::0f:rt~;,;:-t~~·~~;";~J:<2·:-;::···s;:'~~~~~~~---,---~-------------' 
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s,
 

Region I	 Region II Region In 
(a)	 (b) (e) 

Figure 1 

will b,e examined at thee:x;elusion of more complicated structures. General-. 

izations are obvio\Js. The gradient and curl terms of the splitting will be 

called Hlongitudinal" and IItransverse '.1 t~rms refipectively. 

r-. First of all, it is apparent that the pr()blem can be solved in at least 

:one way. tor theequatiori 

(2) 

admits at least one solution in the regions considered above.. As a matter of 

.fact, it admits an infinity of solutions, and one suspects riJht a way that the 

splitting must be possible in an infinite nutnber of fashions. This is confirmed 

by the remark that vectors doex:ist which can be written either as a gradient 

.()r a curl. Addition of such. a vector to the longitudinal term. and subtraction 

from the transverse term. yields a new splitting. It will consequently be 

. -
possible to impose certain conditions on.fJ. or W (for example that W be 

perpendicular to the boundary surface) to restrict the generality of the splitting. 

,....., and make it unambiguous. The "electric. " "magnetic. " and "mixed" splittings. 

to be discussed hereafter, result from well-chosen additional conditions and 

3
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are of particular interest for solenoidaland irrotational vectors. Their use 

is fruitful in the analysis of electromagnetic fields in finite regions. Other 

splittings. 4 not to be considered here, are of interest for other branches of 

physics. 

II. THE ELECTRIC SPLITTING 

A. Preliminary Con.siderations on Irrotational Vectors '( 'A c;.) ).D.lI, :;, 

An, application of Stoke's theorem Shows that, in Regions I and n. 
'F> -,i7

:'( 0. I'~" ." 
is, independent of the path joining A to B provided this path 

is entirely contained in the region throughout which a is irrotational. It is 

40nsequentlypOssi.ble to express a as gradf2 • where J'2 is defined by 

the relation .Q (<<J - ...D.. (11) -+ J11", • j1 . Things are somewhat 
11 

different in Region III. The contour integral of 'i still vanishes along a 

curve such as A C B D'. that does nQt "encircle" ttle hole (1. e. that can be 

r-educed to a point without leaving Region In). but takes,in general~a non"'zero 

value T for a contour such as A C B nil that encircles the hole once. This 

value T. called the period. is independent of the encircling contour. There I 
noW' exists a multivalued function _l2 such that t'~: t/"'-:;",.,d.'2... The values I 

I 
of this function at any ,iven point differ by an integral number of times T .. '\ 

B. .Existence and Uniqueness. .� 

The electric spltttingis generated by the solution of the problem� 

,.,__ ~.-,,,,. ," .",..._, ~l I"',' '". ,1- 'A, i- (3)
;; I --,-,
v~ Jf. ,,'"-' 

_.~ '/ 

4H, Weyl. "DasAsymptotische Verteilungsgesetz der Eigenschwingungen E:ines 
Beliebig Gestalteten Elastischen Korpe;rs. II Rendie. Cire. Mat. Palermo. 39. 
1-50. 1915. 
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Nhere (tis',iIi. unitveetor'dlrected alon, the outsidel1Ormal ~os.. The 
1\ 

uniql1enes_pt tbesol\ltionshould be investigated first. If there were two- ..... 
dit:f~r~n~ 1I01Utl.~[ and 12 . tb.ir<lU"f~l'eneer would satisfy V':' / ,:; 0 .I 

AppJ.icationof the formula 

iff[V'. <:/0+ !l07. ~...,;;i .."c,(~. w,J~1dv., Il":..'\r )~ ;:j+(V t &.-.I"J). tt..lt,S (4) 
~ ~. ,-. 
to V~;' ::-f ' shOwI ttu\t ~ f;;tA.vlf -:'0 throughout the region.
 

, &tch'a ve~torw~beQanedtl~ource-free." It can be representedasgradlf)
 

where r.; i8~barDlonic fUnctiOn which, because oftbeperpendicw.arity of
 

r to 

J 

S,takes aeonstant value along eacbof~be'closed surfaces of which'
 

.r.. tbeboU!lCU.r1 c,c:meiste. :In.inlply-cOMeeted re.iorul, C; .is obviously single-·
 

valued. In Region III, f is,su.cle~v...lued too,because tbe period Tis
 
, . 

equal ~ozero.Tbisisea8ilysbown by particuJarizin. the contour over which., 

(T.:!f is,eval\iatedto lie Oft the lifurface S, whereTis perpendicularJ \; r 
to. A7 . It ifJ now PQsslble to show that Tmustbe zero in Regions I and fit 

by applyiqthe relation 

. . . . 

(5)Ul [f1Q~B-+~JA'1vrN~ BJ~V'= J/I1'02 ~,S 
". . . ", ' .. '.$ '1)""" 

valid for sinlle"\r..lue4f~nct10n8. toA =B = if- .~'. . where ~ is theeonstant 

value which ftakeson the bOUl'adarysurflJ,ce'- In Region U however, there are 
. . ......, 

non-zero SOlut~onsfor'f • al111\ultiples of each other, and derived from 

If . which ,take different ~on8tant values on 81 and Sz. Let 

be ·the "normalized II solution. determined by tbe condition 
, 

5 



c 

i • 

-Yi"lt ,2.~ v~ t The. foUo~ .tat,..-:c.·DOW be m~e:'-"'tlJat If, ~ 

e~ft'~ it U'Unj,q~J,"'c.ptin"110ft n where itl.det....ined with the eltc,p- , 
. " .:.'.:. -~ . " ., "..... " . 

tiOilotamuttit._1lJ' '., In tlW latter' refioD# .the."iou8 •determiQaU"" . 
~ " ", . .. -
t..d to ~"i 10l'itit~du..l.nd tr.ll8ve~.et.r",bec.a~.e ~·t·::o
 

.. Ii!\II.. ~~IJ~,~l>. ..Qo!e. conrii.-.that tiM... i, atmOttt oaew&f••
 
,',' ",- .. - ":', ~\ -... :'.. , .. .'.: ' 

a vector 1t1eC:t~i~., " 

, FOr,a:J,oO~C)tJh••:X;istence of. solution, one has, tOt11rDtO .a paper
• . ". ":" . ,..... ' ',- : _._ k ... '. ...• ". ' . 

. by Wq~. Swliere ~.~te!lce of~~'adJluliC 1 (i£,ir- ) , a11llll that 

(6)····l"lft}~ffl tt",t' ).~(;';J~'" 
t 

. ' .... y'> . ',' ,. .
 
.i, ••t~bu..~for'~·."pl)'~bO~edre,ton.
 

. " -' ,'-' ',' . ,;

,.....,' , -' , .. ,. .. .. , '.. "-," - ," -. . ~, .. ,," ,': - ,.,' ',' ... ," -- ~ 

,x...plaOiarl."t", ••~;.'ft1~r, taken with re.pect to t,-e4c~d~te., 

"rtpt'OfJ\l"."~I~J.'Inot~rwo~d', the .olU~" ~f(6),coa.ld.red ..·~n .... 
, '. , ••......... " . , .' .'
',. 

.. lat "l.,qll...~i~~ r witJl'~ven ·.econd.m••ber ..i .¥ia ~. =,.\711 .......•
 

. pl'c.w~edtdoe.~.,.ve anyta.npnt~l comJ>Onent on 5, .and 1><) ..
 

p1.c.w~•• eont1~u~.~}.a.c~u.IllP"rticularthe bom~.neou8<int.,ral '
I 

.': .,:".....> .., ". ' .'~' . 

. •.q",Uf)ft "tivedfr.~·(6)by Betting the .~cotld member { equal to zerO, 

·..~=o ••. it.'·Qnl)'.ctl.\lU~n. 1bis ilnpo;rtf.nt prpperty will beusedl..t~.. in . 

~·.··"'Pn.\.1\tt. 

Intheeov•• _ J)l'ovlQ,ttJe"exi8tenceof' ~ ,Wey!' establisbe.tbe
Ie.. . 

followinI .properU••.cgtb.· dyadic. . 

. (alit la.~iCe,j.. i. ,... .. (fi;l.lt.)S,/.r,.v)., %
; II .• ; ,J 

·.5R. W.yl.···~tdt.Randwertaufp~ d.rStrabl\Ull.tbeorie~ Asyttlptoti.che 

. StMkt,,-.lP..tM. It ·.JoVn~ Reine. Aaa-w. l\fath" .!.!!. 17T-lOl, 1913.' 



- -.(b) it .ben."e., .~.' It- ... -).' , in aqc;h a .m&1Ulet tbat 

_.~.'_ 1.1.. (ii,iV) L ~~' 
~ -.h;' ~ - Iii '_iitJ 

\\'heIJtbereg1.oni••lIltiplY..bounded, no unique .1\ltion1 existsfln.d, 

con8"qu.ently,l'1o Gre.n', dyadic in theaense of Eq. (6). TMre iaa ·...,.out-
of,tbi.'dUflculty, howe'V'el", if one decides to spUt f· and i' into two CQlI1· 

..:ponent~: 
" ........ .. ".' .
" (...r=..'~. iff l·l·iV :.{ .... 

, v· 

. .f·~t.JJI p.:·l JV+'ti" .
 

.All ~ ~.il>t. .00utioml Vi\iave;the ~ame "~or~" pU-tI .Whicb ie•..
 

f""'\.cQuequentlY, '. ~tuq~~1.Y determined>' .Th~"{W~',~l!t8 of theapUttin, can '~... .'
 

·.tbol!llbIOfae tbe~9*,n.lpioj"~i_ot {~'t~"i\ll/l\ {. J and on tb",ub': 

.·.pace {ort~t't~:r. ·re....eWve).y. Notice tbat~projeCtiollS are 

. Ol'tbo'9nlL1 toeachQtlleJ.'t~'in thesenaethatIIi J J,~ V" . '. ....
JJI fc· to·'> .. . . ,. ." .. 

The pr~blem 

r7l..- 
V ·Ie ~"', !~c ('7) 

can. be proved tobaveaunique .olution~ 'which WeylabowfJ to beohtainable in 

the form' 

- '. "f't lJiJ ::;IU 1, (if/V). (),, ("'-.) A" 1 (8) 

, 
where ge ilJ an electrIc Green'8dyadi.c~n.:th~i,!~~~.~~~;~e~~,~. This dyadlc 

";" .. : .::.:~ 

7 



i • 

- ..,.. 
/i .. ~.- : as the 

usual Gl"een'sd,.aiC~t . 'It now appe.rs ttiat the electrlcsplittilll is always 

possible in tbe fortn 

;;; -l fIJi I <IV·.'" },,,A d»I T-u-..,J CM~e r (9) 

v ' 
wbere tbeter:qlin-t exists in Relion Uonly., and where the three part.ot 

the' .plittinl areunlq.ly determined. The name '''lontittl.dinal ll wiU benc:eforth.... 
be resel'ved for tbe8~cond term pad ~ t' 

9. Further Pr9l!~ties. Aep1icati~ toSOlen?idal: q41rrotational Vf:ct~•. 
, ' 

" 10 The lonl1tudin.a.ltermcan be ~t.ined 1),y s,Olvini a. potential PJ'oblem.
 

Takinlthe divel'.enceofbothterms Of (9) yields~ indeed:* ,
 

, ' 

,,T"- 'lonlltudiJutl. tertn turns out to be the electric fiel~ created 'in region Y 
b)F a ebar,e density, fa c~ a- , the wall. ,being met.Uized and grounded. 

Z. The three terms of th~ splitting are functionally orthogonal to each 

otiler.· The ortholO~ityof i and Fad eVil 1 'can be,established by:
 

applyingtheequatic>n
 
. ~ ." 

\ ' 

,fJ~f i. ,/~o;~ Cf .~ ¥= /J ~ rIA: .i:J~'~; - fir Cf~"[ d V (to) 
,v s ~ J}jv . ' 

to 1~~ ,'-f~ ,I,,) 11 _ _ 

The ortbolo~lity of l andgracl ({-.~il to ... curl curl I result. from 

applying 

(11) , 
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" iii suecfil1on. 

3. Whenals<solt;moidal.. i. e. ~. a:0 • the longitudinal termva$hes 

.00 the splitting ~s the form 

(lZ) 

The solenoidal vector'i cannot~ in general. be derived from a vect.potential 

ina multiply-bounded region of Type II. To,justif, tblsassertion. cons•••r 

first the fa~t that l cannot be~erived from a vector potential. If.. indeed.t 

were,'equal to 'curl ~ • an application' of theforD).ula 

Hf [~~CO:. (",vi I-i. Ct~Af~iJd.V:.11 tr~. (~,~",CMA1 r)d$ (13) 

V ~'~~.L' , .; 

,to ~ = i =M.would ,yield Ifl J~ ~./2. A'll ~,=O Le. ,r;J equal 
\I.. .' .
 

to zero, , an obvious co.U'''d~ction: Clearly then; a derives from a vector
 

potential if. and only if.. its f~tional projection on ~~ is zero. i. e.
 

((('~. ~~ ~ V vanishes. But this implies that
 
r') r 
" 

{if 1 ,; d V= (,,/f: '; ,d tJ . il.N = /JI '(/,: (,::,1.;: ),J:; - IfJ It l:.J; rt" (14)
}.J. 1 hv , 'e ,? V\ '.L , 7<) 

\j , 's~ y
I 

:: (f,f~(if Ji., )~~, fl. ... ,~{ci.~)d~, =0of. 
, 0' . , ~ I 0&. ls fV\.2. -e. 

5', ' 'J.
 

where Cf' ,and (f ~re tJ1e two (uneq~al) values of Cf on Sland SZ' On
 
'01 ~'4 (; 

~ .

the other band. an 4lpplicationofGauss' theorem to the solenoidal vector a
 

yields
 

fl( tJ..;., r; J. V~ 0 '" il (ii":.f"YS + ff(,;. ;;.... ),.;1 S.2- (15) 
~I ,(~ ,1 

, I '7. 

8 
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A compariso~·of Eqs. (14) and (15) sbows thllt a solenoidal vector in a doubly

~.d r".ion d.eriv.e.f.t.9m a ~ctor'" po.•...•••..t.elltial if. andcm1Y if, its flux thr'l\lgh 

lach of the two boundarY surfaces is e~l to zero. This result has previously 
. . 

been obtained by StevensonZ by somewbat"difterent	 n'letbods. 

4.	 When a is irrotational, and possesses a tangential component algng 
T 

5, all terms of the electric splitting are present. Both'1 and. tbe lonptudinal 
o , 

part being perpendicqU,lr to 5, it is the tJ!anlverse terD).which will be respcmsible 
,v. 
; 

fol' the tangential cOUlponent. The main {unction of the t,X'ansversete:rm is, so 

to speak, to account for that compone,p~, because - curl curl ( vanishes when 

. i' is perpendicular to S. This can be proved by applying(l3) to ~~ 1:.: 6,.,-, ~ r 
r-. IfI [~,t4,oJ{]~" == Of ""'~ 1· fJNJfA..,J (".1 feN +Ifii .[4,,1 l ~ WAf w-l 7J~ s 

V .y , .	 SI)\·· . 

The second member vanishes because curl curl curl J = - curl a f is equal 

to zero, by hypothesis~and because curl curl {" is perpendicular to S. This 

implies the vanishing of the first member, and of curl curl -l in consequence. 

The irrotatiOtUll character of i all()ws representation of that vector as 

the gradient of a scalar potential. A loolt at Eq. (9)sbows that the transyerse 

term can, consequently, also be derived froUl a scalar potential and, further

more, one that is harmonic throughout -V . A consequence of this fact., 

. which,_rests on p.roperties to be enunciated later, is that the transverse term 

cannot be purely tangentjal in a simply-connected region. It then contribut~s 
'. 

part of the nqrmal eo:rnponentjo' a at the surface, the other p&ltt being furnished 
.	 '. ;.1l.-,.". ''

by the l and' longit'ud~l t:J\hSo 
,\Ii 

'$;>. 10 
f"4lJlt 
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5. The electricspU.tting can be put in the form 

(16);;- '" 10 Hi 1A ,t ,( V ~ ?',,,,», f + c",( ;j 

where <f vanishes on the boundary, Conversely. if a splitting 8\J.Qhas (16) 

has been achieved. it must be the electric splitting. Takingthe divergence of 

L'I' 
both terms shows. indeed. that f) '( -;::. t{A,Ai 0 , This equation, together wi th 

the condition for t.f at the boundary. is also s~tisfied br d.~) l The 

solution of this potential problem being unique. Cf m\1st be' tdjf.~.' 7 and thej 

split~ing (16) is unique. Notice that' -W is a tangential vector, being the ,curl . 
·1" 

of ,~ .a vector perpendicular to 'the boundary., 

D.Eigenvector E:treansions Suitable-for the Electric Splitt~. 

In the search for a complete set of eigenvectors. some fundame~tal 

properties of integral operators will first be reviewed. 6 Let r;(:x,x~) be a 

symmetrical kernel (i. e. such that G (~, x' h G():', x)" ), and let G be square 

integrable in the plane domain 'tt.. ~ )(~,~' ~ tJ-. ,,!)( .~ -l . Then there 

(/ I 'exists a sequence of orthogonal eigenfunctions I (;',1. and corresponding 

non- zero eigenvalues /). • such that 
'Iv

e
f .\( pi) ') I, I\ \..:;- ( x J X '()( / t'!.), -+- fA...' ~ f,~ 

(, 'W

where the If belong to the space of square integrable functions. Any square 

integrable function If t·..., ((A.t) admits the expansion 
l

f 

' 

Cf (x) f CI (:/) '!f( ){ ') M' -t e.( ~;i.) 
f'rv" (A'''IM 

bli'. IUesz et B. S. Nagy. "Lecons d' Analyse Fonctionnelle." 3d Edition, 
p. Z39. Gauthier-ViUars.Paris. 1955. 

1.1 
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,where the convergence is in the mean, and the rest term t /. is a solution of 

~ When the latter integral equation admits zero as its only solution. no rest 

term is necessary, andt1'le set ofthe/' is complete. 

The same sorto! e)Cpansion theorem can be established7, 8 in three-

dimensional space." where the elements and If/ are replaced by square 

~ integrable three-dimensional vectors. and e:(;,' )~' jis replaced by a symmetric 
", 

• ,	 ~v~ 

dyadic (Le. sucb that J, (,-:; :' i -, :: 'I i ,) i )	 having the 
" , . 7~, 2 ~ 

, property that fll r1fet.q ..J (:'1.;YY] dl is a finite and continuous 
v 

function of"; whenever 'a is continuous. The two dyadics '1	 have. ..
" 

• -	 "
,1

' 
~," ... 

sufficiently mild discontinuities at /~:;·1 " to satisfy these requirements. Con-

t sequently. in Regions I and III. the eigenvectors F of 
')'v" 

form a complete set. , The homog~neous integral equation (6) has indeed been 

shown to havezeroa.s its only solution. It will be noticed, by taking the 

Laplacian of both sides. that 

, . \7" r' 1/, i.'..,'4 •	 . V t " I ~: 

'l'~' 

On the other hand. the nature of 1 is such that the vector represented by 
t."i:.. -,	 

the integral in (17) satisfies '\< I ,~rd.,· r onS.The r are'~ I 

)\ if' h·\ 

7e . E . Weatherburn. "Vector Integral Equations of the First Kind. " Quart. J. 
Pure Appl.Math.46. 334-356. 1915. 

8e. E. Weatherbur;- HVectorh)t~.l~quationsand Gibbs' Dyadics." Trans. 
Cambro Philos. Sgc., ;¥~S! )I&~~r~33:j~~' 1916. ' 
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consequently alsothe>ei.tenvectorsQf the clifferentia;!9P.ra.tor r;J. correspond" 

.ing to these l;>oundary conditions, the eigenvalues being now ~ =. ..!.. . . .. ' .. . . . ....~ F,.",. 
!tis shown in Appendix I that tllese eicenvectors fall into two categories: 

(a) sol~idaleigenvector. e. . solutions Of 
')-(1 

- GAN,l """'\.-~ .c 'l:Ax C (f.,. S (18)=:" D 
."r"" 'Y\ 'fv\ 

(b) irr.ot~tional ei,envectors t= :'IC\ .,~,-,d Cf ,obtained from the eigen-
v)Y\ 1; ..tM 

functions q .of 
~'" 

(19) 

These eigenvectors areallortho,onal ttJ each other. and it will be assumed 

that tbey have 'been normalized. 

In Region II.. sirnilarly,the eigenvectors F' of fJj c' (It,.;; ) dV I 

. ~ V <ie 
form a complete set with respect to the subspace of vectors that are orthoJOnal 

t - . . . 

to . This restriction is made necessary. by the fact that 

'1 2 Iff .. 1: (;i{, 'v)• .ti//('Jd Vi is equal toCi (7(. ) . Inconsequence,c 

if tile ln~e,..al 1iJ,;1;(~,\ 'I. ii (1'j tI v I vanlslleafor all 7i , we can 
I 

. conclude that the "core" part aot a vanishes, but not that ~ itself is equalc. _

I to zero. Infact,anym\lltiple of 1. isa solution of the homogeneous integral 
i ,j 

equation. It then follows that . the "core"pa:J'tof any square integrable vector 
. 

can be expanded in the. f 1 .In formula: 
.' fr... 

t 
I 
I 

13
 



It. is fO\1l1d,. byarguD>.entssimilar to those used fori: , .t_~·f4e·F' belong- I
 
. ~ ~ 

. to the .. 'ubsp~ce of vectors orthogonal to (t> " and that the? _,re .. the. eigen- I
 
vector.of r;2. .beloncing to eigenvllut'sdiffe.rent fromzt'ro•. '. Itts a' simple
 

matter, indeed, to establiSh the .orthogonality of -the latter e,igenvttetorsto l
 
, ...... 

~~ 

by:<applyingthe formula 

Ti![t, vl-i - "i. V;;ldV"!,,~}tt.J -t{~)~~ +(~~;)~r..(;;,.,1) ,(W1f]itS (~l) 

to if : 1. ' !, .. if.: .' It is apporent frqrn (ilO). by the way. that l can 

be included in the set pI eigenvectors ·to make it complete wi,th respect to the 

-
space of sC!uare intevable vectors.. The F' . can also be subdivided into 

. ,,",,' "/ 

categories (18)' and (lila-lready. introduced for sinlply"'bounded l'eg~on.. It is 

now possible to ~x"nd;each ter~of the elt;ctxoic splittinJ (16) in <ihe l " the 

-evand[ . Tllec.oefficient.. of th~ expansion can be found ••__.repeated 
w- lv". . . . 

use of. formulas (10), (l1), ~nd (13). - The re.ulting formula, * C)f~r.eat imPQrta~ce', .'.~ 

!orpractical,applicat1o~s,. is: 

. . 

All the result~ relative to solenoidal and irro;tj.tionalvect6rs can be obtained 
. . . .. .....~,. "'. ". 

directly frorq this formuU,l. .., . 
• .•~ '!~: 

" . 
A sbort additional remark will be of interest he~~. For~~ (,22) shows 

. .'.,. . .' , , _ . " , , ' """ ".',_. _ ," _: v' 

that, in a region of 'Type I~ a sourceless vector 'is ex~qable~"the solenoidal 
.' .~,. "j.' 

~. 

*Thisfo~mula isva.IidonJ.y when the first order ~t~aldeI'i_tivesof a are . . . '_ -.. - ,'. -:J. ,- . 

sufficiently regular for. Gauss 'ancis;t()l!-es' t:neo1:;einS tt? ~e·~fPU,cable. 
• . . ...·;,/;£P,;.~.).·..... ....."--.~._._"_',.'--'- _.. -->1'."~-",-,';--,,,-
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-
, ' 

vectorse. but does nothave anYfUnCtiona.!projectiOnonthe'/w. ::tv~,,:t t 
~, " , 

On the other hand. a sourceless vector can certainly be represented as the 

gradient of a scalar potential'f "., The lattereanbeexpanded in the complete 

set r; . andone>Qbtains a representation ofa~"s grad[(,~-r ~ - - ~ +.~ ~+- .J. 
~ , ,,' ' ',' 

Here then is an~nte:t\',eJ!ltingexample of a situation where the gradient of a. sum 

is: not the sum of th~gradients. i. e. a: is not (', ~ ~.,.. . -+ ~ ~..i.~+. 
, 

':throughout the regf'on.a 
. 

facfwhich is due to the non-continliou.s character of 
. . . . . ~ 

differential operators. ,and which parallels the well-known property that a 
..:. 

Fourier series cannot, in general, be differentiated term by term. To convince 

himself of the validity of these statements, the reader might want to direct hi.s 

attention to Appendix n. where a particular sourceless vector is expanded in 
, . 

terms of the.£ "and where it is checked that the series,". '. indeed. cor:1Verges to , 
·r..... 

the original vector. The converg~~ceisin the mean. implying that thes,ries. ~ ,,' 

converges everywhere but in a s~tlof zero measure, which in this case is made 
.. :;;t:' .,' 

~ ~ 

out of the boundary points. Notic~.inde.ed. that.aU e . and consequently their" 
~ 

Bum, are perpendicular to the,l$oundary•. while the original vector is not. As a 

result. the expansion converges "uniforrnlyl'to the nor~al component ofa. but .. 

the convergence to themngential component presents ~. Gib~~ phe.nomenon. as ' 
'. ");~i 

suggested by Fig. 2. and of a nature similar to the better ~wnGibbs phenom
" , 

~no~ associated with the convergence of the series L l:l ;d~"~'1.,.Y. a:round X -= C 
, . "'-~-J."\::t" .,.-::- - ~'\ '>" ; 

·\~c\.t.; (j, ~{,'.. t' . r. . I' l.-' 
. I I - .::. '''''·'',r \, ~ c"'....,v'; .""',:" :,;:,1 .~.' lc..e ',v-I-""~v' l'; ,:.0.. 

l)",....,)·'\.,·vV" ~
,~ 

, '

'. 

FigUre 2 

11 
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lII. THE MAGNETIC SPLITTING 

A. Existence and Uniquene$s. 

Themagnet..c ..spUtting is. gerier;ated' by the solution of the problem 

. ---- 
.\j2.l-::.~..c,..:t ;{."J t. -c.,v,C twJ ~ ~;; .(Z3) 

The investigation of the solution of this problem proceeds along lines which 

parallel those used for the electric splitting. The uniqueness is proved by 
. -

examining the 'soh~tions of the homogeneous problem '02..1.. J ::: 0 • An 

application of (4) shows these solutions to be sourceless vectors. Theycan 

-
consLquently be put in the form , := ~ 'f > with 'If harmonic 9 and 

t tangent to S (L eo ~~r;~ (' on S). An application of (5) shows that no 
1""'-' .1) '", 

such vector can eXlst in Regions I and II. This implies that the only solution. . 

to ril'="o is l:~ 0 or. in other words, that an eventual solution of (23) 

must be unique. In Region III, however. there is an infinite number of non

zero solutions 'f . all multiples of each other. In a region bounded by a sur

face ·of revolution, fer instance. If is a mUltiple of e..,.. constant•. and I.' -
is a multiple of lA.e Let 

It. 
ji
• -/J l'f. be the normalized r-. - VY'r,~. 

.j # () 

i, . solution. The following statement can 
-'j--'--"  -

.1 now be made: if l exists• .it is unique) 

. except in Region HI where it is deter

mined with the exception of a multiple-
of I..

() 
. In the latter region; the various 

determinations lead to identical longitu
, . 

Figure 3 dinal and transverse terms. Notice 
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that -1.- : :'which de:-iVeliJ from a multiva.lued sc$r p<>tential.'4{, • can also 
0 

be deriVed from a :vector potential. An application of the electric splitting to 
..... • a • ~. _ -. 

K' shows, indeed,' that there isa v~cti>rl such that . I~ ~- (.""t w.-.J f 
o -

where {' is perpentlicular to S. Inconsequence, 1...0 is the curl of a 

vector tangent to S . 

The existence of a .solution follows, again" from. results obtained by 

Weyl, 4., 5, 9 whoindic:ates thatj in a simply-connected region, a ,dyadic 

exists such that . 

lei)., fffg (.;:J ") • D; (.v) i,i ,(24) 

VH', ' . -
This dyadic has the symmetry property, and the behavior for i[ ~1.' 

'which were associated with its~~ectFicc9unterpart. Also, the homogeneous 
. .......
 
integral equation possesses ' tA :. 0 as its only solution. In a doubly-connected 

region, a m.agnetic Green IS" dyadic in the extended sense can be intrOduced, 

such that 

- , '
 

~ri) ",·/l11
H 

(4,:!). ;: h";)'"1/'
 
V 

where tt indica-teethe "core"part of a vector; obtained by subtracting
G 

from the vector its functional projection on ~" ,', The 'dyadic JII' has 

pr()perties,similarto those of It is now po'ss'ible to state that: "thege'. 
magnetic splitting is alway.s possible in the form 

(26) 

9H. Weyl. ''Uberdas Spektrum der Hohlraumstrahlung. II Journ. Reine Angew. 

Math, 141, 163-181, 1912. 
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r'\ .' 
where the term Un -l exists in Region III only.and where the three parts of the 

. 0 

splitting are uniquely determined." The name "transverse" will from now on 
". 1/ 1 II 

be reserved for the third term - curl curl r.. . 

B. Further properties. Applic~tion to Solenoidal and Irrotational Vectors. 
. " .. .- . -,,' . - . -': :. . . 

1. The Qoundaryconditiorts satisfied by Z imply that.i.. (~'lJ: C<.. 
. '. ..... ..... O'h . .' """ 

on S. This result is easily obtained by projecting (23) on the normal L: .~ ,The 

vector cur11:..· being perpendicular to S.; its curl, i. e . curl curI t- # is 

tangential to S(this property is established by applying Stokes I theorem tci any ... 
small curve drawn on surface SJ along which. the~ir culation of curl { 

. 
vanishes, so that the flux of curl curl i .. throughan;y portion of S is zero; 

.. .
this implies that curl curl t.' is tangential). The projection of the left 

, ~. - . ~-

me~ber of (~3) is t).;,;.~~~ J;.;Jl =!;. l ~.t, J. J the projection 

of the right member Ol .~ and the two must be equaL The ~calar .. ~ Ii.: 
- . ~. 

can now be obtained by solving the pot,ential problem 

(27) 

-
and the restriction that -d..,wl. must be single-valued. Once this problem is -
solved. the 10ngitudi~1term follows directly by taking the gradient of d.NJ I-
Notice that this term accounts for the normal component of a on .s. 

2. The three terms of the splitting (26) are functionally orthogonal. 

Thisean easily be checked by applying relations (10) and (11)0 

3. When ais .solenoidal and tangential to S. the only single-valued .....('. 
solutioh to the potential probl~m "(27) is d,W-;. = constant. The longitudinal
 

term vanishes. 

18
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-
4. When a is irrotationall the transverse term - curl curl 1....

. ... .. ... .. . .; 

vanishes. This termcanl indeedl. be derived from a scalar potential, all-
other terms of (Z6) be~ng the gradient of something. Sol - curl curl ~ ~gradVI . 
where tv is harmoniclan.d /!oof) '41:: 0 on S, the transverse term being tangentialT . .. O~ .. 

to the boundary surface. In a simply-connected region. the only solution 

satisfying these requirements is the trivial one \f~ C. In doubly-connected 

Region nIl must be a multiple of I and -curl curl t.. a multiple 
~ -

of f.. . But -curl curl i~ 
4 

must simultaneously be functionally orthogonal to 

- ::	 
~ . The zero vector is the only one to have that propertYI so that - curl curl I 

vanishes. 

5. The magnetic splitting can be put in	 the form 

-
(Z8);;: ~ ~ fffa .~) ~I V + ~/" 

where t is perpendicular to the bounda.ry and 'f is single-valued. Con

verselYI if a splitting such as (Z8) has been achieved, it is the magnetic one. 

Taking the divergence ofDoth members of (Z8) showsl indeedI that "f/ must 

satisfy 

while 

But these a~e exactly the relations s.atisfied by ~.J . In consequence. 'f 
and d..VJ ~ differ by a constant (the only single-valued solution of the homo

geneous problem)I and the gradients of these two functions are identical. 

C. Eigenvector ~nsions Suitable for the Magnetic Splitting. 

The considerations valid for the electric splitting can be duplicated 

here.	 In simply-connected regioQ.S. thee eigenvectors relative to the integral 
19 
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-(~ CMJJ..l -tv'l :0 
~ 1¥ "'"-

J. The normalized I'll is simply related to the normalized eencountered 
~ ~-

in the electricproblexno The relation is l;....!.- (4,N,1 t . and both 
- . ,-". ff 'W'

e and Iv. have the same eigenvalues ji ~ ~J • ~
 
WI 'M "'" ')0\-(b) irrotational e~genvectors ~hoI •.~ 'f'N\ • opta.inedfrom the 

eigenfunctions 'fIh. of 

(30) 

These eigenvectors are all orthogonal to each other. and it will be assumed 

that they have been n.Qt'malized.Their eijenV'alues are different from zero. 

In RegionID. the vector lv must be~dd.ed to obtain a set that is co~plete 
_. 0 

with respect to the spac_e of square integrable vectors. 

The expansion of the.various tertq.s of tne magnetic·splitting in terms -
of the It. the ~ and the1~ is expressed by the important formula: 

o 

ZO
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The convergence is in the mean. and. at a boundary point. the series converges 

to the tangential component of a. all vectors of the expansion being tangential 

to the boundary surface. 

The information obtained from the electric and the magnetic splitting is 

.summarized in the following table. For each category of vectors, the electric 

splitting is shown on the the firs~ line, the magnetic on the second. and it should 

be remembered that each of these splittings can be realized in one and only one 

way: The ,symbols J2., Cf . <f denote respectively some scalar function. 

a function which vanishes at the boundary, and a function which takes some 

constant value on each surface of which the boundary is comprised. The symbols 

()j and [;- denote respectively a vector which is perpendicular to the 

boundary. and a vector which is tangential to the latter. The notation 

«Ci. ~ {,) stands for the functional projection of a on l-, (,~, /Jf~.l d V. 

The..fL • Cf' and <.jJare all single-valued. For irrotational and sourceless 

vectors in Region III. the projection ~ c;L) t:. '7 is proportional to the circulao 

tion of 'I around the hole. 

Zl
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Category Region I 
" , /·/··~···

./ 

" ..., ·o
! 

I
 
I 
t -

Any continuous vectora.!1oM '! v""i r I~ 

Soleno~al vector 
" 

(~v~ ;:;.:; ~) 

Solenoidal vector· 
tangent to boundary, 

Irrotational vector 

Ir;rotational vector 
perpendicular to 
boundary 

.Sourceless vector 

If'<"A Jl c.v-J;:;: I
 ")0 d JL .... (»AI ~ 
l 

If _ 
t.~Cf!+Uh.!t 

i 
I ~tf 
~ 
i 

Regio~ II I Region III 

I.. ~@._,. 
! ,~.."j
i '. !_~ 

! 

- ~ I ~ 

'f -+~,t- "'<<>, {,'"1. I ~ t(' -+ """,P l:

It""J.It -I-w"", ;; <- (i.\l,It 
! I 

i
I 

tt'\aA Cf + ~~J ~ >~ 
1
1 

I I 
Tt~r 
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"IV. THE MIXED SPLITTING
 

It cons"ists of splitting a vector as
 

'(32) 

where <f vanishes on the boundary. ...r - is perpendicular to the lEltter. 

and ~ - denotes a certain sourceless vector. To obt ain thisEiPlittil}.g. one 

can first calculate grad ~ , ~hich is a term furnished by the elect ric splitting. 

and then, apply the ~etic splitting to what is left when grad 'f is subtracted 

from a. The miXed splitting is unique.' The relative importance of the three 

terms can best be illust~ated by writing down their expansions ~ 

, aMI. 7\j
~~tf,·

1"----= ,,''''"'-------- ~--.~ ..,-"
 

~ :: ~ 1[- ffflf d.~-; dV] -+ L -2:..1r/t w 7. .~f;: J. V +~  (33) 
'W' A' 'lJ. 'Nrr. M % , I\Y' 

,(perpendicular to the boundary) (tangential to the boundary)
 

which indicates which terms disappear for a solenOidal or an irrotational
 

---' .vector. The term 0( • which. appears as a rest term in (32). can be ex

pressed as
 

.:x =~ ,~ fJ (d..~~ )t~s (34) 
,,~' S 

The term -lo JJj~ 'I ~ &IV which the application of (31) introduces 

in Region III can be discard.ed. This term vanishes because JJJ~~rt. f~{,A '110 dv 
is equal to zero. as seen from an application of (5) wh,ere A would be the 

single-valued function r . and B.the harmonic function ~ .' Notice that 
. ," ' , ~~9 vanishes for a solE:~()idal vector. and that the term ~ appearing in (34) 

can be put equal to zero in those circumstances. 
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Anotberex;pr"s$iionis possible for ~ 

(35) 

Notice that '\T vanishes for an irrotational vector. It is sometimes 

desirable to calculate Cf" directly. instead of finding its gradient bya 

formula such as (53). The steps are rather trivial. and involve expansion 

in the normalized* eigenfunctions Cf t of (19). The final result is: 
'Tv' 

(36) 

where q is tbe scalarpotential used above for the normalized vectors 
~ 

. Similarly. it is interesting to have an expansion for 1).'f = :J,.~3 Cf 
h-.' 'ho-

in terms of the eigenvectors of the electric splitting. Notice that 1/ stands -
for - curl I .. and i& consequently solenoidal. This implies that the (

'}y,. , 

do not appear in the expansion. Notice also that1T - being the curl of minus 
.~. J' ,II:'f ' does not, have any functional projection on -'0 • because f.) cannot 

-
be represented as a curl. In consequence. the terms ine. are the only ones

""" ' 

to survive in the expansion of 'V • which then turns out to be 

e)v\ (37)-'A ;. 

*Notice that the Cf appearing in formulas (22) and (33) are not normalized. 

""" 
It is their gradient f. which is normalized. and an application of (5) shows that 

,,"" 
The functions are, consequently,; identical with ~~~- fy-.....
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Obviously" any gradient perpendicular to the boundary can be added to (3'1). 
. . 

and still furnish an acceptable '"V ,. L e, yield an unmodified h,)?,~~",,~' :-. 1. :~rn 

curl..". . The V .given by (37) is the particular choice associated with the 

magnetic splitting. 

25 
. 
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APPENDIX I 

In this appendix, the properties of the eigenvectors .of the Laplacian 

operator are examined for two different ~ets of boundary conditions. Only 

those eigenvectors relative to eigenvalues different .from zero are considered. 

(a) Consider first the eigenvectors F of 
},;, 

.- - LA.- , r ,
\ 'lr\ '"". if - ;~t.\>\( c.(U"~ F -;-~ F;:;. 0 1 ."t . , 1(,y.. ~ (38) 

i\~ )V-. 'iv, 'r", ~,~,~ F 
\ :'1.' . I,. 

The eigenvector F can be split electrically as grad .~ + curl W 
"rV\ ~ h-

. 
No term in i is necessary in Region II, because f'> l are functionallyand 

. . ·h-. 

orthogonal to each other. This results from the formula 

f.U I 'r .!.''lJ 

.') ., > > ' 

1")A 

V 

All integrals of the last member vanish, which implies that 

Introducing grad -;.. + curl W into (38), one arrives at the formula 

q

'N- 'hr

, 
." /....., (39)
.,. v .. ~ , 

Calling 1 the common value of the two members, one sees right away 

that .~~ must be sourceless and perpendicular to the boundary surface. On 
. - l 

this surface, indeed, J~ is zero, and ~ C-..:. iJ cl.ty.. vanishes too. The 

gradient of V/...I. -t-' A d. is consequently perpendicular to that surface. 
lY\' ,..,';. 'f\A 

In simply-bounded regions, there is no non-zero sourceless vector perpendicular 

to tile boundary, and both members of (39) must vanish. This implies that 

26
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'';;..;;jjjji, 

t
 
1
 
I
 

vi-'oJ. + 'A 'J, is constant throughout the volume,and that th~'c~>nstant 
)y.. '}v\ h-. ' 

is zero since this is the value \} LrJ.. "1') J takes on the boundary. We 
'Y'" h-- M 

write 

(40)01.- 0'',,,,, " 

But this implies also that the transverse part curl 'AI ~ which will now be 
')VI 

written as -t. • satisfies 

""" 
(41) 

One then arrives at the conclusion that to each eigenvalue A there correspond 
, "',,.... 

two possible sorts of eigenvectors viz: grad J. . where ~ satisfies (40). 
, ,')oy.. ""'" 

and(or)€. • where e satisfies
, 

(41L , Conversely any eigenvector of (41)J 
')¥., , 'N- ' 

and the gradient of any eigenfunction of (40),are eigenvectors of the original 

problem (38). There is. consequently. complete identity between the latter 

and the ensemble of the grad 01 supplemented by the ensemble of the e 
'~ ~ 

The same is true for the eigenvalues A • which ....re made up of the eigen
, ' ~ 

)I, ' ) 

, values A of (40) s~pplemented by the eigenvalues A of (41). some of the 
""'" 1)0,.. 

eigenvalues being possibly common to both classes. as evidenced by the 

example treated in Appendix 110 

In doubly-bounded regions. the same sequence of arguments can be used. 

Vector ''i must be ~ multiple of l .being sourceless and perpendicular to 

the boundary. , But (39) indicates that "1 ca~be put in the form of the curl of 

a vector potential. This is impossible for fa and its non-zero multiples, so, 
'~-.~ . 

must vanish. 

• 1.7 
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(b) Consider now tl1e eigenvectors H of 
"W' 

(42) 

The same sort of argument as in part (a) can be applied here. The eigen.. 

vector· H can be split magnetically as g.rad B + curl l; " with no 
~ . r """ ...' 

term in -~ needed in doubly-connected region~. ~troducing in (42L one 
:;. 

obtains 

(43) 

The common value of both members is a sourceless vector This vector is0 

f""'.. tangent to the boundary surface, because grad f".." is tangent" being the 
. . - ...... 

difference of the two tange.ntial vectors II and curl '1f , and because 
: • ),~,. l~ 

grad div H ,,' = grad V~~ is tangent,'. being the difference of the two tangential 
h 

vectors -) H and curl curl H . I~ consequence, both members wutish"" ",...,. '"", 

in a simply-connected region, where a sourceless tangential vector canhot 

. exist. This implies that VL13 ..+)J (:1, is equal to a constant r.. through
. I~ ~A\~ ~ 

. c.' 
out the volume, or that \}l(B_ ? )1" ~j (1 _ ,.. h>. ) vanishes throughout

IM f" . t\' If~", 'l.J.... . 
. the volume. In. other words, the longitudinal part can be put in the form 

grad 'Y where 
(Y>. 

.....,,. ~ ~. vi- VJ .+ V lf ocr 
h~ (..

1 . (44)
t;j-'~: '~~ '1'" ,---f'''' j<'"" 'v'y,\ 

The transverse part =curl satisfies 

fA. 
r-fI"\.. 

>< Cvvvl /... :::- 0 
'h.

(~ ~ 
(45) 

28 
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Conversely, each grad·\f from (44») and each ~ from (45), ~s an eigen
)'>" 'f't' 

vector of the original problem (4Z). Notice, by taking the curl of (45). that 

-curl K satisfies the eigenvector equation defining e . L e. (41). Con
~ .' ~ 

versely. curl { sa:tisfiesthe eigenvector ectuation (45) defining the ~ 
\," 'I'V' 

This is seen by taking the curl of (41), and noticing that 

it ;<"7 ~. -;-; -:. l? ( (:1 hr, ) . The solenoidal eisenvectors , • ~ 0 (""" S
.}\ ltv ./\ t''Y'' ,. 

. of both problems are multiples of the curl of each other. 

In a doubly-connected region. both members of (43) are multiples of 

* ,or vanish. But B I ct.......J \J#rR +)) a are single-�
c ('Y\>" { ~ 'hr (~~ 

valued functions, a property of the magnetic spfitting. The integral of 

their gradient around the hole vanishes. 'The in\egral of /..0 . however, 

is different from zero. and the only way to resolve this inconsistency is 

for grad [V·· ../3 -t' Y IJ. ] to vanish. From there on. the steps follow 
j 'h" ').... I '.....~ 

as for simply-connected regions . 

•� 

Z9� 
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APPENDIX II 

, The vector function 

bas zero divergence and curl. This is 

of side1[ indicated in Fig. 4. It is 

ciesired to expand a in terms of the 

normalized electric eigenvectors of the 

cube. The latter are •. as usual. of two 
Figure 4 

types. 10, '. , 

L Irrotational ei;lenvectors. 

and theThe functions « are V:it: -1-"", eO<.,6';";"'1" 'h'''r~ 
corresponding normalized eigenvectors 

where YY\ staads for the triple --f • Y\ • r . the latter numbers being 

integers different from zero. The corresponding eigenvalues '\.rt " are 
'h-

J'.l ,.".,'1 .. ; (" 
-,
t~ • the lowest value being 3.

\ ·f , 

Z. Solenoidal eigenvectf\rs.� 

They can be split into two categories�-
(a) ~:: 1/ '. )1. r-n Cffit... '';'''''"1 'Ovrb?LA -t(J~~ ~:\"h\i~v....t.)~ii l

'~ '7f(1Y11.~~~l) r G, q, Ii '(JJ{'J 

lUp, M.Morse an.clH. Feshbach. "Methods of Theoretical Physics." p. 1849 
MCGraw-Hill Company.. New York. 1953. ' 

>30 
.:".¥"dk~~i~V':"· . 



MURA-440� 
..� 

Ii 
wbereeitber -( orlL. is allowed to b. zero# and where t· is two for l -:::. () ,r' l . 

one for"" :f: 0 . Tb.,eipnvalues ~:.. are, again, .f1.~'1I't-rt~.. !. the lowest 

value being 2. 

(hI <. :: ~1f3(f~~lnLr;+W~'K) [rf~& : 'lJ~r)Z<~ +f~S",,~ ~!1~{"1lt<a 
. . ~ . - (f -t"Yi~I.S~ fn... ~y,J .Unr~ v:~ J 

",1 r
wbere!;; is allowed to vanish, and where "iw-. is, again, I L.... 'rt...- "f' /> L-

with minimum value 2. The expansion of a, which contains only the e' 
'h

terms, yields, after calculations 
(>C::l 

L 
h t'r/" ! ; 

It is a simple~a~ter to check that the two Fourier expansions converge to 1 
and )( respectively. In the plane '':i-:: c '" a reduces to .d' tA:'"; , and 

is .perpendicular to the boundary. The series converges to 1 tA';.' everywhere 

on that plane, .exceptat those points where the normal iSIlOt defined, i. eo 

along the .edges. In the plane '~..:::. I,) , the/vector a is purely tangential, and, 

as expected, the. series converges to the normal component, L e. vanishes 0 

The convergence to the tangential component is non-uniform, and presents a 

-f V--. L ! A last reJD,ark: the vector ...'. solution of "'+ ~ 4 tA . -+ it '1.,A..1..\. ," ::;~
I' , ''I. l-J 
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CONCERNING THE z)IN ~ 113 RESONANCE. IV 

. THE LIMITIN(j-AMPLITUDE SOLUTION OF THE EQUATION 

d 2u Bl
-~2 + (a + b cos 2 Q> ) u +T (sin 21J ) u2 = 0 
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