
a 11..1 DOJlll1. a 

r-.� 
/ 

A STUDY OF TliE RF PIlME PLANE N.BAa� 

TRANSITION· WITH FR.E2QUENCYMQDULA,TION� 

-.rgaret Foster and Gareth Guest 



· . 
•0( 

/ 

MJ])W8ST.EB.N UKIVERSITIES RESEARCH ASSOC.IATION*•. ."., . '.- .. ' . ". ,. ,-'.. ...,.~.>. 

ZZ03 University Avenue.. Madisoa, Wisc.-in 

A STUDY OF THE RF PHASE PLANE NEAR� 

TRAN~rrl0NWlTH FREQUENCY MODULATION� 

Marlaret Foster and Gareth Guest� 

August 6, 1958� 

ABSTaACT 

The theqry l~veR.1n MORA-106 of rf acceleraUOIlnear the transition 

-1'11 Is .eaeraJ.aed to apply to moving coorcUnates synchrOIlQUS with a frequu.cy 

....¥1atecl rl voltale. :For.ulaa are developed for fJxecl pomts and. aeparatrices 

in the rt p-'" p~, aad for frequencies of phase oscillations. Digital computer 

• .u.s fA .tM accelerat.tcm pr.~e•• have been lDa.e and re.ulting rf phase plot. 

are F .._ntri. Computed bucket area. are given. as functions of the parameters 

'YJ ' r iatr"ucecl ia MUBA-106. A criterion is f.mulated for the app.l1

eabUity of the adiabatic:: approximation in the u.eiJbborhoocl of the trauluaaenergy. 
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Symon and sesslerl have shown that the behavior of a. particle in an idealized 

accelerator can be described by a Hamiltonian function of the form 

(1) 

where 

(Z) 

..ft iathe harm.onic number 

v ,is the frequency ot tbe oacUlator 

V is the voltage acreaathe gap 

f!!JJ*. ilthe anplar coordinate in a cylindrical phase space rotating 
.at synchronous frequency 

(ft) .~. the frequency of revolution of a particle at energy E. 

ODecanperfortn an addi~ionalcanonical ~an8tQtmation specified by the generating 

function 

(3) 

where kI~. v- ~ (t) 

(4) 

and WIi tsthe· synchronous value of W. 

1. MUM-l06 
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r'" .';t'be IlaIQUtonian is th$n rewritten as 

(5) 

Now expand.·. E(W) in a Taylor series about WS 

E(v) -t; + -( W-Jt f -1 -{ '/.1 *;'t I;"f! -: - - · 

From.. J:q•. (53) of MURA-106 we have near traneition 

(6) 

(7) 

(8) 

.(9) 

(10)� 
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(11) 

If .e intrOduce the variables 

*~\1.j= a (W-k4/ (IZ) 

4J: 11-..J1 (7* 
(13) 

T=aVt 
where 

(15) 

and make the abbreviations 

(16) 

C!7) 
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(18) 

C ( I) * "" .�~ -Hi- a ,. ..a. ~ ~ 1-1 :: -V II -= t 2j -7J"'.,. CIS f + r f 
(j (19) 

lI'_e we have /!Dlitt"'" te.-.... lndeJl'lndent of r aDd tP. We s•• that y aDd t:p 
are canonical variables after this change of scale, for 

(20) 

d. =H If;*)t = 
Or de}i Jt d7: (21) 

. Note the change in the definition of <p here from MURA-106# where 

j- * .ep =.11." . The coordinate of the reference point revolving in the accelerator 
It . . . 

at frequency ~ is {!; .: o. . From the equation of motion it can. be see... 

.that the reference point crosses the gap when V~ .,J, ,,~O and the . 

't01ta_ ~ decreasing. For a particle at the reference point# 

~ = -#': -= 0= /I~-he~ 
~A Q& ~~ 

For amallpoaitivevalues·ol ,11 e~ .wewant ~ to be positive. A 

* .particle wiih a cOfl;:flinat4t $ :> 0 arrives at the gap before the reference 
;i 01, ~ . , 
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particle. .In order for the voltage.te be positive at this· time# the reference 

parUcle must crp8s ttt, gap when the voltage is decreasing. If.we set 

ep # 7....), e* # f has the physical meaningtbat it is the phase of the 

,"Ita,e when the particlecrf>sses the gap. This c~ be clearly seen from the 

foUowiJ:'J.g. diagram. 

vt 

r- we can now iIlv••tipte the properties of frequency modulated buckets near 

tran81t1on. 

The coaditionfor a fixed point Is 

ac :: oC =- 0 
o'f O~ (,23) 

By difterentiating;Eq•.(1.8) we find thattbe values.of e:t> and y at the fixed 

points are 

SI
• n -I r / 

(24) 

From Eqs. (6)# (12)# (14)# (16)# -and (17). together with 
r-. 



.. eu. see that th&<valu.e of y .t the fbce<l point 18 just y•• 

By expandirlg~. (18) in a Taylor series about the f~otl point., we CAll 

dewratae the type of fiXed. poiat. If the Taylor series .has eU,-lcal form. the 

peiJlt is a stable f1xed'po~t. If the Taylor series has byp4trbolic form, itia~ 

uDal.h.J.e fixed. point. It caathus be seen that the uutable fixed po1nt 1s in. a. 

see'" ttuaclrant belowU.ansition and int".first qlIadrant abovetranaitlOn. The 

fix_poUlt_ are.p~as.a fuJtlction of r-' .in Fig. 1. 

S\1bstit,uUonof the\UlBtable f:hc:eci points in &t. (11) lives the fo1lowiDg 

,val.8 of C on the separatr1ces. 

C 2 COS ~IA + r ~M - iIi .,.,Y,. above transi.t1on(a'l) 

c :: ees <:P1.\ + r ~IA + ~ fi '1~ b&low transWol1 (18) 

where <Pu 18 the value,ctf Ql at the uutable fixed point. 

1'be properties" tbese, frequency·mGCiulatecl buckets near transltiorl hilve 

be....xa.ined. by meau. of ct1gital computer, atud,ie., Ulima the TTT proa;ram. 

TlUa ~.am computes the energy !ncre_elit pined by tbe particle each time it 

cr•••• a Jap. 

(ll) 

wber. ;eN i.~" time_ arrival of the particle at the jth oscillator OIl the .th 

revoluU_aIld <fJ jN ls"~.""" of,the jth ,.scUlatw at the momemwl1lnl,the 

'r: parUclepasse.a the pp _the xqth revolut,lcm. 

7� 



'.l'lle_aphs 01 tu buckets 1rereobtainecl by us1ag. two pps, oae fNlCi.J].U., 

.8t","..u.JJ,.1t~.colUltaat tr..ency and a mazimWll.voltage Yo aDd.tQ ~..JlGt 

oacUl.t." but with a e..taatvoUage of-I"" Vo• Inthi.s way we can obtaJaJ!"flpIuJ 

cd' .....tq bucket in a fixed coordinate systelll~ Tb.Us can be seel1,by cUU..-,nUating 

,Eq,. (I)JJ1~respect. to ~~ 

• 

In &1l aecelerat.. withtwocapa as described above, .tU iIlcrease in energy per 

df a fV S\f\.fe..- f r V 
d~(31) 

rJJJj= Vsln.fQ-rV=Vsi~~- Ws
d~ . . ,~ 

Thua .t.f~ • G{I , the.ou.cm of the paTticles in a fixed c~rdiDate ayatem ia 

~ acce1eratorwith two."'., ~e with.coutant freflUency and the other Don~ . 

oac~~, 18 equivalent to.tbe motion. of part1clesln a coordJDate a"s1em ••.tng 

w1tb a ra. We in an accelerator with one lrequeacymoclulated gap of the $aBle 

voltap with WS" r V .. 
we baveobtainecl ...apha for buckets with a r of. 5, but the f'ol.lowJ;ag 

.cUacuas10n ·is appUcab!e to buckets with 0 ~ ,... < , . 
.,. tar.. values of YJ there exist sepuate buckets ahewe a.JUl b4810w .the 

tra"'8it~ eaer. as shown.in Fig. Zfor r' :II. 5. 
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.. 

n... buck.eis correspond to VI s > 0 One should note that theset..... 

bue~c1onot exist in a real accelerator at the same tillle however. Below 

trauWOD V~ 0 when W$ » 0 ~ but above transition, }) <0 
whell Ws> 0 If WS <0 ' then these buckets ·would be l"e

flectefl a.bout the poj$ ( W== ws' ep •0) as in Fig. 3. In an accelerater 

thea: GQ CIt the buckets in Fig. 2 would be renected about the point (W == W " cp =O}.8 

U v» 0 ~ the bucket with E,.) f is r~~cted and both buckets move 
t 

tewa.rd. transition. If Y<0 t~~ bucket With E s <E1;iS reflected 
, 

and. b4tth buckets move away from transition• 

.There 18 a value .of 1]:: YJ C ( r ) for which the two values of e 

bec.....qual and the separate bucketsmer,e, as shown in Fig. 4 for r ==.5. na may be fOUDd by setting the values of C in .Ects. (%7) and (Z8) equal to 

each "1" and solving p-aph1caUy fOr 1] . A better method is to consider only . 

one of the buekets" either above or belowtransitlon" and solve Eq. (19) for the 

vahtetI. II( y wl\el'e ep II 'PS . where £:Ps i8 the val1Ie of ~ at the stable 

fixed peNnt. Note thatiD a cubic equation of the form 

x .,.,. fJ,X t b· 0 
b'2.. a. '3 

if --..,. - <: 0 there will be .thl"ee real ~ unequal roots
't . ~,,,1. 3 

there will be three real roots of which two at leastif-r:r+~=O 
are equal. The latter case corresponds to 1j-"'!JIp.l'/c . 

Accordingly we cOlUllder the bucket above transition. Using Eqs. (19) and J: 

'" CO S CfIA + t'tp~ _~fi~Jf. 
9 



By reU'rangtngterms anti making the sub8titntians 

(34) 

(35) 

we get 

'U 3_ '''1'4 + l~COS\~S +' r(~ ~s-7r+ ~fi"1 ~ =0 
~JJ (36) 

r-. At 7Js71t 

(~t+ (t;l= 0= nc~ V~ {i (~~; ~r r ~ fiCAJS £f'sl 

-1-3' C 4S"1 ~S T Gl r'('~ f<s - '1ft+'3(, r (:;~; '1() cos lPs 

(37) 
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EqUiveJent results would have been obUiined if we had c<malclered the bucket 

be~Wp.slt1on.. _Thevalu.e of 11" is plotted as atunctionof'" in Fig. 5. 

For 0< 1]<'7c ' the phase plot is Similar to thecmeshown 

in. Fia. '.Belowtransitlon the part1cles in buckets execute osc1Uati.QJJ.s in plulse 

space ina cGUllterclockwise direction. Al»ve transition they oscillate ina clock

wiN cijr~tj.on..o For Y1: 0 , the pbase plot obta1n$4 from. the digital computer 

is as shown in Fig. 7•.; There Isa small discrepancy here between digitalc()m

pqter relJlUts and the for~going analytical treatment in that, whereas no buckets 

.••re predicted in the phase plot at '1 ~ 0 # small buckets werefowul toeJUst 

iacUlital computations at 'YJ ::::. 0 , evenfor r = 0 ' I, e., (static buckets. 

The diserepancy can perhaps be attributed to the fact that in the analytical treat... 

meJlt# the energy. gained by the particle ~ it passes the gap is assumed to OCCUT 

eCNltiJW.4tusly. as it travels around the orbit. IIlvestigations were made cmthe 

cUaital cQJDputer for 1) <0 at r= 0 and r =.o 5.· It was foumi. that 

8lD8U I:tuckets continued to exist for both r= 0 and r =. 5 from 0 <'Y) <-. 04. 

For '( <. -.0' there were no buckets, as predicted by the analytical treat

ment. In Fta. 8 a graph 1s shown for the case Yl:. - ,) r =. 6- , 

The area 0( of the buckets in ~. ep..un1ts as a function of'Y) aM rr 
has been measured by the TTT program. The area in 'v-j-t!7 units is then given 

by the following formula 

(38) 

where a is defu.edinEq. (1,5). and the function 0< ('1 )r) , the area in 

y-ep .units is plotted ;a.&a1nst Y'l for various values of r in Fig. 9. 
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The frequency of phase osc1llation maybe found by expanding the 

Ba~ltoaianaboutthe stable fixed point and comparing,the resultant form 

with·th.t· HIUniltonian for a harmonic oscillator. The··Hamiltonian expanded 

about theatable fixed· point is 
, 

(39) 

The HamUtonJan for a harmc:mic oscillator is 

(40) 

aud the frequency of a harmonic oscillator is 

(41) 

In comparison.the frequency, of phase oscillatiOl'1 in T units for small buckets is 

(4Z) 

• the frequency of phase oscillation in t: units 1s 

(43) 

where a is defined by Eq.(15) 

The phase plots of .frequency-modulated buckets do not represent the 

('" motion of the particles unless the parameters 1) r change slowly in com

parisonwith·the frequency of phase oscillat.ion. One can perhaps consicler a 

lZ 
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plott .".lLwcltet at a partieular value of fl' mea:ntncfulif.U. time refllili"ed.f.

a phaQ..-cJUaUOllat that YJ is equal toorgr~ater than the time r~uired to 

aeee1er'- the bucket from that point to tr....1UCRl. B,. ...tillg these two t1mea 

we e... determiJ\e a value of YJ::: 17" 'Which 'We consider to be the clivilili.. 

betw'.atbe acliabatic aJUlthe sudden regions. That 1a, if YJ,). >Y)d ' the 

partie1e behavea adiabatically with respect to the- pha,seplots. If YJ <~ '7~ ' 
tile tr....itton to YJ := 0 can be regardoci as sudden. 

For a particle near traasition, the time requiTed for acceleratloa.to 

tl"ault1o.a 1s 

t ~W ,or'= r;v 
where 7. 'is 11veD, b,.Eq. (%$): 

(45) 

The aqual"e of the time req,uired for one pha....cWation is, from Eq. ("Z) 

re-: - 'f 1C "J,.. 

'P - II-"~f'i." ("') 

EqUatin. the tim.es in Eqa.(45) and ("6), we find. 

(4'7) 

is plotted a,ainst r in Fig. 10. By compariq,Flg. 10 

(". with Fil. 51 we see for example that. the concept of a critical value Y] e at 

wlUehihebuekets chanle tbflir character bas a ~.lcal_ea.iDl,only if r < ~.l. 

13� 
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.. Phase Plane at Transition - Moving Buckets 
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Phase Plane at T~alUl1t1on - Moving Buckets 
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Phase Pian. at Transition - Moving Buckets 
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