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ABSTRACT

The modification of the single pérticle theory of particles subject to radio

| frequency acceleration caused by electrostatic repulsion between particles is

| calculatéd. | Wifh tt.xe} aid of an appropriate Hamiltonian the Boltzmann Equation

. is vreducédx_to a one-dirnenaional integral equation for the case of a uniform particle
“density malumted regioh of phase épace. For geometries typical of large scale

‘accelerators opérating below the transition energy this equation is approximated

by an algebraic equation; and thus solved analytically. Computations are given of

the "longitudinal space charge limit, " as well as the effect of space charge on the -

azimuthal bunching of a beam by an accelerating cavity. Numerical examples of
thése two effects are given for‘ parameters typical of a 15 Bev symmetric radial

sector fixed field accelerator, where the effects are found to be small.

*Research supported in part by the Atomic Energy Commission, Contract No. |
AEC AT(11-1) 384.
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1. INTRODUCTION

If a large number of particles are accumulatéd in a particle accelerator, then
it is well known that the electrostatic and magnetic forces between the particles can
have an important effect on the trajectories of particles. In particular the betatron
Qscil'lation frequencies will be modified in either a weak focusing1 or a strong
ft::cusing2 accelerator, leading to a limit on the number of particles which can be
‘accommodated in the accelerator. This effect will be referred tb as the "transverse"
space charge limit. It is the pﬁrpose of this paper to discuss the ''longitudinal”
space charge' effect, namely the effect of space charge on the azimuthal d'istribution-
of particles in an accelerator as differentiated from the mOdifications space charge
imposes upon fhe radial and axial motion of particles. The azimuthal pos:ﬁ_:ion of

particles becomes important when the particles are under the influence of radio

—

3

frequency accelerating cavities such that phase stability® is an important considera-

tion. The electrostatic repulsion between particles which dominates at low energies,

4 {0 a decrease of phase oscillation frequency which for

leads in. most accelerators
sufﬁciently’ numerous pa_rt‘iclzles will cause a lack of phase stability and hence la
longitudinal space charge limit.

In Section II the problem is stated rather generally with the aid of the Hamilton‘-

ijan formulation® 6

of the‘acceleration process. With the approximation that particle
densgity is uniform in a limited region of phase space, the Boltzmann Equation is re-
duced to an integral equation for the particle density as a function of azimuth. This

equation rhay be simply interpreted physically, and furthermore may be approximately

reduced to an algebraic equation.
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f\ In Section III general results for the longitudinal space charge limit are derived,
and expressed in convenient graphical form. A numerical example is given which
shows that for a particular.15 Bev symmetric radial sector fixed fiéld accelerator
the longitudinal space charge limit is unimportant in oomparison with the transverse
spac: charge limit. In Section IV the effect of _sﬁace charge 6n fhe bunching_ of
pariicles in azimu_th is investigated for the situation in which the number of part;cles

is far less than the longitudinal space charge limit, but the electrostatic repulsion

still affects the azimuthal bunching. By in:ludirg the tré,nsverse space charge limit,

a voltage modulation program is derived that allows the }maximum accelerating voltage
consistent with a given amount of acceler;ated chafge. A numeritgfiexample is given
for the same accelerator discussed in Secfi_on III, and it is again foun_ that for the

e contemplated parameters the space charge effect is only a small correction.

II. GENERAL FORMULATION '

a, Statement of the Problem

We consider aﬁ assembly of particles of charge £ ,rest energy £, = M C'a')

with some spatial denéity di;catribution in codrdinates R , & , £ . Since we ignore
- both the coupling between betatron and synchrotron oscillations and the influence of o
synchrotron oscillations upon radius, only the distribution i &~ is relevant, 8 we |
assume that a stationary density distribﬁtion is possible in the presenée of space
charge forces, and we look for such a distribution. For present purposes é. density
distribution is stationary in & 1if to a sequence of observations repeated at the
synchronous paiticle frequency -’Fs it appears stét:’-.onary. This is efquivaieni: to

f\describing it as stationary in the rotating cocrdinate system of frequency -Fs used’

3
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m in Reference 5. Within the density distribution the particlés must individually
execute phase oscillations in such a manner as to preserve the distribution in density.
Par.ticle acceleration may result from particle transit across a gap through a
time varying potential difference \/MZ»')T Ft . Successive gap transits in
general occur at different phases So , except for éynchronous particles of frequency
Fs =/ A , A, being an integer which we call the harmonic number. If £ is
a function of time, synchronous particles must cross the gap at some phase ?_f
different from zero s;1ch that their synchronoué energy gain per revolution @ VM?S
maintains them at synchronous frequency; other particl_es osciliate in phase and
frequency about the synchronous values.
In order to write a differential equation for rate of change of particle energy,
7\ it is convenient to resolve the gap field into a superposition of travelling_waves and
neglect all components of frequency different from f which contribute nothing on
the average; this procedure is simply the replacement of energy jumps by the con-
tinuous function with the same integral, and gap transit phase is then replaced by
travelling wave phase. At azimuth G (positive in the sense of particle revolution)
the wave phasg at {= @ in the laboratory system, and at any time in the rotating
coordinate system, is ? = ﬁ G , since there are ﬁw wavelengths in the cir-
cumference. The corresponding instantaneous rate of energy gain from the wave
is 2 Vi @ per revolution.
To include in the equation of motion the effect on each particle of the electric
field due to the other particles we write & ( 9') as the instantaneous space charge
~ e‘lgctric field; alternatively we may write E (?/ ‘?) . § 5 is taken as positive
in the sense of decreasing &- , it removes energy from a particle at the rate

2T Re 6 per revolution, and the net rate of energy gain per turn becomes
_ 4 _

T TT—
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& éi.%:— = 2«v/44.:~1 f — 2T R. e/é‘; . Following Symon and Sessler® we define

. the new variable

- S &ﬁﬁ | @

where ;—f E) is the frequency of a particle of energy £ , in terms of which

- tf= g5z,
/&:&VMywlﬁHég/ (2)

The description of the motion is completed by the equation giving the time rate of

change of phase of a non~-synchronous particle of frequency .FF differing slightly

g4 »j% = lﬂiff' £)

from s namely by

(3)
The variables 4~ and jﬁ so defined are canonical since these two equations are

derlvable from the time dependent Hamiltonian

)
which differs from the corresponding single particle Hamiitonian without space
charge only in the addition of the term containing the space charge potential U(S"/[Z)
(It of course remains to be shown that the assumed stationary distribution actually
exists in the presence of this potential.)

It turns out that a canonical transformation to new variables \r\/ 5 f defined

m by the equations
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¥=¥,

(5)

leads to a separation of the Hamiltonian into time dependent and time independent

parts. This is discussed in detail, with certain differences in notation, in Reference 5.

- One may readily see that the result is, ignoring the arbitrary time functions that have

h

A8 bearing 8n the equations of motion,

H (W, ¢,t) =-2n$ (Wres Y42 E (Wrag)te Ve g 4= 3’”5-1( Vh)

Since W is a periodic function, the monotonic part of the increase in «“~ with

acceleration being contained in the 4”¢ defined for the synchronous particle, we

expand E ( W-l'»w",'s) about 4% , and obtain
| . +(4E [d*E N\ |2
E(Wr)= Es (35, Wk T W

=L+ W th L—S— j—i;j]s w

&
~—

The first term £ ¢« and the term lT[SLA}g do not contain W/ and may be neglected,

while the 217 -S- W and the -—rn’A 'S:S W cancel, leaving

H (\,1/} f):‘ 77/, (-y— % Wz-rb\/mf +4f53ff—-l‘ML U_,/.j%ﬁd(é)
S

as the Hamiltonian for a single particle subject to space charge forces.
This is time independent, irrespective of the rate of energy gain defined by
| ,u:f”s , if the coefficients (-? j—g-)s s V , and 4:).’5‘ are constant and the function
“’T ‘/gﬁ/’&) remains unaltered during acqeleration. This last is obviously impossible

6
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ﬁrith given total charge unless the radius remains constant; but in practical cases,
especially if the magnetic field index A is large, R may be nearly enough con-
stant. Even if all coefficients and U ;vary, the phase motion may be derived from
this Hamiltonian if the variations are not too rapid.

~ The potential v {Gj involves an integral over the charge distribution; it may

_be written

K 99))\ &)de

in whicn /\ is the charge denmty per unit length written as a funct1on of azimuth,

(7

The quantity K is a dirnensionless kernel, which must take into account the influence

of éuch important effects as electric shielding by the acceleratof vacuum tank.‘ Since>§ is
itself dependen;c upon the phase motion of the remaining particles, we look for a self-
conéistent solution.

b. Boltzmann Equation and Integral Equation

We have derived a Hamiltonian which defines time independent trajectories

in W-‘f( space if the potential function U is time independent, i.e., if the assumed
stationary chafge distribution exists. Let the corresponding density distribution in
phase be 7(»’ ( WJ 5/;> , which if stationary satisfies the reduced Boltzmann
Equation;

2w j" , | | (8)
We may ask, for example, whether this quation is satisfied by the distribution
}"'I' = const within the fegion bounded by \V :M./b (f) and zero outside. (Actual

density is determined by the particle injector since the system is Liouvillian in

7
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(\ \,\/.ﬁ -, space and density is consequently a constant of the motion. Uniform
density is probably not too far from correct for most contemplated injectors. )

This case may be represented by

P, )= oS (1Wl= W),

in which £ ¢ isa constént equal to the charge density in W—» g' space, and G

(9)

is a step function which is unity for negative argument and zero otherwise. Use of

this in Eq. (8) gives

5(\/\/«- W},)W - X(W"Wb) OLWE fﬁ ¢

from which, since W and jﬂ are canonical variables,
~ | y _2H _ 2H 4 Wb] _ o
5(w-wa) |- 3¢~ aw A3

‘This equation is identically satisfied for W# Vb ; and for W;; Wb we must

(10)

equate the second factor to zero., I integrates immediately to give

H (Wb.)f) — const (11)

as the equation for the boundary curve, which is not trivial since it is only valid
for the boundary curve Wb and not for all values of |A/

Although our subsequent discussion will be limited to the case of uniform
charge density within the phase boundary, it‘ is interesting to note in passing that
Eq. (8) may be written

grad %‘, Y =
rm | (12)

in which 1{‘ is the phase velocity vector directed alorig,e phase trajectory. It

8
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{\ follows that any density function % with zero gradient along trajectories and

arbitrary variation perpendicular to trajectories leads to the required stationary
solution.
For the uniform distribution we have, since we are neglecting the influence

of phase oscillations upon coordinates other than © and the equivalent @ , the
. -

relation
MHdL = B dg=3re W ds,
(13)
in which we have used the fact that \(\/.—.—, M / @) is symmetric in W . This is
valid unless £ is near the transition energy. The boundary curve is therefore

described by the integral equation obtained by putting the expression (6) for the

~ Hamiltonian and the relation (13) together with the potential integral (7) into Eq. (11),

namely by

1 (5460, W T i K () Vg g = o

(14)
This equation is the condition for a stationary density distribution given an
initially uniform vdistribution within the bouﬁdary. The potential determined as a
function of Cf by the values of | Wh obtained from this equation may then be
used in the ﬁamiltoniém (6) to derive the self-consistent equations of motion for the
particles in the many particle system under consideration. The integral with values
of \'\/b substituted becomes a function of S( independent of the particular trajectory,

>y o
and the W term alone determines g along any trajectory inside of the boundary.
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Since in the present paper we shall be concerned solely with the total charge

' within the boundary we shall drop the subscript, it being understood hereafter that

\/v/ always refers to the value on the boundary curve.

c. Reduction to Algebraic Equation
We may observe that in a large accelerator K (93 & /) will be essentially
zero for l@'—— 28 ,-'9 90 since the accelerator vacuum tank shields the contribu-

tion of charges separated in angie by
. / @
e el R

where G is the vertical gap of the vacuum tank. Except near the ends of a bunch
of particles localized in azimuth by the ac'celerating cavity, the variation of charge
deﬁsity within an angle G’/ R is negligible. Since the ends are¢ of order 5"/ R

and also negligible compared to the extent of a bunch, for anything except operation
on a harmonic of order %, 7 TFR/ G— We may neglect the ends and consequently

W
the dependence of W (9/) on © in the integral in Eq. (14). Formally:

SK 567y W ie)lde = W) \K (68)de” +

and we keep only the first term in the expansion.

Now the integral of the kernel in the first term on the RHS of Eq. (15) is
simply proportional to the potential at an angle [ due to a uniform tube of charge.
We may ignore the curvature of the tube since the turning is negligible in an angle
of the order of 6’/ R , and replace the pfoblem by the linear two-dimensional

10
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~

"\ problem of finding the potential in the center of a uniform tube of charge of infinite
- extent midway between two parallel conducting grounded plates. By replacing the

infinite set of image tubes with line charges this is solved in Appendix I where it is

shown that

. N / -~ 4 % 6/ J =
VK ode= [ valp % %]=0
where @ is the radius of the tube»of charge. |

We now obtain in place of the integral equation (Eq. (14), the algebraic equatipn:

WA Wt pseVon g - LR [ o

(17

.\ This may be written in the form

V/ (9‘/) + a lWl +»é- %f +cy — const.,

(18)

where:

tre g 4

YT TR F 4B,

4 =

oV
4 (52,

| o | | |
- C = e BN W |
" A kd*) | | (19)
~ m '?—7?'; . | 19

11
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A relativistic treatment would yield this same result with the quantity P\

: % _
in Eq. (19) replaced with Y R , where ¥ = .Ei_/g;-'-‘ °

III. LONGITUDINAL SPACE CHARGE LIMIT

In this section we first show that the approximate lineér relation between
potentiél and charge density leads very sﬁnply to an upper iim’it on the total charge,
We then return to the more general formulation, still restricting ourselves to a
range of parameters of most interest (e. g. to the non-relativistic limit where |
longitudinal space charge effects are largest), and develop relations for the space |
cha:ge limit as a function of acceblebratcr 'dimensions, rate of frequency modulation.
etc. |

The confinement of charge in a phase-stable region invblveéthe balénce of
the electrostatic repulsion between particles and the bunchmg effect of the acceleratmg
gap.- Evidently the maximum charge is contamed when there is neither phase motion
nor frequency modulation, i.e., when the particles are all moving syhchronously a:

' constant frequency. The problem is then merely one of static balance, the chiition-

for which is Eq. (2), with energy gain per turn set equal to zero. This, toge | “» with -

e

the value of 5 derived from linear charge density, gives

.e_V,«Wy + 27 Reél ’u =0 .

\/,Wja +lng A %l.:: z,

which immediately integrates to

Ve 1) — 1n(74A = 0

12
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/" in which the integration constant is ‘evaluated to make A_ =¢ at @Y= E3 71' .
(Strictly speaking, this charge is not bound in a pﬁase*stable region, and any
arbitrary constant density could be added; but we shall see later frqni the general
foxfmulation that the distribution specified is obté.ihéd fof phase-stable charge in
the limit of phase motion approaching zero.) Tofal charge in one bunch is then

merely the integral of /\ , L.e.,

g= LB
3 : ‘, @y
If at harmonic number % all phase'-st.able régions are filled , the maximumvtotal
-charge in the machine is & ::A Z,
To develop the general case, we first note that in the‘ nonmrelativistié limit
f\' and in the approximation that variations of R are negligibleﬂ. the qoefficient of W

in Eq. (17) is

w%Q}j—‘é—s = A

1T REn
and the coefficients in Eq. (18) cbps_equenuy have the values;
a= bR 0'4{;
b= Hw R.z"’“»*”—* V/'t(/
- H_WRL’WL' ,ﬂ‘}'s/ﬁ S

If we introduce the new variable g = W/, with

'KZ- - 1 _ B
A R*m ey 2 (22)
13
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m
Eq. (18) becomes

#» +J\_lg|+6¢f+ T’jﬂwcmt (23)

: _ in which

o oy
A=[3;W3,,é3¢3@/\/] re

l"== ”5,;-,,4<.-L'3 . aE
eV f (2

This form of equation is convenient for computation since the whole effect of
space charge is contained in the one parameter _/\_ , while the remaiiling
- parameter r ! contains the effect of frequency modulation. It must however be -

8 remembered that phase density U refers to \(\/ c.s" space; and in the transformation
to ry‘_ - variables phase density is altered by the factor »K-i , which is the function. :
of operating parameters defined by Eq. (22). For a given [1 and independent of
_/\_ , the stable regions of phase space will have maximum extent in 50 for
appropriate ahdce of the constant on the R. H. S. of Eq. (23). Let thé limits of 50 '

“be called ‘J, and gz . The maximum area F} in 9 ? space encompassed

by the stable region is given by solving Eq. (23) for y 50) and then integrating:

A, T)= 3#0’3

(25)

14
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-

f\ The total charge in the accelerator Q is then given by:

Q2o r)= £ATQ(0, 1)
K < ’ |
A (26)
sincé area in W--g) space is related to area in g - jﬁ spacé by the factor of K-”l.
In Fig. 1 we have plotted the quantity H /J\_ J P) as a function of J\. for
_.various r' . To use these curves one obtains (™ from the known properties
:of the injector; then calculates _/\_ ,' K , and r1 knox;ving the pi'Operties of
Uthe accelerator. Thé value of Q given by Eq. (26) and Fig. 1 is then the
longitudinal space charge limit.
In Figs. 2 and 3 we have plotted some of the parameters characterizing the
m _rh‘ax:lmum stable phase region as a function of J\_ and F .  The quantities
| 9, and ?,_ are the limits of the stable region and independent of _A_ , while
g,- Mo is the maximurﬁ value of y’ which occurs when jﬁ = ? &= ,4‘,;‘:‘,_} M.

The energy spread of the particles is given then by:

_ s AP
AE = < "O’Lna.,‘,( )

| 2 k.1, |
AE:EWRK [ peg ] @ s (A r’)

- (27)

" In the case that J\__ >‘> | we may obtain an approximate solution to
Eq. (23) without recourse to numerical integration, since the term in 'yl becomes

negligible compared to the linear term in % , and Eq. (23) becomes:

15
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Ayl enyg+Ng=D
| (28)

The constant > is determined by maximizing the azimuthal spread, i. e., by

solving
e f = 0, |
| (29)
to obtain P = a1 = W— ¢@s - Thus
D= lr-gs) + (7= %s),
(30)
and
4= ==t Ng-cn
, . N . | ' (31)
Now:

Al )= S[——cﬁges 11 - 9)- Mp—cop1d ¢
:J |

(A r) =2/ (rp)-aps) (pa-9) - L (P=¢)+

THs yields, using Eq. (26),

16
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K\Q__Q/an{l[r, 7\’5”5) Cﬂj&)@zﬁ”&) f_. ‘%_ jﬂ,).;_
| el Y — A*Wf:_

Q- IWH (T %)~ W.‘f’s>(9rﬁ”|)*/ 5@- f»)*‘:is;’:"“;f"]

_ VR i | >;“"
le—ﬂ:ﬂ B (r) (A1)

(34)
From Fig. 2 one can obtain &, {}' ¥ s for any particular [' . For

' convenience we have plotted the function B“ ) in Fig. 4. This then serves to

augment Fig. 1 for large values of ./\_. It is clear that

?4 o (A e -J[\:_ “Cmffé + 1 (n- fﬂ)"“ I ¢s —-zf,:a.;j'/fif

35)

o Ut = 4= CLPY L (4D

(36)

_ '/;_
Zt"'»\ E L 8;/:_3 »/4" e (;L ,’;, . c (I)J (J\_y«/ l)

(37)
and we have plotted ( ’) also in Fig. 4, thus augmenting Fig. 3 for large

("\ values of _../\_._ .

17
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If the cavity is unmodulated, P:‘; & y 8 - hl y Sﬂ, = O jﬂz_ =]

and Eq. (34) becomes:

gogm (A»1, T=e)

in agreement with the static computation given at the begirining of this section.

(38)

For a typical radial sector symmetric fixed field accelerator, K = 104 cm,

.K, =>10, A“,/; = 50 kev = 113 esu, ~~ =30em, <L =5cm;and Eq. (38)
yields Q =3.52x 104 esu, which corresponds to 7.3 x 1013 protons.- of
course for P:;b 0 and J\_ closer to zero this number will be reduced as can be seen
from Fig. 1. It should be noféd that in this case the transverse space charge limit
is more severe than the abdve limit., It should be noted also that the numerical

computation for any likely values of parameters (readily performed with the aid of

~ the curves here given) will in general lead to a space charge limit not more than an

m

order of magnitude smaller than the static upper limit of Eq. (38), assuming of

course that the entire phase stable region or bucket is full of particles.

IV. VOLTAGE MODULATION PROGRAM
In this section a program for the accelerating cavity voltage is derived,
which allows the maximum accelerating voltage consistent with a given amount of
accelerated charge. For the fixed field accelerator discusséd in the previous
section in order to accelerate the charge requisite for colliding beams, the initial
accelerating voltage'turns out to be rather low, but as will be shown here can
rapidly be amplitude modulated so that _in fact the effects of gas scattering are not

too serious.

18
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B

~where ﬁ::vyc« , Y= E, £, »and 2 U‘/ “ } is the permissible change

" the accelerating voltage cannot be too large, since the azimuthal bunching of the
~'beam causes the local density to exceed the restriction of Eq. (40). Longitudinal

~ “space charge effects of course allow a larger voltage than would be estimated ignoring

Taking AU = f/{+ , and evaluating Eq. (39) in the non-relativistic limit, we

-obtain:

Transverse space charge effects limit! the density of charge per unit length

in a beam to less than

3 z_ d i
e T AT ( *)
37 are R>

(39)

/

in the number of betatron wavelengths J/  in one circumference of the accelérator.

= e R* 271<e R*

(40)
For the cases we wish to study the accelerating voltage causes the accelerated

beam to bunch into a very small phase angle A 6’ . This, in fact, is the reason why

. their helpful effects. The total charge in the beam is given by

(41)

“where A g is the spread in phase of the charge in one bunch, . is the radius

o.fv the beam and/lL is a parameter expressing the distribution of charge in a bunch.

- If longitudinal space charge effects dominate, /4& = 2/3, whereas if the effects of

r\

longitudinal space charge can be neglected, /{, = VI’ .

19
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‘The radius of the beam @ will damp as the particles are accelerated so

‘that if we let @, be the radius at injection and (K i = )a be the kinetic energy

at injection, Eq. (41) becomes

Ap = :.G?,sz - -
Y a, ((E) (KE) _

(42)

The phase density -£({  is determined by the injector and injection

mechanism and may be related to the beam energy spread before an accelerating

voltage is turned on since ¢~ is a constant as the voltage is varied. Let & E

be the energy spread of the beam initially, and define P by £E=P ( KK & ),

Then AW = AE‘/ ‘Y’a , where ; o isthe frequency of the particle at injection,

.and

Q = 27 ?T(AW) (43)

or .
< A
T 2we? (K E),

4

(K ED | |
g'a - r‘:.'}f" R e -t\ < (44)

Now starting with Eq. (23) we may evaluate the constant on the R.H. S. in

terms of the phase spread A ? , and then solve for the'voltag'e \/ after having -

.related ?W » to f . This relation between y Hay and 5 is clearly:

~

7{61}5" R = ~:-*-C‘..« T#M)L
. K (45)

20
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A J

h “which usmg Eq. (44) becomes:

= I PKVad rE)"‘(KEV"
M = -Q-Q ;D .

whereas Eq. (23) becomes:

o (46)

]

s +Al;z)+mjo+ﬁg_m(5os+ %)+ " (¢, +..$€>

: (47)
| Evaluatihg Eq. (47) at _So:: gs s | y sgw ~we obtain
.
%4@*—"-'@@’-—‘“‘%1—9&—"?) ,
e (48)

which can now be solved for V after subst1tut1ng Eqs. (46) (42), (22.) (24) and

(e

Ve ) AR VM EELKES |
\/-»' éﬁ»') @,‘f%“’ (-m.ys)
lM g,/ﬁ p3 % KE,) (KE)
e? @, RH( ‘ﬂ—fs) (49)

‘As an example we evaluate this for R = 104cm, £ =10, G = 30cm,

a, =5em, U =4 @=1 [(KE),=K.E=5Me, P =.001,
/~ ( =160 esu, and finds that the second term which is the effect of longitudinal

| space charge is negligible, while V = 2 kilovolts. Because of the dependence *

21
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f\ of V on the kinetic energy, it is possible to increase \/ rapidly as a function -
of time, and thus avoid serious loss of beam due to gas scattering.

The authors are indebted to many members of the Midwestern Universities

" Research Association Technical Group for helpful discussions, ‘and in particular

they wish to thank Dr. Keith R. Symon who followed the development of the work

closely and made many helpful comments.
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f\ APPENDIX,
We wish to find the potential at the center of a uniforrh tubé of charge of
‘radius @ , placed midway between and parallel to two parallel conducting planes
separated by a distance (> , as indicated in Fig. 5. |
The problem of a similarly oriented line charge has been treated by Smyth, 10

who obtains for the potential (in electrostatic units):

Lk L = e T
VR T kg

where }' is the charge per unit length of the line charge If we let y = G/ + g-

(A1)

we obtam ,
| U - e TYe |
T~ 2% COQ'X/ Tr)‘/é" (A2)

We wish now to study the potential in the neighborhood of the tube of charge, so let

us expand the above expression for small values of 4 = 7|/ )c‘-f;/’ .

A7 - o, ]

lg 3" :.G'L

U oy U’; (- L tevy) - (T "‘“"")ﬂ '

2§
U = 5445

o~ Ux~1§—4?4+5’éﬂgi7fi:,
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7\ This diverges as ’¢, goes to zero, which is because we have replaced the tu_berof
charge of radius @& , with a line charge. For a tube of charge in free space the
potential is clearly:

Us= -2 idgt ,47a

(A4)

U-—_g[ +2£’o(7a,-l_( A L a
(A5)

Thus we can identify the effect of shielding in Eq. (A3), and replace the singular

first term with Eq. (A5) to obtain

~ U fL +:a.(’¢ya, IJ + 3§ Wé; ,AE

(A6)
Thus for A = o,
U@= § I +2 4 ,
(A7)
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E. M. McMillan, Phys. Rev. 68, 143 (1945)

This excludes gperation akevs the trangitisn sReTEy Whers the particle frequency
decreases with increasing particle energy. Here space charge repulsion leads

to increased phase stability. We will only consider operation below the transition
energy. _

K. R. Symon and A. M. Sessler, Proceedings of the CERN Symposium on High
Energy Accelerators and Pion Physics (CERN, Geneva, 1956) Vol. 1, 44,

A brief review of the results of Reference 5 is given in K. M. Terwilliger,
L. W. Jones, C. H. Pruett, Rev. Sci. Inst., 28 987 (1957).

K. R. Symon D. W. Kerst, L. W. Jones, L. J. Laslett, and K. M. Terw1111ger
Phys. Rev. 103, 1837 (1956) _

T. Ohkawa, Rev, Sci. Inst. 29, 108-(1958)

The range. of radii associated with the energy spread in synchrotron oscillations
may be ignored here both because we limit our discussion to accelerators in
which R is slowly varying function of energy and because it turns out that the
azimuthal space charge field has only a logarithmic dependence upon beam.
dimensions. :

A similar result has been derlved previously in connection w1th a se1m1-class1ca1 :
treatment of the density matrix for a many-Fermion problem.,
P. A. M. Dirac, Proc. Camb. Phil. Soc. 26, 376 (1930)

- Smythe, Static and Dynamic Electricity (McGraw-Hill, N. Y. 1950) p. 85
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Fig. 5.
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FIGURE CAPTIONS

The area H (A,. J f‘) of stable phase in /y- S& space as a function of
the parameter _/\_ which characterizes the effect of space charge, for
various values of the parameter P which characterizes the rate of

modulation of the oscillator.

The parameters characterizing the stable region of phase space, Sﬁ" and
f:_ which give the azimuthal extent of the region, and 95 which is the

stable angle, as a function of the modulation‘rate parameter P

The maximum half height of the stable region in phase space fy" . ( A ) I”)
as a function of the space charge parameter L , for various values of

the modulation rate parameter F

The functions which yield the longitudinal spaée charge limit (Eq. (34)), |
and the energy spread of particles (Eq. (37)) as a function of thé modulation

rate parameter, F for the case in which the charge density is high,

ie. ADY |

The coordinate sysfems to find the potential at the center of the Centraily
located beam of charge of radius &  , placed between two conducting

plahes separated by a distance G-
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