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ABSTRACT
 

Formulas are derived for the longitudinal and lateral momentum. kicks to
 
I 

which a particle is subjected upon crossin. an aceeleraljnl lap. The angle S 

bet..eeD..the particlets·trajeetory and the ax1s·of the accelerator tube is aaaumed 

to be amall .. IlIldterms of order Mper than the first in E,are nel1ecteclintbe 

j: 
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Consider an infini,tely loDl,rect~.tUbe~llt.)Iltwo by a narrowpp 

perpemUcular to the tube's'axis OZ(Fig. 1). A voltage V coswt'", c~t 1a 

plwJe and amplitude all along, the gap, is,u.......*-,M~a.ec1acroaalhe
 ... 
lips of the latter. A ~I' 'm~ 

, 

in the OXZPlane with a velocity V 

is croa.1Dg the plane of the gap at an angle e. , and at a point X
O

• It is ctesged 

to knowhow larle a momentum kick the elecu-omapetic field will apJJ:ly t().,the 

particle. The problem 18 of importance for the.desi.gn of particleacceJ.er-.tors. 

The solution is immediate if one assumes· the electric field to have a ; 

functionbehavio:r th:rougbout tbe tube, 1. e., to be of the form Vc>ll)Grlwr ttl' 
and if one neglects theetreets of the map.etic field. If Cf ·is·the pbaae of the 

volta.eatthe momenttlte particle crQ8sea the plane of the gap (1. e., thepJ.aae 

.Z :II ·O)~tbe momentum kick .turllS out to, be 

(1) 

'!'be electromapetic fie:ld1 however, does not follow the assumed 6- function 

behavior, ud penetrates onooth sides of the gap. The momentum kick will con­

8equently depend on the _iure of tbe particle's trajectory throughout the pp 

re__1. In many si~tioDs of practical interest, this· trajectory will be ,praetic~ 

1bI.ear. An accelerating,gap 1nthe straight section of an accelerator douput1 

w:here no focussing,mapetic fields are present, coutU'lltes an example of such a 

situation, provided.the gap voltage is not of sucb map1tud. U to ~t.rJaJJ"alte:r 

1.	 ».ta on the penetrat1onof the fields in the lap region can be found iAJovual of 
App11ecl~slcs,a, lZ1 1478 - 1483, 1957. 
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the partie!e's· trajectory. It w111 be explicitly ·usl1ll184. in the preseat analysis. 

tbattbe· trajectory poaseuea a linear portion. CE. beyOllCl ..b1ch~ gap region 

does not extendl. Tbe Dl~ Idck. can then be ~.sed as 
. .f: 8 

flt =J FtiC:f. FJK 
c. A 

This .... ROW proceed to compute. 

lrt the oxz plane. the electric and mapetic fields reduce to the foUowial 

1.components : 

(Z) 

where ~ = a Ib is the aspect ratio of the cross section. .and JI the frequency 

expressed. in units of cIa... the cut-off frequency of the tube. The upper and lower 

signs correspond.to positive and negative values ot Z respectively. 

The momentum kiek!s equal to 
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(5) 
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Ita explicit value can be calculated bysubst,itution of the expressions for Ex# E
Z# 

By. 'l'be resulting. formulas are extremely involved. We shall restrict olU'selves 

.to the situation where t. la a small angle, and compute the zero and .first oraer 

terms ;in Eq! (5) only. The fwmulas become much more tractable !ntbe. ctrcum­

stances. The lateral mODlentum kick# for instancel tu.rns out to be 

The physical interpretation of Pl is as follows. It is the momentum kick#, expressed. 

in UDitsof 1vIc, to which a paJ"ticle travellngparallel to the tube'saxisls sub­

jectedwhencrossinl.1n quadrature ( Cf :: ~ /1.). This .ero order compoaeo.t in t 

vanishes when the particle crosses in phase ( Cf :: 0), and the only source of lateral 

kick,. in those circumstancesl is the term i./l due to the obliquity of the trajectory. 

The e~pl1cit expressions for PI and Pz are as follows: 

(6)� 

(7)� 
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tor a point in the oxZ plane. 

.terms of the velocity of ~. 

There# ~ -= '% t8 the· velocttymeasured .ill i 
!

"! 
f-

The formula for the.loqitudina1m.omentum ldek 18 Obtained as 

There·the obliquity of.·the· trajectory introduces a quadrature kick p.. The 

(8) 

(9) 

Curves fOl" Pl# Pz# PSI P" are displayed ~- Figs. Z to 5 for a fairly wideranae 

of para.JD.eters. The various figures are drawn with identical' scales in order to 

facUitate quick eatimatesof the relative importance of the various kicks. Curves 

relative to aspect ratios larger than one refer to points in the OXZ pl..a.Q1 and. are 

drawn as a direct application of Eqs. (6) to (I). The lateral momentum kick 18 

parallel to the .X axis m.tbose conditions. Curves relative. to aspect ratios smaller 

than·one imply that the' 0 X Z plane is now parallel to the narrow wall of the tllbe # 

because a (b. Intbe parlance of Fig. 1# however# they can be hlterpreted as 

yielcliDl data on points in the 0 Y Z plane# and these data &l"e still ......sed by 

Eqs.(') .to($)# provid~ the roles of X and Y (aDd aaaoc.1ated quaatttiu) are 
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is introduced by neglecting PI' PZ' P4 will be illustrated in a sample calculation 

to be given shortly. 

The lateral kick due to the slanted character of the particle's trajectory is 

very often a nuisance, and~one might cone~ivably try to offset it, at least locally, 

by a counter-Idckobtamed by slanting the gap by an aqle i (Fig. 6). The total 

where f. is equal· to Z for m:l·O. to� 1 for other values of m, Curves for Ps 

"" are displayed in Fig. 7. 

~le palculation 

Consider an accelerator tube with dimensions a :I 1 m, b:l 0, I m. The cut­

off trt.uency c/2.a 1s 150,Jfcls. Assume the gap to be in a stra1&ht section, and 

z.� J.Van Bladel: Paper accepted for publication in "Nuclear Instruments." 
6 



the average radius of the machine to be 8m. 

ZC/3: Their frequency of rotation is "Mc/s. 

to the 5th harmoatc, the l\....1i' will be ZO Mc/s~ 

for the design parameter V , while 'C:=: 
pp at a phase angle Cf == 600

• Then: 

M:t1Jl4...tQ. 
Interl'lill 

Coas.iderpartieles with.veloeity 

Jl the acceleratj,ng,vol*qe is tuned 

yleld.ing a. value .2.0 Mtfs == 0.133
• .� IS'l> MCJs 

E 

~ 
C =10. Lettbe particles cross the i

I� 
1.� A particle crossing at X = Y == 0, and travel1nl parallel to theZ axis 

wU1 experience a longitudinal kick O. 75 q~ , and no lateral kick,� I, 
I
I 

Z.� Jl this particle travels in the 0 XZplane, but crosses at an angle 30, 
I 

the kicks are practically the same as in 1. l 
I 

3.� If this particle travels in the 0 Y Z plane, but crosses at an angle 30 , I 
its 10ngitudiDal kick will remain as in 1, and a sizable side kick 

o. 036 tf~ , i. e., •• 8~ of the longitudinal kic~will appear• 

. If one corusiders a particle in the OXZ plane, but crossing at X == a/., the 

results would be practically the same as in .Z. For a particle in the 0 YZ plaLne, 

however, crossing at Y == b/4, the results are somewhat different: 

1.� If this particle travels parallel to the Z axis, the longitudinal kick w1ll 

be 0.75 1Vk, , the lateral kick -0.103 q~ . 

Z.� If this particle crosses at an angle 30, the longitudinalldck is reducecl to 

O. 735 qV/c. ' the lateral kick increased to. -0.140 f 'fc. . 
The 0- function approximation'would have·predicted a longitudinal kick 

o. 75 fV/ in both situations, and no lat.eral kick.Ie 

7� 
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LIST OF CAPTIONS 
I 

Rectangular duct ami parameters of the particle's trajectory. 

Plot of P1 as a function of frequ.ency for two Val~es of the particle's 

velocity, and a point halfway between the main axis .and.the wall 

. (X = a/4., Y =0 fot' ~ > 1; X = 0, Y = b/4for ~ (. 1). Thethree 

curves re1ativeto each velocity corrspond to (readJng from the upper­

most) aspect ratios of 2, .. 1, and O. For 'l: = 5 and above, the tkk 

is too small to be clearly plotted onthe figure. It will·be noticed fl'om 

Eq.(6) that PI vanishes at the velocity of 11ght• . 
Plot of PZ as a function of frequency for three values of the particle". 

velocity. The four curves relative to each velocity correspond to (starting 

from the upperm.ost at low freCl\1encles) aspect ratios of 2, 1, lIz. and O. 

For, ~ = 5 and above the kick is too small to be accurately plotted. on 

the figure. Co~idered are: (a) a point on the main axis (X.= Y = 0), (b) a 

point ha~way between the main axis and the walL(X =a/4, Y =0 for ~ > 1; 

X =0, Y =b/4. tor ~< 1). 

Plot of Ps as a function of frequency for three values of the particle's 

velocity. The six curves relative to 2c /S and c /3 corresp0D4to(reading 

from the uppermost) aspect ratios d Z5, 5, Z, 1, l/Z and O. Considered 

are: (a) a point on the main axis (X =Y =0), (b) a point haltwq between 

the main axis and the wall (X = a/4, Y = 0 for 'C> 1; X = 0, y.= b/4:- for,?:< 1). 

Plot of p4. as a function of frequency for three values of the particle's 

velocity, and a point halfway between the main axis and the wall (X =a/., 

y = 0 for 'L;> 1; X =0, Y = b/. for ~< 1). The four curves relative to 

8 
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each ve~ity cO)."respond to (atart1Dg.from the uppermost at loW' frequencies) 

aspect ratios 01 2, 1, 112 and O.For r III land above, the kick is too 

small to be accurately plotted. OD.-.thefigure. 

F!I•. 6. ~ctangul.ar duct lrith slanted gap. 

FiJ. 7. .Plot of Ps as. a function of frequency fo~ three values of the particle's 

velocity. ~. five curves relative to each velocity correspoacl to (readinl 

from tke 1qlpermost) aspect ratios of 25, 5.. Z, 1 and O. Cc.Ju1dered are: 

. (a) a point on.the main axis (Xa Y II: 0), (b) a point halfway beqreen the main 

axis and the .all(X II: a/', Y. 0 for "'C) 1;X:I 0, y:I b/.f:for 't c:. 1). 
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