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1 INTRODUCTION0 

This report describes a preliminary investigation of particle orbits in FFAG 

fields which do not possess median plane symmetry. ~l'?rhe' impetus for this investi ­
~} ­

,oJ .•- ... 
gation was the realization that many of the difficult problems of the Ohkawa two­

way accelerator!' 2 are related to its large circumference factor. The two-way 

accelerator derives its guide field from the difference in vertical f'reld between 

positive and negative magnets along a "acal.Ioped II equilibrium orbit. If radial 

fields on the median plane are added, they 'give 'rise 'to"'~dditionai ve~tical-fields off 

the median plane and to additional equilibrium orbit scalloping off that plane. The 
,-~, ~' 

average vertical field on the equilibrium orbit can be increased in this way without 
4l 

increasing the magnitude of the fie ld, so that the circumference 'factor is lowered. 

Such fields have; of course complications over more symmetric fields; perhaps 

the most notable being the existence of twice as many essential resonances. 

The success of such an idea rests ultimately on the question of orbit stability. 

In the present report we treat only the linear problem in scaling radial sector 

accelerators" The one-way spiral sector accelerator is not in need of much help 

in the matter of circumference factor. In a two-way accelerator spiral sectors are 

not the striking refinement they are in the one-way case, for by the nature of the 

two-way accelerator the negative magnets cannot be eliminated. Spiral sectors do 

aid vertical focusing in the two-way accelerator I but at the expense of greater 

complication in magnet construction. 

It should be noted that a special case of a one-way spiral sector accelerator 

has been treated by Ohkawa3, The treatment of fields in the present mvestigatton, 

in particular the splitting of the median plane field into vertical and radial parts , 

derives from hrs work. 
2 
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The conclusion drawn from this work 18 somewhat negative. It appears that 

the gain in the circumference factor of the two-way accelerator 1S achieved at the 

expense of the already weak vertical focusing. It is planned to extend this work 

to the non-scaling case in the hope that some amel.ioration of this difficulty can be 

found. 

II.. FIELDS AND POTENTIALS 

Things begin in a conventional manner. The field components in cylindrical 

coor-dinates (r , 9~ z) lire expandable in powers of z l r. Thus 

.-J ~u 

,i".d.(r KIA-I ( 

.. - I- ~' ) £ 
0 ........ " 0
13/. 

'J ' 
I'vlJ" x(r ) ~.~ e te 

11.-'
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'-:) 
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\1'\ I<
"­

The coefficient is negative (Bo '/ 0) because a downward field is required 

to bend positively charged particles around, a circle in the increasing 9 dir-ectton, 

The relevant Maxwe11's equations V" Ji :::" r give 

relations between the coefficients of (201;. Here (and throughout) total derivatives 

with respect to 9 are denoted by primes. 

I
Z_-.:I -.. )1'1/ e»-1+1.~ 

=: /~--Yr1) l~
(/}y1+) /\ ~J 

R~(1<..+' - ) 8 l 

e I + I ~ +-) l w+ I = 0 
11--f (2.2)'({+I- ) R~ I­
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Two symmetries are evident from (2.2). Rand 9 of even (odd) marem rn >: 

related only to Rn and Sn . jf even (odd) nand t.; Z of odd (even) po Further, 
, p 

R even (odd) in 9 is equivalent to Zm _ 1 even (odd) and to em odd (even)in 9.m 

Because of the first symmetry, the field can be split into two parts which 

satisfy respectively on the median plane (z =0) the conditions 

and 

B =0 (In.z 

Fields of type I are determined everywhere (barring convergence diff'icultfes) 

by specification of B on the median plane, while fields of type IIare determined z 

everywhere by specification of B on the median plane, except for azimuthal fieldsr 

which are independent of 9. * Such fields are not governed by the Maxwellian 

restrictions (2.2). They are not of much interest in the present wor-k, which is 

directed toward two-way accelerators. 

Since only fields periodic in 9 are of interest, the coefficients of (2. 1} can 

be expanded in Fourier series. 

S')1-I!l1 t.'1JKm ~ 
J1 ' -i;D 

4,r' 

G Yh 

£:11L~-:.,:::- ~~l~ (2. 3)
,: •• 1 
~ . - .~ 

s- C: )1)lW\ -:- r ~l: '}1 

.~\ 

where 

fnB 
e e 

I, (2.4) 

*1 am indebted to DrG LG C. Teng for calling this exception to my atterrtion, 
4 
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For fields of type I a little manipulation gives the recursion relations 

I' [111:.( »1).£1 .....J '»1 1 -nJ~+2J ~.=. (141+1)( ")tt#o~) 

i-m -:f')WJ""= '1-t1 1-J5.'?'t'I+ J 11 (2. 5) 

In S "WI} ,= 
~+I/~+1)1'I 

which show by repeated application that all the fields of type I can be expressed 

in terms of the S OJ 11 • 

For fields of type II J 

I 

I 

= >H)'")'WJ) 11 nf -"W1 (2. 6) 

..... 
I r~l. (;f.rl- ltIt ] S"" , 

:5'111 i- / I ')1 - ( 1-t1 +- ~+-I- \ltd 

so that all "ields of type II (except ...or those of the f~rm -r;~o )can be exprv.ased 

in terms of the 5" 0)11 • 

B can be derived from a vector potential 1\ which is of direct interest be­

cause it appears in the Lagrangian. The vector potential components can be 

expanded in a manner quite analogous to the. field expansion above. That is) we 

define 

5
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(2. 7) 

The potential components are related to the field components (from 

by 

B = D ,l( A v ) 

(k ' j ~I ~)J1) 11 J - Z'~.. ' r: H ,v..~ '= "",­ ''t'i1-I.11 l ' 
.~1-11 il 

while from 'j" t\; C.) 

f : ~. 

From (2. 8) and (2. 9) recursion relations can be derived: 

(2.9) 
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The r. h. s. of the third of Eqs. (2~ Ie) is lie.j.tically zer-o, ::'r~m the ;:';.. :,:ond 

of Eqs. (2. 2). 

We choose a pauge such that 

:0 

.,,' 
,)/ ?1 

(~.11a) 

Then from (2" 10~ or ,from (2.8) and (2. 9":J 

fr ~ I"j} 

f.)1 -!o '; (2. iis) 

;:t ::. - i l'} :f0 11.4. 1-~ 

"} ~- -t.(l .L '( (2. l1c) 

J..(kt<J) 

~'Ift, f ,: 'J"-.~! >,( .• ' .) I, 

- '-,
(-Ie 1-1) J 

.~' (2. lId) 

\, 
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III. EQUATIONS OF MOTION
 

The equations of motion of a charged particle of momentum p in a static 

magnetic field are derivable from the Lagrangian 

_, 0< [xIIII'" f ( IH) Ar;.1 ,j' ii" ) J, 
r~J:;a j (3.1) 

where the relative deviations x and y from a circle of radius r in the median 
o 

plane are defined by 

(3. 2) 

and 

~ ­
(3. 3) 

is the parameter first introduced by Ohkawa1 • 0<... is a measure of the circle 

about which the motion is expanded. It can have either sign; negative values of 0'. 

correspond to e.£C/p < c . A change of sign of eX. describes a particle 

of opposite sign in the same field, a particle of the same charge in a field of 

opposite sign or a particle of the same charge in the same field circulating in the 

opposite sense of rotation. * 
Different circles of expansion r 0 and rl corresponding to at. r.' and CJL I 

of the same sign are related for a scaling field by 

0, (~(),) -£ '; 
.x , I, (3.4) 

ksince for a given field /-. v ('D· Thus a motion of a given sense of 

circulation can be expanded about any radius. 

*It was first pointed out by Parzen that changing the aign of oL is equivalent to choosing 
the opposite sign ci the radical. in (3. 1) ~ which is equivalent to motion in the .. opposite 
directionb 8 
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The magnitude of Ot depends on the units in which the magnetic field is 

given, since the .fi·;ld always occurs In the equations of motion multiplied by :X-

If a new scale is chosen for the magnetic field such that 13 ---? C'- B 

then .-: ~ -' / c-"L . 

.x. is al.s. r-eiated to the circumference factor 

, .x (.r<ft-<-.' -- Ic = 
/J eJ I 

I 

where r e (A} is th,-2 radius of the -_.quilibrium orbit of a particle of grven momentum 

and f (91 1S the radius of curvature of that equilibrium. orbit, both at azimuth 9. 

Now 

Suppose that the maximum of (3. 5; occurs at 9 =9 • Choose 0'.;:, ~c such that 
0 

r =r e (9 ) . Then0 

c 

This is a generaliza:i'Jn of the usual formula to include fields of type II. Note 

that r e is the radius in cylindrical coordinates. The height 'of the orbit-above tie 
, .: .. 

median plane enters only in the calculation of the fie ld, 

'I'he equations of rr..-tion fol.lowmg from (3.1) are 

/1 t 
M_" _.....__ •__._-----­ ..,.-­

(3. 7) 

(In) B~J 
.....'; 
,t- ­



In a two-way accelerator Eqso (3. 7)/"",L~'~~ be invariant under the combined 

transformation This can be accomplished 

by constructing B z so that it is odd about some point 91 0 Then, from l\,!I~axwellls 

equations, :9 is also odd and Btl is even about 8r	 1. 

IV. THE EQUILmRIUM ORBIT 

The first task of an analytic development is the seeking of a periodic solution 

of (3. 7), the equilibrium orb it , In order to proceed it is necessary to expand the 

equations of motion in powers of X, Y:J x ' and y' It should be noted that expansion 

of the equations of motion can produce equations which differ from those derived 

from an expanded Lagrangian, because it is easy to transform the equations in such 

a manner as to Iose their Lagrangian properties. The solutions will.. of course, 

",-... also eEffer 0 

o 

We expand tne	 Lagrangian (3. 1) 

.j..	 ( 2.- , 

I +- ~ t -;" ('"	 -fJi ) -; X t' r J I')L 

(4. 1) 

where the square bracket is symbolic of the expanded vector potentials from (3. 11) I 

The approximate equations of motion derived from (4. 1) are 

Il­

j 1/.::, l i J.
 

2. .	 k ',' Hi 1 
~ I (I +1')" z: (7'~1 ttl)·o	 ~ (;,Y j 

l -II "fJ) "" 2)--I 4 
I	 ( I t r ) ~.. A.J_-- . \ • 

~ l+t.J,
'\*1r­
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In any reasonable aceelerator the xn and yn are small eompared to unity. 

A system of succe.ei'Y,~approximationbbased (In this smallness is not diffieult to 

v 

eonstruet. We will substitute the i<'>'.l. approximation in the r. h. s, of (4. 4} to 

determine the(i + l)st~ 

Sueh solutions can be calculated using any value of 0(.. It is interesting to . 

choose x . =: 0 and calculate 0<. frdtii (4.4). In this \'(,ay all the possible values of 

can be found. This method, which was used byeOhkalii11 ~ has a!so the advantage 

that all the contributions of Xo to (4. 4) vanfsh, which 'speeds the convergence of the 

system of successive approximations. With x:) =: O. "the differenee betw.:~enthe 

(1 + '1)s: and ith approximations relative to tho:A i th i~\-,f order. 0/. -A. r;' .&., : 

w..1ere:· is the siZe of the largest field harmonic. This quantity has a value about 

r', '1: 5 for any FFAG accelerator. 

The sums in Eqs. (4. 4) all run from - ~ to QC:I 0(. is calculated from 
1J.C ,_ 

the first of (4.4) with' ncO. The second of (4.4) is used to calculate Yo.'; In an 

.' F.cceL:rator where Yo c 0 (e. g. ~ a two-way accelerator)\.. the second of (4.4) is just 
.	 ~~ 

.a statement .of the fact that the r. h. s. of the sec .md of &ts. (4. 2) has zero mean on . 

the equilibrium orbit. 
. (,.". 

We take as our initial solution ~O) =: y~O) c: O. Then~ from (4. 4), . 

0(. !" '11 
~ %;') =	 1'1~ 

'1,'.- Fe,." (4.5)y:/ ;:	 ,..,a.. 

(4.5) may have an error of abou' 30". A relatively simple solution with an 

error not much larger than 10" can be found by choosing the largest terms of 

0. ~2) and y~2). Such a solution is 

12 
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~ ~. ~.:r:1",~,n-m - (~rJ) Fe,,., .rO/~1 - • .., 
(4.6)L, (-'11 ~ »J);4. 

'ttl :#." . 

f . .r;( ~~; ~~;~ JOlm~.OJ l1-m)
--m;:,/"11 

The non-linear terms of (4. 4) make no contribution in this approximation,
 

because the xn and Yn are so small.
 

.. 
Clearly, if the process of successive app~QXiDuitions is contmued, higher 

. and higher powers of IX enter the solution. Then the equation determining IX is 

in our approximation a polynomial of infinite degree. There are therefore an0 

infinite number of roots, I, e., values of 0<: • To each real value of ~ there 

corresponds an, equilibrium orbit, so we should not be surprised at the occurrence 

of multiple equilibrium orbits. However, most of these do not appear to be o~ 

practical interest, since flXl >.:> I and consequently the circumference fa~tor 
" 

o I 
is very large. Examination of the order of successive terms shows that only a 

few roots are of order unity. In addition, it is doubtful that the oscillations about 

many of these large eX orbits are stable, which probably accounts for the. fact 

that they have not been found. 

The equation determining· 0/.. is 

13
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(4.7) 

where 

(4.8) 

'f,;,,... Ft" -HI 
,

1'H'" 

The direction of the vertical field enters only in the calculation of 0<. • If 

the sign of the vertical field is in the wrong direction for particles to circulate about 

the accelerator. the sign of every term of (4, 7) changes and there are no real roots. 

In the interesting special case of a. two-wayac.celerator. the coefficients of all odd 

powers of ex. vanish. To very good accuracy. 
.k 

0( • .tFi+ ].J( G;~ f- G/j} ." 
(4.9) 

Since the two roots are equal and opposite. a particle -has the same dynamical 

properties in either direction. It may be noted also that there are no real roots for 

k < O. so that it is impossible to construct a two-way accelerator with negative 

momentum compaction. 

V. LINEAR OSCILLATIONS ABOUT THE EQUILIBRIDM ORBIT 

It is not difficult to introduce axes movin, with the equilibrium orbit4 as in 

the conventional case. However. for simplicity we expand in a less elegant manner 

following earlier work5 on the spiral sector accelerator. We introduce new variables 

u, t1' by 

14 
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(5.1) 

wherexe (9) and ye (9) are the solutions of the equilibIium orbit equations. 

Linear equations of motion follow from a Lagrangian containing only quadratic 

terms (terms independent of u, 1J", u' and V-' give no contributions to the equations 

of motion and terms linear in these variables vanish because the equilibrium orbit 

is a solution of the equations of motion). Then 

U 
~:. a., 

(5. Z) 

r: where 
')1L 

:::.()., = g. Zoo
 

t\ ). 
'J'/"
::: : --- '~x,,},",.. 
1:i.

'li ::: .' .
9d/~ 

I
I := J'L 

0..'1 ~~( = i 
~7.L 

~ a..f =) (5.3)d:¥~ 

- ;)z-J. 
/ = CV" 

. ?iJ.. 

J~L 
a :: ::

7 (JII)! ( 
'd~L. 

'::0a. S ::
.J"'¥.2 

.::: ")1.1:::
 
Ci.t'j ::
 

)X~ 
;;"2L 

:;:.
 
0<,10
 J d 1. 
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and
 

(5.4) 

All quantities appe~ring in the at are to be evaluated at the equilibrium orbit. 

The linear equations following from (5. Z) are 

(5.5) 

. The coefficients appearing in (5.5) can be evaluated in terms of the median 

plane fields by use of(Z. 11). These coefficients are again essentially expansions 

in powers of .c i ,.,/ "'n ). • We expand only through first order in this quantity., 

~	 This means that we need only the crudt!St lpproaciiBation (4. 5) for the equilibrium 

orbits, since more accurate expressions are of higher order in eX Ii r/'1 ;J. 

We define Fourier coefficients of the a1 by 
(iIO 

e 
.~t(. = tt l~ 11 

t	 ~ (5.6)....,_ -H 

Then 

~. 1M . ['0) ow - 1M 

"1M('J1 ­ ')if'> 

to, '\oM fa, 1l-lN\ 

'W(1-1 - ..... J 

s;" HI ro~ 11 -l+f 

"l11(",,-wJ 
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a. ­~.)t. ­

:: 

a.. ::/ ~'l1 

~ 

~~'l ­I I -j 
(5.7) 

[~2._ "(~+l)] 
("'11- 1'H) ~ 

= - 0<: 

1t\~- ~ll+~) 

(n- m) .... 

"Yt1,,_{~+,)2­

("M-wt)2­
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If we specialize,to the case of a large accelerator (k >;;> I), many terms 

, of (5. 5) may be neglected. For example 

CA./ -I ~v a..s -I """ 

/ 
.ov ­q-' 

so that 

where,y' is the betatron oscillation wavelength. Such terms are of order unity~ 

while the leading terms are of order k. In the same way 

(0.5' - Cl,,) VI 

(a.; ­ a.; ) u. 

To good accuracy. the equations of ,mo.tion are 

ku +L 1T' 

(5.8)
11K fN1/) 

11 .. -Il1O 

where 
r:l" 

K= a 
s> 

-t:tit 
I ~Z: «; eon 

L=­ tA,_ e::t, ( 

~ 

"10\ '" -QIO

it L'tI e.tJ 

/'1':. ct." - tls- I 

'tI =-(1:) 

~ & .Mll e.., 
(5.9) 

'I 

N= a./ o - Cl.1 ~£ N ll ell • 

.,., ~ -00 

Floquet's theorem applies to (5.8). That is~ there is a solution of the form 

18 
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(5.10) 

If we substitute (5.10) into (5. 8) and equate coefficients of en' we find 

(5. 11) 

Eqs. (5.11) are exact. If we now assume that Uo and ~ are large compared 
to) _ r (0) ~ (' , 

to the other Fourier coefficients and substitute V - d II 0 (.(." ) ~ - 0..,0 V'uI1 

on the r , h. s. of (5. 11)~ we find 

U (I) = - / (K'YI?t o + Ll1 'If,,) 
.", ( ))'0)411 ) '1- ry 

(5.1a) 

V''I1,I) = ( /v/~ U c> I- L1'1 tr(1 ) I 
(v,o),. 1f1 JJ-

and, from Eqs. (5.11) with n = O~ 

. (5.. 13)' 

Substitution of (5.12) in the r. h. s, of (5.11) gives in the same way a second 

approximation for~J ) 

A-0 '/1J<-::; -! J 2..- 1<ttf K. H4 +-u( L )f/11..)n~, /V;~!N-»f - /(0 ~ Nr: 
( 

,l., I 'Wi -I,! ( v,o)f- 11'1 )).. 

t: ,!/i.-N, '.~ ~~( :;~.}.(~ft:-~~:jt< :{i;.~~::~. 14) 

19
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(5. 10) 

If we substitute (5.10) into (5.8) and equate coefficients of en' we find 

L .v)_ (Vol-~) "u ~ = 11- "" .l11 

(5.11) 

Eqs. (5.11) are exact. If we now assume that U o and ~ are large compared. 

to the other Fourier coefficients and substitute 

on the r , h. s. of (5.11), we find 

U (I) =- / ( K"A M 0 + L~ 1J~ ') 
1-1 • (../0)+ "YI ) '2- ry 

(5.1Z) 

V''M11) = ( /1,,/.... tAo ~ l; v:.,) )
(vIO),. 1'1 J). 

and, from Eqs. (5. 11) with n = 0, 

. (5. 13) . 

Substitution of (5.12) in the r. h. s , of (5.11) gives in the same way a second 

19
 



MURA...406 

(5.14) is equivalent tQ the usual smooth approximation6 except that we have 
(0) 

not neglected -Y compared to m in the denominators. In this way it is akin tOI 

though pJ"esumably not as accurate as Vogt"'Nilsen's treatment. 7 

In our approximation" where 11k is neglected compared to unity 

from 

and 

from <~j+ 2§J- \ :.0a;; . ;1/ ~ 

since <'JBo) :=' 0 
~ 

Then (5.14) reduces to 

(5.15) 

VL THE TWcrWAY ACCELERATOR
 

For the case of a two-way accelerator with k ",>/1 1 we have
 

/ 
0< = -I­

(6.1) 

defining the average radius of the equilibrium orbit andl from (5.7) I 

zo 
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I<~ = _fila I ~ (6; z. f' G/) 

/,/ - _ A.I - _ 0< i So '" 
1\?1 - IV-n - I ., 

N" 
_ (J('i.~(G,afG/~)-

/ 
gt.2{F;z-rFaJ 

I~. Q 
::: M 

0 
-
- -

-Jt.r:a. 
"" 0'< . (6. Z) 

L".,:: 0( 

;Ik- ;1"

1: - 30) ')1 

M'YI = eX.·k s.; ) 

where G1 and GZ are defined in (4. 8) and 

(6.3) 

From (5.15) 

..-------~:------.:".-~~--

....; 2 
::: 

(6.4) 

In the case where , this reduces to the well-known result 

~k = 
V 7 ::.� (6. 5) 

21� 
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In· the case where (purely radial field in the median plane) 

(6. 6~ 

., 

so that there is no stability for one mode of oscillation and it is impossible to 

construct a two-way accelerator with purely radial median plane fields. 

Let us consider for simplicity a field with a single harmonic and even 

symmetry. That is. we take 

=. 1t ( ~~,N +- ['rl,-N) 

(6.7); tj (£")tV f .J~)- "') . 

Thenr-. 
I {1­ 1G '1:: - . F " .L 11

•
.l. ) I z JN~I 

_l. I ~
:2- . = 2.I 

J 
, /: -J'J 

::- ;).
;I.. 

+-
j~ i~ 

:IN&. .. . 0<- ­
:= 1. J ;.~ ( -{"ltrJ ~J 

.l.F;,. fJ 

Field maxima occur at the centers of positive magnets. L e •• at 9 = Z 'fip/N 

(p integral). We calculate the maximum value of the field to first order in oCk/,.; .... 

ZZ� 
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..". 

f'-.. 
Then~ using (3. 6) and (6. 1), we find 

From (6.4)· 

In the following table we live C and the values of V fork = ZOO and 

k/N
Z =0.04 as functions of ,If. 

23 
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,st! C ~ "V,t 

0 9.07 20 5.00 

0~5 8.80 19.9 4.40 

1 8.47 19.7 3.41 

2 8.02 19.5 2.10 

(70 7.28 13.7 0 

It is apparent from the table that the expected gain in circumference factor 

is accompanied bya weakening of vertical focusing. The same discouragement 

can be achieved by inspection of (6.4). 

The radial motion has a foc~sing- average term arising from the equilibrium 

orbit scalloping. The vertical motion has this same average term with the opposite 

(defocusing) sign and Thomas focusing terms also arising from orbit scalloping 

(these last are the same as edge focusing). The alternating gradient terms add 

focusing in both dimensions. cancelling the effect of the defocusing vertical average· 

term, but the Thomas focusing which arises from vertical orbit scalloping has a 

defocusing effect on the vertical motion. weakening the already small Thomas 

focusing. The term in (6.4) containing F 1Z is also a Thomas term and is always 

sma~l compared to the k term also under the radical. 

It appears that radial median plane fields offer little practical advantage 

for the two-way accelerator. The vertical sCt;llloping can be used to reduce beam­

beam interaction. 2 but only at the expense of vertical focusing. 

24 
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