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ABSTRACT
The terms through fifth degree are given which occur when a Hamiltonian
is subjected to a Moser type canonical transformation. Also, an expansion of

the original dynamical variables through fourth power terms in the new variables

is calculated.
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INTRODUCTION

The equations of motion for an accelerator can be derived from a

Hamiltonian of the form

H(z 2, B 1,8 = ax(6) L+ 48X R+ ax(8) X
+a, B)f, + 44l ""C,W'?-

(
+Hl3)+H{q)+H)+"‘ J

m) ™) 4: M”’ * 2 A, l,
= ZHAM’!'M«@ 2R T s
ALK -

where

and

,4+1+A'+,('=m=3,4,.5 vs0 )
~m= 011'131)1‘3.) AR
H is periodic in © with a period of %V . N is the number of sectors of the
machine,
Moser, Sturrock, and Hagedorn1 have devised a method of determining

the effects of resonances by simplifying the equations of motion through a series
of canonical transformations. The first transformation eliminates € from the

quadratic terms, and introduces complex variables. 2 This transformation has the

form

Y=o+ sn)  m=a(bn+bR)
2= hn 1) £o= 2y (=K H,
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. X 2
ﬂ R ¢\' , ')‘; , and "Kf are periodic functions in © with period ~&— , and
are obtained by finding the particular linear solutions %, /a'}, » Y, , and
707, of the Hamiltonian where
-4¥ 6
i ¢x £ s
-iW
1, =ik L
-iVe 8
=t
. - 4' yl; 0
fo=-4 7‘?2
x . *
Symon has shown that the real parts of Tk ¢x and Y ¢r are constants,
¢x , o, ¢r , and W are normalized by requiring that
»
Real[ % #x] -1
»*
Real [ ¥ v ] =1,

This fixes ¢x . % ) }5‘, , and ¢ with the exception of an arbitrary

phase factor which is of no importance.

The new Hamiltonian is

”

_Qa(L,f:/”o,;’zlﬁ)-': .(o.?; ”o”
m) =1 -
-2i2 H ( -i'-(¢,r.+¢, L) Lt K, ),
LRI K E), 2 (hn- Y R)E )

0, =~ERLT -ivnin + NP+ 7+ 0% ...



MURA-387

Internal
where
) wo_hst, b
wm) — -— ™om g -
..(20 ({,,I., Ho, Ws, 0) = Z ﬂ"u‘dl{l”m Z o Jo 0o TT0
and ’ =345
hrhrh+p = m= 34,5, 00 )
M:O,zf,i‘zji%"‘ ¢
It is apparent that % , %o and l7° » #Ho are complex conjugates,

and that _Qo is pure imaginary since H is real,

The next transformation removes all cubic terms except those driving
the resonances under study. The only restriction is that all of the resonant lines
whose driving terms are retained must intersect at a single point in the B
diagram. This transformation has no effect on the quadratic terms or the cubic
terms which are retained. New terms are added to the higher powers, but they
are small compared to the original cubic térms if $ ?o , Mo , and /_7:
are small. Part I of this paper performs this transformation.

Next all fourth and fifth power terms which do not contribute to the
resonances under consideration are transformed away. - Again the quadratic, cubic,
and nontransformed fourth power terms are not affected, but new terms are added
to the higher powers. ’Part II of this paper gives this transformation.

This process can be repeated any number of timés, although the trans-
formations become very complicated. Eventually the process is stopped, and

the terms of all ordérs above the last which has been transformed are truncated.
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PART 1.

The first task is to eliminate the non-resonant terms from the cubic part

of the Hamiltonian

ﬂo:'-"“y;.nz;‘oba”o”o‘fﬂo +ﬂ° +‘ﬂ:‘-+toc .
The following notation will be used
(m) (M)
Qa,un' = (2o, ,
(m)
2 —? Y% 2 Qs

ALK,
tm) <m)
Z -(20,*.1.* ’l/-ﬂOA:/A 4:. /(g' J

2 £26) Lo

*z'.:le.l'
L4
_(201' Z'QO"M. AM' J M,'o/:’/:zji3l"’ P
m,z-o0
o (4.4-!, + A+ 0 = A+],_+A-,_ ﬂ3+1’ ,,.*3 _,_43 3,

lv"’v*‘v/"’»ﬂ: =Y, B

1“} + ‘:+ ’: ‘ ,
}; 5 1.51 ]5‘ 5 AND ‘)0,1)014/>0}1>0

The first canonical transformation has the generating function
) =/ =/ ) A =4 _
SO n T et Z SR W At
. T 7 ’
where

4”"19
- > 5o,m,

M,= -0

5(3) _ L 0,1m,
o,im, =

my = Chi-L) Y ~ (k-0 Yy
for non-resonant terms. For resonant terms

m”mM, = (*l‘!l)%\ + {*n""fll') r?'
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and on the resonance line -S.o,l m, would go to infinity. In this case take
3 .
501),,»1' = 0. This will leave the resonant _.Qo, 1 m, as a cubic term

in the new Hamiltonian.
- -
’ ’ . 4 7 q
3, and #, are the new space coordinates, while e and 4,

are the new momenta, For this type of generating function

950(5)
7 To

wi
i

(3)
, a5
o = 577
° 24
%, . % ., Mo ,and M, are solved in terms of the new variables by an

iterative process. As an example

) —/p, / Jl
S.cs b = ‘
zl,._%f,._g-rz,(,sz,{, o7
’
since in the notation being used k, + l, 4+ k,, + A4, = 3 the second term on

the right is a quadratic in the variables. If they are small

/
fa = .?. » and

the quadratic can be considered as a small correction. So.
(3) =, A=l *,’ - '(I’
70 = Z;/" Z':-/(p -S’o’, LA'[‘/ ” ”o A I
. ) (3) b=l VAR Rl A
cn A [ s AR K ] S,
L- le zs) 4;-11 4, ”‘.p,-]é. —/{.
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This expression can be expanded in a power series. If fifth power terms in the

Hamiltonian are to be considered it will be necessary to develop Jf, to fourth

degree terms in the new variables. There is one difficulty. So 7 and
o Ho were complex conjugate variables, and it would be convenient if

¥
— /
the new variables were too. However when ¢, is compared with S» it

is found that the third and fourth degree terms are not equal. The generating

function

’ P

F =5 .?: + Mo #o
¢3) Il,-i-o‘z | 224,+4,-) /4, + v b '*/
P WM Sl %' e

7 /
{’) ¢3) ’ 4‘ *&3_ = o’,'l";_ ’ l‘,.ﬁ.x;-’i‘ »p, ‘*‘la-/
(-}

r £ A So1 Soe T, _(j A

produces variables which are complex conjugates through third degree terms, and

G Z Z'; +/7°”—

Z £, o, [B-Dhy— (A ,)1]5 5:) 9 5”4.,&4,-11_. obordy=2

8 y
L YIS )71, XY
° 3

S PRIACE “41)S,, 5 5P zak*fﬂ:‘;ff‘m!fﬂil-:'
'”i};"‘ 2t K3~} ;7-310 Al 3=

+ w— ,+/‘ !

tF S Ak [ R )RS, S S g Arerhs 7 4r 78

” *ll+éz'+‘3"‘20 ,ﬂ,{d-/;/*,,éf-z
A LA
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finishes this transformation by producing variables that are complex conjugates
through fourth degree terms. These last two transformations do not change the
cubic terms of the Hamiltonian.,

A series of three new Hamiltonians are produced

¢3)
’ 25
-Qo :‘(20 * 290
” _ % 2F
..Qo —.(20 + —a—;—
and
7] PN

L2; =0, + 35

The next two pages contain 5o s Z s I], , and % to fourth degree
termsin § . & , H3 , ¥y . The following page gives L0 3 in
, ¢ '
terms of the new variables and S, 03) - This is followed by the expanded

expressions of the new additions to the fourth degree term of the Hamiltonian,
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, A =4
-3 480 % [l
hrh- = brth=2 .(,ML;?.I,J,

Z;AX(I’!*'I)SO, 5;, .(3 {3 ,73 3
l,f!z 4'*:" n 1.:"11’"
+ 33 KAL) SE

3

S’“ Ts Airks 4 /
F 2 A, [Jbu -D(1 +/ + -2+ 8 (kb +A3-’DJ

) A.+£;+Ie3-z =hthtly=3 oA +hs -r,(», =/, »*&‘*Is
5‘0 ) S- o, 3 Z' 73

-5 S KB AK hthe)+ A+ h-)CE+25)]

123

..543 (3 S_(;) Z ,.4*1-'.*3 Zli”;‘l'l; 7 +x+‘3 Z!"’Iz'f*&"
0,3 o3 3

~x 2 R L LAB K e B+ K ) + K AR b 1 -)]

@ A- Ay +h thothoel o R v A ey - = 4+ A ‘+X-2
S;)S; 5;3 2 ’ +3Z3' 3 '73 a /73

’

¢ + !:. ,'+ '-Z:'!a.'
;uu h-pSh s gkt g ok hek

vh - A ‘+ AL - Ly,
W FALT VORI Attt Al At

+2-'ZAX [A By L+ Aot My=1) Hb- 1) A (A, + kot Fos= Zﬂ
; s:’)S;‘:) z&.-ﬂh +hy=3 f!.-rlz-v-!_,-z Akl by i’,(,d-/‘ ‘ol

+ 7 2 hE LA U+ 8)+ 0y (At h=)h"+4)]

6) (3) ) ok +hA 21,!.!!/0.‘*"4"""*!‘
SN N At i A A

‘a1

o7 2, R [y by (1+/ GA )+ AU R R Ay -1)]

D 0 9 pohRy-l = Rrherdy A+ Rl 4R -2 g 4 I A5 =2
* S0t 60,250, f" P 4, kiths-2jp
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W Ar AT L

: W VY G L
S RLUEL)SS .',’zf"". glrbl gt by

* "" 8 ' -1 = 4 /"Z
J_ZJ!](I !-H)S;,g" Ll'. k. !+,( ,7;4.,4 ,7 :

— i 3 RLLH KDL B -2)+ AL (A o b+ b =]

s ts)ges) *..'.*t,.*’z‘p_,,}'_*b Kkl + k- zﬁi"*"*"’

(3)
501' S;l 3 3

e WAVY AP F ALY A -1)]
:’) 539:;) A XY XY XY ;uz,u, WY eV ﬁsl' YA NS

“ ¥ e R A [ AL (hr ot =)+ A B0+ ot As-)]

3) Q) _ _ 3
- S0y 55,2503 E"M‘M’ 2 ""4*'3'2 1134' 2N +43/; Bl b =1

9

4

\ -1_24
”B -/- z & So.l sz 3'3 ”3 ”
/,,u(, WY R YY OB

- i é ‘, Iz (A: ‘2.) 50. 5;1 3'3 ”3 73
-z Z kI l.'-l, ) _';;f':) 5;‘:’ 4 b+ oy gl: +h 73A.'+A{—Z . £ gl -

F S AL Ch-D L Okl v 20+ AL RS 5B+ 2]
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t 5 5 KA LR AR 1) + 4 Ch+ DA+ RI-D)]

123 (3)
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§=1 . if £20,1 m, is a resonant term Internal

=2 O otherwise
€)
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Expanded Fourth Degree Terms

) .

This section gives explicitly the terms in —(23, ' 2., *o; 14/
as a sum of terms of the type g, 2, Ao B ﬂﬁ, A k,’/?,,;&‘ As ‘;l;
L1 ahd 5 are the terms which have been called -(2(;)0 and foﬁ)
up to this time. If ng, L ﬁ,’,(,’ contains a resonant term, the
given /C*,, Ly ‘,’,(.,’ must be doubled for this resonant term. Note,
however, that if all cubic resonant lines which go through ¥x, , 'Va.
have been retained in the cubic part of the Hamiltonian, and if
n;'i’) Ly Ly by £ rmy also passes through %%, , %3, then each
3)

(3)
,(loJ 1, , which is a cubic resonant term is multiplied by an 5-0, Zlﬂ”t/ -m,

which is zero,$o if one is interested only in finding the fourth degree resonant

. ’
terms the doubling of /C 4, £, ‘y/ Ly can be ignored. Only half of
the fourth degree terms are given,the others can be found as follows. As an
4) (4)
example 000y is not given, it is the same as -2 ooyo with

’ ’ /
*:,1:} ﬁ,) ,’)' ‘;,/gj and jg' /3 - reversed.

(q) ! /
Qoallo =7 ﬂo:zo 5}020 -z Q:ozo 0120

+ % BOPYSY, _5-0030 - -%_‘ .an.Bo 5001!

and

H)
- - [
_Qooo'l -z mozgoloz +Zﬂo.oz§:ooz
'% _rzoolzgobo_g 1’%,(20003500I2.

-]2-
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PART IIL

When the canonical transformation is applied to the fourth degree terms,
there is no change in the lower order terms or in the fifth degree terms. Asa
result, the fourth and fifth degree terms can be transformed away together with

the generating function

_ .= — by =4 Iy 4emis, 4;
S=0LT+Mmn +285, 5 'T "/13 77 +2 53 53 7%

where 00 AMAf‘

5952 Sagsty bl N omy 2

Z-w
5/’”"/ = L2y / g/
M = Chy= Ly V5~ (b - Ly ) ¥y

if —-(2\1 My is not a resonant term S/,Mh/ = 0O if _(24 my is
a resonant term. This leaves JZ(!) -—(2 €3) -— all nonresonant

terms of fourth and fifth degree.
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