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ABSTRACT 

The terms through fifth degree are given which occur when a Hamiltonian 

is subjected to a Moser type canonical transformation. Also, an expansion of 

the original dynamical variables through fourth power terms in the new variables 

is calculated. 
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INTRODUCTION 

The equations of motion for an accelerator can be derived from q. 

Hamiltonian of ,the.fortn 

+a,.tl;t;..7.. + ~('Jlfl;+ ~(9)1'f3­

..,. H H('I) + H(s) + . . . 
) 

l3) .,. 

where 

and 
.A +J +1/+,1'=/II =J,J It/J S; ~ 0 ., ..,...., = oJ::t I, ::.J.J ±; 

H is periodic in e with a period of.lJff . N is the number of sectors of the 

machine. 

Moser, Sturrock, and Hagedornl have devised a method of determining 

. 
the effects of resonances by simplifying the equations of motion through a series 

of canonical transformations. The first transformation eliminates e from the 

quadratic terms, and introduces complex variables. 2 This transformation has the 

form 

x = ~ (¢Jx 50 + ;x-f.) 11·~ -i. (?>'( flo + ;; i.) 

1: :: IT (1'; '(. - 't.*r: ) 1: = n (1'r 11. -Tr*F;;) 
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~ 2r11(' fJr , 1;" and Ir 7V" andare periodic functions in 9 with period 

are obtained by finding the particular linear solutions X, , t:r, » .~ I ,and 

11, of the Hamiltonian where 

tt fJ( 

Symon has shown that the real parts of 'rJ( f1( and 1;. ¢I" are constants. 

</>J( , rx J 'r-, and "r.,. are normalized by requiring that 

Real =1. 

This fixes 1>x. 
» and 1'." with the exception of an arbitrary 

phase factor which is of no importance. 

The new Hamiltonian is 
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where 

and 

'" "'­

It is apparent that r. r.. and '10 ' Jfo are complex conjugates.3 

and that no is pure imaginary since H is real. 

The next transformation removes all cubic terms except those driving 

the resonances under study. The only restriction is that all of the resonant lines 

whose driving terms are retained must intersect at a single point in the ~ • IY 

diagram. This transformation has no effect on the quadratic terms or the cubic 

terms which are retained. New terms are added to the higher powers, but they 

- -are small compared to the original cubic terms U Jo 11. , and I/o 

are small. Part I of this paper performs this transformation. 

Next all fourth and fifth power terms which do not contribute to the 

resonances under consideration are transformed away. Again the quadratic. cubic. 

and nontransformed fourth power terms are not affected, but new terms are added 

to the higher powers. Part II of this paper gives this transformation. 

This process can be repeated any number of times, although the trans­

formations become very complicated. Eventually the process is stopped, and 

the terms of all orders above the last which has been transformed are truncated. 
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PART I. 

The first task is to eliminate the non-resonant terms from the cubic part 

of the Hamiltonian 
_ _ eJ) I'IJ (6") 

0S20 ~ -.i ~ r. r, -.i r;.". 11 + no'"n 0 ~.n • .,.," 
The following notation will be used 

(NI) (ttl) 

fl o,Jc,J,It~1.,' = fl 0,1 , 

(M)

L. J2o,It,J,Ir,'l,' 
A,'J,/f~I,' 

tM) (M)

L
,2. 

.no" .nO,L ) 

It,+1, +It,'+J,' = A +.I~ + It: +~' :: 113 +J" .,.,f; .,.~; 1# .3) 

J, ..1., +It: .,.1.,'= 4./) 
"11< 

)s-+P5#-J;+J; =S • lJ.,.o /11 .... 0 /'~()
,.) ANP JC #0I ,..It" I 't ~ ~ ? • 

The first canonical transformation has the generating function 

(3) -/ -I (3) AI -..f, It,' - ..f, I
So = Jo S". +- #,11. l' L S~I ~ L I?~ J10 

... I 

where 
• 

and 

for non-resonant terms. For resonant terms 

~,:: (If. - I, ) 'f;., + (<<.'- .1.') r~ 
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13) 
would go to infinity. In this case takeand on the resonance line SOI'~' 

as a cubic term:= O. This will leave the resonant ..12.0, '/Wt, 

in the new Hamiltonian. 
-~ -~10' and 11: are the new space coordinates. while 30 and'o 

are the new momenta. For this type of generating function 

(} 50 
(~) 

-50 - ; 'fo 
S;()- () o_ 

J'!. -­ ; '/0 
S. (l)
 

0
 
r.~ :: J 

~ fo' 
s.(J) 

/ J 0-- -,it. ;/f. 

-r. . {. , If. . and ;'J. are solved in terms of the new variables by an 

iterative process. As an example
 
;} S. n) (3) ,4 -'.f. .A ~ I'"f,'
 

1'.':= 'to, =?o + {: .I, So", f; 't'. J1D Ii.
I I 

, , 
since in the notation being used k I + 1, + k, + J, = 3 the second term on 

the right is a quadratic in the variables. If they are small r o ~ l." »and 

the quadratic can be considered as a small correction. So, 

, (3) A, -I 1,-1 It: -" ./,'
70 ::? - E .I, So" r. r. J1. 110 

, ) IJ. ~ ~ ,A, '/'-1 
_ '7' _ ') 1. ~(J) [". ,_ r f) S; IJ or "I. 7IJ~-1 ,fa iii l &] ::;rl 
- J. Cr' J~, )II ~ A't O,1..J..>. I'}, 'ff} J 0 

,[n' - L J'S. {) 1. AI. F'~ 11 It: i:i I/-I'J~,' Ji"'(,'
• .a. 2 (lJ 2 0 ;. "0 ". (.I 
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This expression f'~an be expanded in a power series. If fifth power terms in the 

Hamiltonian are to be considered it will be necessary to develop :To to fourth 

degree terms in the new variables. There is one difficr-:ulty. and 

11. Ifo were complex conjugate variables, and it would be convenient if 
~"It

the new variables were too. However when r.
_/ 

is compared with r. it 

is found that the third and fourth degree terms are not equal. The generating 

function 

produces variables which are complex conjugates through third degree terms. and 
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finishes this transformation by producing variables that are complex conjugates 

through fourth degree terms. These last two transformations do not change the 

cubic terms of the Hamiltonian. 

A series of three new Hamiltonians are prod"l£ ed 

5. 
(J) 

/ ~ 0
Jlo :: n~ + () e
 

n:=.f2:+~: 
and 

The next two pages contain Io • ]; • '10 • and 10- to fourth degree 

terms in !J ~
-

tf3 »	 '13 The following page gives.11 3 in 

5 (3)terms of the new variables and o • This is followed by the expanded 

expressions of the new additions to the fourth degree term of the Hamiltonian. 
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L " 
_ '" n/ r'J) .,I(':rl. n*' 11 1,·'n3 L- .(, ;:'0.1 j.J jJ '/3 '/3, , , I 

(:J\ ) fL+ L -I /J+/I_I L'.,.A -.t+/,.-I
1. ~ 11 (J (" ~ 0')s: ., .s.:'J ~,.l't2. -~',;(1. IJ #r, & H+ 2. L ~I J{1.;(' ~l. 0/# .,%.)3 [, 3 '/3

I~ ~ , 
L I L' IJ' /, +~-2-

.l-' ,-' O'(.i~-l'+/'s:.'3J ~CJ) 7..4,+«& rl,+~1. n~' +1'&-1 H I 

-I- L. L~'~1. ' :a. 'I _.1 0,1. .)03 J,S '/3 .,3 
I 

,2. 
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'= 0 other'wise 

0)

fl. J ::
 

-11­



MURA-387 
Internal 

Expanded Fourth Degree Terms 

This section gives explicitly the terms in 

as a sum of terms of the type IC~.,J" It: I: .!lit, I, 14://S.I.. J"..4:',t: 
. m ~ 

..1'"l and 5 are the terms which have been called no;, and So; I 
n " ;up to this time. If ~ L A, I, Jt, J, contains a resonant term, the 

given lCif"J" A/.I/ must be doubled for this resonant term. Note, 

however, that if all cubic resonant lines which go through ~. ' r'#_ 

have been retained in the cubic part of the Hamiltonian, and if 

fl ("I) , I 

J , ..,,~., J,., iii /WI" also passes through ~. ' 1#.. then each 
(3)

( '1) 
flo J I /WI, , which is a cubic resonant term is multiplied by an SOI2./,...,,-Mf, 

which is zero,'o if one is interested only in finding the fourth degree resonant 

terms the doubling of IC Ati J., ~; J,,' can be ignored. Only half of 

the fourth degree terms are given. the others can be found as follows. As an 
(~ ~) 

example 12. DDO 'I is not given. it is the same as -.f2 00'1" with 

~'JJ, j ;,: 1/; A2.1 11.; and )&'; JJ.' reversed. 

(II)
 

1200"'0 :: ±S2.0lZ0 S,oZD - ±.n'DZ~ SOI~O
 
+ t SlOD21 SOD 30 - 4:..Q. DDlD 5 0 02.1 

and 

::: - z:.
I 

.fl. 1O~2. ->D' D2. 1-.in 01 0 5, ooz.2 

-~ nOO'2.S0~0.3 T f S2 0003 Soo,.z. 
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n~~()o';:' {J2~IOOSJOOO -i 113000 52,oo + f ..J2:100,S2.0lt> - ~n2.()IO 5"200' 

~ /n 3140 ~ 3.I2 1200 S,bOO - 3.I2.l'o~ S, zt>O + 1:.I2 zool SlUt> - Z fl"J&> SZ.DO' 

+ ~..Q. 110' .)2010 - f .f2.2fJlO J";'OI 

(1#) ~ CJ 3 3 rn 2.'100 =z: Q6300 S.30tlO - :r .f230D() SOlO/) t 'Y n IZoO 0 ~ / OD - "£..12. '2.1 00'> I Zot> 

to t 12 0 2.0' S"20'0 - i.n. 2010 S'ZOI + ~12.20t>1 SOZIO - f fl 02./IJ Szo.' 
+±f2 JlOI SJ/,o - i I2. "10 '>;/0 I� 

cof)� , 

1l30/0: -;:nJIIO S31>oo - 1:- f2 30{)D s'II0 + flvoo S'20/0 -.f2. 2(;jID .f"z 100 

..,. J2 z00.5'020 n,02..0 S2~I>' + ~n'l>"~/)" -~J220'O~C:>I\ 

..rt"~ II 0 :: 3 Jlo2' 0 S3000 - 3 .12:J CJDtI So 2'0 + 2 .f2. ,''' •• Sz (He> - 2. .f2 2.0,1) 5';:&.0 () 

+-1:; .n 1110 ~ 'DO - -i. .f2 ~ '00 S", D + ..f2. ~oOl So 12-0 - .fl. () 121> S"I. IJD I 

f .J'2"o, S'O'2.0 - .12101.0 S/l1> I +i..Q/o/I Sill/> - ~J'2.I"O S'OIl 

+ i12 o/11 S'2,.0'0 -"i !22.'~ ~'" 
(1/)n 121" : J .120 1.00 SZO/O - J fl 20,o S~ID~ + 2 n o2,t> ~ 100 - 2 n 21f)fJ ~ Z 10 

+-;[ .n./J~O f;1I1J - i n,dt> 5 ,200 + .12"01 SO/,&1tJ - n O/ZD SIIOI 

+ S2. O-.a.O/S/010 - n,.2.. Soa.o, + f 12.,,, StIIO - i. ..!L'lld SOIlI 

~ ~ 1l/o"S.&I1J - -1:.Q.0'1'0 S'O/I 

('I) 3� 
fl 0310 =2:" fl o300 5/1/ 0 - i .12 I11D 5;,.100 + .fl DZ/IJ s'20IJ -.Il, '2~O SCJ2 JtJ� 

+ ..f2 no ' SOl1b - ..n.DI2,So~ol + ~.f2oIllS0Z/0 -illoz/o ~," 

(tV _ 3 J .Q
..fl Z02.0 - z: .n 0120 S3000 - z: 3fJi" So,t.o +...f2 III II SZt>It> - n. -aolD S"'O 

+i .Il 2.1 DO S/020 - ~ n ,c12.t> 52..II)() .,. -in 2.001 Soo.zo- in Db::lt> SZODI 

+ Jl., 01' S,1J2D - .!1.., 02() S'D" ~ ~ .12. 007' S 200/0 - i .Jl-ZOlb 5"002 J 

-13­



MURA-387 
Internal 

..tl~:2.0 = 2J2oz,oSioIO- Z.12u/O 502.10 + ilt>IZOSZ.IDO -12 zloo SOlZ.O 

r S2,a.OO S,Ol.O - JlI/)ZO S,J.DD ..,. fl'DIIS'O'10 -.f2oIZ0SiOlf 

r .at"" S'OZO - JlID20 SOli' + i:..Q"o/5'oo3D - i..a.0030SIl/,U 

+I.n 1)02.' S,n 0 - ±n "'0 5.0z. , 

.n(~ZZD =t ..ao3 0o s'010 - ~ .!2/010 SD30D + 1202.It> ~H 1() - .I2'11 D ,56J./' 

+± notl-G S'2.0D - ±n UDO >0/20 + t .n.o~Ol SD030 - ~n003D >0.101 

.,. flQ 11/ S"'O/lO - .!l 0'10 So", + i ..f2. 00"" So Z 10 - i n()~ If) .sODa' 
['q) 3 

J'l21JII == z:QO",S30DO -i1230ooSol/1 +fl"o,S1.oI0 -.!2.ZD'OSIIIJ' 

+ ...!2," D 5'00' - .sl'loo''>;/I f) -I- i .!l'Z./ Df) S'D" - in,oll Sa-,o. 

+2n I tJ(J 2. s'P:H> - 2 .!l'l) '1.0 S, ilD2. -r ..J'2 z.ool S 001.1 - n.001.1 5 z (JDI 

~ 110011.S2010 - J2~olo SDtJ/7­

(yJ r
S2 ,'" :: 2.. 1201.01 S2..0l0 - 2.t2. 2-D ,,,':;02.0' + 2.. Qf) l.ID S2.001 - 2.I2. 2DtJI So Z 10 

+ ..f2,).OOS'Oll - ..!2/I)II S''a1)1I -I- n'HI/ .5"'&IQiI - flzloo 5'.", 

1'1. n '~oZ SO/21) - 2 no 120 S/ (JfiZ- + 2 .flO/OJ...5', o'Zfi - 2.fl, O';l.O 5"'03­

+ ..f2..,,01 SDOa.I - ..!2ooz , SI,O' + -12-00/1. SII'" - n."'OSOOl2­
('I) 1. 

.n. "z" :. z.. S2.o1 00 S,DII - -i1'2'0" Si>.3QO ., fl.o~IO Si,Ol - ..f2 "'" SfJ 2 I D 

+ .!2 02.01 S",o - ..n. 11/0 ..so 20/ + "'i: 120", S, 2 D. - t .!2.':L DO SO", 

t2.f2. C'OZ.Sfi'2,C -,Z..aO/ZO,S'O,O&. + .!2fJZo,.s-OOZ' - .IlOO 2.1 S02.0' 

+ .1Loo/1 S02'IJ - ..!2.02'DSDO/L 

n[;O)0 = f S2 1110 ~020 - -it. .n.'II~O S"'f) +.12 ,,'211 S~D'O -.I2 2.fJlfi So ,~f) 

+i .u,O,' SDD311 - ~ .!2oDJoSiD" -t.!l OIJZI 5, '~II -12 J~Z() SDD~' 

n~'30 = .!/.. OliO s" 'l.' - fl,fiZ fi ~ ZIt> .,.. -In Ol2fi s",o - 1-nil,. So I2.D 

... inoHl SfJOJD - -iJ2.DDJ,SIJIII +..f2"21 .s./ZIJ -..!2DI2/') ~~J.I 

-14­



MURA-387 
Internal 

..n IOZl ::;::. flOllt SZ.OIIJ - 12 201() )'"", + .J'2fJIZO 52 "" -.f2 z."ol S"()IZO 

+1:: SLIIIO S'()'I ..,. t 12",,, 5,ozo- ~ J:2 ItHO SI/()/ - -k. fl,I>,' S"IIII' 

.... ] .!2'I)OZSDOJO - 312 003D !"'JooL + 2.fl ~QI'1 S'()~O - 2 n It,ZIJ Stlollo 

+i. J2/()l/ 5~z.1 -1nfJl)ZI StOll 

I2 0121 ::: .J2D2t() 5'011 -.I2'(J" 5;,2/0 +J'2fJZo/ S /()7,.1> -12'i)2DSQl.O' 
+± -'201'2 05";,0' - ±12 1101 SOIZO + i 12 ()IIJ £;'0 - i-nil" 5""0111 

-I- .J ..QOI02 ,)003. -3fl tJl);z.t> SfJlO 2. .J. Z .D..oo/ZSO/2fJ - 2...Q 0 '1.1J 5""00/2­

+t .nO/II 5 06l.' - i .r2 00l.,.5D ... 

n 0031 :: -± Qoll.tJS,(JI' - ~ 12 lim S; l:l/> + i S20ll' S";/> ~t> - t .I2 /D~O SDIII 

+ 1S2oo/zS 00 30 -] 12"030$0/>/2. 

.Il()D~'2::' ±floloJ. S'/IJ20-iS2/0),oS.,IJ.. +i..QOIII S";"II - in ItJI' .5;,,,, 

""of .n..Ol10 5';002. - in 100.& S./~(j + i.1200D.J SOOJD - i floo;]tJ S"OD.3 

"" i .I2OfJ/1. .$'0021 - -t 1200 1.1 SO" 1z.. 
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PART II. 

When the canonical transformation is applied to the fourth degree terms, 

there is no change in the lower order terms or in the fifth degree terms. As a 

result, the fourth and fifth degree terms can be transformed a way together with 

the generating function 
I / / / 

r - - A" -.III Ittt( -"., Ar or .Rr A$ - II":;, =h J + J13 '1 +?S'I 1'.3 J J13 J1 +z:. Ss h ,)3 J1,] 1 

where 

if Jl ~~.., is not a resonant ter:m ~/"'""I::' 0 if is 
(or) _ 1"'\ (3) 

a resonant term. This leaves...fl -..J L all nonresonant 

terms of fourth and fifth degree. 
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