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ABSTRACT 

This paper is a continuation of the reports MURA-258, MURA-273, and 

MURA-362. This paper treats the problem of finding the stability limits due 

to the Yx. + ~ V"(j ~ N coupling r e sonance s and the threshold for Y-iTowth due to 

the )I"l( - ~ V) : () resonance. The general spiral sector machine is treated in 

detail. The r e aults of the theory are compared with numerically computed 

results. 
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1. INTRODUCTION
 

This	 paper is a continuation of reports MURA-258, MVRA-273, and MURA-3b2. 

In this	 paper we will treat the problem of finding the srab i: i'.v i WI. t <.; due' 0 JJ " 

coupled sum resonance 

~ ...... i	 - ,'"- .( lJ..., - ... in an accelerator having an arbitrary rnagnetir. f ie Id. 
t 

We will limit ourselves to treating the general spiral sector ma chrne . :Mark V 

and Mark 1 machines.) However, we believe that the procedure grve n can be a pp i ied 

with little change to any other magnetic field. Some of the r-e suh.s fa: t he Lirn !'ng 

case of and for small flutter have been pr eviou s ly found by La s .e t t 

and Sessler 1 using the ex.panded equations of motion found by F. T. Co;e , 2. 

II.	 SUMMARY OF RESULTS 

In this section we will simply list Borne of the r e sult s for the sf ability I irn it s 

due to the V~ -T ). V~ -=- N coupled resonances for 'he 

general spiral sector machine (Mark I and Mark V). The derivation is given in 

Section ill, where more detailed results are also given. For the sake of s rmpI: 

the most accurate results are not listed here. 

The magnetic field for the general spiral sector mach me is written as 

.;!- (..).., e.p
2 h~ e	 (2. lUI 

where W.., -:: Yl IV "n ~ 

e­
(2. 1b) 
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Resonance 

The x- stability limit amplitude A is g ive n Ly 

M 
) 

where 

{2. 3; 

is the linear small amplutude tune, and 

(2. 4> 

A is measured in units of R , the average radius of the equ il ibr ium o r b it :St-'e 

( ,,/ '. . i h)' J!. ,1. V I" ! • \ . '. "'V" .' f\'V JMURA-Z58 for a more accurate definition of R ). b : t~,h\) +. ,.1<:1' ) - ll~ \ ih, . 

The y-stabUity limit amplitude is given hy 

~ :=~ {~t~r-(~)11r~Y--(*tn~ 
\l. 5a)/lr N~ M 

where Y-rs -+ ~)I') ~ - N V~j) <: })-x,; "': ~ N 

" -q f\/ ~ 'V,s ~ t ("'1- ))7 ~ ) and (YYi,,))'1'") 

"-'" are so chosen as to give the largest value of At. One usually fmds tha I. A,. 
and At are roughly equal. 
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is very close to thr resonance ine , then	 onei 

finds that 

\-~--

\V-r 0 

\) . );~~ :-	 (2. 5b) 

Resonance 

The threshold x-amplitude for y-growth which we will call A is grven by 

\ (Y.1:r- (~)~l 
\ ry . N .--...,_-.-..',- _...	 (2. 6)A-x - -I	 

IN':J.. M 
where 

--
(2. 7) 

and we will give M for the two cases,	 -L _ 0 (Mark I) and ...L. ~/ k 
.w- M,.r 

(Mark V). 

, (Mark I, \j')( - ;2 VJ - 0 Resonance) 

M--	 (2. 8) 

Eq. (2. 8) gives an infinite threshold amplitude A for the two-way machine 

which has h0 =0 Thi. is not truly so, as terms neglected as be ing small 

then become important. One may expect that the two-way machine for which 
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hI) '= D will have a threshold amplitude which is considerably larger than the 

threshold amplitude of a similar one··way rnnch ine . 

K1.bho < k I k h. ) "­oJM-= - 2 MrN· (2. 9) 
:t N'1 NJ.. .,z I 

. , I 
+z 4 Yxo 1 )_6 hi IS I 

I\J Ib hi J M.r ",,4. I 

- fir. DERIVATION OF THE STABILITY LIMITS 

For the sake of simplicity we will treat the case of a general spiral sector 

machine whose median plane field is given by 

t' w <..flo1H-r. -H (~ rL
co 

AM e (3. 1) 
~ ~ -JO / 

where Wt1l =~ N G1nd
 

--L. 1:. l
cp - $-
MrN 

(3. 2)- her: \). 

We believe that any other magnetic field can be treated in the same way with 

little change. 

The equations of motion can be written as (See MURA-273) 
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~'here 

-,e ! ! J/ 1-1 .­V" i

I 

I 

!

2 "2 H9 ) 13. '·L 
f/~ " 

.-\ ­ (\t-'H. ­1'1- \. i " r 

1-----·..-,--,·-..···""_.- -',-,_,­
! \) r' + t·- i ~ + "2 I ;..L ,3. b) 

in or-d e r to investigate the quadrat ic c oup ir-d non-Linear r esonance s , we 

must expand Eqa. (3.3) about the e qu i Iibr ium or b it and keEp 

u? to quadratic t e r m s , 

The expansion of F,... up to qua.dr-at i c terms 18 given in APPE'lHllX i~,. of 

MURJr273. 

'\ ~ 
If""- I p ....Fr- :: . , . I 

i j. 7: 



MlJRA-379 

In Eq. (3.6), f is defined by Y' -::: Y; (9) -r fJ and ~ he " .near 

terms have been omitted, and 

cceffic Lents of () 2 

orbit. 

c: 
The expansion of , r: is given by 

(3. Bi 

+ I , 

The expansion of L 

L (3. 9) 

where we have kept only the terms which contr-ibute to the quadrat i.. coupling 

terms. 

6, - - ~ I r 
I (3.9a) 

The coefficients b and bi 
are to be evaluated on the equrh hrium or b it 

1 

which means we put r:- r; (0 ') , '2 = () 
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'U sing the results of MURA- 273 anci M URA·· 362 for the ~mea rand r adra: 

quadratic part s , Eq. (3. 3a) becomes 

-+ j " /~ / _ (.;/1'"'.00/ 

'-'l. ()/ e (H -r r rli .fc. ~I­

-+ gt-) JJ/J'/ + Rr?;p''::<' 
! I I 

J (3. 10) 

I 
/' I( j ( 1;;1.) ~ )-t- J_ +c 

1
. ?). -to '2 t- ~ ~' ?/i( lC --. 

I 

+ '- c:r:< '- -­

) 
\ 

-t. C ~) 2/ .. 

) 

where 
~ p. 2­-- - r~ ( J- I IC 
F..: ~" Hl V Y -+ y t-1~ y ') 

\ J I 
) (3.Ila) 

ell) _ e 
P-~ -L H~ 69f<' i-'"' i (3. lib) 

Ch) -= - .:!.._ k ~ -L f.I~ t7f<· r- I 

(3. Ll c ) 

c{~) 6'8R4 
(3. lld) 

c(~) R7A. (.L . I J­-~ b,8 ',;I. b'7 ') 
(3. lie) 
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Eq. (3. 3h) becomes 

'? 

f ,., ~ 

( 
\ 
" 

'" Ie_ 
Y 

I 

lei. 
, I C '. - r r i ..... 

,~", 
\ 

) t: 

:3.12) 

) 
/ 

where 

D(I) "::' ~ r<. l. r' if-!fc:. y \ 'l 9 r 
" I 

Dtl 
) -= ~ Re 

L 
.-'­ Hfc. ,"" lJ & 

D{J)= RJ. ( 
~,I + 67 )I 

\... 'B 

D~) = Dts ) R~ b~ 

DII. ) ~~ 
, I 

b'1 

() R~ \7D' - b 

J 

~3. 13ai 

(3. 13b,1 

(3. 131 

(3, 130) 

(3. 130 

.s. 13g) 
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Eqs , (3.10) and (3.13) will held for any mag ne t ic field. We w .•. nr w spe~.d i ze 

to the general spiral sector f'Ie ld glven by Eq. (3. 1). The dornina r-: qLJ ad r·a .::; ..:oup. ing 

terms are the (Ie) "2;( term in Eq. (3.10) and the \) ts, r 2" te r-m HI Eq, '3. 1 t.', 

All the other terms give contributions to the stability l.irn its wh r..n ge: srna l. fer .<if ge 

tv like \ / N ~ . These 1/ N ~ terms may be s igmficarn., however, for s ma i l 

machines ( N ~ I?.. ). We will drop the I IN .... terms here. The i.r f'ffel~~ may 

be calculated as was done in MURA- 362 for the Y z 1 II) r e sonan-.e . DropJ.,!ng· he 

I / N;}.. terms means that our results may be off by a factor of two foe small 

machines ( N ~ I ~ ). 

Let us now find the coefficients C (~) and }: i.,.) for the spiral sect or 

magnetic field. It is convenient to write the magnetic field as 

/ 

where 

r- . y' /, IJ:. -, rhr-l e Y. P L - (A~ ~ (~) J 
(3. i s: 

We will find ({J; ) and note that Then a s 

C(~) ~ -(eR-~/'fc.) ('r/~) [ Hi Y-Y I 
.... ..J /I 

we see from MURA-36l that 

c (9) {3. 16) 
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We can then w r it e for the e quat ions of motion up to qi. a d r a :'( :.enllS 

5ct 1­

+ {3. l7b·I J8'l. 

where 13 (.9 't : - C ts) and 

B(~) ::2: 81, ~xp c. Wn{;f) wher-e the Bh a r e given by 

~ J 
(See MURA-362) 

b K(Ki- I ) 1,0;;;.. N'-I 
(3.18a)

\h~l). K[ ( 1< 1._ \) - ~ Yj') / ~.. 2J - hL 2-
Jh':).. 

N~"'.?I 

--
13. lab) 

Now tha.t we have the equations of motion expanded out ',0 quau ra t , ~ 'erms we 

can apply the results of previous report, MURA-217 an-I MURA-3bl), '0 cd i.c u la t e 

the stability limits of the coupl.ing r e sonance s 11 'It -+- ':l )I) ': ty and 

"Vy - ~)/,., ::' () . We will treat the sum resonance V'), -#- ';l V~ IV 
~ -11- (J 



first and then the d iff'er-ence resonance 

The :2 Yr, + )) X -.:= .IV Resonance 
--_._~---- . 

According to the results of H~ report MUHA··1l7, r..t.e r e lS 'd t ju-s: one 

stability limit orbit but many stability Iirn it or-brts dependmg on wr ';; I une or 

the resonance line ;;. V'd 4- )/,., '= N the motion is dr-iven 10. Eve ry st« h., ,"J 

limit orbit has a tune ( V'F, YO" ) whh.:h lies on the r-esorauce J me 

and this tune depends on the initial conditions. 

The stability limit orbits having the tune (V~s V"" < 

,/ ~ ­
resonance line :2 V'd s -+ V~ ~ '= N , are given by 

(3. 19&) 

(3. 19b 

where ,A-tiJ (&) and I~ f (tj) are the flocquet sorut.ions ha vmg the 

tune V'1$ and Vi J ' where ? Y") ~ + ))'"(.$ -= IV and wh~ch are 

found by solvtng the linear e ...uations of motion when ( f: c:. 
/ 

F I 

placed by ( £~, E I ), ( £.$/ Fit' ) be mg so chosen H.8 to give the tune 
J 

('V':Y.1' \)1 S ). 

The amplitudes q$ and b.s are gwen by 

) Qs J -=- JE 0' - e, JI 

I D's, ~ ; ) {3.20a) 

IE".. - E" i I f ~/ - f's'l\b)) - f--:------~ (3. lOb'
IC~.~t Ii D$,S~ J 

-12
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where 'll 
IV 

4 " )(tA (.) C~ (~'; ~ _5 (,,) d-5 (~) 
I 

and phase a ':' oJ.. and phaae ~ -= fJ are related by 

,3. zz: 
0< + ~ ~ -= Ph4 S ~ Cs, s ;- - pA~s c Cf (> - r, ) , 

Note that ) Ds" z5 I:: ~ Ics, , i l. 
The Es and IEs' . and AA j t s: and ''''j5 / "'~) ,may he ,:alCl. hte-d 

by Eqa. (3. ZO) and (3. Zl) of MURA-So2. Mj and I~.s ' wn :c,'1 w~ wi:" need to 

calculate C~ J ~ S are then iiven by 

19­
~e~ 

V1fS "\~ N&AA 
;) 
.. - ---L- II -t- ill (J 

'­J -+ l V)'Ji_ (3. Z3) 
tV 

,
5 

-~ N~+ r., eI - :>. )I~ + I 

Iwhere 

0., - ~h- -W;l.. (3. l4a) 

"" 

- - br~ (J< +1 - I. ~/Av-)-~-- (3. Z4b)-
N'l.. N;).. 

r-'­ e ~ V,.1 9 j .!V~

~,'15 - [I + E~ 
1+ ~ V"'.J. IIV 

-,' N~ 
-t y I - \ e (3. Z5)-I \ ~ ~ 'J~~ IN ~ I', ~ -13­



--

\I:.h/\. 3, 

where 

I . 

! , ) ?­
t h / LA-"l 

l/ - :. Y) /tAF
/bk, :, 

.s. 26t. 

One may note that 

we assume /"\)"/ I 

We now calculate the matrix element L :s J ~ ,.; 

"" 
o-~ \ _..._---- ,

\ (­
! - ..)I - .( V~~ IIV 

f~+ '0, ( ::2. \ 
"- ­---~-_....--..­

) ;l,
j'r ;; )/),S /IY 

In calculating C5-' .ss , we have a s sumed ~ha' ~ -::: - y /
I 

and have kept only up to terms which are linear in 0"', s m-e wr- expe .: 'Lat 

are defined by 

According to Eqs. (3. ZO), we have many stabili'y 1im l1 amp];' udpq '113' Po I) 

of just one. We can get a good measure of the ata b u ny ~~m]1S by f .nd.ng 'he 

maximum x-amplitude and y-amplitude allowed by Eqs. t;i. zo, wr.: r Wf' W r. (.£1 

and b »la..y We will call 

limit amplitude and A)- - ;t I br)\ 3. '"' ) 

According to MURA-Z17, takes on if s max .rnu m va UP wren '.he . unr 

and , wherE' 



(\1 Y \
\. Y-x:;) "" o )

,I (i 

find for A..., the x-st;:,b:u!ty a mpl itud e 
J 

'V-"" .: ).~ _ ( }1s \ ~ \
( I, \.- J. 

--- J..tY-'-- -.!!--L--

IIv] 
) 

where 

J- -l Je I -- -.!- I 
IJ- V'" ., .~ 

I ;) "/1 - 'S, .s' '$, s. / " ,~ C 

N~ I ­!'1~ 

and 

<3.30 

According to MURA- 217 J . the y-S":'-,h.lly :em . a rnpf iude 

J -- c).31 

Eq. (3.31) for A., holds only if ( V-x ": V () ..
 

resonance line ~)I~ +
 

line, one should go back and use Eq. (3. lOb'. for A~ and f'-nd It;P 'une
 

( V~S, 'y,.,s ) that lives the Iarges: vaiue of A)-.
 

For the spiral sector magnetic field, we see fr-c m Eqs. 13.27, snn 3, J 8 . ~,.' 

-- 3. 32 

-15­



MURA .J';J 

to a good approximation. Thus M is given by 

K1. + l/W"
~L b I 
~. 1'), N"i-

We assumed k' ';t K t I in getting Eq. (3.33). 

The 2)1~ - ))y -:::- 0 Resonance 

In this case. the instability 1s not of the sor t met in th e ~! Y"d 'r ),.' x z: 1',' 

or the )}x '::. t N resonances. 'hre Is , however, a threshold x -a mpl ituda ;01 

the onset of y-growth. This threshold x -ampl.itude will depend on the irrit ia , 

y-amplitude. Thus there will be many threshold orbits which give the limits on 

the x and y amplitudes for motion having no y-growth. Eash threshold orbit has 

a tune ( 'Yy j Y,,;- ) which lies on the resonance line ~}~ _ 'Y-x z: C 

and this tune depends on the initial conditions. 

The results of theory for the resonance, which 

will be used in the following. are given in MURA-365. 

The threshold orbits, having the tune ( );')1 S ) l/~,} ) lying on the 

resonance line :t V) s -)).-.r5 =- 0 • are given by results very similar to 

those for the 'l"Y~ t y')( ~ IV resonance. 

These orbits are given by 

«, '«$ 1&) + as~ il/tf (~) (3. 32a) 
/ 

(3.3lb) 
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The amplitudes Cis and b..s are given by 

IEo'-E/J 
~3 33,,1 

JD~Jji j 

} 

where 

\.3.33 .... ; 

and phase ~ '1:.J.. and phase b -: f3 are related by 

- - Fh15 -e Ct= ~ - E ) {3 • 341- so , 

Note that IDs" Sf) -= ") ) (s, 5 $ ) • 

The ( f .... f I ) and ~! 10) and F~~ (9) may be ca ,•.u.ar ed dS in ., S 

the case of the :2.. 'v'''' .... Vy - tV resonance. 

We can now calculate the matrix element C $ So 5 and find rh a: 
I 

--
( I - ~ Ii., /IV 

3.311. 

I --- _..: (:"-1 )( C 
I + :l \I /1\). i

"s ' , I - ~ ~,) / 'Y 
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'vIn calculating , we have assumed 1..hat y 
j - " 

~ 
/ 

I and 

have kept only up to terms Hnear' in 

A good measure of the threshold. x-arnplrtuce for y-growtj-, .IS the m m.murn 

x-amplitude allowed by Eqs. (3.33) whioh we will ca.""::' ~ l'?'>:n . We w<j::a:.l 

A -c: ~ I ~ M II'j J the thresbold x-ampHtude for y-~rowth. 

aoS ta.kes on its minimum value when \l~'4 = V~ C) a nd� 

'y - + ,) . where (\)1' )).... ) 18 the linea!" sma l.�
1 s '" 41')( ~ , J , 

l) 

a.mplitude tune. Thus, from Eq. (:133a) we find for A ' the thre shold x-amp:. 

A - \l%f -_(~). i 
M

j 
~3. 36~ 

where 

-- i- (3.37') 

aDd 

(3.38} 

We would like to filad the explicit form of M for the spiral. sector flelrl. 

w. will treat the two ca.s, I/.w- ': e . Mark I, and ~ '> J< • Mark V. 

_______\/w 'C -"-,_Mark_lJ.. ~ Y:1 - }l1( or () Reaonance)0 __

If we a.sume tha.t the h" e.re real and hI::: h- I • then"r'; is real 

aDd ~ -: Y_ ,aDd C,:: (_/ . From ECls. (3.35) and Ects. (S.18), WI!1 

ftJIIIII Uaat 
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I, / L )
"{";~·l.L b~IC

;L ----­
a.nd 

~3. 4U 

One might note that for the two-way machine,,3 the matr-ix e.ernen- varr sr.e s. 

IV. - " I ~l - -- since This does not mean the threshold ampl itude A becomes 

infinite, because the terms which have been neglected in the ca lcutarion as srna. 

should now be conatdered. Nevertheless, one would expect the two-way mac h me 

to have an exceptionally large threshold amplitude as compared to a s imua r one-

way machine. Some numerical results compar-Ing the thresho.ds for these two 

machines are given in Section IV. 

+_ -. '"")
-..v ,,/ I' 

it' 
, Mark V, 

If we assume that - i,.. , tr eri 

.....
is real and positive, CI is pure imaginary and - - ( -,� 

(Note we again make the angle transformation� 

explained in MURA-362 which replaces h.., by h... in our formuli. 1� 

We find for the matrix element 
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C() 
-Y~ r- -t ? '--I 

IV'"� AI /'Y "1 

..L I<� a +1)b ~ ~ 'f}. ~.. -­
rv"" 

-3 k'� 5~ , b hn \ ~ (3. 41) 
"-­-N'J... \~ri'
"'~I 

-t ~ ..Y )) "X.~..... tb h,_)3
\b hi \ 1\1 )Ar N~ 

a.nd 

(3.42) 

For small flutter machines , the thir-d term ill 

ECI,.(3. 41) becomes dominant, and our result for A then becomes similar to that 

previously found by Laslett and Sessler. 1 

IV. COMPARISON WITH NUMERICAL RESULTS 

We will compare the theory with numerical results for the two resonances 

treated in Section Ill. 

Case I, Yl!' +;2. V:) =- N Resonance 

The quantities which are found numerically using the IBM 704 ar-e Mfo) 

and "'t (0 ) which are the largest values of M and C )qt 6= 0 which 

live rise to stable orbits; ..u l III) and I) S ( 0) are put equal to zero. 

In Table I, a compariaon is made between the theoretical and numerical 

results for two machines. The agreement is somewhat better for Machine B 
-ZQ­



--
wUch has a Iz.r ge r N. 

- -1 

I-----+-----k.'J. .A{ !y1 /'£.--J 
Machine Theo. Numerical Theo , Numerica 

I------+-------r­
I -,!

4 .• ;~A 5.9 2. 4 I 2. 5 

.11 I .013~_._(l_7__ 

i 

I 

Case II. . ))+~ - ~ 'Y) =- 0 Resonance 

For this resonance the quantity that is found nurne r i caIly using the LbM 7(;4 

is the threshold value of N. at B::; 0 for y- growth" The rr.. ot ion is started 

with AJ I {o) ::: ~ I ( 0) ': 0 and with a very small y. 

In Table 11, a compar-Ison is made between the theoretical and nurne r ica l 

results for three machmes . {)nt> may notice that agreement is much better for 

Machine B where N;:: 16 than for Machine A where N:::: 8. ThL3 103 mostly due 

to the larger N for M.ichine B. The error due to neglected small machine 

terms should decrease Iike I / .v" Mach.ine C is a two-way rna ch ine­

, for which the theory give-s an infinite tnr-e sho ld to first app r-ox -

Imatfon, The threshold - M. for Machine C is much larger than thc,t for 
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Machine B although they are both about the same distance from the resonance 

line. The threshold -)A.- found for Machine C is quite close to the stability 

limit and it is possible that the threshold measuredi s not due to the ~ \1') - ''V''}, z: o 

but to some other nearby resonance. 

TABLE II. ~ y:'j - 'X = OResonance 
y~ )I') - ),1,1(I .-L- ~.!i

lMachine K );or N ho hi Ii -;y rv "I 

A 3. 36 0 8 1 1.6 .3248 .1635 .0022 

B 9.3 0 16 1 3.89 .268 .1438 .02 

C 90 0 64 0 4. 78 .2266 .1043 .018 

N7.»... 
Machine 

Theo. Numerical 

A . 36 . 15 

B 3.4 3.6 

C co 18.5 
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