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ABSTRACT

This paper is a continuation of the reports MURA-258, and MURA-273.
This paper treats the problem of finding the stability limits, due to the )/ = :’3;'
non-linear resonance in the radial motion, of an accelerator having an arbitrary

magnetic field. The general spiral sector machine is treated in detail. The

results of the theory are compared with numerically computed results.
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1. Introduction

This paper is a continuation of reports MURA-258 and MURA-273, which
will be referred to hereafter as I and II respectively. In this paper we will
treat the problem of finding the stability limits, due to the ) = _:}‘ AN non-
linear resonance in the radial motion, of an accelerator having an arbitrary
magnetic field.

We will limit ourselves to treating the general spiral sector machine.
(Mark V and Mark I machines) However, we believe that the procedures given
can be applied with little change to any other magnetic field. The case when

l/,w— >7 K and the flutter is small was treated previously by Laslett

and Sessler*1 and F. W. Cole. 2

II. Summary of Results

In this section we will simply list some of the results for the stability
limits due to the V= :i.‘ Y resonance for the general spiral sector
machine (Mark I and Mark V). The derivation is given in section III, where
more detailed results for the stability limit orbit are also given. For the
sake of simplicity, the most accurate results are not listed here.

The stability limit amplitude A due to the Y = 'g; /Y resonance

of a spiral sector machine is given by

A= 2 \(%)z_(%-y, n
M N> (2.1)
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where the amplitude is measured in units of R. (See MURA-258 for definition
of R ; usually, R ~ " if ¥,  is chosen so that Fc = efH K.

The magnetic field, H , and ¥ are defined by Eq. (3.1).)

t i (2. 2)
Clb',, Bo + _S___bzl- B".;l)
\(\: EL\, <l<+l-l‘/,w——>
N> (2.3)
Boo—bhe Kk
N X TNT
~baZ_ I8k K (k* | =3n¥mr>)
2 N* ! (2.4
-Ei'l— = —bhy Q<—i’h/4«r) (K¥l =i nfanr)
Vs %
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For the case where \//W' = 0 , (Mark I machine), the above has an
error of about 30% for large machines, and an error of about 100% for
small machines. 30% accuracy can be had for the small machine case by
including the effect of M < (see Appendix A).

For the case when |/ur >7 K , (Mark V machine), the above
result has an error of about 20%; for either small or large machines pro-
vided /27 %Y N S VN VY, , then the error may get
as lai-ge as 100%.

A rough estimate of A‘ , good to a factor of two, can be found
by putting

M~ L b h, (/(7'4— I/M/'7“>

a " : 2.6

Eq. (2.6) is particularly good when '/A,\r >7 K , and

Vawr >> /¥ . the error being of order 20% in this case.

III. Derivation of the Stability Limits

For the sake of simplicity, we will treat the case of a general spiral

sector machine, (Mark V), whose median plane magnetic field is given by

20 ‘
- — rA\K =7 ¢ Wy, P .
H; = ~H (‘;") Z /?,, e —
Nz- 2 )
where
CP- & MmN r . (3. 2)
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The general radial sector machine (Mark J) is a special case of the above
machine corresponding to ! /M/' = O . We believe that any other magnetic
field can be treated in the same way with little change.

We can write the ¥ -equation of motion as (see report MURA-273)

d 3L _ AL - F

. = — = P~ (3.3)

de v’ r ;
where

R = ?e— (rH, — 2" fle)

(3. 4)

L= \)71“' r'* 4o (3. 5)

In order to investigate the quadratic noh=1_inear resonances, we must
expand Eq. (3.3) about the equilibrium orbit I = Ys‘ (&) and keep
up to the quadratic terms.

The expansion df F\r‘ up to quadratic tei'ms is given in Appendix A

of MURA-273.

— e A 1 o
FY' — 'I‘*E(H?,r-*.zkH‘}jrr)f +,,|). . (3.6)
In Eq. (3.6) , (0 is defined by V= = )g t8) + F , the linear
terms in f have been omitted, since the quadratic terms interest us

-5~
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here and the quadratic terms involving 2 have been omitted as we are

concerned with the radial oscillations.

The expansion of L up to quadratic terms is2
L= vl b PR ) P L1 L PP
Yoa s b ) () b 2 /0 + ; 3 /0 (O (3. 7)

)
L T - I

where

b= -3r"r/°

(3. 8a)
L = —3vr?/ 7
* (3. 8b)
L= r(arr=r*) /L5
’ o (3. 8c)
oy = I (a\r‘a—)’“)/l_"'_,
| (3. 8d)

The coefficients b ) s Lz , b L‘, are all to be evaluated on the

3 3
equilibrium orbit which means we put ¥ = kK /9)) r'sv;'16d ; Z= 0,

The linear and quadratic terms have been omitted in Eq. (2.7) for L

Using the results of II for the linear part, we find that Eq. (3. 3)becomes
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S A e (R D R A T R
+ B P/ KR*

t BV pe/kr + BY ppi/R* + BV /R
tOBY ppt /RN B9 ot kY

(3.9)

where

b= < Rl(”&,r +4rhe )
/

pPec
0 - 2 !
g = -Kk*} v
Q) — 2
B - R L'., )
(3.10)
W) < *
; R* b,
)= ~ L R2(L'-4 >
B LRA(L' -4 b))
All the B - coefficients are to be evaluated on the equilibrium orbit.
BM) B™ . ... B & represent the contributions of L. to the quadratic
terms. The linear part of Eq. (3.9) was derived in MURA-273.
Eq. (3.9) will hold for any magnetic field. We will now specialize
— to the general spiral sector field given by Eq. (3.1) . The dominant quadratic

term is the B (8) P *  term which depends directly on #g_ . The

B ) Elz). . g &) termslwhich stem from expanding L_l give contributions
J
-7-
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to the stability limits which vanish for large // and go like | /N *
These terms are significant however for small machines { & fv | % )
having a Mark I field. These small machine terms will be dropped here and
their effect is discussed in Appendix A.

Let us now find the coefficient B(&) for the spiral sector field. kIt

is convenient to write the magnetic field as
s\ K K=< n/ T L Wy @
/-/2:-/-/(%) 2 (++) d AH et ) (3.11)
h

where

L)n - LM exp E—[(H/,W') %(R/H)j

(3.12)

Thenas PR(p) = C& R‘/pc) (H?, o+ o= H?, v y—)/

we get

ploy = -4 £EH ) Z {i+0) il

(3.13)

(K—\-\-ch/,v)(k-m/”)‘q et%s}
..—; 2 %l—:l-r(l(_n-in/w)x]
h

¢ W
(R-H-zh/mr) (I(-Lh/,w-) .f) g h &

7~  where b=(€HR/'PC>(R/h>K is determined

as in report MURA-258.
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We can then write for the [ - equation, up to quadratic terms,

4@ +E,—919)3M = B (6D M> (3. 14)

de~ / '
where B(6) = 3 gh e XF (7w, 5) and

h /

Bo - E K (k""}) })
M F N Y e

N | X (3. 15a)

- b 7 Vha)™ K (K‘»l-sn‘/w‘) |
h2| n* N ¢ /

B, = - b LK ~injur) (K+1-én/nr) /T

—— 3.15b
Y 2 e ho, 3.15b),
Eo and % (8) are given in MURA-273and M = P/R .

Now that we have the equation for the ¥ - motion, we can apply the

results of a previous repox‘t‘2 to calculate the stability limits due to the

V= ‘3" Y resonance.

According to the results of the report MURA-200, the stability limit

orbit is given by

U= a /u,,3(67 + a¥ /unz (9>’ (3.16)

-9~
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where AMu; () is the flocquet solution having the tune Y = &+ A/
and which is found by solving the linear equation of motion when £, is
replaced by € A , E//3 being so chosen to give tre tune V== ).

The amplitude 4 is given by

o) = 1Ex-E (3.17)
IKSJES- l
where
2T/
Es';s :_A_/_. 619‘ /q_é:- K/p) /M,é /ul/g J
) >7 2 (3.18)
and
(3.19)
phase a = -:l)’- — phase st' g - phase(E‘o_'FHg’) %
E '{3 may be calculated from the relation that the € y to
give the tune ) is given by
kS
Ev‘—‘o<v" -2 | n | (3. 20a)
h2| Wh;“ i
dn_ | *
X = | -3 = z (3. 20b)
hz | W, y
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The solution /u//3 (6) is given by

;ve § § (W, &
My = C g' - 2 i,a —— e (3.21)
h ¥o

where we put )) = ‘gL 0 . One should note however, that in Eq. (3.16) ,
M) /3 (®) should be normalized so that the average value of / M 1 ' -
over a period is one. This has not been done yet in Eq. (3. 21).
In order to make use of formulas Eqs. (3.17) to (3. 19) for the stability
limit orbit, we must first calculate the matrix element B S-, ss<
,~ According to Eq. (3. 21) we can write M Iy () as

My, = %4 1™ -<we
iy = 1+.§_x'€ +3%,°¢ (3.22)

+ 1 ) N }

where N /
}fh = = éh / W,
0
' . (3. 23)

dn = —bhy (kei-in/er)

e ——— b s

N N &
We have not normalized /U 13 as this is usually a 10%

correction, If the normalization factors become important, this correction

can be put in. Using the above result for M I/n and Eq. (3.15) for F(s) ,
~

we find for BS— ss »
J

-11-
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~ 2
- = 5Y ) -+ >
Bz 55 <l+ i) B + 274 B
+ 9 v, 8,
9
“+ = 7 B-;L (3. 24)
5

In calculating E < , 55 , we have kept in mind that BT ~, /
and we have omitted gome terms which seemed small.

In most cases, one gets a good measure of the stability limits by
simply considering the quantity /} =29 l , which we will call the
stability limit amplitude. According to Eq. (3.17) and Eq. (3. 20), we find
that is given b

~ A is given by

)
N* M J (3. 25)

where

= L /Es'ssl.
N* ’

(3. 26)

/

Va is the ¥ - tune for small oscillations and we have put

]

~
in Eq. (3.20). We have factored out the | /N in Eq. (3. 25) as it turns

~~ out that | /N> is the natural unit in which to measure /A

-12-
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We wiil now apply the above formulae for the stability limit orbit to

some special cases.,

Case 1. Radial Sector Machine, !/ W = 0,

If we chose the 1’)” to be real thenas |/ = o , the By,

real and negative, and phase B;SS = 7T
)

- Pj\ (Eu -f,é)}and phase ¢ may be taken as 7 if VQ 7 }L A

zero if \/a < -;-N.

are

Th h = 4
us phase g 3;77-

, or

The three unstable fixed points at B=o are found from Eq. (3.16)

by putting AN =e, a7

For the radial sector machine, they

will lie as shown in Fig. 1if V, < -é- A . The triangle points to the

left, ¥ Vo 7% A : -
s, 8)

If the cocrdinates of the

fixed points are given by

(Mo, pe ) 220,23,

~

M

(#4,P)

then Eq. (3.16) gives the

following relations: QA3 , ’@

Fo= 0 T P /
l“z):l’qz): ";'{ ]M;)/
)= (+367w) A,

=g =. 281 (1-360)

-13-
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4

(3.27)

(3. 28)

(3. 29)

(3. 30)
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The area of the triangle which is a measure of the available stable

phase space at O = 0  is given by 'ﬁ' (UJ,) + | My) > or

Aveq = ,433 (l- | 2,95 b‘,") NA® (3.31)

The stability limit orbit is given by

u=:rA{mN9+ 3, com (-1 48) 5. 52)
+.6Y (L he) 5

the + sign is for Yo 4'%' N , and the == sgign for \/o >_-31- /V

Case [l

For the spiral sector machine (Mark V), we usually have V- 27 K
¥ !/ # 0 , we can simplify our results for the stability limit orbit
by shifting the ©® = 0  point to 6 = Q/NN) In (r/r;) ; that is, we

introduce the new angle variable &' where
6'= 8— (wrn) Ly(r/n). (3.33)

All our resuits for the stability limit orbit will hold when we replace
e by ©° provided we also replace A,, by l)h
We will assume that l’n is pure imaginary, )1, = -1 //h/
This choice gives a symmetrical set of unstable fixed points, for ". is
then real and positive if |/ 22K . When /o 27K , we

may neglect B ) compared with Bl , and B, is pure imaginary

-14-
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with the phase — T/2 . Then phase ’FSJSS — T/;L . and
= L ) -
phase 4 3 { %F — phase (F, E'/g) 3 . Phase 4 may
be taken as -00°if ¥, 7§ N and +90°it % < ¥ py
The three unstable fixed points at €’ = 0 will lie as shown in
Fig. 2 when )/o>-3j— vy . A ‘P:M'
The triangle points down if
, #)
_L J
< 5 N
/ \ > M
M
(1) (43, )
Fig. 2

The stability limit orbit is given by

M:iA{M’.\’_ﬁ-f- 3% o (-2 ws) (3. 34)

3
+ LY e (FN8) N

where the + sign is for V,» 2 ‘;L 14 and the = sign for Y, <L 7y

2

The fixed points are given by the following relations
I (3. 35)
Iel=14) = £ 1r) (3. 36)
[y | = %54 (143, 3’,7/ (3.37)
|2l = twan (1-36%). 3. 38)

=15«
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The area of the triangle determined by the fixed points at =0 is

given by },u,)_] (Mo', 4 |/ﬁ|> or )

Area=.433 NA® (1-12.95 ¥ ™) (3. 39)

IV. Comparison with Numerical Results

We shall compare the theory with numerical results for the two machines
treated in detail in section III.

Case L. | /mr = 0 , Mark I machine

As a measure of the stability amplitude, we will use the unstable fixed
point { U,l ¥ ) shownin Fig. 1, # = 0 ~ in this case, and we will cal-
culate M, theoretically and numerically for a number of different machine
parameters which we will indicate by Machines A, B, C, D. Machines A, B,
C, D, are defined in Table I.

The theoretical and numerical results are compared in Table II. Note

2
that M, is multiplied by N

Case II. /i 27K, Mark V machine

In this case we will compute M 2 T — /u3 shown in Fig. 2.

For the machine parameters K =128, N = 40 i = 2112, ‘ﬂo =1,

L‘.: - /3 , VG/N:%--Q-‘.OI' , we find
Mz =,195 » Theory
M ‘;3,19 b4 Expa

i

The numerical results here are due to N. Vogt -Nilsen,

-16-
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TABLE I
Machine K N ho L“ - k_' V/N
A 6.85 12 1 3.1 -?'- - . 011
B 8 12 1 3.1 "3" + .024
C 190 54 1 3.1 -é- + .0092
D 168 54 1 3.1 -3{- - .022

Machine Na/ui
Theo. Exp.
A 2.7 2.19
B 4.58 537
C 2.16 1.60
D 7.1 10. 4

-16a-
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APPENDIX A,

In the treatment given in section III, the ''small machine' terms
Y s
E(')} 6 '), oo B ) were dropped from Eq. (3.9). In this Appendix,
we will keep these terms and calculate their effect.

If we keep the small machine terms, Eq. (3.14) for the |- motion

becomes

[ +e-90 m = Brodu>

46 (A.1)

+ 607 MM' " E(L)/u M” o+ BG) /(A’L

4 8(4)/“'/““ 4 gls‘) U

If one repeats the derivation given in MURA-200 for the stability limit
orbit, one finds that the effect of these extra terms can be found by making

the foliowing substitution in the formulae for the stability limit orbit,

BS-)%——? B.S',ss -+ gﬂ)j‘,ss—i‘ K(J;‘,ss -2
oo F B(:;is.s
where sy
ms,ss = £ ‘:N‘W 'u;"_ E“) ’us/"; ,
[ 2T
R A
BB);)s5 & ~—/.V- Plr/,vda M;‘* B(g) M; /MS' (A.a)
/

(4]

v
=
‘ N

-17-
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- 27
) _ N Y ¥ pls) |
s',ss ~ -3"7"_ L d e /US‘ E /Mg /a_s '

where M= Mugle) Uz = M-y (o),

Our result for the stability limit ai’nplitude can then be written as

A= L 2 l (‘}/vg'y-' (%')1_[ (A. 4)
N MM,

and
&) (£
B ' ) i }
YL ) Es’,ss * BJS-S o Bs',:: . (A.9)

M

S

M s is appreciable only for small machines { ; & Jo for Mark I).

We find that N s 1is given by

M, = —-,{;,_(‘2?’7“'9%—'>

- J/\T” bh (= o5t + 6.1 lT.I‘) (4.6)

- -/l\]"-‘ th ) é?f_f.

It is difficult to calculate Mj accurately because it involves derivatives
of the flocquet functions and derivatives of the equilibrium orbit,
For Mark V type machines for which V anr 22 K . M s is usually

small compared with M . and can be neglected.

-18-
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