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ADDENDUM TO REPORT MURA-337 

'FIELDS IN SLANTED-GAP EXCITED RECTANGULAR DUCTS 

INTRODUCTION 

The formula.s for energy and momentum kicks given in Report 337 

assume that the pariicles are subjected to essentially D, C. fields upon 

crossing of the gap r egion, Such formulas represent the "infinite velocity" 

limit and, whenever kicks are plotted versus frequency J should yield 

acceptable results for sufficiently low frequencies only. The following 

additional data, intended to replace paragraphs 3 and 4 of Report 337J are 

more rigorous in that they take th«:: finite velocity of the particles into con

stderatton. This gain in generality was fortunately obtained at the expense 

of very U.t:le additional complexity of the formulas" 



III. The longitudinal energy kick, for a particle crossing the ~=- 0 plane when the gap 

voltage is equal to V UIn <.f s turns out to be
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with the following expressions for VI and V~ . 

~ ........... I 
00 oo ----,--. ~IT X . ~~ "";1

V ('f.. '1)= _ I~V ~~(r. a~ ]f)~ ~ (-I) 1'VW'---;:- -) . ~ (1 + 'h'2 ~ ) 
2) 2 3 s »: L L 2. 1. ~ I I ) 2 ~ v \!J.rr 1- r.~O,2. ,~I.' ')vi -+ Y\. 'T + L~, -, V 'n 'M - (r~el J (3) 

In these expressions, »=1;( is the frequency measured in terms of the cut-off
 

R> -_ VIc.
value, l Ir is the velocity measured in terms of the velocity of light. 

The physical significance of the "in phase" voltage V, is clear. It is the 

voltage kick impressed on a particle crossing the l ~O plane when the gap voltage 

is maximum. The frequency dependence of V, ' for particles moving along the 

main axis of the guide, is depicted in Figure 6. It will be noticed that the full value 

of the gap voltage is obtained when the gap is perpendicular to the axis, and the 

particle travels at the velocity of Light, For slanted gaps and lower velocities, the 

effective gap voltage is reduced by phase effects, even to the point of becoming 

"decelerating'" for certain values of the parameters. This is further illustrated by 

Figure 7, where the variation of \I, throughout the cross-section is displayed for a 

rather extreme set of parameters. The voltage is seen to be decelerating for most 



of the points of the cross- sect.ion, When the slant angle is reasonably low) however, 

a more regular behavior is obtained, For a gap perpendicular to the axis, in particu

Iar, the effective voltage varies smoothly from the center of the guide, where it is 

minimum, towards the edges, where its value is equal to V . Still more particularly, 

"the effective voltage is equal to Vall through the cross- section for particles traveling 

at the velocity of light. This interesting r-eault, by the way J is a characteristic property 

of perpendicular gaps, and is independent of the shape of the duct (rectangular, cir

6 
cular , etc.). 

The physical significance of the "quadrature II voltage 'G: is equally clear. It 

is the voltage impressed on a particle crossing the 'Z: () plane when the gap voltage 

is zero, and is becoming negative. It is immediately apparent that 1 vanishes for a 

gap perpendicular to the axis, and that its existence can, in consequence, be ascr-ibed 

to the presence of a slant angle. The frequency dependence of ~ , for particles 

moving along the center of the narrow wall of the duct, is depicted in Figure 8. The 

variation of ~ throughout the cross-section, for an extreme set of parameters, is 

shown in Figure 9. It will be noticed that, in accordance with equation (3), the 

quadrature voltage vanishes along the 0 Y axis. Its variation within the duct is more 

and more accurately represented by the f- function approximation" when (a) the11 

velocity increases, (b) the frequency decreases, (c) the cross-section becomes flatter, 

(d) the slant angle decreases. The same coneIus ";(;: .,~:::: ar-e valid for the "in phase" 

voltage. 



The "quadrature tt momentum kick, on the other hand, turns out to be 
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The lateral momentum kick in the center of the guide is of particular interest. 

Equations (4) and (5) show that it consists of an "in phase" component only, that its 

direction is parallel to the broad wall of the guide, and that its magnitude decreases 

the slant angle of the gap. Its frequency dependence is plotted in Figure 10. A 

conclusion already reached in the analysis of the voltage kick can be confirmed here: 

the cf- function approximation is good as long as b '_~fficiently high velocities and low 

frequencies are considered.. To emphasize this coneIusion still more, the variation 

of p. throughout a square cross- section is shown in Figure 11 for a rather extreme 

set of parameters. The actual value of the rnornenturn kick, as given in this figure, 

is far from the value predicted by the ( ~',nction approximation. The latter value 

is, in particular, independent of the y coordinate" a result which is not confirmed 

by the exact analysis. 



The d- function approximation predicts that the lateral momentum kick 

vanishes for ,a gap perpendicular to the duct axis. An exact analysis, on the contrary, 

shows that, because of the presence of magnetic forces, the quadrature momentum 

kick does not vanish under these conditions. Its frequency dependence, for points 

located hallway towards the walls on the 0 X and 0 Y axes" is depicted in Figure 12. 

The kick vanishes everywhere for particles traveling at the velocity of light, this in 

accordance with a very general property established elsewhere. 6 It will be noticed, 

from Figure 12, that the momentum kick at points located on the 0 X axis rapidly 

becomes negligible as the cross-section becomes flatter and flatter. This is not true, 

however I for points located on the 0 Y axis .. a consideration of importance with the 

flat "doughnuts " used in the design of the MURA machine. F'inaIly, the variation of 

the quadrature momentum kick throughout a square cross-section is shown in Figure 13 

for a representative set of parameters. There, again, a gap perpendicular to the 

main axis is .conaider-ed <- spa c e limitations forbid inclusion of more data on slanted 

gap~. 



CONCLUSION 

The constancy of voltage phase and amplitude all along the gap contour is not 

realized with the driving systems commonly encountered in practice (e. g. the single 

coaxial line driving the gap in one point). The main qualitative results of the present 

analysis should still remain vaIid, however. It is found, for instance, that the 

omission of magnetic field effects, and the assumption of a 6'- function behavior 

for the electric f'ie ld, yield acceptable results only in the limit of low frequencies 

and high velocities. Figures 6 to 13 give an idea of the errors introduced by these 

simplifying assumptions. One result of particular importance was the existence 

of a lateral momentum kick in circumstances where the 0- function approximation 

predicted its absence. This fact should be kept in mind when R. F. knockout and 

betatron oscillations problems are considered. 
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Figure 6. "In phase" energy kick as a function of frequency, for X =Y =0 and 

(a) r= 1, (b) ~ =50 For each value of veIocity, the three curves refer, 

starting from the uppermost, to Q =0°., 30°., 60° respectively. 

Figure 7. Distribution of the "in phase" energy kick throughout a square cross

section. Parameters: Q =60°, V =O. 5., if = ~ C. Curves labeled 

in units of '1 V 0 

Figure 8. "Quadrature" energy kick as a function of frequency, for X =a/'l, Y =0; 

and two values of Q. These curves are the same for all values of r . 
Figure 90 Distribution of the "quadrature 11 energy kick throughout a square cross

section. 

units of 

Parameters: Q = 60°, 

t:tV . 
J) =O. 5, 11'" =~ C. Curves labeled in 

Figure 10. X component of the "in phase" momentum kick along the main axis 

X ::: Y = 0., for three velocities and for (a) Q =30°, (b) Q =60°. The 

three curves of each family correspond, reading down from tbe upper

most, to ~ =1J 2., 5. The arrows indicate the value predicted by the 

d- function approximation. 

Figure 11. "In phase" lateral momentum kick for Q =60°, j) =O. 5, V =~ Co: the 

arrow bearing the indication "A" indicates the value which the t- function 

Figure 12. 

approximation predicts for points located on the a Y axis. 

"Quadrature" lateral momentum kick for 9 =0°, V =O. 5, 1) = 1c 

and (a) X =a/4 Y =0, (b) X =a Y =b /4. Each aspect ratio is repre

sented by two curves, the upper curve corresponds to V =~ (., the 

lower curve to v: = ~ c. . The rnorne rrturn kick for ""t = 5 J in Figure 12a, 

Figure 13. 

is too small to be plotted with accur-acy, and has been omrtted, 

"Quadrature" later al momentum kick for v=O. 5, 11'" = ~3 ~ and 

9 =0°. The particles cross the plane of the gap at the moment the gap 

voltage goes through zero. 
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